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§ O. Introduction

Let G be a compact connected Lie group and QG the space of loops on G .  R.
Bott introduced an idea "the generating variety" for Q G  and determined the bi-
commutative Hopf algebra  H ( Q G )  for G= S U(n), S pin(n) and G , ([5]). Recently,
F. Clarke determined the Hopf algebra structure of K ( Q G )  for G= SU(n), Spin(n)
and G, where I( * ( )  is the Z/2Z-graded K-homology theory using the generating
varieties ([8]). But the results for G= Sp(n) is not known. In our recent paper [10],
A. Kono and myself determined the Hopf algebra H (Q S p(n)) and h(Q S p(n))0 Z [1]
where h , (  )  is a complex oriented homology theory. However the method used
there is not applicable for 1-1,(S2Sp(n)) with h= K  or MU.

The purpose of this paper is to determine IC,(QSp(n)) as a Hopf algebra over Z .
By the result of R. Bott, QS U and B U are homotopy equivalent as an H-space,

and the Hopf algebra K,K(B U)= K o (BU)C)K,(BU) was determined by J. F. Adams [2].
In particular K i (B U )= O.

As in proved in  [10], we may consider K,k (S2Sp) as a  Hopf subalgebra of
K (S 2S U ) b y  ( Q e ) *  w h ere  c: Sp— >SU is  the complexification m a p . Moreover
1<",(S2Sp(n)) is a Hopf subalgebra of K (Q S p) (cf. Theorem 1.1).

Let R  be a commutative ring with unit and f ( x ) = E i , ofix% g ( x ) =E ,, ,  g i x '

e R[[x]]. Define ( f  E g )(x ) E  (ROR)[[x]] to be E,,, f iC )g ,)x i.  Then the
2 ,kao

main result of this paper is

Corollary 2.7. K 0(f2Sp(n))= Z[r i , 1'2 , • • • , r2k _1, • • • , r2.-1]
the diagonal 0  is given by

Or2k- j -  

 (11=IT)(x)+  (P,, C11)(x) x • (F1=1F.)(x) 
101 + (P„E P, i )(x)

where F(x )= E7= , r2 i _1x 2 - 1 and [E a i xi]1 denotes the coefficient of x 5 in  E a i xi.

This paper is organized as follows:

a s  a n  algebra and

27e-1 5
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In § 1, we construct an 'artificial' Hopf subalgebra I"  of Ka(QS U) and prove
that it agrees with 1m (Q c), in  §  2 . Thus we can determine Ko (DSp) and we will
reduce these results to the finite case Ko(QSp(n)).

Throughout the paper the binomial coefficient ( n )  is equal to the coefficient of

x'n in (1 +x)" for n>0 and is equal to zero for n<0.

The author would like to express his hearty thanks to Professor H. Toda and
Professor A. Kono for their valuable advices.

§ 1. Notations and the main theorem

First, recall some notations (see [10]).
Let U(n), Sp(n) be the n-th unitary and symplectic group, and U, S p the infinite

unitary and symplectic group, respectively.
Let q: U(n)—.Sp(n) be a map induced by the natural inclusion  C  I /  where C

(resp. H) is the field of complex (resp. quaternion) numbers.
Let ao  E  H  and aj i = b, i +jc, j  for b, i , ci i  E  C  and define a map c: Sp(n)—>L1(2n)

by

— ci ,)

b111 •

Let BG be the classifying space of a topological group G  and Bf: BG—>BH the
map induced by a continuous homorphism f :

Let QX  be the space of loops on a space X  and Of: QX -42 Y the map induced
by a map f: X—> Y.

Let in : Sp(n)—*Sp be the natural inclusion. Let

2: f2SU X Q SU—>DSU

be the loop product and

41: DSU— >DSUxQSU

the diagonal map. Also let J: OSU-3.S2SU be the loop inverse of DS U, that is,
.I(p(t))=p(— t) for every p E  D S U . Define I : U-->U by I ( A ) =A . Then I  induecs
a map B I: BU—BU.

Let g: BU—>S2SU be the Bott map. For simplicity, we define DSU—>S2SU
to be goB /og - '.

Put c(x )= —x/(l +x) E

where

(b 11
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Under these notations we can quote the results from our recent paper [10].

Theorem 1.1. ( i )  K 0(QSU)=Z{13
1, 462 , •  •  •  ,  P., • •  • ]

as an algebra and K i (QSU)= 0. Moreover

O W =  E  PJ0 Pk
,

j+ k = i
i,k >

0

where .;-b is the reduced diagonal map defined by 4.
(ii) The following diagram commutes:

Qq Dc
> Q S p  >S2SU

i
O S U --1 2> S U x D S U  

i d x f o

— >Q S U X Q S U — >Q S U .

Moreover, i f  we p u t P(x )=E io  P 1x 2 ([30 =1 )  and ex tend J,„ o r Q (c o q )  over
K o WSUA[x]] by the natural way, then

J,p(x)=11 p(x)

*P(x)=-  A O »

and

(2(c oq)/3(x) p(x)I p(c(x)).

(iii) There are z„_, E  Ko (DSp) such that

K o (QSp)= Z[z i , z 3 , • • • z2k -1 , •  •  
•1

as an algebra and

Q C
*Z 2k -1 == P 2k -1

modulo the subalgebra generated by s, ,  2 ,  •  •  •  ,  1
9

2 k -2  in  K O S U ). T hus Q c, is a split
monomorphism.

(iv) (Qin ) * : K0 (OSp(n))—>K0 (QSp) is  a split monomorphism and  Im (Qi„),, is
generated by z,,z 3 , • , z 2 „_, as a subalgebra of K0(QSP).

For the proofs of (i) and (ii), see § 1, § 2, and § 6 of [10]. (iii) and (iv) are
obtained easily from § 6 of [10] and the naturality of the Atiyah-Hirzebruch spectral
sequence.

Let R be a commutative ring with unit, and R P]] the formal power series ring
over R .  Iff: R.-->S is a ring homomorphism, we define f: R[{x]]-->S[[x]] by

f (r)(x )= E f ( r i )x ' w here r(x )= E ri xi E R[[x]].

QSU

Put
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b2 1= E  (

n  — 1

)132.-i-i E Ko(QSU)

b2„ = E

and

In  — 1

i
 )13„_ , E Ko(Q SU)

i O

for n >O.
We define also bod (x )  and b„(x) E K0WSUX[X11 to  b e  E i>0a n d

1+ EZ>01,2ix21 , respectively.
Then clearly  b € ( x )  i s  a  u n it  in  K0 (f2SU)[[x1]. P u t r(x )= Ei>0 r2i _1x2 - '

=b 0a (x )lb„(x ). Let r be a subalgebra of Ko(S2SU) generated by r„_, (k = 1, 2, • • •).

Now we can state our main result.

Theorem 1.2. Im (S 2 c ) ,=r so that K0(S2Sp)L-' r.

This result will be proved in §  2 . The rest of this section is devoted to calcula-
ting 0(r2 _1). We must first calculate the diagonal formulas of b 2 1 and  b „ .  We
need some algebraic notations concerning formal power series.

Let R  be a commutative ring with unit and f (x )-- Ei3O fixi, g(x)= 0g1xi E

R f f x ]]. Define ( f  g ) ( x )  E (ROM P]] to be E i g o (E ; „_ i f f Og,)xi.
./11C 0

If R isacom m utatiw H opf algebra,thenthediagonal 0: R — ›R C )R  is a ring
homomorphism. Thus we can obtain a ring homomorphism 0: R[[x]]—>(R&R)[[x]].

Proposition 1.3.

(i) (çbbev)(x )= (be,,E bet,)(x )+ (boa Dboa)(x)
and

(ii) (gib 0 a)(x )= (boy E  b 0 a)(x) ( b oa 0 be y)(x)+ x • (b °a E b 0 a)(x).

P ro o f .  These statements are equivalent to
(i ) ■--5(b2 ) =  E k0172._1

and
(ii)' 0 (b2._1)= E bi0b2n_1_2+ E

where b, = 0 for i< 0  and the summations run through all non-zero term s. In the
case (i) we have

-0 0 2 0 _ 4 E  (n — 1) p2 t n - 1 \ t io p i )  E n - 1  \ p s o p t ,

i 1 sa \2n—  s—  t 1

and
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E bigb,„_s= E b21 _ -2i

= —j11)P2i-j»

(E l)P 2 i - .1 )0  (E +i-k)
k

(_ E  (  E i  —  1 ) (n — i-1 ) +  E
s , t  \  2i —.i= s i k 2 i— j- 1=8

2(n—i)—k=t 2(n—i)—j+l—t

So we must prove that, for s, t >1,

1)(n — ki))psiv ,

(1.4)

(  n - 1  ) (i — 1 )
k 21-j-1.8 j  l k

(n— — 1\
+

i  —  1 ) ( n  —  i \E ) E
k 2n —s— t 2  —j=s k

2(n—i)—k=t 2(n—i)—k+1-4

[  i - 1 n — i-1  )
+

(  i - 1 n—i
Lk 2i—s/k2(n— i)— t 2i— 1 — s  k2(n — 0+1— t)] .

In the case (ii) we have only to prove the following equarion

( n - 1 u i - 1 n— i-1
— t)

( t -1 n —  i  — 1  \
\ 2n— 1 — s— t) Lk 2i— s 1\2(n— i) — 1 k 2i-1—  s ! \2(n — i)— t

i - 1(  n —  i  —  1  VI
k 2i —1— s k2(n— t

obtained by the same manner as in the case (i). But the right hand of this equation
equals to

E  i - 1 n — i - 1  \ + (  i - 1 n — i - 1  ) ± (  n — i - 1
Lk 2 i— s k2(n — 0 -1 — t k 2i— 1 — s k2(n — i)— k2(n — 0 -1 — t

[( i—  1 n— i-1 + (  i - 1 n — i  \ -1
=  R  2i— s ik2(n— i)— 1 — t \2i— 1 —s/ k2(n — i)— t

(see Lemma A.1 in Appendix.). Thus the case (ii) also reduces to (1.4). It is easy
but tedious to show (1.4). So we defer this to the appendix.

We need some technical lemmas to determine çbr.

Lemma 1 .5 .  L et R  be a  com m u ta tiv e r in g  with unit. L et d (x ), e (x ), f(x ) a n d
g (x) E  R[[x]]. Then (d  e ) (x ) (  f  g ) (x )  =  (d  E je g ) (x )  in (ROR)[[x]].

Proof. P u t d(x)=  Eao di xi ,  e(x )=  Ei,oex1, f (x )=  Eiaofixi and g(x) =
E tao g ix'. Then

(d  E l
 e ) ( x ) ( f

 E l g)(x)

(

E  E  d i Oe i ) x k ) ( E (  E  f R g t ) X u )
k i+ j= k u  s + t = u

s,taO
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(
— E ( E  di f  (De g)x m )

In i+ j+s+ t=ni. 8 i  i

i , j , S , t 0

E ((E  d j 8 ) 0 (  E  e ,g ,)x -)
i + s = .
i,sau

=(df 1=leg)(x).

Corollary 1 .6 .  Let f (x ) and g(x ) be multiplicative units in R [[x ]]. Then ( f  g ) ( x )
is also a unit in (R O R )[[x ]]. In f ac t ,  11(f I=1 g)= (11f)E(11g).

P ro o f  ( f  g ) ( 1 1 f  E l lg ) =1 0 1 .

Theorem 1.7.

(0)(x )—   ( r  1 )(x) + ( 1 0  r ) (x )±  x  (r  r ) (x )  
1®1±(r 1110(x)

çi5r= 95(bodlboo) -= ObodlOb e, . By (1.3),

(45r)(x)—  (b 8 o l0b o d )(x)±(1 ) 0 „E b 8 „ )(x )±x .(b o d  E  bo d )(x) 
(bop E bo o )(x )+ (b o d O b o d )(x)

Since be ,  is a unit, (1.6) asserts b„ E l  be e  is also a un it. Then

(0r)(x)— ((be ” (h o d ” )(x)± x • (b 000b0d)(x))( 11(boo0boo)(x)) 
((boo0boo)(x)+(bodEbod)(x))( 11(bool0boo)(x))

_   (r El 1)(x) + (1 El r ) (x )  x  • (r r ) ( x )  
10 1 ± ( r E r ) ( x )

Corollary 1.8. Let F = Z [r i , r3, • • • , rzic--1, • • •i.
 T hen I' is a  Hopf subalgebra

of K0(f2SU).

P ro o f  If f (x )  e  Rax]] is unit in R [[4], the coefficients of (1/f)(x) is written by
the polynomial of the coefficients of f ( x ) .  Thus the coefficients of Or is in PO T  .

§ 2. Ko(12Sp) and Ko(DSP(n))

We must prove TOE Im  (D e), to prove (1.2). We calculate first D(c oq),r(x ).
For this, we must calculate .1 r(x )  and £ r ( x )  as in (1.1).

Proposition 2.1. .1. r(x )-- —  r(x)1(1± x  r(x )).

P ro o f  Since

1 X.1 2
S2SU --->QSU X  DSU -->12SU X  S2SU — >42S U

is null -hom otopic, we have easily the following equation:

p(10J, K )(Or)(x)= 0

Proof:



Then

f*b2
\ I
n 1\ p 2 7 ,

i o [ ( n  1) ( E On— E 1 —  i)
\ P2n—e—i—J
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where p : ( 1 ( 0 ( 0 S O O K , V 2 S U M [ x ] ] — > K 0 ( 0 S U ) [ [ x ] ]  is the ring homomorphism induced
from the product

p: Ko(DSU)01C0(QSU)--+K0(DSU).

Thus, by (1.7) and the fact that p( f  g) f • g, we have

r(x)± J * r(x)± x • r (x) • J,Kr (x) 
1 r (x) • J* r(x) •

So J* r (x) • (1+ x • r (x)) + r (x) 0, and we have proved our proposition.

Proposition 2.2.
(i) * bo d (x)-= —b0 (x)

and
(ii) * b„(x)= b„(x)± x • b o d (x).

P ro o f  Define [f(x)]„ to be the coefficient of xn in f(x) e Raxii• Since

P(e(x ) ) = 0 13i(—  . : x
= E ((- oip,xi(i+x)1

E o i p z x ,  E  (i± ii - i ) ( o i x j }
igo igo

= n^O( - 1 ) t  —j 1) P n - ) x n

we see

i*Pn=fP(e(x))1.=(- 1)n E ( n  7 1\P.

E [ E  (_ -1) (2n—e—l—i
)1 P 2 n -sao i+i=s )\

1) (n i l)where E = 0 or 1. Since ( 4_n
s ) — (n, s>0), we have only to show that

( _ 1 ) ,(ri — E  ( _ 1)2 7 1)(2 n -  1—E
\  s

— i ) .
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Since

ozo_, _ i tn —. 1y2n —1 — 6—  i)
\ A

z 1 ) , ( n — i 1)(2n—  li —s—i)

( — ( — 1)i 7 1 )(1 ± x) 2n- i --̀

=(— 1)1(1 -1-x)n —( - 1 ) i ( n  71) ( 1+x) .1--ix1

-=( _ 01( l+x ) .- ( 0 +x) _x) .- 1,
= ( _ 01 ( 1+x) .--1,= ( _1 ) '0  — 6 ) ,

s  /

the proposition is proved.

Corollary 2.3. e * r (x)= — r (x)1(1 x • r (x)).

P ro o f . By the definition,

* r (x )= * (b ob  e v ( x ) )
=  * bo d (x)1 e * b„(x).

Applying (2.2), we obtain

* r (x)= — b d(x )1(b „(x ) x b od(x))
b0 (x) b„(x)+ x • b d(x) 
b€ (x ) / b„(x)

= — r (x)1(1 x • r (x)).

Now we can easily calculate S2 (c 0 q)* r (x).

Proposition 2.4.

S2 (c 0 q)*r(x)—  2r (x)± x • (r (x)) 2  

1 +(r (x)) 2

P ro o f  Since i * r(x)--- J * r (x), we obtain

J * * r (x)= J * J * r (x)= (J J) * r (x)= r (x),

So by (1.7),

(c 0 q)* r (x )= p(1®. i * )(0r)(x)
r (x) J  * e * r (x) x • r (x) • J * e * r (x) 

1 +r (x) • J* . e,r (x)
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2r(x)--Fx  • (r(x)) 2

1 +(r (x)) 2

As a corollary, we obtain the follwoing

Corollary 2 .5 .  rOEIm (Qc) * .

P ro o f .  We prove this by induction. (iii) of (1.1) implies (Qc) * z 1 = 431. By the
definition, r1 = 1. S o  r, e Im  (Dc) * . Assume th at r„ r„ • • • , r 3k _1 e  Im  ([2c) * .
Note that

[ 2r (x) x  • (r(x))z --=-_-2r2kL +(r(x))2 2 k + 1

modulo r k  where F  k = r3, • • • , r2k-i]. Since F  k Œ lin  (S2c) *  by the assumption,
we have 2

r2k+i e 1m (Qc) *  b y  (2.4). But, by (iii)  of (1 .1), Im  (f2c) *  is  a split sub-
module of IC0( f 2 S U ) .  Thus r2 1 e  Im  (Qc) * .

We can now prove,

Theorem 1.2. Im  (l2c) * =  .

Proof of (1.2). Since

r 23 -1 — P2k -1 m o d  zpi, P 2 9  •  •  •  9  P2k -21,

(iii) of (1.1) and (2.5) assert the following equation:

r23 (Qc)*(z23 -1)

mod Z [(Qc) * (z ,), (Qc) * (z ,), • • • , (Qc) * (z 23 _3)]. So

Z [r,, r3, • • • , r23-1]=Z [(Q c)*(z ) , (Qc)*(z3) ,  • • • , (f2c) * (z23-1)1

can be obtained by an easy induction. If we put k =  co, we have

Z [r„ r 3, • • • , r2, 1 ,  •  •
=Z [(Q c ) * (z ,), (Qc) * (z,), • • , (S 2c) * (z 2 1), • • •]

=Im  (Q c) * .

Corollary 2 .6 .  K o(Q Sp)-= Z[r„ r3, • • • , r23 _1, • • •]
as an algebra and the diagonal is given by

o r x x ) _  (1 0  r )(x ) (r  0 1 )(x ) x  •  (r  r )(x ) 
10 1 ± ( rO lr) ( x )

From the proof of (2.5), we also obtain

Z [r 1, r 3, • • • , = (Qc) * (Z[z,, z „ • • • ,

Then (iv) of (1.1) reduces (2.6) to the finite case:



324 Kazumoto Kozima

Corollary 2.7. K0(QSpH)=Z[r1,r3, • • • , r2k _1, • • • ,r2 ] as an algebra and the
diagonal is given by

g r2 k  ) =
[  (10F„)(x)+(F„El 1)(x)+x•V„OFJ(x) 

-1 10 1  -  nEIF „XX)

where r"„(x)= r2i_1x21-' and the other notations are as in §1.

P ro o f . The first half of (2.7) is clear. The second half follows from

fin (x )1 2 k _ i= [r (x )]ve -i

and

[  (1 1=1 F„)(x)d- 0",, 0 1 ) ( x )  x • (P„ OF„)(x) 
101 ±(P„ OF„)(x)

[(1171r)(x)-1-(r n1)(x)+x.froryx)]
101 + ( r E r ) ( x )

for k < n .

Appendix.

Put

f (s ,  t )=
7 1( (2(nniii— )  t ( 2i —is  

\ f

 2(n —

ni ) + i 1 —  t ) }

for s, t >  1. Then the purpose of this appendix is to show

(1.4) (  n - 1
=  f ( s ,  t ) .

k2n—s— t

First recall that

Lemma A .1 .  If  (a, b )  (0, 0), then

(  abb (a — 1 ) b(a 11 )  .

Let d(s, t)= f(s, t)— f(s —1,  t + 1) for 2. Then we have

Lemma A .2 .  d(s, t)= O.

Proof

2k -1

2k-1

2k-1
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As, t)= E f t  i- - 1  V n - i - - 1  l + t i - - 1  V i 11
lk 2i—s /k 2(n— i)— t \ 2i —1—s 1\2(n — 0+1— t /1

{( )(2 (n -n -i) i t1— 1) + \2i - —i )  — t)}

= (  7 - 1 s)4 2 (nn i l t )  (  2 ( n  —n  7 i) — t )1

E i - 1 n — i i - 1  \ t  n — i  — 1  \- Ek 2i— 1 —s / k2(n — +1— t) i  k  2i —s +1 k2(n — — t —1 i •

Since (n — i, 2(n — i)— t) (O , 0) we have

d(s,t)— - E  i - 1 V i-1 (  

i - 1  V n—i +Ek 2i — s / k2(n — i) — 1— t) \ 2i— 1 —s I k2(n —0+1 — t I
_ E i - 1 n — i  — 1  \

• 2i—s+ 1 I k2(n t —1
ft i - 1  \ + (  i - 1 n—i —1 \

• tk 2i— s / \2i—s+1 J  k2(n— — t —1 i

± E i - 1  V n — i \.
\ 2i— 1 — s k2(n — 0+1— t

Also since (i, 2i—s+ 1) (0, 0), we have

i - 1 n—i \d(s,t)=  - E n— i —  1+ Ek 2i— s + 1  k2(n — — t —1) i  k  2i-1 —s / k2(n — +1— t
_ _ E n — i - 1  \

2i—s+ 1 k2(n— t— 1 )

i — 1 \ t n —  (i — 1 )-1  \+E• (2(i- 1)—s+ 1 I k2(n (i — 1))— t —1
=0 Q.E.D.

Proof of (1.4). By Lemma A.2, we have

f(s, t)= f(1, t+s —1).

But

f(1, s+ t —1)
i _ 1  \( — i —1( i - 1  \ t n—i

= t( 2i-1 /k 2(n—i)—s—t+1
+

(2 i-2  Jk 2(n—i)+1—s—t+1)}
( n - 1  \

2n—s—ti'

i 1since — \ = 0 for any i and ( 
i —  1  

)= 0 for 1. So the result follows.2i-2



326 Kazumoto Kozima

DEPARTMENT OF MATHEMATICS,
KYOTO UNIVERSITY

References

[ 1 ] J. F. Adams, Lectures on generalized cohomology, Lecture Notes in Math., 99 (1969).
[ 2 ] Quillen's work on the formal groups and complex cobordism, Mathematics Lecture

Notes, University of Chicago, Chicago, 1970.
[ 3 ] M. Atiyah-F. Hirzebruch, Vector bundles and homogeneous spaces, Proc. Sympos. Pure

Math. A.M.S., 3 (1961), 7-38.
[ 4 ] R. Bott, An application of the Morse theory to the topology of Lie groups, Bull. Soc.

Math. France, 84  (1956), 251-281.
L 51 — ,  The space of loops on a Lie group, Michigan Math. J ., 5  (1958), 35-61.
6 ] ,  The stable homotopy of classical groups, Ann. Math., 7 0  (1959), 313-337.

[ 7 ]  and H. Samelson, Application of the theory of Morse to symmetric spaces, Amer.
J. Math., 8 0  (1958), 964-1029.

[ 8 ] F. Clarke, On the K-theory of the loop space on a Lie group, Proc. Camb. Phil. Soc., 76
(1974), 1-20.

[ 9 ] P . E. Conner-E. E. Floyd, The relation of cobordism to K-theories, Lecture Notes in
Math., 28  (1966).

[10] A. Kono-K. Kozima, The space of loops on a symplectic group, to appear in Japanese
J. Math.

[11] J. Milnor-J. Moore, On the structure of Hopf algebras, Ann. Math., 81 (1965), 211-264.
[12] T. Petrie, The weak complex bordism of Lie groups, Ann. Math., 8 8  (1968), 371-402.
[13] D. Quillen, On the formal group laws of unoriented and complex cobordism theory, Bull.

A.M.S., 75  (1969), 1293-1298.
[1 4 ] — ,  Elementary proofs of some results of cobordism theory using Steenrod operations,

Adv. in Math., 7  (1971), 29-56.


