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On the law of entropy increasing of a
one-dimensional infinite system
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Toshio NIWA

Introduction.

It has been , and  is , one  o f the  m ost fundam ental problem s o f  statistical
m echanics how  one  c a n  "e x p la in "  th e  irreversible behaviour of macroscopic
system from the reversible mechanical model [1 ] .  The law of entropy increasing
is such a typical problem . As is w ell know n, one of the serious conflicts comes
from  the fac t tha t en tropy  is  invariant under the velocity reversal mapping and
m icroscopic  dynam ics is tim e reversib le . This conflict cannot resolve even if
w e assume tha t m acroscopic  sta tes a r e  rep resen ted  by  the  ensem bles, as is
usually done, when we require that entropy should increase monotonically instead
asymptotically.

W e gave one of the possibilities of mathematically rigorous explanation to
this problem in  the  paper [3].

In this paper we consider a  one-dimensional hard-points system with several
colors whose particles have in tegral positions and velocities y of unit magnitude
Iv' =1E21 W e  show  th a t  u n d e r  so m e  conditions entropy increases for the
initial states w hich have no spatial corre la tion , tha t i s ,  th e  s ta te s  w h ic h  are
represen ted  by  direct product probability  m easures o n  th e  p h a se  sp a c e . I t
should be m entioned that it is impossible to  a sse r t th a t e n tro p y  in c re a se s  for
a ll initial states. W e  mention a lso  tha t the densities of the particles w ith the
same color of our system  obey th e  h ea t eq u a tio n  a n d  our entropy coincides
w ith  th e  usual Boltzmann entropy, w hen w e take a  hydrodynamic lim it. O ur
system  can be interpreted as a quotient system  o f  a  two-dimensional "hydro-
dynam ical" system  [2 , 5 ]. So our results can be interpreted as the  results of
special form for a two-dimensional hydrodynamical system. For example, above
m e n tio n e d  re su lt sa y s  th a t th e  hydrodynamical limit of our densities (which
are essentially one-dimensional in the sens th a t  th e y  a r e  homogeneous in one
direction) represents the field of the velocities of the flow and obey the Navior-
Stokes equation.

In section 1, w e  d e sc rib e  th e  m odel in  detail. In section 2, we define
entropies of various types and related concepts. In section 3 we give our main
r e s u lts .  In the la s t section, w e g ive  the proofs of the m ain results.
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sincere  gratitude to  P ro f. H . Spohn and Dr. Mizutani for fru itfu l and friendly
discussions.

1. Description of dynamical system.

1 . 1 .  Let Z  be the set of all integers : —1,0, 1, 2, •••}, and  S  be a
"color" space of different k (k 2) colors :

Let

W e write

S= 10 , e 1 , e 2 , CO.

X., -{co; co: Z—>SxS}.

w(n)=(w(n, — ), w(n, -I-))ESxS (nE Z ).

T hen  X can be identified w ith the product space

X = IT X„, w h e r e  Xn  -=ST, X S,t, ST,=-S;y=5.

nEZ

wE X represents a configuration of partic les w ith  co lo rs e l , e2 , ••• , c k o n  th e
one-dimensional lattice Z .  More exactly, w (n , —) represent that there  exists a
particle w ith color w (n , —)ES o n  th e  s i te  n EZ w h ic h  h a s  v e lo c ity  — 1, if
co(n, — )* Ø . I f  w (n , — )= 0 , th e n  th is  m e a n s  th a t  th e re  e x is ts  no particle
w ith  ve loc ity  —1 on the site n .  Similarly w (n , + ) represents the color of the
particle w ith velocity +1 on the site n , i f  w ( n ,  + ) * Ø .  A n d  if  w (n , + )= 0
then there  exists no particle w ith velocity + 1 on the site n.

W e call the  X phase space of the system.

1 .2 .  T h e  tim e evo lu tion  m apping  T  o n  X  o f  our system  is defined as
follows :

T : X --> X

is  made up  of the "free motion" T o o f  X and the "collision" C:

T=CT„.

Free motion T , is  m erely a translation of X:

(T o w)(n, —)=w(n+1, —),

(Tow)(n, +)-=w(n —1, +)

Collision C is defined as follows :

{ (w(n, +), w(n, —)) if w(n, — )* & co(n, ±)#
((Cw)(n, —), (Cw)(n, +))=

(w (n, — ), w (n, + )) otherwise.

W e rem ark that tim e evolution defined by T  is no t exactly  time-reversible but
is "essentially" time-reversible. Namely, le t R  be the velocity reversal mapping



On the law  of  entropy increasing 623

of X:
((1*.o)(n, — ), (Rw)(n, +))=(a)(n, +), ai(n, — )).

T h e n  T  d o e s  n o t  s a t is fy  th e  follow ing relation w hich  represents the time-
reversibility :

RT R .
But we can get following

Proposition 1. w here R '=R T o .

This proposition can be proven from the following two lemmas which follow
easily from  the definitions.

Lemma 1. RT o R =T V

Lemma 2 .  CR= RC

Proposition 1 m e a n s  th a t T '----7 0 T=T0CT 0 i s  a  time-reversible mapping.
In  th e  following we can discuss and get sim ilar results for the  T ' in place of
T , but w e do not discuss for the  T ' for the  simplicity.

1 .3 .  W e represent by 3R, the set of sta tes of the dynamical system (X , T),
namely 9j1 is  the set of probability measures on X .  W e call Tet s ta te  sp ace  of
(X , T).

Let

931"=iti Tit tt =( P T /  X P ) }nez

w here 14 is  a  probability measure on ,S;, (6--=-H--), nam ely, g t  i s  th e  space  of
direct product probability  m easures o n  X = H (sxs). The elements of 971/

nEZ

can be considered as "locally equilibrium states" on X .  S o  w e  c a ll Tit locally
equilibrium state space.

2 .  Definition of entropies.

2 . 1 .  In  the following we use following notations :

Definition 1. For p aE , cE S , s=+, n, maZ,

Pc,(n, m)=.13 (n, ; p)= pia); (T moi)(n , e)= c),

d,(n, m)= d s (n, ; p) , ( n  , ; p )=1-1 3 ?2(n, ; p)

(Briefly Pf(n, 0)=PeE(n)=Pc,(n; p)

ds (n, 0) ,  cle (n)= d,(n ; p).)

Definition 2 .  pET R  i s  s a id  t o  b e  of constan t d e n s i t y ,  i f  d ,(n ; p ) are
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independent of n E Z  for both E =+ respectively, in th is  case we write

d,(n ; p)= d,-=- d s (p).

The set of the pEgjt of constant density is denoted by 9'51- con st•

N ow  w e define tw o types of entropies and a related concept

Definition 3. Let

—1 
h(p):=1im  E  p(A) log p(A ),

2N+1 AEKAT

wher 91N  is  the partition of X  on [— N , N ], i. e. 91N  is  a partition into the sets
A  of following form :

A =Iw ; w (n, E)=c(n, E ; A )  f o r  E = +  and —NS Vn

here  c(n, E; A )ES.

W e call h(p) (if exists) K--S type entropy of pEE.

Definition 4. Let for cES

— 1 E
2 N + 1

( n ;  p ) l o g  P c .,(n ; p)
N-•oo SN 

1=)
=±

and H(p):= Hc (p)

W e call H(p) and H (p )  (CE S) Boltzmann type entropy of p and Boltzmann
type entropy of p w . r. t. c E S  (if exists) respectively.

Proposition 2 .  For pET R , we have

h(p)=H(p).

Definition 5. Let
1(p) :=— h(p)+H(p)

W e call I(p) information of inner structure of /JE T / or com plexity o f  hidden
structure of p.

I(p ) measures a degree of the strength  of correlation betw een w(n, s) and
w(n', E') w ith  respect to  the p.

By this definition. proposition 2 can be restated as,"

Proposition 2 '.  I (p )=0  f o r p af t

Proof of proposition 2. For

A =Ico; w (n, E)=c(n, s; A ), E=. -± ,  n pE97.11

p (A ) , H p C E ( n , E ;  A )(n ; re).
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Therefore

Ete(A) log p (A )= E { H  P r ' s ;  '' ) ( n )  E  log Pc,. , (m.='' A)(m)}
A A  î = ± E=t

M I 5 N imi

= E  E  log F1, ( 7n, A)(m ). p e; A) pc(n, a; A)(n )
A  e = t (n, a )*(in,

In t l S N

= E (E (log Pce , (m)• Pce  (m))( E p  c (n  e; A' )(n )))
CES N :  C ( M .  ;  A' )= c  (n ,E )0 (m .s . )

17711 5 N

=  E  E .1 3 ,(m)1og Pce (ni).
E'=±  C E S

Intl N

Hence
--1

h (1 )=1 4 n  2 N + 1 1 ) ( / ) 1 0 0 ( n )
N - 0 0 c e i=,±N

= E H (p )=H (p).
CES c

Q. E. D.

3 .  Alain results.

3 . 1 .  N ow  w e can  sta te  our first main result.

Theorem 1. ("Entropy increasing law") Assume that pEFfRconst and cl.4.4-d_=1.
Then we have

He(Tri+'p)._>.H,(Tmp) f o r  V m l,  V  c # Ø E S
hence

H(Tm+1 /.2)>= .H(Tmp) f o r  Vm - 1

Rem ark. Under the  assumptions of theorem  1, w e have

m)/.13 S (n, m )=d + /d_ for

S o  it is  n a tu ra l to  assume that

P ( n ) / P ( n ) = ( 4 / d ,

in th is  case inequality of the  theorem holds fo r VIn . O.

A s for the strictness of the  inequality, we have following :

Definition 6.

1 
Dc(m )=Dc(m ; p) :=1im  E  (n n  +1 ,  m ; ni; p)) 2 _ 0

N o  2N+1 MI 5 N
s =i

Theorem 2 .  A ssume that ft —ffIconst and 4 +  d _ = 1 ,  and 0 <d 1 <1 3 (n) d2<1
fo r  Vn E Z , 6 = 1 1 : ( c #  0 )  then we have for

a • Dc(m; 1-t) Hc(Tm+ l p)— He(T 7',u)_A • D c(m ; p) fo r  som e A > a >0

Proposition 3. D c(m  ; p )=0  means D c(m +k  ; p )=0  Vk (in l.)  under the
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same assumptions o f theorem 1.

Remark. Same remark as to theorem 1 holds fo r theorem 2 and proposition
3.

3 .2 .  T h e  mapping R  a n d  T o d o  not c h a n g e  th e  v a lu e  o f  entropy Hc(tt),
namely we have

Proposition 4 .  11,(p)=Hc(Rp),1-1c(p)=- 11c(Top) fo r  V pe931

Pro o f . Note that

Pc,(n; Rp)=Rp{ w; w(n, 6)=c}

, p(1?- 1 1w; w(n, s) , c1)=-- p{ w; Rw(n, e)=c }

=pia); w (n, --E)=c1=P!„(n; p).
Hence

—11-1,(Rp)-=lim 2N+1 Pc ,(n; p)logP s (n; p)=1-1,(p)•1. 11

In  the  same way we have

nn ; T op )=Ps(n — E  1-1).
Hence

11,(T0p)=Hc(p).

Proposition 5. R'=-- R •T o i s  involutive and leaves a invaiant, i.e. (R ') 2 .=id.
and R , a=a

Proposition 5, whose proof is easy, and proposition 4  mean that theorem 1
holds not only for the future-direction but also for the past-direction, namely
we have

Theorem 1'. Under the same assumption as in  theorem 1,

.1-1,(T - (m+"p)?= He(T - mp) f o r  V m l ,  c * 0

H(T - (m+"p)>H(T - mp) f o r  \i'n2 1

Here we make im portant remarks:

Remark 1 .  Proposition 4  means also that we can not expect to get the
same result fo r all p 9 ; 111.

Because if
11,(Tp)>=11,(p)

holds fo r  all p J J l ,  then , a s  can be easily seen from propositions 4  and 1

1-1,(T p)= 1-1,(p)
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holds fo r  all pE9N, but this is impossible from theorem 2.

Remark 2. Theorem 1 ' show s that entropy I-1, can decrease actually for
some pE9R; 1-1,(T p)<11,(P).

3 .3 .  F o r th e  K -S  type  entropy h(p), we have

Theorem 3. h(T"' p)=h(p) fo r  VmEZ, VpE9i1

Proof.
—1h(Tm p) , lim  E

2 N + 1
( T m  p ) ( A )  log (T 1 p)(A )N— AewN

—1
= lim  E p(A) log p(A)

N -1  A e T - m (S N )

N ow , as can be easily seen by t h e  definition o f  T ,  f o r  Vcoa X , Tin-w(n, , )  is
determined by th e  {w(n+k, w(n+k, T h is  means

91N +Im l >7 m (
91

N )>
-91N -Im i •

Here 91}0 (9.1, 53 a re  p a r t it io n s  o f  X ) means that fo r  MEW there exists a
B E  such that A B .

It is well known that i f  91} 9 3 , then

- E  i(A )log — E p(B )logp(B ).
AEvt Be

Therefore

- E p(A')logp(A')_>_ E p (A )lo g (A )
A.EWN-Fiml A E T -m (1N )

- E p(A")log p(A").
A 'E2IN -Im l

Hence
h(p)>h(Tmp)>= h(p). Q. E. D

A  p a rt o f  th e  theorem 1  is restated in  th e  words o f I (p ) by theorem 3:

Theorem 1". Under the same assumptions o f theorem 1 we have

1(Tm+ 1 p)._1(Tnip) f o r  Vrn...1

Rem ark. O ur "entropy increasing law " say s  th 'a t f o r  t h e  states p(E97S)
outer structure  (or "observable" structure) of the state becomes simpler a s  time
p a s s e s  in  th e  fu tu re . In  th e  p la c e  o f  it ,  "complexity o f hidden structure" of
th e  state becomes m o re  c o m p le x . T h is  explains partially why entropy can
increase a s  th e  time passes in one direction, even though th e  dynamics of the
system is reversible.

3 .4 .  Definition 6. We define the projection from 931 to 951 7r : 9R—a by

-P(n;7rte) -=-P es(n ; p ) V cES , n E Z
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Theorem 4 .  For II GTS, we have

r(Tm(r(Tm' p)))=7(Tm+Inu) for V in ,

Definition 7. W e define a fam ily of m appings { T.}7no on  the space 91 by

T„,p=r(Tm p) fo r  fi Efft

By this definition, theorem  4 can be restated as follows ;

Theorem 4'. { } . , 0 f o rm s a semi-group of the mappings on the space WS,
that is,

Tm + ,„, Tv ,. T„, f o r  Vin,

4 .  Proofs of the main results.

4 .1 .  At first w e define a notion of the fu nd am en ta l p a th  of the system
(X, T ) w hich plays an essential role in the proofs [2].

Definition 8. W e call a sequence of integers

a={ . . • y n-1, no, nl, n2, •"}={nn/}mez

a fundam ental path (or briefly a path) of coGX , iff

a) ((Tm w)(n., — ), (rn w )(n ., +))* (0 , 0 ) f o r  VmE Z
b) nm,+ i —nn,=-F1
c) nm + i —n.=1 if Tmco(n., — ) = 0

n .,— n m = - 1 if T nico(n., +)=0
d) (n„,, i —n77,)(n 7,,— n . , )= -1 if Tmco(n„„ — )*9:5 and T m w (n ., ± )*0

(n.,— n„,)(n n t —n n i , ) =1 if T m w (n ., — )=0  o r  T m w (n., +)=0

A  pa th  a of to is uniquely determined, if w e give such a  n„, that satisfies
the property a) and nni+ i— n . (= ± 1 ) or n m —n 77,- 1 ( =± 1 )  w hen Tmw(n., — )*
0  and T m w (n n i, ± )*Ø . W hen  Tmco(n i n, ,  — )=0  o r T r n w ( n . ,  +) =0  holds,
then  n,,,+ i —nm  o r  nm + , — n,„ is autom atically  determ ined by c) and d), s o  n n ,
determines the p a th  q  in this case. A path represents a trajectory of a particle
of co.

Definition 9 .  W e say  tha t a  p a th  o;={ n m }„, z  passes th ro ug h  (n, in ) to
the—(respectively +)-direction, if n„,=n and n. + 1 —nn,,= —1 (respectively=1).

Note tha t such  a pa th  a  is  unique if exists, and is denoted by

u(n, in ; s)=c(n, in ; s ; w )  ( s=+) .

Definition 1 0 .  W e fix p a T t .  For n, in, k G Z , k  71/ and e = ± ,  s ' =  ,
w e denote  by  s ')  the probability measured by i t  th a t the path which
passes through (n, ni) to  the e-direction passes through (n— m+2k, 0) to  the e '-
d irec tion , under the condition th a t th e re  ex is ts  a path w hich passes through
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(n, m) to  the s-direction, j. e.
qe(7,„,)(k, s')=p{co;3a(n, m; s ; o )= a  and passes th ro u g h  (n—m-I-2k , 0)

to  the s'-direction}/p{w; 3a(n, m; s ; w)}

Lemma 3 .  Assume that pafft.

en,m)(k, s)=( 1— d_(n -Fm))qt.-1,7m-i)(k, s)- d _ ( n - F i n ) 9 T n + i , m - i ) ( k  —1, s)

s)=d + (n—m)qt 1,7m_0 (k, s)-F(1—cl,(n—m))qr„ + 1 ,„,_0 (k —1, s)

fo r  0 <  k<m

qt„, 7m) (0 , + )=  ill  (1— d_(n—m-F2k)), qt„, m ) (0, —)=0
k =1

en. m)(m, +) =O, e n ,  7 m )(11, — )= d_(n+m)T:I(1— d + (n -  7 1 1 +2  k ))

qT„, 7m0 (0, +)=d + (n — m ) H  (1— d_(n—ni+2k)), —)=0

m-1
v n ,m ) (m, +)=O,1 ) =  H (l d+ (n—m+2k))

k  =0

Proof o f Lemma 3. For 0<k<ni,

A = {co; 3a(n, m; ;  a ) )= a  and a passes through (n—m+2k, 0) to  the
s-direction}

73a(n-Fm, 0; — ; w)l)U(Anla);3a(n+m, 0; —; so)})
=(1/4; 36(n — 1, m -1; ; co)= a and a  passes through (n—m-F2k, 0)

to  the s-directionIn1/4; 73a(n+m, 0; —; 0))1)U(1/4; 37(n—m, 0;
; 0)}(11/4; 3a(n+1, m -1; —  ; 0)) = 6  and a  passes through

(n—m-F2k, 0) to  the s-direction})
Therefore, as peTR

p{a); 3 a(n , ni; ; co)} e n ,„, ) (k , p(A)=

=p{co;3a(n-1, ni-1; ; co)}e „ , , 7m_0 (k, ) . p { ;  73a(n+m, 0; —; w)}

±  n—m, 0; ; co)} .qT„,, 7m_1 ) (k —1, s)• p{w;3a(11+1, m-1; — ; co)}

As
{co; 3a(n, ni; ; co)} = {o); 3a(n—m, 0; -I- ; w )} , e tc .

w e have
d+ (n—m)qta,„, ) (k, s)=d + (n—m)(1—d_(n+m))qt, 1,7m_0 (k, s)

H-d+ (n—m)d_(nd-in)q -c„ ,,,,,(k  — 1 , s)
that is

qin,m)(k, s) , (1— d_(n -FmDen-i,m-i)(k, s)- F d_(n+m)9Tn+i,m-i)(k — 1. s)
Similarly we have

q( „, 7m) (k, s)=d + (n—rn)qt,, 7m_0 (k, s)±(1— d+(n — m))9Tn+i,m-n(k —1 , s)
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For k=0 or m, the formulas are easily obtained. Q. E. D.

4 .2 . Fundamental Lemma 4. A ssume that /1E91, than w e have following
recursive formula:

Pfh(n , m )=(1— d_(n+m ))P(n-1, m -1)H -d + (n— m )P(n+1, m -1 )

Pc_(n, m )=d_(n+m)P(n-1, m -1)+(1—  d + (n—in))13 (n+1, m -1),

m>_1, c

Proof  o f Fundamental Lemma 4.

P (n , d+(n—m) E  q'tn ,„, ) (k, E)P(n—m+2k)/ d s(n—m±2k)
061,6ms-±

So by lemma 3,

T'(n, ni)

=d + (n—m) E E)±d_(n+m)
0<k<ra

f = 3

• 9(.+1,.-1)(k —1, E)} X Pcs(n—m±2k)/ d ,(n —in +2k)

d+ (n—m)• E qt,, m ) (0, s)•13 c,(n—m)/d,(n—m)

+d+(n — m ) •  qin,m)(m, E)Pcs(n+m)/ds(n+m)

=d + (n—m)(1—d_(n+m)) E  e n - 1,„,_ 1 ) (k, E)• Pc,(n—m+2k)/d,(n—m+2k)° ,
» 7"

-d + (n—ni)d_(n+m)• E m_i)(k , E). Pc,(n—m--E2h+2)/ d,(n—m±2k +2)
c■k<771.

— d+ (n—m)(1— E). Pcs (n—m)I cl(n—m)

—d + (n—m)d_(n+m)EqT„,,„,_ 0 (m-1, E)• P(n+m)/ cl(n-Fm)

d+(n—m)E qt,. .)(0, E)• Pe(n—m)1d,(n—m)

+d + (n—m)Eqïn ,„0 (m, E)• Ps(n+m)1 d,(n+m)

Again by lemma 3 we get

=-(1—d_(n+m))d+(n—m) E  g t z - 1 ,7 7 1 - 1 ) (k ,  6)•13 (n — m - k 2k )/d ,(n — m 4 - 2k)

--1-4 (n — m )d _ (n +m ) E E)• nn—m+2k +2)1 Cn—m-I-2k +2)

Similarly we get

.13 5_(n, ni)

= d _ (n + m ) E  qT„,„ ) (k, E)• P's (n—in+2k)/ d,(n—m+2k)
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=d_(n+m)d + (n — in ) E 6)•P(n—m+2k)/d,(n—m±2k)
051e nt-1

±d_(n+m)(1—d + (n — in ) E 6)13(n—m+2k +2)/ d,(n—in+2k +2)

Therefore

P(n, m )=(1—  d_(n+m ))P.(n-1, m -1)- -I- d+ (n—m)PL(n+1, in -1 )

PL(n, m )=d_(n+m )P(n-1 , m  —1)+(1— d+ (n—m))P.c_(n-I-1, in -1 )

Q. E. D.

4 .3 .  We prove now theorem 1. For that sake we need some more lemmas.

L em m a 5 . For fiE9I, --const, if d + + -d = 1 , then

P.1.(n, in) _  d +

.13 S(n, m) d-

P ro o f .  From lemma 4 , for

d_13 (n, m)—d + • PL(n, m) , d_{(1—d_)P.1.(n-1, d +P (n+1 , 711 —1)}

—d+ {d_Pre,(n-1, d+).13(n+1, m-1)1

=(d_d + —d+ d_)P.(n-1, m -1)+(d _d + — d+ d_)PL(n —1, m-1)=0

L em m a 6 . Assume that pE931const and d+ + d_=1, then we have

Pcs (n, m+1)= d + Pee (n —1, m)d- d_PcE(n+1, in)

for  î n 1 , c # Ø ,  n E Z  ,  = ± ,

P ro o f .  It follows easily from lemmas 4 and 5.

L e m m a  7 . 1 )  lo g ( l+ x )S x  for — 1<x
2 )  fo r — 1 < b < x< B < oo , there ex ist 0 < a < A , such that

x— A x 2 <log (1 + x)< x—ax 2

Proof  o f theorem  1. A s is easily seen

Pc,(n ; Tmp)=Pc,(n, in; p)

Therefore, for

l i c (Tm+ l p)—He (Tm p)

— 1  =iim  E
2N+1

Pc,(n m +1; p) log Pc,(n, m+1; p)
N  

—1—lim E 13 (n  in • p) log Pc,(n, in; p)
N  2N+1 InIN, ==

Hence from lemma 6  (we omit the suffix c and 6)

f o r  V m _ 1 ,  n E Z  ,  c # 0
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11,(Tm+ep)-1-1,(Tmp)

- 1  E  d + P (n  -1 , m )+ d_ P (n+ 1 , in)) log (d + P (n  -1 , m )+ d_P (n+ 1 , in ))2N+1 n,.

- ( d + + d_)P(n, m ) log P(n, m)}

• -1 d+P(n -1, m)+d_P(n+1, m)
- r n  2N+1 t.71c {d + P ( n - 1 ' i n ) 1 ° g P ( n - 1 ,  in)

+ d_P(n+ 1, m ) lo g  d+ P(n-1, m)+d_P(n+1, m) 
P(n+ 1, n i)

= lim id + P (n  1 , in) log (1+-1 d_(P(n+1, m )-P(n-1, m )) 
2N+1 n7e P (n -1 , m )

+ d_P (n+ 1 , in) log (1 + d+(P(n-1, m)-P(n+1, m)) 
P(n+1, m)

Hence from lemma 7, 1)

He (T 1 4 -1 te)-H ,(T m p)

- 1 d_(P(n+1, m )-P (n -1 , m )) lim 
 2 N + 1  E {

d + P ( n  1 ,  m )

P (n -1 , m )

d+ (P (n-1, m )-P(n+1, m )) + d_P(n+ 1, m ) P (n+ 1, m ) =0 Q. E. D.

4 .4 .  P ro o f of th eo rem  2 .  As can be easily seen from lemma 4 the assumption

0<d 1 Pc,(n) d2 <1

m eans that th e  same inequality holds for

0< d Pes (n, nE Z ,

Therefore, from  lem m a 7, 2) w e g e t a s  in  th e  proof o f  theorem  1,

1-1,(Tm+ 1p ) - H e(Tm1s)

a E {d+P(n m )(d_(P (n+1, m )-P (n -1 , m ))  )2
N 2N+1 n,s P (n -1 , m )

+ d_ P (n+ 1 , in )( d+ (P(n-1, in)- P(n+1, in ) )   )21
P (n+ 1, m )

. 1 d+=a •lonN  2N + 1 n m)E
. z 

d + d_(Pc,(n+1, m))2( Pcs ( n -1 ,
+

P (n+ 1 , n i)

1 > a • d+ d_ lirn  E  (n n + 1 , m))2= a • d+ d_D c (m ; p )
N  2N+1 I1lI N

In  the  sam e w ay , w e  have

l i c (Tm+1 p)- H,(Tm p)_< A • d+d_Dc(m; p) Q. E. D.

Proposition 3 follows easily from th e  inequality  w hich  w e can  ge t easily
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from lemma 6:

(n n + 1 , m + 1 )— n n -1 , m + 1 )) 2

2d.T_(n n , n t)— n n --2 , m )) 2 -1-2(E(P(n+2, m)—Pc,(n, m)) 2

4 . 5 .  Proof  o f theorem 4. Note that a measure p Til is uniquely determined
by {f".(n ; P)}nez, cES.

Pc,(n ; r(rn+ ' p ))=Pc,(n ; Tn 1 +771 ' p)•= nn, m -ktn' ; p )

On the other hand

Pc,(n ; 7r(TN7rTm' p)))= ; Tm(7r(Tiv  p)))=Pc,(n, m ; 7c(Tin' tt)).

Note that also
d _(n -Fm m' ; p)= d_(n±m ; ir(7 ."",a))

d+ (n—(m-Fm'), p) , d+ (n—m; 7c(Tm'p)).

Hence Pc,(n, 771+771 /  ;  ft) and Pc(n, m ; 2r(Tn",4) satisfy the same recursive formula
w.r.t. in  (m': fixed) as one in fundamental lemma 4. They have also the same
initial values

Pc,(n, m' ; p)=Pes (n, O; 7c(Tn 1 p ) ) .

Therefore
Pcs (n, M - F711' ; p)=.1=(n, m; r(Tm71)) for V in O ..Q .  E .  D.
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