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§ 1 . Introduction.

1A. K oebe w as th e  first w ho proved th e  ex is ten ce  o f con-
formal mapping o f  a n  arb itrary p lanar su rface  o n to  a horizontal
slit region on the extended plane E. Concerning an open Riemann
surface R  of positive genus g ,  Kusunoki C6] showed the existence
o f  a  meromorphic function f  such that

(i) R e  ( f )  has, roughly speaking, the constant value on each
boundary com ponent. P recisely speaking, it can  be said
th at R e  (f) has behavior in  t h e  sen se  o f  Yoshida
C18),

(ii) th e  divisor o f  f  is  a  m u lt ip le  o f  (PIP, ... P,+1)-1, where

P1, P2, • • •Pg-Fi a re  suitable points of R,
(iii) residue o f f  a t  P , is  equa l to  1 (o r i),
(iv) J (R ) ,  the im age o f R  under f ,  i s  o f  at m ost g +  1 sheets

over th e  extended p lane e.
Further, M ori [9 ] showed that there exists a  meromorphic function
f  on R  such that

(i) R e  ( f )  has F„„, behavior,
(ii) th e  divisor of f  i s  (P) - g- ', w h ere  P  is a  properly given

point on R,
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(iii) f ( R )  is  of g + 1  sheets over e.
For the case o f fin ite surface, Sh iba [1 3 ] proved th e  next theo-
rem.

T h eo rem . L et R  b e  th e  interior o f a com pact bordered Rie-
mann surface o f genus g  and  its  border consists o f K  contours t3i,

132, 43,• Then there exists a  meromorphic function on R  which
satisfies th e  following conditions

(i) f  maps R  onto a  slit region on e such  that each  contour
i3k corresponds t o  a  slit w i t h  direction fk, k =-1, 2 ... K,
w here each tk  is  an  arbitrarily given straight line,

(ii) th e  divisor of f  is a  m u lt ip le  o f  (PIP2• . • 13 ,)-1, where
P 1 5  P 2 ,  •  •  •  P  g + 1  a re  arbitrarily given points on R,

(iii) f ( R )  is  o f at most g + 1  sheets over E.
But the condition on the boundary in  t h e  last th eo rem  is  v ery
restrictive, and our intention in this paper is to remove this restri-
ction and  generalize these theorem s stated  above. I n  §2, as the
preparations fo r  our purpose, w e shall consider som e subspaces
(over th e  re a l n u m b e r  f ie ld )  o f  rea l d iffe ren tia ls  o n  an  o p en
R iem ann surface R .  I n  §3 , w e sh a ll co n s id e r the convergence
theorems o f Abelian differentials w ith certa in  boundary behaviors
(C f Lem m a 3 .3 )  an d  sh o w , in  case  o f R  w ith  f in ite  g en u s , the
existence of meromorphic functions with these boundary behaviors
(C f Lemma 3 .5  and Lemma 3 . 7 ) .  In  §4, we prove the convergence
theorems o f Abelian differentials w ith special boundary behaviors
and the existence theorems o f Shiba's behavior spaces (C f Theorem
1  and  Theorem 2 ) .  In  § 5 , we shall generalize the above slitmapping

theorems by u se  o f th e  results in  §2-§4 (C f Theorem 3 , 4 , 5 ) .

§ 2 .  O rth o g o n a l decompositions f o r  differentials.

2 A .  L et R  b e  a n  arbitrary R iem ann surface. T he totality of
square integrable com plex (resp. rea l) d ifferen tia ls  o n  R  forms a
rea l H ilbert space A = A (R ) (resp. r=r(R)) over the real number
fie ld  w ith th e  inner product defined by
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<2„ 22>= Re S ( a o ,  +11A) d,rdy,

w here 2, =a1(z )dx +b1(z ) dy  f o r  a  lo c a l  p aram eter z = x + iy .  It

should be noticed that th e  meanings o f th e  le tte rs  A  and a r e
different from  those in  A h lfo r s  a n d  S a r io  [3 ] . W ith only these
exceptions, w e inherit th e  terminologies and notations of A hlfors
a n d  S a r io  [3 ] , if  no t m entioned  further. For example, we define
A , (resp. A ,,) to  b e  the closure of A', (resp. 4 ,)  in  A  w here A', (resp.

4 ,)  is  th e linear space form ed by all exact complex C' differentials

(resp. exact com plex  C ' d ifferen tia ls w ith  com pact supports), A,

(resp. A „) to  b e  the orthogonal complement o f A,*, (re sp . A ) with
respect to < >, an d  A„ to  b e  th e  space A ("\ /1. W ith these nota-
tions, the following relations hold

A =A,d- A „H-A =A ,r-vr + A„ +

(A ,= P, + ir  ± ,riL + ird-, (cA i) = CAiL5

w here P  (resp . A i-) m eans the orthogonal complemnt of r ;  (resp.
A ,) in  r  (resp. A ), a n d  a  complex number (C f  Sh iba [13 ]).

2B. N ext we consider th e  real subspaces (subspaces over the
real num ber f ie ld ) o f  real differentials.

L et ,.0 b e  a com pact bordered R iem ann  su rface . W e d iv id e
aQ into two sets a, 13 of contours and consider the following linear
subspaces o f real differentials

T' s , S2) , Id f :d f E R (S 2 )  su ch  th a t f= 0  on I3 ,

= {(I): wE ri,(s2) such that co= 0 along a}.

Lemma 2. 1. 1-'„(a, S2)* i s  th e  orthogonal complement o f
-(2-) in  P (t ).

P r o o f  Omitted (analogous as in Ahlfors and Sario [3] p 275).
Next on an open R iem ann surface R  w e co n s id e r th e  same
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linear subspaces as ab o ve  sta ted . Let R* b e  the KerékjArt6-Stol-
low 's compactification o f R  and P (4) =av p a regu lar partition of
4=R* — R .  W e call G  (resp. G ') a n  en d  tow ards a  (resp. /3) if
JD' G D a, G 'i3  and G nG ',0  where D is a regular region
and G  the closure in  R * .  N ow we consider the following linear
subspaces

• R) = {df : (a )  d f  M R ) ,  (b )  th e re  ex is ts  a n  en d  Up
towards 13 w hich is disjoint with the support of f } ,

• R){ o) : ( a )  co l-1 (R ), (b ) th e re  e x is ts  a n  e n d  U„
towards a  w hich is disjoint with the support o f co},

• R) = the closure o f 1-1(P, R ) in  r ,
1"„(a, R) = th e  orthogonal complement o f r „ 0 ,  R )* in P .

Note 2 . 1 . W e identify  all consatnt functions with zero.

Lemma 2. 2. (i) P ,  (a , R) C no (a , R) C r„ (a , R) C E,,
r„  (4 , R) =- / - „c Foo (p, R) c P,,

where bar stands for the closure in P .

(ii) W ith the notations P h , (a, R )  T hnno (a , R ) and rh„(a, R)
--=.-nnr„ (a, R ), we have

r=r„(13, R) + r„(a, R)*

rb=r„„(p, R )  no (a, R )*  (Weill. G  [15]).

P ro o f . S in ce  ( i )  is evident, we prove only the first relation of

(ii). B e c a u s e  „(p, R) C r,_Lr„ we have

Ph. (a, R)* -L= (i3, R)±(-■

=r„ (i3, R)-kr,d -r::=r„(43, R)

Through this paper w e shall use the follow ing notations and

terminologies
(i) Z ( R ) = I r : r  is a local rectifiable cu rv e  in  R , starting

from  any point of K  and tending to a where K denotes a
compact region that separates a  and /31.
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(7) denotes th e  c lo su re  ( in  R * )  of an  open  set 0  on R.

(iii) {R„} b e in g  a  regular canonical exhaustion o f R , we write

R'n =R A  ..)D„vaD„ w here D, is an end tow ards p  and  consists

o f th e  com ponents o f R:, t h e n  w e  s a y  {R 1 is a norm al
exhaustion o f R  tow ards a.

(iv) F o r  a n y  norm al exhaustion  {R3 tow ards a  a n d  a  diffe-

rentia ls 2e 4 „  if  th e  limit

lirnÇ ,2
Rn

ex ists , th en  w e  w rite  th is  value as S 2.

( y ) A  p ro p e r ty  w ill b e  sa id  to  b e  h o ld  f o r  alm ost a ll curves

o f  a  fam ily i f  t h e  extrem al le n g th  o f  t h e  sub fam ily  of
excep tiona l curves is  in fin ite  (C f  Ohtsuka C11J).

(vi) I f  goE C(R) is  e q u a l  to  a  c o n s ta n t v a lu e  c  o n  a n  e n d
tow ards a, w e say g , = c  n e a r  a.

Lemma 2. 3. (i) Let G , G ' be two ends towards a such that G'D
G ia G ,  then we have fo r (DE F „ (a , G')

W IG (=restriction o f o i  to G) E r,„(a, G ).
(ii) For w E F „ ( a ,  R ) n r '  and fE  C ' (R ), f  being a Dirichlet

function on an end towards a, we have

fw =  O.

(iii) d u E F ,o ( a ,  R ) r \ F '  if a n d  on ly  i f  d u e l ',  and  for almost
all curves y o f  E (R )  lim  u (P) =0.

7 3 P -4 .

(iv) F o r  du E r„ (a, R )  n r i  and WE f '  we have Su w=0.

Proof. (i) D e n o tin g  {mi, :wE r „ ( a ,  G ' ) }  b y  F „ (a ,  G') G, w e
have

F „ (a , G ') I G = P ,o ( a ,  G ') I c c r i ,o ( a ,  G ') I , c  F,o (a , G ).
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(ii) is  ev id en t fro m  th e  definition o f  r „ (a , R).
(iii) F o r  d u E r , ( a ,  w r y - -  there  ex ists a  se q u e n c e  W .}  such

th a t df„ 1-1(cr, R )  and I I df„ — d f H 0. T h e re fo re  b y  T h e o re m
2. 4 in  Fuji-i-e C5) w e  g e t  fo r  alm ost all curves y  o f  .E.(R)

lim u (P) =0.

C onversely , by  L em m a 1 in  Y am aguch i C16) w e  h a v e  d(gazi)Er „
w here g,E  C-(R ), g,= 1 n e a r  a  a n d  g% = 0 n e a r  p .  T h e re fo re , for

wE re, ( 3, R) (V-'' w e  h a v e  f ro m  (i) (ii) of this Lem m a a n d  Lemma
2. 2

<du*, co> = .wo = <d (gal)* , co> = 0,

R)r■F'.

(iv) F o r  d u E F „ (a , R )r■ I" w e  h a v e  d (gou )E T„r\P , a n d  so
b y  the P roposition  6 in  Y am aguch i C17) w e  have

S .U P 
(g,u) a, = 0 =S 11W.

Lemma 2.4 (W e ill ,  G . C 1 5 )) .  ( i )  Let Q b e  the in terior of a
bordered Riemann surface D.- whose border a consists of a f inite
number of contours, then we have

E . ( a ,  Q) = {o):coEr„(1:-) such  that 0)=0 along a).
(ii) Let R be an open Riemann surface and {R1 a  normal exhau-

stion tow ards a , then we get

1"„(a, R) (0 ) : there ex ists a  sequence to41 w ith (oE

R )  su ch  th at Ilw— (0.11R:—> 01.

Proof. (i) W e  c a n  g e t e a s ily  th is  re su lt  b y  t h e  sa m e  w a y  as
in  Ahlfors a n d  Sario C3) p 288— p 291.

(ii) F o r  wE TVa, R), h a s  a  decomposition o f  th e  form
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(01R„' =04 ±(0:„

w h ere  (.0,EF,0(aR„, and  (04E Th„ (8, R ) * .  M aking  use of Lem-

m a  2. 3 (i), w e  g e t  a  differen tia l ibE I'„(a, R ) such  tha t

II(;) —0411 0  (analogous a s  in  C3)) •
But from  L em m a 2. 3 (iii) an d  T h e o re m  2. 4 i n  Fuji-i-e (5) we
c a n  g e t  fo r alm ost a ll curves y of E ( R )

lim  f  (P) =0 w here  d f = ( _w )*.
rBe-p

T h e re fo re  w e  have
R)* nr„„(a , R) =0, j .  e., w=i7o.

Conversely, fo r 0 -E r,„ (p , R ) w e g e t fro m  L em m a 2 .3  ( i )
<co, a* > =lim <o)„, = 0,

and  so  w E F ,,(a, R).

2C. Lem m a 2. 5. L e t (Q.} be an exhaustion o f  R  by regularly
imbeded regions, and

A„ (R) =A, ( R )  A, (R)  (resp. Ph (R) =F  ( R )  r% (R)±)

A h(Q„) = A ,(Q„) +A ,(Q„)-L freSP. rh (Q.) =r„ (Q.) + r, (s2h)-L)

be orthogonal decompositions of Ah (R) or Ah (Q,) (resp. ['h (R )  o r  F
( Q , ) ) .  Furtherm ore, if fo r each  n  and each 2'E A ,(R )-1- (resp. 2'E I
(R)±), we have 2'1D„E A ,(Q„).1 (resp. 2' ,a. e  ro(s)„)±), then each lim it
o f  locally  uniform ly  convergent subsequence o f  141 with 2„E A , (Q,)
(resp. 0(Q  „)) belongs to  A, ( R )  (resp. F, (R ) ), provided sup 11 A. 1Q.<00

P ro o f .  W e p ro v e  o n ly  the case A, ( R ) .  I t  is e v i d e n t  t h a t  the
lim it  2  o f  lo c a lly  u n ifo rm ly  convergent su b seq u en ce  {2„,} o n  R
belongs to  i lh (R ).  F o r s> 0 and  A ' w ith  2'E Ao(R)± th e re  e x is ts  a
regular canonical region G su c h  th a t 112'11._G<s. T herefore  w e have

A'>1‹ I lim 2'>G1 +611211
k

<1 lim <2.„ +6112E211211S'
k , c o

C onsequently 2±A,(R)± and  so //EA  (R).
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Corollary 2. 1. (i) Let {R„) be a regular canonical exhaustion and

A ,=1"„,„ +i r„„, then the result o f L em m a 2 .5  is  true.
(ii) L e t {R' } b e  a  norm al exhaustion tow ards i8 and

then the result of L em m a 2 .5  is  true.

§3. The convergence theorems o f  Abelian differentials

and the existence of certain meromorphic functions.

3A. Suppose R  is  an open Riemann surface of genus g which
m ay be infin ity, a n d  (R ,) is  a  regular canonical exhaustion o f  R,
then w e can choose a  canonical hom ology basis tAi, B1) J1 o f  R
modulo d ivid ing curves such that 01, 131) n g  is  a lso  a  canonical
homology basis o f D " , modulo al): f o r  e ach  n  an d  k ,  w h ere  D„k

denotes a  component o f  R„,, —R . ( C f  Ahlfors a n d  Sario C3)).
Furthermore, suppose 2 =  {L111!-1 is  a  fam ily  o f  stra igh t lin es on
th e  complex p lane each  o f which passes through th e  o r ig in . We
consider a  space A ,=4 ,(2 ')  =A ,(2 ',  R ) which satisfies the following
conditions :

(a) A ,(Y  , R) C A„, (R ) =  „, (R) (R),
(b) A ,(,Y , R) =iA ,(Y , R)*I,

(c) 2EL „ 2EL 1 fo r each  2E A ,(Y  , R ) and j=1, 2..g.
A j B j

Such a  space A. w ill b e  ca lled  the "restricted  behav io r space on
R associated with Y " .  Further we consider an  another space ;11=
A ,(Y , 21),A ,(Y , Â , R ) which satisfies th e  following conditions :

(a) A , is  a  linear subspace (not necessarily closed) o f A„„
(b) there exists a  closed subspace j  o f A , such that

/To DA

(c) <2, i2*>=0 fo r an y  2 E 4

(d) 2EL „ S '  fo r each  2E/T, and 1 =1 ,2 . . .g .
A i B j

Such  a  sp ace  A , w ill b e  ca lled  s im p ly  t h e  "behav io r space (o r
Shiba's behavior space) on R associated with Y  and  ; i "  (C f. Shiba
C13)). F o r  a  restricted behavior space A„ (2: -2-E A , w here 2
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denotes t h e  complex conjugate o f  2 1  is  a lso  a  restricted behavior
space w hich  w ill be called  hereafter " t h e  dual behavior space of
Ao".

Note 3 . 1  H ereafter w e denote a  behav io r space (resp. rest-
ricted  behavior space) by th e  no ta tion  A , (resp.

Let A . b e  a  behav io r space . A  m erom orph ic  differential 2 on
R  is  c a lled  to  h a v e  Jo behav ior (o n  U )  i f  th e re  e x is t  4EAT, and

2. EA ,or\A ' such that

2 =2 ,+2 „ o n  U,

w here U  denotes a n  e n d  towards 4. A single valued meromorphic
function f  o n  R  is  ca lled  to  have  A. behavior (o n  U ) i f  t h e  diffe-
rential d f  has A0 behavior (o n  U ) .  T h en  t h e  following theorems
ho ld  (C f . Sh iba C13)).

Existence Theorem 1. L et a, Pi be given complex numbers such
that (x.,-È L1 and  43 ,-1 ,5 . Then there exists uniquely a regular dif ferential
v5o,(A 1)=0„(A 1, A ,, R) E Ao (R )  (resp. 0,3(B5) =Op; (135, A,, R) E Ao (R))
such that

(a) g5„1(A5) (resp. Op; (A ) )  h a s  A, behavior,

(b) 0.;(11i)ELk, 0,(21,)— dhicriEL , f o r k = 1 , 2 ..g .
A k Bk

(resp. O pi(A )+6,, Op5(B5) E L k  f o r k =1, 2, ... g),
A k Bk

where (3,, denotes the Kronecker delta.

Existence Theorem 2. L et P  be an  arbitrary  poin t on  R .  For
an  integer n 2 there ex ists a  dif ferential 0,,,,,q5(P", A „ R )  (resp. Op.
= 0 (P " , 4 R ) )  uniquely  such that

(a) 0,.(resp. O r n )  has Jo behav ior o n  D' w here D is  a  parametric
d isk  at P,

(b) 0,, (resp. OF.) is  regu lar ex cep t P , w here 0,,”(resp. Op.) has the
dz idzsingularity   ( re sp .  ) .
z" z"
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Note 3 .2 .F o r  simlicity w e  d e n o te  Op,. and Opn b y  08=0(0,
R).

3B. W ith  th e se  p re p a ra tio n s  w e  d e fin e  th e  convergence of

th e  se q u e n c e  of the restricted behavior spaces.

Definition 1. Suppose { A ,(Y ., R ,)} 1  is  a seq u en ce  of the

restric ted  behav ior spaces and A (R ) a  subspace  o f  Ah(R) where
.2°. denotes a subse t of .2° such  tha t .2°.= (LA f:1, g . being the genus
o f R , .  Further, le t {A , (s,, R „ ))7 , and /i(R) satisfy the following
conditions

(a) for e a c h  2EA(R), there  ex ists (2„) with 2.E A o(Y  ., R.) such
th a t  112 — 2.11R„---> 0,

(b) i f  12.1 with 2 ,E A ,(.2?,, R „ )  is a  s e q u e n c e  s u c h  th a t  s u p

II2.11R. < co , then  each  lim it o f  loca lly  un ifo rm ly  convergent

subsequence o f  [2.) belongs to  .4(R).
T hen w e say  { A ,(Y ., R.)) 7-, is convergent to A (R ) and  denote by

A , ( Y  R ,)   Â(R).

Lemma 3.1. I f  /L (2 '.,  R .)     4 ( R ) ,  Â ( R )  i s  a  restricted
behavior space o n  R associated with Y .

Pro o f . For sim plic ity  w e  w rite  A „ ,-/10(2„, R ,) and A =Â (R ).
S in c e  A  is a  su b sp a c e  o f  A„,(R) and 112-2.11R.--- 0 fo r  each
2 w ith  A EA , 2, be ing  the projection  of 21,„ o n  A ., w e  c a n  g e t
easily A c iA * " . N ex t w e  p ro v e  A DiA *-L. Suppose 2 _Li A* and

2,20+4 w h e re  L E A  and 2',E

th e n  f ro m  the f a c t  AciA*-1- w e  have

(2-2,)

But, the restriction of L  t o  R . h as a  decomposition of the form

2:IR .=2.+2', w here  /L E A . and LEA -.L=iX ,
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and  so  w e have 112.11R.< 112H, and 114.11R.<112H. Therefore there exists

{ ik}  such  that {2,,k1 (resp. { 2 } )  is locally uniform ly convergent to

ci.,e A  (resp. a:E iA * ) and  so we get

co+6= 4 liA*.

Consequently from 6,EA_LiA* w e have successively

a:=0, A192:=a,E A , 2=2,E A.

Therefore w e have A DiA *-L . Thus A  is a  restricted behavior space
on R associated with

Lemma 3. 2 . Let W  be a f ix ed end tow ards 4 and {R.) a regular

canonical ex haustion. W e consider the sequence {clf„} w ith df„E  „(R „)
r\F„(R„r\W ) such  that sup I Idf„ I 1R„<oo, then there exists a subsequence

{df„,} such that

(i) {df„,} is locally  uniform ly  convergent to df on W', W ' being an

end tow ards 4 and W \_JaWic W,
(ii) dflw, =dglw, where dgE r„ (R ), and dfl w  is harm onic.

P ro o f .  B y the conditions th ere  ex is ts  {df„kl w hich  is locally
uniformly convergent on W to  an  exact harmonic differential df.
Now we take gE C2(R) such  th at g= 1 o n  W ', g=0  o n  W' and
1 g a O  w h e re  W' is  an  fixed  end  to w ard s  4  su ch  th a t W./(3W'

W, th en  {dG„,1 with dG„=d(gf„) is locally uniform ly convergent
to dG  =dgf. F u rth er, f o r  each  w e  Th a n d  s > 0, th ere  ex ists  a
regular region Q su c h  th a t Ifol1R-D <s and  so  w e have

1<o), dG>1= Kw, dG>„_,
k

<611dG11+11iM<W, dG nk> R 111<e constant.
k

Consequently, dGET,0 (R).

Lemma 3.3. W h e n  A,= „ R ,) R) = 4,, there exists

{nk} such that
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(i) for each j, 0,,,(A 1, A .„ R „) --> 00,(A 1, A „ R),

00,(B1, A„„ 00,(B „ A „ R),

(ii) fo r a  0, 0(0, A „„ R „)---> 0(0, A „ R),
where the convergences are locally  uniform  on R.

P ro o f .  W e prove on ly th e  c a s e  0(13', A0, R ), because other
cases are proved analogously. A t first we write

dz 2)7,--2 in  V,

w here V is  a  param etric d isk at P an d  z  a  param eter o f  V  such
that z (P ) = 0 . T hen w e can  extend  0  to  a  closed C1(R -P ) d iffe -
ren tia l d such that

d-id* =0  on  V 'uT Y  and the support of d cD ,

where D and  V ' denote parametric disks such that VDDDD D
Therefore 0-i has th e  decomposition o f the form

=2,-Fdf ',",
Cl

ld-id* =2„,d-df!„,

w here 2,E A ,(R ), 2„,EA ,(R .), clf ;EA „(R )rA l and df,„EA „(R.)r\A L.
From Cl) dfo(resp.df„) is harmonic on D'(resp. nR,), and so is
2,(resp. .1„,). N ext by the orthogonal decompositions we obtain

(2) 
12.,=2„±2-„L±dg,„,

[2,=2±2±±dgo,

w here 2E A ,(R), 2-LE A o(R)-L, dg0EA.„(R)r■AlnAh(LY), / L E „,
R„), R„)±=iA 0(...r „, R„)* an d  dgo„EA „(R„)r\A 'r\A „(D`rN
R . ) .  W e set

rn= 6î A. —dg,„= /1;,L +10 ,

r =d  —2 —dg, =2-LH-df': +id*.

T h en  w e can  ge t (C f  Sh iba C13))
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A „ R) =-12- (1-  + ir*),

1A „, R n ) ,  ( r2 " "

But from  (1 )  an d  (2 )  w e have

110(F", Ao, RO Ao, 11)11 < 4 Ô  —i011 < constant.

Consequently, there exists Ink) such that (C f  Lem m a 3. 2)
(F", An„ R,h) - 0 (E ", A„

where is  a  regu la r d iffe ren tia l. O n the o ther h a n d , fro m  the
assumption An > A „, tr is  a  regu la r d iffe ren tia l w ith  A. behavior
o n  -.130 (C f  Lem m a 3. 1 ), a n d  so  b y  th e  uniqueness theorem  (Cf
Sh iba (1 3 ))  ?P' reduces to O.

Corollary 3 . 1  (Kusunoki (6 1). Let (R.1 be a  regular canonical
exhaustion o f  R ,  A , =  r  (R) (R )  and A n = r  (R .) -I-ir,„(R„),
then by  the Corollary  2 . 1  (i) we have A n > A„ therefore there exists
a  subsequence {nk} = fie] such that

for any  j ç1iA 1, A h, R h)--> 0(A 1, A o, R),

01 (A, Ah, g5(13,, A °, R),

fo r  a  0, 00 (A ,,, R h)--> 00(A „ R).

3C. Suppose R  is  o f finite genus g  and  a is  a  finite divisor,
then with g  and  5  we associate th e  following linear subset over the
real num ber field

S (A „ _al )  { f : f  is  a single valued meromorphic function with

A„ behavior on R  an d  th e  divisor of f  is  a multiple of  1 a 1'
D (A „ ô) = {a : a  is  a  meromorphic differential with A , behavior

an d  th e  divisor o f a  is  a m ultip le of 61.
T hen  Sh iba (13) showed th e  following theorems

(i) {0„,(A„ A ,, R), Ao, R)) forms a  basis o f D(A „, 1),
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(ii) R ie m a n n -R o c h 's  Theorem :

1dim S(it , 1 = 2  (ord — g + 1) + dim D ( /J,  ô ) ,5

where A: denotes th e  dual behavior space o f A,.

Definition 2. L et R  b e an  open  R iem ann  surface o f finite
genus g  and  A , a  behavior space on R , th en  w e ca ll a  p o in t P  a
W eierstrass point for A , i f  there exists a non constant meromorphic
function w ith A , behavior which has th e  only singularity o f  order
at most g  a t P .  W e denote the set consisting o f  all Weierstrass paints
f o r A , by  W  (A „ R).

Lemma 3. 4. Suppose R  is an open R iem ann surface w ith f inite
genus g  :g >l, then the complement of  W  (A „ R ) is  open dense on R.

P ro o f .  Suppose A', is  th e  dual behavior space o f A„ and

g5„3(213, A'„ R) =fi dz,
j= 1 , 2 , ............. g,

Op1(131, A ,  R) dz,

w here z = x + iy  is  a  lo ca l param eter at P  su ch  th a t z ( P )  = 0 .  We
consider th e  real analytic function w ith respect to  x  a n d  y  such
that

V2 (z) -=---11r2h P2k R'n IL ....... R'L-1.............k  -=-1,2..g,

where R ',  an d  P„ denote the transposed matrices of

(R e f ; ,  Re f , ........ Re f i ) ,  and (Tm  F  T m Tm f;,)

respectively, a n d  f; =  ,  For PE  W (A„ R ) ,  w e  have

V2, (P) =0 and the converse is also true, th at is  to  say, W (A„ R ) is
closed on R .  I f  E =  {the closure in  R  o f W (A„ R ) 1  is not equal
to  R , w e p u t R —E = U . F r o m  the fa c t V2(z) X0 o n  U (Cf. Ku-
sunoki C6j p255) a n d  {¢.,(A1, A ,  R), O p i ( B i ,  4 ,  R ) } J ! ,  i s  a  basis
o f D (A , 1 )  w e can  prove th is theorem  by th e  s a m e  w a y  as  in
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M ori C8).

Corollary 3 . 2 .  I f  we set A,=T,„, (R )  iF,„(R ), we get the Theo-

rem 1 in  M ori C8j.

Lemma 3 . 5 . Suppose R  is an open Riemann surface of genus g,

1<g<oo, and {R„} is a regular canonical exhaustion of R .  I f  we assume

A„, A,(Y „, R„)   A , ( , =A „

then we have
(i) when PE  W (A„ R )`, then P E  W(A„„ R„„)` fo r  k>k, where k„

is sufficiently large,

(ii) for the function f  which has A„ behavior and has only a pole

o f order g+1  a t P, there exists a sequence {f,„1 = {f,} such that

(a) f ,  is a meromorphic function on R, which has A, behavior on

D` nRh. Here D  denotes a  fixed parametric disk at P,
(b) fh— f 0 locally uniformly on R.

P ro o f. L e t  th e  d u a l b eh av io r sp ace  o f  A . (resp. A „) be A :
(resp. 4 , ) ,  a n d  th e  b asis  o f  D (A , 1 )  ( r e s p . D(A',., 1 )) b e  1 0 ,

(resp. {g„ g } i t ,) .  Further, denoting t h e  determ inant of
o rd er 2g w hich is constructed from  { 0 , 0 }  (re sp . fÇ b ,  0 1 )  in
th e  proof o f L e m m a  3 .4  b y  V ,,,.(z ) (resp. 17L.(z)), w e  have the
subsequence Inhl = such  that V ,(z)--->  V 2,i(z). B u t  fo r  PE
W (A„ R )`, 172, (z) * 0 ,  therefore w e have 11,(z) *0 by Lemma 3.3
and so PE W (A„, Rh)'. Concerning (ii), suppose the singularity of
d f  a t  P  is

g+2 "a  +ibE dz,

w here all a„ b, a re  re a l constant, then by the uniqueness theorem
(Sh iba (1 3 j)  d f  is  equa l to  a  differential a  such that

E  a, (Pr, A°, R)+b,O (P ', A„ R ) =a
r =2
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if  a n d  only  i f  S  a= 0 , S = 0 , k = 1 ,2 ,...g .
B k

O n the other hand, the matrix T  of the coefficients of the following
system o f th e  lin ea r  (w ith  respect to a,, b, r= 2 , 3 ..g + 2 )  equations

g +2

0  E  a, S 95(1)r, A„ R) d-b„S (P r, A,, R ), k = 1 ,2 ..g
A h A k
Bk Bk

h a s  ra n k  2g (because  d im  S(A,,P-g-1) = 4  and d im  S(A„ P-g) = 2),
th a t  is  to  say, T  h a s  a  m inor determ inant o f  o r d e r  2 g  such
th a t  I T 'i* O .  C onsequently th e  m atrix  T ,  o f th e  co effic ien ts  o f
th e  following system o f th e  linear equations

g + 2

0 , E  arS  0 (P ', A „, R „)+b ,S sb (P ', A „, R „), k=1 ,...g .
A k A h
Rh

h a s  ra n k  2g, j .  e., T .  h a s  th e m in o r  d e te rm in a n t  IT : , * 0  which
corresponds to i n  T .  Therefore , taking proper constants, from
L em m a 3. 3 th e re  ex is ts  {f,,} w hich  satisfyes the conditions (a) and
(b).

Lem m a 3. 6 . Let R  be an open Riemann surface o f  finite genus
g>0, then it is possible to find g distinct points P 1 3  P 2 3    I), o f  R
such that

d im  D (A „ 6 )=0 ,

where a --=--. P ,P 2 • •  •  Pg. (C f . Kusunoki C6) p 255)

Lem m a 3. 7 . Let R  be an open Riemann surface of finite genus
g>0, {R,) a  regular canonical exhaustion o f  R ,  A„ >  A 0  a n d  P , a
given point o f R .  Then fo r  suitable choice of g points P 2 3  P 3 3  •  •  •  Pg+L
there exists a meromorphic function f on R  with A, behavior such that

(i) the divisor o f  f  is a multiple of (131132.... P,,,)-1  and the residue

o f f  a t P , is equal to 1,

(ii) there exists a  sequence {f„,} = {f,} such that
( a )  fe  is a meromorphic function on  R , with A, behavior,
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(b) 0 locally zoziforinlY  on R.

Pro o f . From Lemma 3. 6 an d  its proof, we can take g  diStinct
points P 2 ,  P3, ... P „ , such that

j =  2, 3 . .g+1 an d  dim  S(A „ (P,P3P4 P „ , ) )= 2 .

Therefore, th e  determ inant o f  th e  coefficients o f  th e  following
system of the linear (with respect to x3, y , j=2, 3 ...g+1) equations

g+i
C l ]  0 , E  x; 0 (P., A., R) d-y 3S  0(P;, A ., R ) , k =1, 2. .g

Ak Ak
Bk Bk

is d ifferent from  z e r o . C onsequen tly  w e h a v e  th e  requ ired  (in
( i ) )  function f  such that

g+1

df--= x io (P ., R) +y,O(P, R)
1-1

where x3, y, j=2, 3 . . . g +  1 a re  th e  so lu tio n  o f [1 ]  after choices
of x1= — 1, yi =0. N ext by Lem m a 3. 3 there exists tn,} = {t1 such
that each determ inant o f th e  follow ing linear (w ith respect to  fx„
y31 112) equations

g+1
C2] 0= E  x iS  0 ( K  zip R e )d -y iS  0(1),, 'le, Re), k = 1 , ..g

Ak Ah
Bk Bk

is d ifferent from  z e r o . A ccord ing ly , tak ing p roper constant, for
each  t  w e can  get f ,  from C2] after choices of xi = —1, y 1=0 and
moreover we see that  s a t i s f i e s  the condition (ii).

§4. Special behavior spaces and the convergence theorems.

4 A .  Suppose R is  an open Riem ann surface of genus g  which

m ay be infin ity, {R„} a  regular canonical exhaustion, P(J) = U 1 3 k  a
k=1

fin ite regular partition of J  and Q = R „  w ith sufficiently la rg e  n..
F u rth e r  w e  w r ite  /3 =,9„(aR„), isk( R . )  b e in g  in d u ced  b y  p, on

aR„, and W k  w h e re  W „ d en o tes t h e  e n d  towards Pk.
Besides = and 2  =  (Li} f11 (gk : th e  genus of R „) we con-
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sider the families of lines on the complex plane C and the families
of differentials on R  such that

= {/„ k= 1, 2, ... K , w here each is a  line passing through
the origin of C1,

=  { L „ j= 1, 2, . . . .g  w h ere  L; = L ;  fo r j  su ch  th a t A„ 13.,cD
and 1\1- 1  t : t E lk }  for j  and k  su c h  th a t  A„ B, c
W,],

Ag (R, Y, (A: ( a )  2EA,,„(R), (b) T m ( d e k ,  R ) , k =

1, 2 , .... K ,  (c) 2E/1, j=  1, 2, ........ g  where zt, is a complex
B i

number such that  Z , El,. a n d  lzhi =115
A, (R „, Y „, 1 ) (A: (a )  2E A,,, (R,,), (b) Im ih2E r . (4 8 , R .), k =

1 , 2 , .... K , (c )f  2 G L „  j= 1 , 2 , ....g , where Z,E 1k, izki =11,
J A j

B i

A',(R, 2 ,  1 ) (2 : th ere  ex ists  a  sequ ence R I w ith  2,EA,(R„,
e r „ , 1 ) such  that 112„ —211R--> 01.

Note 4 . 1 .  For the fin ite Riemann surface R, A ,  (R, 1 )
is  a  restricted behavior space (C f. Sh iba [ 1 3 ) ) .  On the contrary
w hen  R  is  open, i t  is  a question whether A , (R , ,Y ,  1 )  is a
behavior space or not.

Note 4 .2  F o r  2E/1, (R, gY, 1), Re is  exact on  Wk,
k= 1, 2 , .... K.

Theorem 1 .  Under above notations we have
(i) A, (R , 22 , )  is  a  restricted behav ior space on R,
(ii) „, ) > A , (R , 122, l ) ,
therefore from  L em m a 3 .3  w e get fo r  each j  and a singularity  0

A,„ Ø(A 1, A „  R),

Op, (13„ A„, p i  (131, A „  R),

0(0 , A ,„, (0  , A „  R),
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Before proceeding th e  proof, w e state th e  following special cases.

Corollary 4 . 1 .  For the identity partition and 2  =  =  {the ima-

ginary axis) , A, (R, 9 , )  coincides with i behavior space in Yoshida's

sense (C f. Yoshida L18)).
Corollary 4 .  2 .  I f  R  is o f finite genus, we have for any pair o f

and I

(i) A', (R, 9 ,)  =  (R, 9 , / ) ,

(ii) A,(R„, 9 ,  I )  (R, 9 ,  I ) .

4 B .  Proof o f Theorem 1.

Proof o f th e  Theorem  1 consists o f  th e  following fo u r steps,
namely Lemma 4. 1 - Lemma 4. 4.

Lemma 4. 1. A  (R, 9 , )  t  Ag (R, 9 , / )  fo r  any pair o f

and I .

P ro o f. W e have only to prove Tm( i 3 h ,  R ) , k = 1, 2.. K

fo r each A', (R, ). L et {K ,} b e  normal exhaustion towards
which is constructed by 11?„1, an d  D  a  doubly connected region

such that D' -=-G_JG' w here G  (resp. G ' )  is a n  e n d  towards 19„
(resp. 13',4—i3,.) such  that Gr\G'= 0. Further w e take goE Cz(R)
such that g, = 1 on G  a n d  =- 0 on G'. For the sequence RI w ith
2„ A, (R„, 9 , ,  )  defin ing  2E1, (R, 9 ,  1 )  w e can  construct
another sequence f21 such that

=Im 7z,2„ on R'„.iaR'„,

= 0  on R

w here X„ =2„ o n  R „ (G ,  L = 2  on G ' a n d  Z=dg,f„H-d (f— fg„) on
D, d f (resp df„) being equal to  2 (resp 2„) on  D .  Evidently we
have 2:,E F„ (13,, R) (C f . Constantinescu. C  u n d  C o rn e a . A  (4)
Hilfssatz 7 .2 )  a n d  112'” Tm — >  0 .  C onsequen tly  w e have
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Tm E,2E Thr■P„(/9k, R) = q. e. d.

L em m a  4. 2. For each Y  , we have

iA, (R, , ) * ± C  (R, )

CiA (R, 2 ,  /  ) * - Lc  A, (R, 18, ).

P ro o f. A t f ir s t  w e  show  2E A „,(R ) i f  2±A'a (R, 1 )*.
A  dividing curve rc  IV, induces a partition P7 (4) o f  J  such that

(J) where IS, DA, and  43:D1-13,.

N ow  w e take th e  function f  su ch  th a t f = H : w h ere  gE C2(R*),
g=real constant * 0  near 43, and g = 0  near p';, then we know

df ' =iz ,df E  A', (R, 32 , ),

because df ,=iz , dHR z EA ,(R ., )  and

Idf,: — dt IR„ O.

Therefore w e have for 2  w ith  2.1A(R, 2 ,  I ) *

2*>=1im 2*>,N=Re {iz, rea l const

B y the sam e w ay w e can  get

0=-Re z,S 2, and  so 2E A,„ (R).

N ext w e show 2E iL„ 2E fo r 21/1', (R, ,  l )  where
A j B  j

iL , m eans {,/ —1 t : tE L ,I .  L et 6 0 1 )  (resp. a. A1)) b e  th e  rep ro -
ducing differential in  r,(R ) (resp. F ,( R .) )  associated with A1 and

C.,E L , th en  w e have b y  Accola (2]

Hia. (A,) (A, ) 11.„‹ C , {Extremal length o f  {A,}

—Extremal length o f  {A ,}},

w h ere  {A.,} „ (resp. )  stands for the fam ily of curves which are
homologous to A , o n  R .  (resp. R ) .  F ro m  t h e  continuity lemma
(C f. Suita C14]), w e  g e t 11C1a„(A1)—C,a(A,)IIR„- ->  O. E vidently w e
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have C,u, (A1) E A, (R„ „, 1 )  and  so Cicr(A;) EA', (R, ) .  The-
refore w e get

-=<2*, C1a(,41)>= —Re &, 
5

A j2 ,

Analogously we get 2EiL1 for 21A', (R, )*. A t la s t w e
show Re Ek2E r.(13.4, i f  2 ±A (R , 9 ,  I ) " .  T a k in g  dfEr„,(13',
R ) w h ere  3' =4  —p„ th e n  z, dfEA',(R, 1 )  an d  so

0= <z,df, 2* > =R e  S z, P =  R e  S z„ f 2= <d f * , R e  -i",2>.
Pk

S t ,  /)*-LCA,(R , St, / ) .

Furtherm ore since A, (R,, Y „ ,  I )  is  a  restricted behavior space,
w e  have

iA (R ,  92, 1 )*J -D A (R , Y , q. e. d.

Lemma 4 . 3 . A, (R, )  is a  restricted behavior space.

P ro o f . For any  p a ir  o f  2, 2'EA,(R, ) w e  h ave  (C f.
Shiba C13) Lem m a 6)

<2, i2/*>=1im Re [ L IS 2 i2' 12'S Al -ES „(f ,
7 /  -4 0 0 i=1 A j .)BI A j  k = 1 flk

w here w e w rite  2=df, near 13. But since

Re LIS i2' i2'S 2} =0,

R e  ,.,2=dF, o n  PT, an d  R e  lih2'=dF; o n  W k 3

w here F „ F ',  denote the D irichlet functions on W, (Cf. Note 4. 2),
w e have from  L em m a 2. 3 successively

R e  p„hf,i2'=5 (Re R e  -z-,i2'+Im .ihf, 1mPk

= (Fk 1m 1n1 :ik2) > 0,Pk

<2, a*>=0, A,(R, l ) c iA , (R ,  ,Y ,  / ) * ± .

J = I Ai I3j A j B j
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Consequently from Lemma 4, 2 w e have the result of Lemma 4. 3.

Lemma 4.4. i l , ( R „  „y „,

 

Ag(R, s, 2 , ).

 

P ro o f .  F or the sequence {2„1 w ith  2„ A, (R„, „, ) such
tnat sup  I12„ I IRX00, th e re  ex is ts  a  subsequence {2„ } w h i c h  are

locally uniform ly convergent to a  d ifferential 2E Ah„ (R ) on R . W e
have only to prove th e  above differential 2 satisfies the condidtion
Tm ik 2 E r . ( / S k ,  R), k = 1, 2, ... K .  A t first w e take  a  doubly con-
nected region D  such  that D ' =a iG ' w here G  (resp. G ') is an end
towards igh (resp. = 1 3 ' )  su ch  th a t G r G = ¢  an d  consider the
differential w  such that

w ,=2. o n  R„r■G, w„,d (go 1.) -I-dCf(1 —g.)) on D , and
o),, =2 on G',

w here 2„ =df„ on D , 2 =d f  on D  and g,E C2 (R) such that g,= 1 on

G  and go = 0  on G '.  T hen w e get easily  th e  following :
(i) (v„EA ,(R :=R .1.1 G') and TmR : ) ,
(ii) Ekw„„---> Tm h2=z- lo ca lly  un ifo rm ly o n  R.

For a E  ,o (P' , R)r\FI a n d  s>0, th e re  ex is ts  a  regular canonical
region Q such  that Ilalln_p<6 and  so

K r, a*>K611711-1-Eml<r.,,, a*>D1

<611TH -Flim (7*> I1S11711

Consequently <7, a*>=0, -z-Er„(fih, R) and  so have

Im ik2EF„(13h, R).

Thus th e  proof o f Theorem  1 is  comlete.

4C. M aking  u se  o f th e  Theorem  1, fo r  each  fin ite  regu lar
partition P (4 )  w e  c a n  sh o w  th e  ex isten ce  o f a  behavior space
associated w ith  any given p a ir  o f SP and f .  S u p p o s e  {R .}  is a
canonical exhaustion. W e set
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„A =A ,(R , / ) ,

(P (4), Y, )  =5 2 1 =n  v  ,A , and 57A =■../ i A .
n = 1  It =n n = 1  k=n

Lemma 4.5. M * -L = IC

P ro o f .  From th e  theorem  1  we can get successively

kA* (1 '\ A * ± )± ,(rN  i ,A )± ,
k=n k=n k=n

00 pc, CO 00 00 CO

k A *)±=( ( ( n  i  k A ) 1 ) ± = v  im  i
n = 1  k = n n = 1  k=n n = 1  li = n

Theorem 2. Let P (4 )  be a  f inite regular partition of 4. Then
w e hav e the following :

(i) = .%  (P (4 ) , Y , 1 )  is a behavior space associated with .2 °,
(ii) the necessary  and  suf f icient condition th at 5 ,4  sh o u ld  b e  a

restricted behav ior space is that ',4=ti.

Proof . (i) For 0 0  an d  2E :4, there exists 2 , such that

21E1/1  a n d  H2-2,11<e.

Further fo r  a  fixed integer n i with there exists 22 such that

22E „2A, n2>m an d  112-221K-28-

T hus w e can  get th e  sequence {A} such that

(a) 2,E  ,pA w ith  n, > co as p > 0 3 .

(b) H2 — 2pi 2sp.

Therefore w e have fo r an y  2E%

<2, i2*>=1im i2 :>=0 , and
.1,:.4-Fia*-1- (C f. Lemma 4.5),

th at is  to  say, % is  a  behavior space associated w ith Y . T h e  proof
o f  ( ii)  is om itted (C f. Lemma 4.5).
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4D. F urthe rm ore  fo r so m e  f in ite  non  re g u la r  partitions we
c a n  show  the ex istence o f a  behav io r space  a ssoc ia ted  w ith  any
given pair of a n d  1 .  For exam ple , l e t  15(4) =o&)43_i1 b e  a
partition of d w here a, a.J43 are closed, then there exists a sequence
o f regu la r partitions (1)„(4)) w ith  Pn (4) =a„..)p n ir„ s u c h  th a t  a ,
J j S , j a'.jj3 and  a „  a .  W e  set

ça. (1). (4),

=  ( i) (4), y, = n-
=- 1 k = n

Corollary 4. 3. '11 (P (4), , )  is  a  behav ior space associated
w ith  Y , w here P(4) =cr.iik ir i s  a  p artitio n  su c h  th at a and (Aii3
a re  closed.

P ro o f .  F r o m  t h e  T h e o re m  2  w e  c a n  g e t  s u c c e s s iv e ly  the
following :

UW„* = (r\t)-t ,*±)-LD

 

k = n k = n k = n

       

00 C6 CO 00 00 00

* (n■Ja:)-Lc ==v
n = 1  k = n n = 1  k = n n =1 k =

T herefore  ',Tt is  a  behavior space associated w ith _T.

§5. Applications to conformal mappings.

5 A .  A t f irs t  w e  show the relation betw een the functions with
A, (R, , )  behavior and the canonical exact Abelian differentials

in  Kusunoki's sen se . F o r an  o p en  R iem an n  su rface  R  o f  finite

g e n u s , w e  s e t  A ,,A ,(R ,  9 ,  f )  where =  =  ( t h e  imarginary
ax is), so  th a t  th e  corresponding partition is  th e iden tity  partition.

Lemma 5 . 1 . Let R be of f inite genus, then the meromorphic function

f  has A . behav ior if and only  i f  d f  is  c an o n ic al exact i n  Kusunoki's

sense.

P ro o f .  Let d f be canonical exact, then by Y oshida (18) d f has
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A , behavior. Conversely, le t d f b e  a n  e x a c t  d iffe ren tia l w ith  A,

behavior o n  W , W  being an  en d  tow ards 4 , then w e can w rite

d f  + 2„ on W,

where ÇI5EA. and  2„E  A ° .  I f  w e  set

a =  E  tb,a (A,) — aka (B,)} , 0' =0 —a,
k =1

where s(Ah) (resp . a (B ,)) is the reproducing differentials associated

with A .  (resp. = S  0  and  c „ =S 0, th en  w e have
Bk  

Tm içb'EF„r\F,=Th.1)(as R  is  o f finite genus).
O n  th e  o th e r  h a n d  R e  al ,,, = d u  satisfies the cond ition  u=

(I)Liwu on W , (I)L ,,, being Sario's principal operator on aw corres-
ponding to the identity partition (Cf. Rodin and Sario C12) p 100).
M oreover u satisfies the condition

( I )  L1H, u =constant + f„ o n  W,

where d f„ E r„  (Cf. Nakai and Sario C10) T heorem  1). T herefore
w e can w rite

df= + 2„=a),,, -Fia),„+;:, on W,

w here 2:,E A„, oh,nE Th,, and (,)„,E T„„ hence d f is canonical exact
differential.

5B. N ow we shall generalize th e  classical theorems stated in
§1  by m aking u se  o f th e  results in §2—§4.

Theorem 3. Suppose R  is an open Riemann surface w ith f inite

1 )  I f  R  is  o f finite genus, then r h m — r h o n r h o .  In  fact, for (./,'EPho w e  have ("IR „
=a) -1- a l„  where W n E r  h o (R n )  and 0/„E r h e ( R . ) *  so that I Iwn—o) I 1R,, --->0. The-
refore for any r E r h s e  w e have

<a )' v *>= !in d ilg 'i {5 A 7 n  5/37— 5Air Seiwn H a R „  in r1
wherel d fn = o )n  near SR,,, so that f.--constant on each component o f  a R n .  Conse-

quenty we get lim
I I  - I .  0 0 SaR,

f nz- =0, and so the special bilinear relation between r h o  and

hse is valid, therefore r h o 1 = r h e n r h 0  (C f. A ccola (1 )).
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genus g , P(4) = u13, a f inite regular partition of Kerekjdrt6-Stoilow's

boundary and P a poin t of R  w hich is non Weierstrass point for
A, (R, 1 ) ,  then there ex ists a meromorphic f unction f  on R  which
satisf ies the follow ing conditions

(i) f  h as  A, (R, )  behavior,
(ii) f  has only  a pole of order g + 1  a t  P,
(iii) f ( R ) ,  the image of R  under f ,  is  o f at m ost g + 1  sheets over

the Riemann sphere.

P ro o f .  L et fR „) b e  a  reg u la r  can o n ica l ex h au stio n , th en  b y
L em m a 3.5  a n d  C o ro lla ry  4 .2  th e re  e x is ts  se q u e n c e  f f „ j  an d  a
func tion  f  w hich satisfies th e  following conditions :

(a) f„„ is  a m erom orph ic fu n c t io n  o n  R„„ w ith  A„„=-A,(R„„,

Y „„ , I )  behavior on 1,7̀nR„, w here V is a fixed parametric

d isk  a t P,
(b) f  has on ly  a  p o le  o f order g + 1  a t  P,
(c) f - - - >  0 , locally uniform ly on R,
(d) f ( R )  is  a t  m o s t g + 1  sh ee ted  o v e r th e R iem ann  sphere

(C f . S h ib a  C13)).
In  th e  following, fo r sim p lic ity  w e  w rite  (77,1 = {O . N o w  w e  f ix  a
com plex num ber a  a rb itra r ily , th en  b y  the argum ent principle we
have

n (f, a ,  R„) —  (g + 1 )=  1  f d f  On:.2ri 3aR, f — 
a f o r

But since

1 df, — an  in tege r fo r p>ri:,27ri 3a.„ fp—a
1 fd f „   1 d f  

30., f,, —a 27ri .)aR. f — a  a s  P—>°°'

w e can  ge t

217i S a  R . fdfpan (f ,  a, .1? ) — (g+1) for larg

O n the o th e r  hand, since 1,, is  of A „  behav io r, w e  have
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SORS
 d a r g  (f,, —a) =  E d  arg ( f ,  — a) =0.

k =1 Pk

Consequently we have n ( f ,  a, R p)<g+ 1  for

Corollary 5 .  1 .  I f  w e set _V' =  =  (the im aginary  axis} , Theorem
3  coincides partially  w ith the T heorem  3  in  M o ri (9).

Theorem 4. Suppose R  i s  o f  f in ite  g en u s and P 1 3  P 2 )  •  •  •  P g + 1

are arbitrarily  g +1  points of R, then there exists a nieromorphic function
f  w ith  A1 (R, 2 ) ,  )  behav ior such that

(i) the div isor o f f  is a multiple of (PIP . . . . .  P1+1) - I,

(ii) f ( R )  is o f  at m ost g +1  sheets over the Riem ann sphere.

P ro o f .  Omitted.

Theorem 5. L e t R  b e  an  o p e n  Riemann su rf ac e  w ith  f in ite
genus, and P, an arbitrarily  giv en point of R , then fo r  suitable choice
of g points P 2 ,  P 3 ,    P g ,  o f R  there ex ists a  meromorphic function
f  w hich satisf ies the follow ing conditions :

(i) f  h as  A g (R , .r, I )  behav ior and the residue o f  f  a t  P , is
e q u al to  1,

(ii) the div isor o f f  is a multiple of (PiP,.. • Pg+1)
(iii) f ( R )  is  o f  at m ost g +1  sheets over the Riemann sphere.

Proof. F rom  L em m a 3. 7 an d  C orollary 4 . 2 , w e can  p ro ve
this theorem  by th e  sam e w ay a s  in  Theorem 3.

Corollary 5 . 2 .  I f  w e set Y  =  =  (the  im aginary  ax is} , then
the Theorem  5  reduces to the Theorem  14 in  Kusunoki C6).

Corollary 5. 3  Assume th at  the regular partition P (4) =Pi U P2
and W , (resp WO is an end tow ards ,3i(resp /32). I f  w e set

/11= (2 : 2E A „„S  A L ,, 2EL3, i= 1 , 2 , . . .  g,
13j



100 Kunihiko M atsui

Tm ik2E  r„ (,(3„ R ) where zkElk , k  =1, 2,
li =real ax is and 4=im aginary  ax is),

then Theorem  5  coincides partially  w ith the Theorem  5 .3  in Mizumoto

C7i.
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