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On the irreducible very cuspidal representations

By

Tetsuya TAKAHASHI

Introduction

The notion of  'very cuspidal representation' of the maximal compact modulo center
subgroup of GL„ over a non-archimedean local field F  was introduced by Carayol [C].
He has shown that the com pact-induction to G L ( F )  o f  a n  irreducible very caspidal
representation is irreducible a n d  su p e rc u sp id a l. If  a n  irreducible very cuspidal repre-
sentation has a n  even  leve l (cf. Definition 1.3.2), it  h a s  a  sim ple description b y  a
generic element u  (cf. Definition 1.2.1) a n d  a  quasi-character 6+ o f F(u)'<. (See 5 .6  in
[C ]) . B u t  if  it has a n  odd level, there is no sim ple descrip tion. When n  is  a prime,
any irreducible supercuspidal representation o f G L „ (F ) is , up  to  tw isting by quasi-
character o f  F ` ,  compactly-induced from a n  irreducible very cuspidal representation.
In  this case, K utzko and M oy [K -M ] have calculated th e  s-fac to r o f any irreducible
supercuspidal representation o f G L (F ) an d  proved the local Langlands conjecture ([L])
fo r  G L „(F ). I n  t h e  so-called tame case when n  is  re la tive ly  p rim e to  t h e  residual
characteristic p  o f F , M o y  [M ] has calculated the s-f actor o f  any irreducible super-
cuspidal representation a n d  proved th e  lo ca l L ang lan d s conjecture. (Remark that the
irreducible supercuspidal representation is not always obtained from a n  irreducible very
cuspidal representation unless n  is  a prime.)

T h e  purpose o f  this paper is to study very cuspidal representations with odd levels
in  detail, in  particular to calculate the  i-fac to rs o f the induced supercuspidal represen-
tations o f  G L (F )  fo r  general n  and  p .  O u r  m a in  result is Theorem 3 .3 .2 . We note
that we shall not treat th e  level one very cuspidal representation since the s-factor in
this case is calculated in [G2].

In section 1, we review the definition and properties of very cuspidal representations
according to [ C ] .  Section 2 is devoted to the construction of irreducible very cuspidal
representations. O u r g o a l in  th is  section  is to  show  :  after a ll, th e  irreducible very
cuspidal representation with a n  odd level can be described by a  generic element u  and
a  quasi-character 0  o f F (u )x  n o t exactly  b u t i n  a  sense similar a s  in  th e  even level
c a se . F o r  th e  purpose, we want to apply th e  method of M oy (see Sections 3.5-3.6 in
[ M ] ) .  B u t it  is  n o t  d ir e c t ly  applicable w hen p  divides t h e  order o f  t h e  group
F(u)'/F '(1-FP F ( „) ) ,  so  w e find  som e quotien t group F(u)'/F '< u 1 >(1-1-PF ( „) )  (cf. Sub-
sections 2.4 and 2.6) to which we apply Moy's method with slight m odification. Thus
w e get information which is enough to calculate the  s-fac to r, bu t not yet enough to
g e t  a  complete character formula. In  se c tio n  3 , w e calcu late  th e  s - f a c to r  o f  th e
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compact-induction to G L (F )  of the irreducible very cuspidal representation we construct
in section 2.

T h e  author w ould ex p ress  h is s in cere  g ra titu d e  to Professor H. H ijikata  and
Professor T . Yoshida fo r  their helpful advice.

Notation. For a  non-archimedean local field F , we denote by P-  F r  -  F r  W E r  k F, and
ar  th e  m a x im a l order o f  F , the m axim al ideal o f OF ,  a  p r im e  element o f  OF , the
residue field of F  a n d  th e  order o f  kr , respectively. Let V F  b e  th e  valuation o f  F
normalized by vF (TilF )= 1  a n d  I I "  the  absolute value of F.

The n X  n zero and identity m atrices are denoted by On an d  1 , , respectively. I f  X
i s  a  m atrix , det X  a n d  tr X  s ta n d  fo r  its determinant and  trace , respectively. W e
denote by IA  t h e  order o f  t h e  finite group A . L e t  G  be a  g roup , H  be a normal
subgroup o f G  and X be a  representation o f  I I .  W e say X is lifted to G  if  there exists
a  representation 7  o f G  whose restriction to H  is equivalent to X, and then we call
a  lif t  o f  X.

1. Review o f very cuspidal representations

1 . 1 .  L e t  F  b e a  non-archimedean lo c a l f ie ld  o f  residual characteristic p  and
G = G L„(F). W e se t VF = F "  so that 1\4„(F)=End F (I/F )  and  G_=Aut F (V F ). Suppose n  is
decomposed into two fac to rs  r  an d  s  i. e . n =rs .

Definition 1 .1 .1 .  L e t {L i I i E Z }  be th e  s e t  o f  OF -lattices i n  V F .  { L i  i E Z 1  is
said to be a  lattice flag o f length s  if  th e  following conditions hold fo r all integers i:

(1) L i p L i , .
(2) PFLi -= Li +8.
(3) d im k(L i/L i+ i)= r.

Hereafter we fix th e  length s  o f lattice flags.

Definition 1 .1 .2 .  L e t {Li I 1E Z } be a  lattice flag.

(1) We se t K 8 =-Ig G  g L i = L ,  fo r a ll i E - Z } . K , is  a compact subgroup in  G.
(2) L et z s b e  an  element in G such that (z s )2 =1;i F •1 . and z 3 L 2 = L i + ,  fo r a ll i. Let

Z , be a  cyclic group generated by 23 .
(3) F o r  integers m , w e  s e t  A s' -=- I f  M ..(F )  I  f  L sC L i+.1 . A s °  i s  a  r in g  a n d

A s T"=(z s )"A s °=A s °(z s )ni.
(4) For positive integers m, we set K 3 =-1±A 3 m, which are normal subgroups of K s .

Remark 1 .1 .3 .  We can construct all lattice flags explicitly by taking an appropriate
basis.

We can take e l , e 2 ,  • • •  ,  e n E L 0  such that {e +i mod L i , ••• mod L i } makes
a  basis o f  L,/ L„,,, over k F  f o r  i = 0 , •• , s - 1 .

By Nakayama's lemma, le 1 , ••• , en } forms an  OF -basis fo r  L s / L i . Then L i  (i= 0 ,
••• , s - 1 )  is expressed a s  follows :
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Lo=0Feie ••• EBOFen

L i =0Fe l ED ••• ED0Fen-,-EDPFen- r+IEB • EBPFen

Li = 0 F e le ED0Fen-irePFen-ir-1-109 EDP/Pen

L ,_ i=o Fe ie  ••• EB0FeraPFer+Z EDPFen

and L i + . , -, --TiVFn,L i for all integers in.
For this basis, we can express K s ,  z s ,  A s

° and A s '  as follows:

al,••• aiiEM r(OF) if

K s = a,, a 2 2  • • •  a 2 g a t i E G L ,(0 F )

as, an  • • •  a g 8 / aiiEM r(PF ) if  i > i

/Osi s Or  Or

OsO r l r  .................  Or

Zs =
OrO r Or ......... 1,

F • i s Or Or  Or

A ,O= a 2 2 a,.
a i i E il/ r (OF ) if i_•<__j

(\a., a.,••• as,/ a i J E Ai r (PF ) if i > j

}18
1 ,

al,••• a . '

a 2 2  • • •  a 2 g

aiiEEM,(0F) if  i < i

\asi a ., ••• a,, a i i E M r (PF ) if

1.2. T h e multiplication by F induces a kr -isomorphism between L i /L i ,  and
L , /  L + , + ,. An element of A ,' induces an endomorphism o f L i /L i „ ,  so we have a
ring homomorphism:

R : A s ° End, (L i/L i+ i) •
i e z i s z F

Since End k F (L i / L  )  is identified with M r (k F )  and Ker R =A ,', R  induces a ring
isomorphism:

AsVA81 M r ( k F ) Z / s Z .

We shall use the same symbol R  for this isomorphism. The conjugate action of z ,  on
A s 7A s i  induces the cyclic permutation of M r (k F

)z oz :

If R (a)=(ao, a l , ••• , a.-1) (ai N4.(kF)), then R (z , a  zs - 1 )=. (as-i, ao, , as-2).

We shall consider the map:

A s ' / A s m+' - -> A s °/A s '.

U --> 1;7
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I f  w e  p u t u =z s mu o w i t h  u o -FA s
° a n d  R (u 0)=(a 0 , al, ••• , a s _i) w ith  a iE M r(k F ) , then

R (z 'F -m 0)=(130, Ai, ••• , A )  with :

= a l + (s - 1)m, a  •

Definition 1.2.1. A n  elem ent uE.A s m/A '  is  sa id  to  be  generic  if  th e  following
conditions hold :

(1) (in , s)=1 w h e r e  (  ,  ) ' is the greatest common divisor function.
(2) I f  R(7vp - mus)=(3 0 ,  3, 1, 1Ss-1), then  the fields kF(3i) are extensions of ley  o f

degree r  fo r  i=0, ••• , s - 1 .

W e  a ls o  s a y  th a t  a n  elem ent uE /l/ n (F )  is generic o f  level n i  if u E il s 'n a n d  u
mod 1-18

1 '  is generic.
Now we shall summarize the properties of generic elements without proofs. Proofs

m ay be found in 3.3  and  3 .5  o f  [C ].

Proposition 1.2.2. Let u  be generic of level m.

(1) The field F(u) is  an  extension of F  of degree n and its  ramification degree over
F is s .

(2) F(u )cZ ,K , and F(u)x nK 8 -=Oi ( „) . M oreov er F(u)nA =-PF(i)m  for all integers
m  and F(u ) 'n K ,m =l+P F ( „) "' fo r  all integers

( 3 )  Let x  be an elem ent of A .  Suppose u x — x u A s "t+t -" ,  then  x E F(u)+A s ii-i.

1.3 . F ix  an additive character 0  o f F  with conductor Pp.

Lemma 1.3.1. Let 1, m  b e  in teg ers  su ch  th at in l 2in, l l and m 1 .  W e  s h a l l
def ine the f unction O. on If s n' by:

0 (x )=0 ( tr(u (x -1 )) ) .

T hen  the m ap u-40„ induces an isomorphism  between A, - 1 +1/ A s
- 7 7 1 +1 and  the  complex

dual, (If s mIK s tr ,  o f K g m/K s t.

P ro o f .  See 2.7  and  2 .8  o f  [C ].

W e call 0 „ a  generic character if  u  is generic.

Definition 1.3.2. An admissible representation p  o f Z ,K , is said to be very cuspidal
o f level N  (N 2 )  if  th e  following conditions hold :

(1) K„NcKer p.
(2) The restriction of p  to K s N ' is decomposed into a  sum  o f  generic characters.

Proposition 1.3.3 (C a ra y o l) . Let p  be an irreducible very  cuspidal representation of
Z s k s . T hen the compact-induction o f p  to  G (we denote this representation by in c lt ,; (p))
is  an irreducible supercuspidal representation o f G.

P ro o f .  T h is  is contained in  Theorem 4 .2  o f  [C ].
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Remark 1 .3 .4 . L e t  u  be generic o f  level 1—N a n d  m=[(NH-1)/2] w h e re  [  ] '
i s  t h e  greatest integer function. S i n c e  K s m/K, N  i s  a n  abelian  g r o u p , th e  map
x—>0((tr(u(x--1))) (xG1(3

74 ) i s  a  character of K m  a n d  a  lif t  o f  0 „. (We shall use the
same symbol 0 „  f o r  this character.) Therefore we can replace the condition (2) of
Definition 1.3.2 by the condition (2'):

( 2 ')  The restriction of p  to  K s "  contains a  sum o f  characters o f  th e  form Ou,
where u  is generic o f level 1—N.

2 .  C onstruction  of very cuspidal representations

2 .1 .  From now on, w e fix a  generic element u  o f level 1—N an d  se t E =F(u ). E
is  an extension of F  o f  degree n  whose ramification degree over F  is  s. We shall
start w ith th e  following lemma.

Lem m a 2.1.1. L e t  I I „  b e  a  s tab ili ty  g ro u p  o f  (p„ in Z s lf s , i.e. 11„=
{ g GZ ,K , (p„g =0,}  w here Ou g(x)=O u (gxg - '). T hen H u= E' • IfP

P ro o f .  See 5.5 o f  [C].

First we shall treat th e  even level case N = 2 m . This case is essentially contained
in  5.6 o f  [ C ] .  We note that H , Ex•K s in in  this case.

Proposition 2.1 .2 . (1) Inditc .„,(0„) is decomposed into a sum  o f one-dimensional rep-
resentations o f H„, each o f w hich is a  lift o f 0„.

(2) Let be any  such l if t  o f  0 „ to H u . T h e n  n is  w ritten  in the f orm  0 .0 „ where
0  is  a quasi-character o f E x  w ith  the property  that 0(1-Fx)=0.(1-1-x) fo r  x c P E rn and
0 .0 „ is def ined on H „ by  0.0„(t•k )=0(t)•0„(k ) fo r  t G E " and k EK 8'.

(3) If  w e  pu t o- (0 ; u)=Inc* .K8(0.0„), then c ( 0 ;  u )  is an irreducible v ery  cuspidal
representation o f level N  o f Z ,K , and ev ery  irreducible v ery  cuspidal representation of
level N  o f Z ,K , is equivalent to som e representation a(0; u).

P ro o f .  T h e  proof o f (1) and (2) follows immediately from th e  fact that HilKer
is  abelian . A s fo r (3), Indf8u

K s(0 .0„) is evidently very cuspidal from the  definition of
very cuspidal representation and  its irreducibility is a  consequence of the application of
the  Clifford Theory (cf. 50.6 o f  [C -R ]) . T h e  rest o f (3) follows from  the Frobenius
reciprocity.

2 .2 .  Now we shall treat th e  odd level case N = 2m -1 , which is more complicated.
In  this case, we cannot lif t  0 „  to 11„ since H u =Ex •K s " .  So we need to investigate
the  space Ifsm - 1 /K,m•-='A „'/A ,m  m o re  carefu lly . L e t W =iL L ' I / A s ' and w rite x.—>2
fo r the natural map from A , '  to  W .  W  i s  a  vector space over k.E . We denote
/G E nd,,W  by th e  conjugate action of u  i. e . /(5c)=uxu - 1  f o r  g E W . L et s=p t• t  and

rFq —1 
(t, p)=1. W e  n o te  p  i s  a n  odd p rim e  since (1—N, s ) = 1 .  S e t  h= , t  and

qF - 1
j= f heE nd k , W .  Until otherwise stated, we om it the  subscript F o f  qF.
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Lemma 2.2.1. (1) (J-1)P i =0.
(2) dim k ,,Ker( J -1 )-= r 2 t.

P ro o f. S in c e  1.E'/F<(1+PE)1= 
—1

q r - 1  • s, (u " )P i b e lo n g s  t o  F% (1+PE ) and thus
q

J P '= -1 . So (J-1)P I =0  from  the fa c t kp has characteristic p . For the proof of (2), we
shall use the isomorphism R  between A N A ,' and M r(k i) z 1 " .  Let 'G;rE be a uniformiser
of E .  W e  m a y  a n d  s h a ll assume m = 1  since the multiplication b y  -GYP ' in d u c e s  a
kp-isomorphism between A 0 '/ A 3 '  and 218

0/210
1 which is compatible w ith  the conjugate

action of E x .  It is obvious that :TEKer( J-1) if and only if u"x— xu"Eil s " . " 0 - - " .  I f
w e  p u t u=zo l - N •uo, R(//0)--=(ao, ••• a 0_1) and R ( x ) = (To , -•  r ), the relation
u"x— xu '' -OE,40

1± "i - s ) is equivalent to the following relations:

ai+ch-oci-N>ai+(1.-2)(1-N)

=Ti+n(l - N)ai+ch - o(l - N) . -  a i+ ( l - N )a i ( i= 0 , 1 , • • •  ,  s - 1 ).

Each a i  is non-singular since u  is generic, so:

( i =0 1, , ••• , s-1)

w here C i
=

a i-1 -(li - 1 ) ( 1 - N ) a i - I - ( h  - 2 ) ( 1 -  N )  •  a i+ i - N a

I f  w e  d e te rm in e  TO, 2' 1, • • • a n d  r i_ ,, th e n  r t, n + i ,  • • •  ,  r0-1 a re  automatically
d e te rm in e d  b y  th e  a b o v e  re la t io n s  s in c e  (1—N, s ) = 1  and  (h , s )= t. Therefore
dimk ,Ker( J - 1 ) r 2 t. But dirno„Ker( J-1)r 2t s in c e  (J-1)P 1= 0  and dim k ,,IV=7-2.s,
whence our lemma.

We define a  k p-alternating form  on W by :

<.7Z, .9>=tr(u(xy — Y x )) )  mod PF.

Remark 2.2.2. W e note th a t rad< ,>=Ker(/-1) and the conjugate action of Ex on
W  preserves th is  a lte rna ting  fo rm . W e also  rem ark  that dim k ,rad< ,>=r by Prop-
osition 1.2.3 (3).

2 .3 . We shall define T E E n d k F W  by T = - I " - '-i-••• +1+1 and set W 0 = (J - 1 ) ( P̀ - 1 ) olV,

W 1 = (J - 1 ) ( PL - 1 2 T W .  Now we shall investigate the spaces W o and W, in the following
lemmas.

Lemma 2.3.1. (1) dim0,W0=r 2t P i + 1

(2) dim k F W,=-r 2t • - 2 -- -Fr.

P ro o f. We set r i =dimk,( J-1)'W—dim k F (J -1 ) i +IW (i=0, 1, ••• , p t - 1 ) ,  then r 1 _r 2 t

by Lemma 2.1.1. On the other hand:
PI - 1

E  r i , r 2s
i=0

from  the  defin ition  of r i . H ence r 1 = r 2 t  for all j. T h e re fo re  w e  have:
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p 1 +1 
dimk ,W o =r 2 t• 2 •

A s fo r the  proof o f (2), it suffices to see that :

dimk Ker T = r 2t—r

since W 1
- --- TW 0 a n d  Ker TCW o . T h e  map I - 1  induces a n  in je c tiv e  homomorphism

from Ker( J-1)/Ker(/-1) to Ker T , so we have:

dimk ,,Ker T

(See Lemma 2.2.1 a n d  Remark 2.2.2.) Since Ker TnKer(/-1)=-0, Ker T9Ker(/-1)
CKer(J-1 ). Therefore:

dimk,Ker T .

Hence our lemma.

Lemma 2.3.2. W 1
1 =W 0 w i t h  respect to  (W , < ,> ) i .e .  {. EW  I <.t, .9>=0 f o r  all

y ETV ,} =W 0 .

P ro o f . Using Remark 2.2.2 and  the  fact that ( J-1)(P' - '1 ) T rad< , >, we can see
that fo r î", Y EW :

<(J- 1)(1)̀ - 1)"TÎ, (J -1 ) ( PI - 1 ) ".9>=0.

Hence Wo cW i '.
O n the other hand:

dimkF (Wo/rad< ,>) - FdimkF (Wdrad< >)=dimk F (W/rad< >)

by Lemma 2.3.1. Therefore dimk ,W, 1 =dim k F W0, whence our lemma.

Lemma 2.3.3. Let 11 3 " (resp . A s m .') b e  the total iuverse im age in of Wo
(resp. W 1 ). Set Kji.°=1+21 3 7n- , °, If 3 74 .'_=1±A 8 In. 1 and define a function j u  on K 3 m. 1 by:

j i,(1±x)--=-0(tr u(x— x
2

2 ) )

for 1-1-xElf 3 n " ,  w hich  is equal to  çl,„ on  K s m. Then K 2 '?"  and K s m. 1 are norm al
subgroups of E "•K s m- 1  and s-5„ is a character o f If ,'" w hose stability  subgroup, I  in
Ex •K 1 m- 1  is Ex

Pro o f . Since Wo (resp. WO is invariant by th e  conjugate action  of Ex , it is clear
that Ksm. ° (resp. Kam.') is norm al in  E"•If,"' - '. I f  x and  y  lie  in then :

ç7, .((l - Fx)(1-Fy))=s71,L(1+x)•s7;.(1-FY)•0(tr-2-1  u (xy— yx)).

1Lemma 2.3.2 t e l ls  u s  W i CW0=W i
1 ,  so  tr-

2

u(xy— yx)=0 mod P F . (We note p#2.)

Thus s5,, is a  character o f K8
1" .  A s fo r the  normalizer 171„ o f  j „  i n  Ex•IC, ' ,  we

remark that 1-7 .C H .=E x•K s m 1. I f  x e A s n "  and  y  A s m-  th e n
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j „o+ 0 (1+ x)=j „(14 x)• 0(tr u(x y —  y x)).

Therefore f l u =E "•K 9 m. 0 s in c e  W 1i=1V o.

2 .4 .  We set 11 , --  <u " >(1 + PE )  where <u"> is a group generated by u" , Ho = U. K s m.°
and H 1

-=.- U. K ,ǹ  • In  the same way of Proposition 2.1.1 (3), w e can  lift to  E ' • K s""
and any lift of j „  to  E • If 8

1 4 - '  is  w ritten  in the form O .j„, where 0 is a quasi-character
of E x .  W e denote a quasi-character

 G ç
 o f  E" • K s m .' b y  7 2 ,,  and a quasi-character

(0 lu) q .  o f  U.K,m. 1 b y  w h e r ew here 0 I u  is  the restriction of 0  t o  U.

Lem m a 2.4.1. (1 )  H o and H , are normal subgroups in  E "•If s m.° and the stability
subgroup of  7)„,) is Ex • K s '' ' .

(2) W e set that:
y>Ho--=tr u ( x y x 'y '- 1 )  mod PF

fo r  x , y E ll o . Then <,> l l , induces a nondegenerate alternating f rom  on H o /H,.
(3) The induced representation Inclg?(7)11A  i s  a  homogeneous sum o f an irreducible

representation K„,0 of degree q ( 1 2 1 - ' ) 1 2 .
(4) W e can l if t  Ku :to to Ex .If s m .° and the num ber o f those lifts is h.

P ro o f .  Part one of the above lem m a follow s from  the fa c t th a t (J-1)W 0CW 1.
Part two follows from Lemma 2 .3 .2 .  Part th r e e  is  a  consequence of the Heisenberg
construction (cf. [ G 1 ] ) .  The la s t part follows from 5.4  and 5 .5  in [C].

Proposition 2 .4 .2 . Let be one of the lifts of k„,d to 1„.  T h e n  Inclf/Ks(k„) is an
irreducible very  cuspidal representation o f  le v e l N  o f  Z ,K , and every  irreducible very
cuspidal representation o f lev el N  o f Z ,K , is equivalent to some representation Inci 7s,K8(k„)
w ith an appropriate generic elem ent u of level 1— N.

P ro o f .  This can be proved in the sam e w ay of Proposition 2.1.2 (3).

2 .5 .  N ow  w e shall construct the lifts o f explicitly.explic itly . W e im ita te  the method
of M oy (see Sections 3.5-3 .6  in [ M ] ) .  For sim plicity, w e shall start w ith the case that
r = 1  and t  is  a prime. W e put L =E V U , th en  L  is  a cyclic group of order t.

L em m a 2.5 .1 . T here are (qt - 1 + t - 1 ) / t  double cosets o f  E' •K s m .' in E - -K,m•°.

P ro o f .  It su ffices  to  see  th a t the conjugate action of E ' on K 3 n"IK , 771 . 1 h a s  no
fixed point. This follows from the fac t th a t 1 - 1  induces an automorphism on Wo/Wi.

W e  d e n o te  b y  ku,o .i (i=1 , ••• , t )  the lifts of i , ô  to  E ' . I fs m ' ' .

multiplicity of in Inde 'K s m A n  )E x . , 8 2n,1 u , 0  •

Let a , b e  the

Lemma 2.5.2. The m ultiplicities a, (i=1, ••• , t) satisf y  the following equations:

a 1 -Ea2 + ••• - Fa1=4" - 1 ) "

a12-1-a22+•..-ka12=(q`-1-kt-1)/t.
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P ro o f . W e can  p rove  th is lem m a by  t h e  sam e w ay o f  Lemma 3.5.30 in  [M ] by
virtue o f Lemma 2.5.1.

W e use the next lem m a to solve the  above equations.

Lemma 2.5.3 (Lemma 3.5.33 i n  [M ] ) .  I f  cl, c2, ••• , c. are nonnegative integral
solutions to the system o f equations:

c1±c2+ ••• d-c n =m

c, 2 -Fc2
2 -1-••• -Fc. 2 , (m2 +11-1)1n,

then either n -1  of the c t 's are equal to (m+1)/n and one is  1(m+1)/n} —1, o r  n -1  o f
the c i 's are equal to (m -1 )/n and one is  {(m-1)/n }+1.

Applying Lemma 2.5.3 to  th e  equation in  Lemma 2.5.2, w e obtain the  next lemma.

Lemma 2.5.4. The nonnegative solutions to the equation in Lemma 2.5.2 have t-1

of the at 's equal to {q" - Diz—CIN t  and  one of the at 's  is  e q u al to  {q ( ' - ' ) "— ( 1 - »

(W e denote by (— ) the Legendre symbol.)

W e denote by ku .0 the  fc„,fi, i corresponding to the a i  which is different from  others.
By the  Frobenius reciprocity and the Heisenberg construction, w e  have  the  next result
on  the  character o f  ku,o•

Lemma 2 .5 .5 . Let X 0 b e  the character o f  k u .o • I f  r  belongs to E x -K 2 7" ,  then
we have:

l

e-1)1277..6w for TEH,

x,,, ,,( r)--- (-Dv..e(r) fo r  rEE'-1-C8 m.'\H1

0  i f  r  is not conjugate to an elem ent of Ex•KYn.' .

We summarize th e  result in  th e  nex t proposition.

Proposition 2 .5 .6 . A ssume r= 1  and t is  a prime.
(1) Every irreducible representation of Ex • K s "  w h o se  restriction on K 1 m. 1 contains

-ÇI.;„ is  w ritte n  in the form  k-„,0 where 0 is a quasi-character o f  E  w ith the property that
0-, -(T. on Ex nKyn,i. And the character X ,  of  k..0 is given in the next formula:

q ct-1)127 7 u . 6 01 fo r  re HI

tz ,,.,(r )=  (-50.,64(r){ fo r  rEE'•icm.i\H,

0  i f  r is not conjugate to an element o f Ex •K s m•'.

(2) Every irreducible very cuspidal representation o f  level N  of Z IC , is equivalent
to some representation Inq s K s(k.,o) with an appropriate generic element u and an appro-
priate quasi-character 0 o f Ex.
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2 .6 .  N ow  w e get rid  of the assumptions for r  and  t. Set L = E '/ U  and X=H0/1-11.
W e note th a t  L  is  an  abelian group  o f  order relatively prim e to  p and  the  conjugate
action of U on  X  is  trivial. W e  d e n o te  b y  (7 t h e  conjugate a c tio n  o f  L  o n  X  and
regard X  as a n  FZLImodule w here F ,  i s  a  finite  field of order q. Then X  is com-
pletely reducible as an FZ L Im odule. For N a subgroup of L, let QN = {x E X  I a(n)x=x
f o r  all y  i s  a n  L-invariant subspace o f  X .  L e t  XN be the  L-complement
in  QN  o f  th e  F 0 [L1-module :

E  QM
N cM c L

where the  sum  is over those subgroups o f  L  which properly contain N.

Lemma 2 .6 .1 . (1 )  X = e XN.
2VcL

(2) We denote by < ,> x  the nondegenerated alternating form on X  defined in Lemma
2.4 .1  (2 ). I f  XN* {0}, the restriction of  <,> x  to  XN i s  also nondegenerate.

(3) L et HN ( r e S P .  g )  denote the subgroup o f  Ho (resp. E ') such that HN /H, (resp.
IV/U) is  X x  (resp. N). Then IV•Hi a n d  IV•HN  a r e  n o rm al in  E '• II N  a n d  for
gEE '•H x \E'•H i :

g - 'Ex • Hi gnEx • H,=Sf. H,.

P ro o f .  W e se t X=X0F 0 F q , XN=X0F q F q w here  F , is  a n  algebraic closure of F 0 .
From  the definition o f X N , it is obvious that :

X .
NCL

Therefore it suffices to see that :
X = E  X N .

NCL

L et a be the  representation o f  L  on X  defined by a .  Since L  is  abelian, we can
show :

X e Xa
acEr

w here the  sum is over those one-dimensional representations which a re  contained in
a n d  Xa =1xE X I a (g )x=a (g )x  f o r  a ll g E L l .  Then from  th e  definition o f  X N ,  we
have:

X N =  Xa •
aCFr

K era=N

Therefore X= ED X N .
NCL

(2) T h is follows from th e  fact that :

<a(g)x, a(g)y>x=<x, .Y>x

fo r x , yE X and g E L. (See R em ark 2.2.2).
(3) T h is  is obvious from the  definition o f  X N .

W e s e t  )7,.O1 =(7009)12i?.H1. By the above lemma, the  next lem m a is proved by the
sam e w ay o f  Lemma 2.4.1.
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L em m a 2 .6 .2 .  ( 1 )  The stability subgroup o f  72„,0  in Z ,K , is  E"-TI N .
(2) Let 2D N =dim k  1„X N . The induced representation Ind n iN(yi „, N ) is a homogeneous

sum of an irreducible representation ic,,,o N  o f  degree qpN.
(3) Let M N =1 E ' l g l .  W e can l i f t  Ku . o ,  to Ex • H N  an d  the number o f those lifts

is  M .

We denote by (i=1, , M N ) the lifts of tc .„ ,o , t o  E'•11 0 . Let bi  b e  the
multiplicity of ku ,e N , i  in Incl 0

i (7),..e). B y L em m a 2 .6 .2  (2 ), w e  have the following
analogue of Lemma 2.5.2.

L em m a 2.6.3. The multiplicities bi  ( i=1 , , M N )  satisfy  the following equations:

b,-1-b2 + ••• -1-bm N
, q-D N

b, 2-l-b22+ ••• +bm N
i -- =((f• D N- FAIN - 1)/M.v•

W e can apply Lemma 2 .5 .3  to  the equation in Lemma 2 .6 .3  to conclude that either
(a) MN - 1 of ht...e , i ' s  are equal to  (eg+-1)/M A . and one i s  {(eN+1)/AI N } —1

or
(b) MN - 1 of the bi ' s  are equal to  (gDN-1)/M N  and one i s  {(9 ° N-1)/MN} -1- 1.
W e  set S (N )= —1 (resp . S (N )=1 )  in case (a) (resp . in case ( b ) ) .  In b o th  cases,

(e s  —S(N))/ M N  i s  an in teger. W e deno te  by  k .,N .0 the k „ ,e ,, i  co rresp o nd ing  to  the
bi w hich  is d ifferen t from  others. N ext lem m a is the counterpart of Lemma 2.5.5.

L em m a 2 .6 .4 .  Let b e  the character o f k u ,N .e . I f  r belongs to E"•K s m.°,
then we have

{X, t,,,, N .  e m =  S (N )i2. O N ( T )
f o r  r E  E - H,\R  • H,

0  i f  7  is not conjugate to an element o f E •1 1 1 .

Since 110/H1---- (}) X N  and ac,..e N )I nc=4 D N •lb.,0, we can define a representation !L eNCL
of E '• K , "  as follows:

k u , o ( e .  g) 4 9  u, N, e(e)0(e) - - 1 ) 0 ( e ) . ( ) N .e ( g  N ) )k u ,N ,o ( g i  )•

Here e E E ',  g E H o and g =(TNI g N ) g ,  w here g.v e H N  and g 1 E H 1 . I t  is  o b v io u s  th a t

ku.0 is  a lift of Ku.,o. S ince  the num ber o f lifts  o f r.„.0 to  E '• K s n'. ° is equal to  the
number of lifts of 0  to  E " ,  a n y  lift o f tot o  E" • If, m'° i s  g i v e n  in the form  ku.o
w here 0 is  a lift of 0  to  E ' .  By Lemma 2 .6 .4 , the character Xr u . 0  of is given as
follows.

L em m a 2.6.5.

Xc 0 (e- g)=.--q(eN D N) .(111 s(N ))0 (e ) .(g )7 t ,  N

fo r e E E ' and g E K 1 '. 1 w here N  runs over the subgroups o f  L  which contain (rasp. do

fo r reg. H,
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not contain) e  mod U in (E  D ,v )  ( r e s p .  ( r I S (N ) ) ) ,  and
cEN

k J ,  o(r)=°
i f  r is not conjugate to an element o f E"•K s ' ' ' .

Corollary 2.6.6.

Xk..„, 0 (u • g)=( urIS (N ))0 (u ) 'ç3 „(g)

fo r g

Pro o f . Since the map I - 1  induces an autom orphism  of X, D = O  i f  u mod UEN.

We summarize the result of the odd level case. (cf. Proposition 2.4.2.)

Proposition 2.6.7. Let u  be a generic element o f level 2 - 2 m  (m ._ 2 ) and ç , ,  b e  a

character o f K ,n "  defined by j 1(1-1--x)=0(tr u(x— —x 2  ) )  f o r  1± xe-K .,m .i. (c f. Lemma2
2 .3 .3 .)  L e t  0  b e  a  quasi-character o f E  with the property  that 0(1+x)=0(tr u AT) for
xE PE nt where E=F(u).

(1) Let ic be any irreducible component o f In d E '•K s" ( j„ ) . (cf. Lemma 2 .3 .3 .)  Then, 3 7It , 1
K is w ritten in the form  k„,0 which is determined by its character formula:

XE. ,  0 ( e  g ) ,  ( c 2 -..v°  N) • (el l  S (N ))0 (e ) j u (g )

fo r  e c E '  and ge If,m• 1 , and
I-zu.o(r)--=0

i f  r is not conjugate to an element of E  •  I f,tm '. (A s for the definition o f ( E  DN )  and
, E N

1- 1 S (N )), see Lemma 2 .6 .5 , Lemma 2.6.1 and the paragraph above Lemma 2.6.4.)
eeN

(2) Ind z
E

s. l
.
c
n
s.s m „ o(ki,, 6) is  an irreducible very cuspidal representation o f level 2m -1  o f

Z ,If s and every very cuspidal representation of level 2 m - 1  o f Z ,K , is equivalent to some
representation Ind z s,,K s  7 . 0(k. 0) with an appropriate g e n e i c  element u  o f level 2 - 2 m  andE  •  K  s  "

an appropriate quasi-character 0  of E .

We need determine the term ( S (N )) to calculate the s-factor of ind E,Gt",̀ ,F ), i(k ,o )u,EN
in the next section.

Proposition 2 .6 .8 . In the above notation,

( S INS ( N ) ) = ( - 1 Y

where (— ) denotes the Jacobi symbol.

P ro o f . W e first recall that S (N ) is determined by the property that :
N _S(N)
I L/NI

is  an integer.
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F or any elem ent x o f  Ex , w e se t 2:=x mod P'''<u"Xl+PE ). L e t uo b e  a n  element
of O'F', such  tha t uo mod(l+PE ) generates th e  c y c lic  g ro u p  k  an d  M  be a  subgroup of
L  g e n e ra te d  b y  Ro. W e  n o te  t h a t  L=E7Fx<u h >(1±PE )  is generated  by Ro and
W e shall om it the symbol — ' w hen there  is n o  fea r o f confusion . Since (J -1 )"` - 1 2

induces a n  L-module isomorphism between X a n d  Ker( J-1)/Ker(/-1), w e can  easily
show that:

dim kF t2<ap-= [ kE : kF (u-D]•rt—r

from  Lem m a 2.2.1 a n d  its  p ro o f . F ro m  the  definition o f  DN and S(N), D N = 0  and

S(N)=1 if  N, properly contains N  and  0 0_ N =.- Ari . S o  i f  S(<4>)= —1, then 1=-  qr - 1

9v - 1
n r 1

where r ' is  a positive divisor o f  r. W e se t j(r ')= , f o r  a n y  positive d iv iso r r'q' —1
o f r .  W e shall quote th e  next lem m a from  [M].

Lemma 2.6.9 (Lemma 3.6.54 in  [M ]).  Suppose j ,  Q  a re  in tegers greater than  1
a n d  A  i s  a  nonnegative in te g e r. I f  (QA-1-1)/{(Qi-1)/(Q-1)} is an  integer, then j=2
and A  is odd.

Since X<„r ) ,  is  a  kF (u4( ")-module, D(<1./.(r. )> ) i s  a  m u lt ip le  o f  r '  a n d  w e can
a p p ly  th is  le m m a  f o r  j= r/ r ', Q = q '' a n d  A=D(041, ( " ) )')Ir'. W e consider two cases
according to th e  parity  o f  r.

Case r o d d . F ro m  th e  above lemma, S(N)=1 i f  N does not contain <uo >. Here:

( up iv S (N ))=- 4IS(<u o , u.7>))

where j  runs over the positive divisors o f t.
T h e re fo re  w e  h av e  only to determ ine the signature  of S(<uo , u.'>) for f i t. F r o m

the definition o f  X0 ,0,0 >, 2Do 00 ,,,i>=dim <a° , ai>. I t  is  e a s ily  se e n  th a t d im  D ai>

=jr—r. (See th e  proof o f  Lemma 2.2.1.) So w e have:

2D<00,
W U )

0

for j> 1

fo r j=1

where ço denotes Euler's qi-function, and

(gr)(i)"— S(<u o , ui>) is  a n  integer.
./

Then SVu o , u3 >)= —1 i f  a n d  o n ly  i f  j  i s  a  p o w e r  o f  a  p r im e , say j=/m, and

) = - 1 .  Hence

(H  S(</to,

Case r even . F rom  L em m a 2.6.7 and the argum ent of the odd case, S (N )= -1  if
and only if  Nr1<u0>=<u,> and mod 4 w here u,=u 0 (0 2 - " " 4 - 0 ) . B y the
argum ent of the o d d  case, d im modmod 4  i f  ND<u o>. Therefore in  order to
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observe ( 11 S ( N ) ) = - 1 ,  it  is  su f f ic ie n t  to  se e  th a t  th e re  are an odd number of sub-
u N

groups /VD< u ,> such that dim k  p ( ,i ) X x  = 2  m o d  4 . This follows immediately from

X N
<it 1>C N

and

Hence our proposition.

3 .  Calculation of the e-factors

dim ki .„,,,Q0, =4t —2.

3 .1 .  At first, w e review  the s-factors of supercuspidal representations of GL.(F).
Godement-Jacquet [G-J] have defined the L- and s-factors for admissible representations
of GL n (F ) .  I f  7r is  an irreducible supercuspidal representation of G L ,(F), then L(7r)=1
and the s-factor is  a scalar factor defined by :

f(g)Tc(g - ') I det g I g =-s(7r, 0)5 f(g)ut(g) det glp(n-0,2dxg
.ÇGLn (F) G L  (F )

where f  is  a locally constant, compactly supported function on Mn (F ) , 0  is  an additive
character o f F, clx g i s  a  H aar m easu re  of G L ( F )  defined  by  d 'g=dp(g)/  det g I
where p  is  a self dual Haar m easure on M (F ) w ith  respect to the Fourier transform :

f(Y )=1 f(x)0(xY)d,a(x).
M  (F)

The next lemma is well-known.

Lemma 3 .1 .1 . L e t i t  b e  an irreducible supercuspidal representation o f G=GL n (F).
I f  7r is compactly-induced from compact modulo center subgroup II ,  say 7r= in c lir , then:

s(r, 0)=5 I l K(g -  ') I det g 1 ("+ "0 (tr g )d ' g

3 .2 .  W e  s ta r t  w ith  th e  e v e n  le v e l case. Let u b e  a  generic  e lem ent o f  level
1 -2 m  and 7r=ind c

Et " ; (0 .0„). (As for th e  notation, see 2.1).
The next lem m a is proved by the sam e w ay of Lemma 2.2.1 in [K-M].

Lemma 3 .2 .1 . Let p  be a self-dual Haar measure on M„(F) with respect to 00tr.
Then p(A3') ,2s•(1-2m12).

From Lemma 3.1.1, we have :

s(rr, 0 )= (0.0, i )(g -ri)Idet g I F ' " 1 12 0(tr g)d

=.ç A-
8

1 3 ( 5 F e '  
.0.)((h k )')I  det hkl F ( n +  2  0(tr h k)cr k)cl' h

=1 ( 0  . 0 „ ) ( h - ')Idet h I p "  "  K s . , (0 .0,)(12 - ')0(tr hk)(1' k
e•Ketike ,

d' h .
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A nd in  the above expression :

K  s m (0 u)(k - 1 )(P(tr h k)dx k

. - 1 ( 1  k)0(tr h(1+ k))dp(k)

= çb(tr h)L s 8 v (p(tr(h — u)k))dp(k)

h )p (A sm )f u), fo r  (A s m)±

Since u belongs to 21.8
1 - 2 m , h — u belongs to A,' - '  if and only i f  h  belongs to  u•K 2 "2 .

Thus :
E(x, (P)=p(A8 1Th)0(tr 0 (0 .0 0 - 1 (01 det u I

1i(A 8 ')(p(tr u)0 - 1 (01 u I E( n + 1 ) 1 2

From Lemma 3.1.1 and Proposition 1.2.3, p (A 1 m)= q
, 2 80 -211012 Ia n .  l ui E n/2 ,

So w e get th e  nex t proposition.

Proposition 3.2.2. L et 7C — in d "n ' (0 .0„) and OE =Ootr E , F . ThenE' • K . g n ,

SOr = 0E( 10 0  — 1 ( 01 11 E l /  2 •

3.3 . W e shall treat th e  odd level case . L e t u be a  generic element o f  level 2-2m
and  7----= in en ( F ) ) (A s for the  notation, see 2.3 and 2.6). By the same argument.K s m,0 e •
o f th e  even level case, w e have:

s(r, (P)=-1. „,,, ok,e.e((uk) - 1 )Idet u k I F 1 ) 1 2 0(tr u k)d" k,,, 

I u I Ecn+1)12f
O U , e((u k) - 1 )0(tr u k)d" k.J 8"‘•

T he above integral is calculated a s  follows:

ok„, 0 ((u k) -- i)0(tr u k)d' k

E ,” „, th k) - 1 )0 (tr u h k)d' le)
he1 2 ' K K

y  A  s n ,,  A  8 . . 1 (5 A  s m u  o ( ( 1  x ) - `)0(tr u(1 - Y)(1 + x))d P(x))I? o((u(1 - fy ) ) - 1)

cp(tr u(y x x
;  )dp(x))0(tr u(1+ y ))k .. 0 0 ( 1 + Y ) ) - 1 )  •

yEAs lAsn,.1(5 A s n
"

1

B y taking the  trace  o f the  la st te rm , we have:

degRu. e)6( 7  (P )=  I u I E( n + 1 ) 1 2 0(tr u) E m ,0(tr u(y x
2 -))dp(x)

yE A s
i n , 0  / As ir 1, 1A 8

x 0(tr uy))4„.0((u(1-Fy))-1)).
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Since / - 1  induces a  k F -automorphism o n  A 1 m. 0 /A 8 m. 1 ,  th e re  e x is ts  a n  e lem ent z
i n  A s n " / A j "  s u c h  th a t  uy , [u , z ] w here [u , 4=u2— zu fo r an y  y  in  218 ""/ A 8 n 1.
Set S = u ( l+ y ) .  Then a n  easy calculation shows :

(1+z)S(1±Z) -1 -= u(1+ uy])(1+ u '[S , z ]z ) mod If,"` - '

(See (3.5.39) in  [ M ] . )  T h e  last tw o term s lie  in  K, 1 "'  a n d  hence  a r e  scalars under
o. Therefore :

Xzu ,  0 (S - ') =X,7 0 ((1+z)S(1+z) - ' ) ' )

=X z „. 0 (u - ')0 (tr[z, uy])0(tr[S, z]z)

=X 1 n , 0 (u')0(lr[z, uY])0(tr(Euz, z1-1-[uyz, z]))

u ,  0 (u -  ').

Moreover :
0(tr uy)=0(tr[u, z])=1

and
10 (tr  u (y x+  —x '  ))=0 (tr —
2  

ux 2 )0(tr u(z—u - lzu)x)2

=0(tr —
1  

ux 2 ) (p(tr u(zx— xz))2

=0(
1

tr —
2  

uxz), for W = -W 0 .

Therefore:

E(r, 0)=0(tr Asni,10(tr-12-ux2)cip(x)

w here C =(deg(k„, u  E 118'. ° / 

L et 1472 = ( J-1 ) (1)1+I) "W  and A s m'' be the total inverse image in A 8 8' -1  o f  W 2 . Then :

L m ,1 0 ( t r  ux 2 )dp(x)= p(A s ' . 2 ) E  q t r  u x 2)xrroE w2G

since 0(tr uxy)=1 if  xE A 8 "1 .2 a n d  y i-1 3
711 .'. Thus :

E(27, 0)=- 0(tr u) u El l2 C t  j j / w 2 0 ( t r  u x2) )

w here C'--=-(deg(k„, o) ) A s  • 10  / i s m  1111 ( 21, m, 0 ( u  -1) .

B y Proposition 2.6.8, Lemma 2.4.1 (3), Lemma 3.2.1 and  Proposition 1.2 .2 , w e can

see  th a t C '=q - ' 1 2 • 0-71 (u )• (-1 )r - 1 (--D r  . Hence:

s(r, 0)=0E(u)e 9 - 1(u)1 u E l " 2  4 1

where M =  E  0 ( t r -
1

ux 2 ).
xEwi /w22

T he  rest o f our w ork is to  calculate  M.

1Lemma 3 .3 .1 .  M =  E  4 t r k q ( - -2 -rx 2 ) )  w here 7 , ( - 1 ) , P r - 1 ) " t • u t y r -  mod PE.
sEkE
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(W e note that since 2 m - 2  is even, the right side dose not depend on the choice of

' CO ' E .)

P ro o f . Since W 1/W2i s  a o n e -d im e n s io n a l v e c to r  s p a c e  o v e r  kE ,

u(xk o )° )  w here ko  i s  a n y  e le m e n t  i n  W 1\W 2 . L e t  k i  b e  a n  e lem ent in
xek  E 4
A N A ,' su ch  th a t k0= -G3T - 1 (.1-1) ( P 1 - 1 1 2 T k i .  Then:

0 (tr u(x k 0)2)

-=0(tr J-1 )(P 1 -""T  k • )01)11- 1 ( J -1 ) ) "T k L))

= 0 (tr u (x153T - ' ) - (P I - 1 ) /2( - 1 ) ( Pl  - 1 ) 1 2  P T (  J -1 ) ( P1 - '7 k • xz''En k  1 ))

since tr(x•Iy)-= tr(1 - ix • y ) ,

= 0 (tr - f
l  u ( t i f r 'x '( -1 ) (v i - m ot(J -1 ) ( P1 - 1 7 k i •k i ) )

since (J -1 )(P ' - ' ) T k j EKer (I —1)= kE

Here we recall that A 8
0 / A,' is identified  w ith  M r (k F )"  b y  w a y  o f  t h e  m a p  R.

L et R(k i )-=, (1,-, 0,, ••• , Or ) , th e n  R(Ik i ) =(0, ••• , 0 ,,  1 , ,  Or , ••• , Or ) w here  1„ lies in the
(3 -2m m o d s)-th  p o sitio n . Since (2 -2 m , s )= 1  and  Pk i =k i ,  w e have:

R((J-1 )(P I - "T k 1) , q ' 1  R((1 3 - ' + ••• ±1+1)k 1 )
q- 1

= R ( ( I ' 1 + ••• +I±1)k 1)

-----(1, , 1„ , • • • ,

Therefore R ((f - 1 )" 1 - 1 ) Tk1•ki)=( 1 ,-, 0 ,,  • • •  O A  W e  note th a t  i f  x c A s ° a n d  R(x)=---
8-1

(To, — 7 8_0, then (trx )m o d PF = t r T .  H ence to  prove th e  lemma it suffices to see
i=o

t h a t  tr k , , k ,,(e) = tr eo i f  R (e )= (e 0 , ••• , T h is  fo llo w s  f ro m  t h e  f a c t  t h a t  kE-=

kF (iv 2 1 4 ) us mod PE ) and  trk E ik,,(In 2 - 2 m) u' mod PE )= tr p i ( i = o ,  • • •  s - 1 )  if
R(zu'F ( 2 2 2 1 ) 7.0)=-- (Po, ••• ,

Theorem 3 .3 .2 .  Let u be a generic element of level 1— N  (N .2 ) and E = F (u ), which
is an extension of F w hose ram if ication degree is s  and residual degree is r. Let

[ N+1 
m= 2  1  s=p 1 • t  where (t, p)=1, Ow  b e  as in 1.3 and 19 be a quasi-character of E "

which coincides with çb o n  1 + P E 'n. W hen N  is even, let ir„,8=indEGLxn:7n) ) When
N  is odd, let k u ,0 as in 2 .6  and  7r„,0=ind E

G L. n. ,( F .) ,o (i . .o ).  (A s for the  definitions of K s m
and K s m.°, see 1.1.2 and 2 .3 .3 ) .  Let 0,=-0.trE w .  Then:

(1) s(r..o, sb)=0E(u)0 - 1 (u)lulE' 1 2 w hen N  is even,

(2) s(r,,,o, 0)=0E(u)0-'(u)lu
l E 1 1 2 ( _ 1 ) T - 1 ( q  y   1

— E  0 (trk  i k  ( -1  rx 2) )  when N  is
E 2t ,VqF  xE kE

odd
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w h er e  T-=- (- 1 ) ( PL 1 ) I2 tu z ' E
N - 1  m od  PE.
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