
J . M ath. Kyoto Univ. (JMKYAZ)
21-3 (1981) 599-603

A note on stable G-cohomotopy Groups

By

Kouyemon IRIYE and Akira KONO

(Received July 2, 1980)

L e t G be a  finite group, X  and  Y  pointed G-spaces a n d  a  b e  a n  element
of the  real representation r in g  RO(G) o f  G . B y {X , Y lg  we denote the abelian
group of stable G-hom otopy classes of pointed G-maps o f degree a  from X  to
Y .  L et C be a  class o f abe lian  g ro u p s . I t is  n a tu ra l to  conjecture th a t " if
{X", Y 11  E  C  f o r  all subgroups H  o f  G  and all integers k, then  {X, 17 }3E C
fo r a ll aERO(G)".

T he  purpose of this paper is to prove th e  above conjecture under a  suitable
condition (cf. Theorem 2.2).

1 .  Stable G-cohomotopy groups

L e t G  be a  finite g ro u p . By a G-module V we mean a  real representation
space o f  G .  L e t  {171 , ••• , V 7, ( G ) }  b e  t h e  s e t  o f  representatives o f  irreducible
G-modules and fix it throughout this p a p e r . Identify a  G -m o d u le  V  w ith  the
G-module

k k n(G)
1
 n (G )

if the  form er is isomorphic to the latter.
For a G -m odule V  we denote by S(V) and  B (V ) t h e  u n i t  sphere and  the

u n it  b a ll i n  V  w ith  respect to a G -invariant inner product, respectively. Put
fv , B(V)IS(V) and  IvX -= 2 1 " A X  f o r  a  pointed G -space X .  A n  e ffec tiv e  G-
module V  i s  a  G -m odu le  such  th at S (V ) i s  an  effec tive  G -space  which is
equivalent to VG= {0}.

In  this section V and  W  denote G-modules, aERO(G) and  X  and  Y  denote
pointed G-spaces. I f  [  ,1G  denotes th e  se t o f  G -h o m o to p y  c la sse s  o f  pointed
G-maps, then define the a-th stable G-cohomotopy group { ,} 3 by

{X, Y} 3=Colim[f 2 . - ax,

w here co=w(G) i s  t h e  real regular representation o f  G .  When G  is  a trivial
group, w e w rite  s im p ly  { , }

n  for {  ,}  3. T he suspension  isomorphism f o r  G-
module V

av : {X, 113— {EvX, Y} 3+Y

is defined in  th e  obvious way.
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L e t  H  b e  a  subgroup o f  G . B y ToN we denote th e  category o f  pointed
G-spaces and pointed G-maps. Since any pointed G -space may be considered
a s  a  pointed H -space, th e re  is  a  fu n c to r  OH : T og — '7 ' 0 0  a n d  w e  h a v e  a
natural transformation (up to sign)

(1.1) 17}  — ' 10.11(X), OH(Y )) 711 1 1 y

where (OH denotes i t (a )  w here i t :  RO(G)—, R O (H ) i s  the restriction hom o-
m orph ism . T he  restric tion  (1 .1 ) may be considered a s  follows. It is easy to
check that G-maps (GIH) + AX—.17  correspond precisely to H-maps OH(X )— sbH(Y )
and G-homotopic maps to H-homotopic m aps. Thus w e have an  isomorphism

(1.2) {(G1H), A X, Y}{ O H ( X ) ,  OLT(Y)1 VH

Let

(1.3)H  :  { X, Y }3—, {(GIH), A X, Y}6

b e  the hom om orphism  induced by th e  map (G1H),.—.E°-= {0}4.  which collapses
G/H to a  p o in t  0 . Then the restriction (1.1) is identified with [3. H  through the
isomorphism (1.2).

P u t W(H)=N(H)1H, w here N (H ) i s  th e  n o rm a liz e r  o f  H  i n  G .  F o r  a
pointed G-space X , X "  ( th e  fixed p o in t  s e t  o f  H ) may be considered as a
pointed W(H)-space. Thus there is a  fixed-point functor ToN .T o p '" .
Since (XA Y )'-=X H  A Y R  a n d  w(G) H =-IGIN(H)1(0(W(H)) as W(H)-module, we
h av e  a  natural transformation (up to sign)

(1.4) 9 5 H  {X, Y }  3— IX '', YH I frun

where a g -=17 / / —Wi l  f o r  a=V—WERO(G).
If  H  is  a norm al subgroup o f  G, we m ay re g a rd  th e  fixed-point homomor-

phism (1.4) a s  fo llow s. Let

X : Y}3—, {X, YI 3+ v

be the composition of the following sequence :

0. v (ivA 1)*
IX, Y} —> Y13+v {X, Y}3+v

where iv : E 'cIv  is  the  inc lusion . Obviously XvXw-=XwXv=Xvew. B y  I (H )  we
denote th e  se t o f  G -m o d u le s  such that V " =  {O}. Since (VeW ) H -=VHEDWH,
I(H ) is an abelian semi-group. For f ix ed  a  RO(G), {{X, Y} 6+", Xw 1V, WEI(H)}
forms a  d irec t system of abelian groups. W rite its colimit as

Colim {X, Y}3
1(H)

and  denote th e  canonical homomorphism by

I , :  {X, Y}3 --> Colim  {X, Y} 5.
1(11)
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F o r an  irreducible G-module V, V "-= {0} if  and  only if  H  does not act trivially.
If  H  acts on X  trivially, there a re  following isomorphisms :

Colim {X, Y} = Colim [Z2no,— ce-1, X 2 n o , y ] G

1 (H ) vel (H), n

I X, X 2 4 " Y h

„ C o l i m [ I " . ( G i n ) -
f 2 n ( o ( G / H ) y ] 0

{X, Y H I ex •

L et _i" : X licX  be the inclusion, then the com position of a sequence

** IF"
{X , Y } — * Y }3 C o lim a" , Y } -= ,

I  (H)

equals OH  defined by (1.4).

2 .  Fixed-point isomorphism

F o r  a  pointed G-space Y  w e deno te by N(Y)_ —1 a n  integer such that
{I°, sb(Y)} k=0 fo r  lz —N(Y ).

We will prove th e  following theorems by induction on the order o f  G.

Theorem 2.1. Let aE R O (G ), X  be a f inite dim ensional pointed G-com plex
([2 ], [4 ]) a n d  Y  be  a po in ted  G -space . I f  I >_dim XH—N(Y 11 ) fo r  all sub-
groups H  o f G  then

{X, Y} =0.

Theorem 2.2. Let aE R O (G ), X  be a f inite dim ensional pointed G-com plex ,
Y  be a pointed G-space and C be a class of abelian groups. Denote by  { kH}  Hco
the giv en set of in te g e rs . I f  {X ',  y l f }  k k> k

H ,  an d  I ce fo r  all sub-
groups H  o f G  then

{X , Y }a ce .

Theorem 2.1 is  a  corollary o f Theorem 2.2.

First we prepare three lemmas an d  a  theorem by using th e  assumption of
th e  in d u c tio n . H ence, fix a  finite group G  and assum e that Theorem 2.1 and
2.2 a re  valid fo r all proper subgroups o f  G.

Lemma 2.3. L e t  V  b e  an effective G-module. If {X ", Y "}  k
and n>=k H ±(117 " I — 1) for all proper subgroups H  o f  G  then

{S(V) + A X , Y}gEc.

P ro o f .  Since C =S (V ) , i s  a  (117 1-1)-dimensional G-complex, b y  C k  we
denote th e  k-skeleton o f C  (C 1-=- base point).
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W e prove  {Ck A X, Y} 3 e C  b y  in d u c tio n  o n  k V  I — 1. Since C 1= base
point, i t  is  c le a r .  N ext suppose that k  I V I —1, then

p(G1Hi9)+ASk , Hp#G , k-- -117 1 1 P1 - 1 ,
and

{Ck /Ck _I A X, Y} 3 --zTIA {(G/11,9)+ A Sk AX, Y}3

Hp {OH (X), p (Y)} k E C  .

A ssum e {Ck _IA X, 17 }3 C, then  by  the exact sequence

{Ck/Ck-IA X, Y} {Ck A X, Y} —  {Ck-IAX, Y}3 ,

w e  se e  th a t {Ck A X, Y} 3E C, which completes th e  proof.

G-cofibration S(V)+ — .B(V ) + - -X ' induces an  exac t sequence

Xv

{S(V)., A X, Y} (6-1-v - 1 1 X ,  Y 1 3 {X , y} 3+'

{S(V) ±  A X, 17 } — >  .

T his exact sequence and  Lemma 2.3 imply

Q. E. D.

Lemma 2 .4 .  L e t  V  be an effective G-module. I f  { X ' ,  Y  k EC, k H ,
and la " H fo r  all proper subgroups H  o f G  then

X : {X , Y}3 — > {X , Y}3+'
is a C-isomorphism .

Lemma 2 .5 .  Let X  be a finite dimensional pointed G-complex such that X'
= b ase  p o in t .  I f  a "  dim XH—N(YH) fo r  all proper subgroups H  of G  then

{X, Y } 3 = 0 .

Proof. B y  induction on dim X .  I f  dim X= —1, then  X = b ase  p o in t  a n d  it
i s  c le a r .  N ex t, suppose dim X = n 0  a n d  p u t  A=X n _i. N ote  th a t AH=-base
p o in t .  Then

XIA= V p(GIH i9),ASn , Hp#G ,

and  so dim X " A  n .  Hence I a" Pl ..n—N(Y"P) and so

1X/A, 37-- fts{STh, N p (Y)} 74/3=0

since Theorem 2.1 is  v a lid  for G .  A ssum e the  lem m a ho lds f o r  A .  By
the exact sequence

{XI A, Y } --->  {X , Y} -->  1A , Y 13

w e see th e  lemma holds fo r  X. Q. E. D.

Theorem 2 .6 .  Let X  be a finite dimensional pointed G-complex. If la "
dim X" — 'I ) fo r  all proper subgroups H  of G  then the homomorphism
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ç5 : Y}1 X G ,  Y G I "G

is isomorphic.

Pro o f . O b s e r v e  th e  e x a c t  sequence o f  th e  p a ir  (X , 20): {XIXG, Y} 3 -->

{X , Y} { 20, Y} tx/xG, Y1 3+1 , w h e re  1G : X G c X  i s  the  inc lusion .
By Lemma 2.5 w e have {X/X°, Y } 3 = 0  a n d  {X /X °, Y} 3+1 =- 0, hence

:  {X , Y}3 {X ° , Y}3
is isomorphic.

L et V be a  non-triv ia l irreducible G -m odule . Then by Lem m a 2.4 we know
tha t X :Y 1 3— >  {X G , Y } 3+17 is  isom orphic , w hich  i n  tu rn  im p lie s  th a t  the
canonical homomorphism

/G : Y1 cam ixG, Y13 ,  {v, y G }  - G

is isomorphic.
Since ¢G--=/G ° A , w e  g e t th e  theorem. Q. E. D.

Proof  o f  Theorem 2 .2 . Since I w(G)"I—  I w (G ) =  I G/HI —1, th e r e  is  a  G-
module V such that V.11 1 0 1  fo r  all proper subgroups H  o f  G  a n d  VG= IC  B y
Lemma 2.4 Xr v  : {X , Y1 {X, 3 ""  is  C-isomorphic fo r  any  positive integer r.
Choose r  so  th a t 1(a+rV) 11X " — N ( Y 9  fo r  all proper subgroups H  o f  G.
Then by Theorem  2.6 q5 : {X, lx-G7 ya ,  a G  is isomorphic. Hence we see
th a t  {X , 37 } 3 i s  C-isomorphic t o  {X G , Y9 aG , which completes th e  proof.

Q. E. D.
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