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1 .  Statements o f results

C. P. Ramanujam [9] characterized th e  affin e  p lan e  over the
complex field as follows : Let X  be a  non-singular algebraic surface
w hich is contractib le and  sim p ly  co n n ec ted  a t in f in ity . T h en  X
is isomorphic to the affine two space as  an  a lgeb ra ic  varie ty . The
purpose o f th e  p resen t article is to prove th e  following algebraic
characterizations of the affine p lane.

Theorem 1. L e t k  b e  an algebraically  closed f ield o f  arbitrary
characteristic, let A be  a f initely  generated k -do m ain o f  dimension two
and let X  be the affine surface def ined by  A .  Then X  is isom orphic to
the a ffine p lane o v e r k  if  a n d  only  i f  th e  f ollow ing conditions are
satisf ied

( i  )  A  is a unique factoriz ation domain.
(ii) The set A* of  all inv ertible elem ents of  A  coincides with k* =

k— (0).
(iii) T here  is  a non-trivial action of  the additive group schem e G.

on X  defined over k.

Theorem 2. Let k  be an algebraically closed field of characteristic
zero, let A be a f initely  generated, regular, rational k -dom ain of  dim en-
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sion two and let X be the affine surface defined by  A.

If the conditions (i) and ( ii)  o f  Theorem 1 are satisf ied, the condition
(iii)  is equivalent to the condition

(iii)' There is an algebraic system F of  closed curves o n  X  param et-
rized by  a rational curv e such that a general member of F  is an
affine rational curv e w ith only  one place at in f in ity  and that
two distinct general members o f F  have no intersection on X.

Theorem 3. Let k be an algebraically closed field of characteristic
zero and let X be  an affine non-singular surface def ined by  an affine
k-domain A. Assume th at  the following conditions are satisfied :

(1) A  is a unique factorization dom ain and A* =k *.

(2) There ex ist non-singular irreducible closed curves C , and C, on
X  such  that C, f l  C,= {v}, and C, and C, intersect transversally  at v .

(3) C, (resp. Co) has only  one place at inf inity .
(4) Let a, b e  a prime element o f  A  def in ing the curv e C ,.• Then

a,—  a is a prime element o f A  fo r a l l  aEk.
(5) T here  is  a  non-singular com plete surface V containing X  such

th at the closure a o f  C y in  V  is non-singular and (a ,),=
T hen X  is isom orphic to the affine plane A2.

2. P roof of Theorem 1.

L e t  k  b e  a  f ie ld , le t  A  b e  a k-dom ain and let X=Spec(A).
An action of the additive group scheme G, on X  defined over k can
be described by means of a locally finite iterative higher derivation
D  on A .  (F or the definition and relevant resu lts , see  [3 ] o r [4 ].)

Let Ao b e  the invariant subring of A  with respect to  the given
G .-ac tio n . T hen  w e have

Lemma 1. Let k , A  an d  A , b e  as ab o v e . T h en  A , is  an inert
subring o f  A .  N am ely , if  a = a ,a , w ith  a E A , and ai, a, , E A , then
both a, and a, belong to A o . In particular, if A is a unique factorization
dom ain and if A0 i s  a noetherian ring, A , is  a unique factorization
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domain.
For the proof, see [7].

It seems difficult in general to show or deny that given a  finitely
generated k -do m ain  A and a non-trivial G a -action o n  S p e c (A ) , the
invariant subring  A . is finitely generated over k .  However we have

Lem m a 2 .  L e t k  be an algebraically  closed f ie ld , le t A  b e  a
f initely  generated, unique factorization domain defined over k of  dimension
tw o and w ith A* =  k*. Assume that there  is a non-trivial Ge -action on
Spec (A ) de f ined ov er k .  T h e n  th e  in v arian t subring A .  o f  A  is  a
one -para Me ter polynomial ring over k.

P ro o f .  L e t  K  a n d  K . b e  th e  quo tien t f ie ld s  o f A  and i t
respectively . It is know n [ 7 ]  th a t th e re  a r e  a n  elem ent a  o f A0
and  an  element t of A  such that A [a ']  =  A o [a " ] [ t ] .  Since A [a 1 ]
is  a  unique factorization domain, A o [a ']  is  a  u n iq u e  factorization
dom ain of dimension 1  and  is f in ite ly  g en e ra ted  o v e r k. There-
fore A o[a-1], (hence A [ a - 1 ) ,  is rational over k. Namely K. =k (u)
and  K=k (u, t).

W e shall show that there is a n  element c  of A , such  that K .=
k (c). S in c e  Ko=k(u) =Q (A O  (w here Q (  )  m eans the quotient
field), there a re  elements a  and b of A . such that u = a / b .  Consider
a  su b r in g  A , = k [a ,  b ] o f  A . ,  a n d  le t  C  b e  t h e  normalization
of A , in Q(A1) = K . .  T h e n  C  is  fin ite ly  generated  over k. Since
th e  assum ption that A* = k *  im p lie s  th a t C* =k * , C  is a  one-
parameter polynomial ring over k . W rite C =k[c] with c E A , .  Then
K. =k (c).

W e sh a ll show that A. = k [c ] .  O therw ise, take any elem ent a
of A. — k[c] an d  consider a  subring  A.=k [c, a ]  o f  A o .  L e t  C ' be
th e  normalization of A . in  K . .  T h e n  C ' is finitely generated over
k and  C/* = k * .  H ence C' is a  one-param eter polynomial ring over
k . Moreover, since Q (C ) =Q (C ) =K ., we should have C = C '. Then
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a E k [c ],  and th is is a contradiction. q. e. d.

T he key to prove the " if"  p art o f Theorem  1 is

Lemma 3. L e t  k  b e  an algebraically  closed f ie ld  o f  arbitrary

characteristic and let A  be a f initely  generated k-domain of dimension

tw o . Assume the following conditions :
(i) A  is a unique factoriz ation domain.
(ii) There is a non-trivial G„ action on Spec (A ) def ined ov er k.
(iii) The in v arian t subring A , o f  A  w ith  respect t o  the G ,-action

is finitely generated over k.
Then A  is a one-param eter polynom ial ring over A ,.

P ro o f .  O ur proof consists o f several steps.
(1) L et X =Spec (A ), le t  Y =Spec(A o) and let f :  X - - - > Y  b e  the
canonical m orphism  d efin ed  b y  t h e  canonical injection
Since A0 is  a  fin itely generated, un ique factorization domain over
k, Y  is isomorphic to th e  a ff in e  lin e  w h ich  m ig h t b e  d e le ted  a
finitely many po in ts. H ence there is an  element a  of Ao such that
A 0=k [a , h (a )-1 , where h (a) 0 , E  k[a ].

(2) L et D =  {Do, Do, be the locally finite iterative higher deri-
vation on A  associated w ith th e  given G ,-action  o n  Spec (A) and
le t go :  A - - > A [ u ]  ( u  b e in g  a n  indeterm inate) be th e  k-algebra
hom om orphism  d e f in e d  b y  go (x) D , ( x ) u '  fo r  every x  of A .

Define the length 1(x) o f  a n  elem ent x  o f  A  b y  1(x) d e g o (x ) .
It is  th en  easy  to  show th a t  i f  1(x) 0  an d  1 (x ) i s  th e  shortest
among the lengths o f all elements of A — A ,, D ,(x ), . . . ,  D iw (x ) are
G ,-inva rian t (c f . [ 7 ] ,  A ppendix). Choose a n  elem ent t  in  A—A,
so  that ( i )  1 (t )  is  th e  shortest an d  th a t  ( i i )  i f  w e  w r ite  13,00(0
= ca P ...a „ " w ith  a n  invertib le  e lem ent c  a n d  m utually distinct
prim e elements a ,,..., a ,, th en  E  a ; i s  m in im al. T h e n  fo r an y  a

o f k , t— a  is a  p r im e  elem ent o f  A .  F o r ,  otherw ise, t —a=t1t2

with t,, t , E A. T h e n  e ith e r  t, o r to has the sam e length as t, and
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th e  other one is G .-invariant. Assume that t, is G„-invariant, and let

a, =D1(10 (t1) . T h e n  D1(,)(t) = ait2, w hich  is contrary to  t h e  choice
o f  t  since t ,  is not invertible.
(3) L e t  B =A o[t] a n d  le t  Z=Spec ( B ) .  T h e n ,  by the canon ical

inclusions A0,-313,-:1->A , Z  is  a  Y-schem e (w ith the projection  g :
Z-- - > Y ) , and we h a v e  a  Y-morphism p : X---- > Z  such that f = g  p.
p  is  birational since there is a n  element c  o f  A , such that  A [ c ]
=111,[c-1] [t] ( c f .  [ 7 ] ,  Appendix o r  t h e  proof o f  Lem m a 2). G„
acts o n  Z  v ia  th e  re s tr ic t io n  o f  th e  locally fin ite iterative h igher
derivation D  o n  B , a n d  p com m utes w ith th e  G .-a c tio n s  o n  X  and

Z .  O n  t h e  other h a n d , each  f ib re  o f  f  is irreducib le since a — a
(w hich defines t h e  f ib r e  o f  f  a t  th e  p o in t  y :  a  = a)  is  a  p r im e
element in  A  fo r  every elem ent a  o f  k  with h (a) # 0  ( c f .  Lemma
1). W e shall show  that f  is surjective and that fo r  e v e r y  y  Y, the
restriction p , o f p  onto (y )  is  a  generically su rjec tive  morphism
from f -1 (y ) to g-1 (y). F o r  th is purpose it su ffices to  sh o w  that
f o r  a n y  a k  s u c h  t h a t  h (a) #0, :  B / (a — a)B-->A  / (a —  a)A
is injective, w here 0  is  induced  from  0. Since B/ (a —
assum e that -s (q(t)) = 0  f o r  some q(t) #0 , E k [f l. S in ce  q(t) =
f i H  (t —2.,) with fi a n d  r,'s  in  k , H  (1- -- 1,) E  (a —  a)A . Since a — a
is  a  p r im e  elem ent o f  A , there a r e  a n  integer i (1  <i <m ) and  an
element h ' o f  A  such that t -1 , =  (a — a)h' . Since Di(,)(t) = (a — a)

,(h,)(h') a n d  1 (t) = (h' ) , th is  co n trad ic ts  to  t h e  c h o ic e  o f  t.
Therefore ç-b is in jec tive , and  it is easy to  see that p  is quasi-finite
since each f ib re  o f  f  (or g )  has dim ension 1.
(4) S in ce  p  is a  birational quasi-fin ite m orphism  a n d  s in ce  X
a n d  Z  a re  no rm al, p  is  an  open  im m ersion  by t h e  M a in  Theorem
o f  Zariski ( c f .  [ 1 ] ) .  T h e  im ag e  p (X ) is  a n  a f f in e  o p e n  se t . Since
G . acts o n  Z  a n d  p  com m utes w ith  t h e  G .-actions o n  X  a n d  Z,
it is  easy  to  see  th at p (X ) has th e  complement o f codimension two
i n  Z .  T hen p ( X )  =Z . Hence A = Ao[t].

Now th e  " if "  p a r t  o f  Theorem 1 follows easily from Lemmas
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2  and  3. T he "only if" part is obvious. Thus, Theorem 1 is com-
pletely proved.

R em ark s. (1) Lemma 3 is false if A  is not a  un ique factori-
zation domain, as is shown in  th e  following example :  L et k  b e an
algebraically closed fie ld  o f characteristic = 2 .  Let A =k [t, X, Y] /
(r — t X - 1 ) .  A  is a  ra tio n a l, regu lar k-domain, b u t  A  is  n o t a
unique factorization d o m ain . In  fac t, A  i s  th e  a ff in e  r in g  o f an
affine surface of the form : x P1 —  (an am ple irreducib le curve).
Define a  G .-a c t io n  o n  Spec (A )  b y  a  k-homomorphism ço :
M u ]; ço(t) =t, q' (X ) = X  + 2 Yu + tic ' and q ' (Y )  =Y  + tu . Then the
invariant subring of A  is k [ t ] .  Hence A  is  n o t a polynom ial ring
over k[t]•
(2) Let k  b e  an  algebraically closed fie ld  and  let A  b e  a  finitely
generated  norm al k -d o m a in . T h en  A * is isom orphic to  a d irect
product of k * and a torsion-free Z-m odule o f finite rank.

P ro o f .  L et X  b e  the affine variety defined by A  and let V be
a  complete normal variety which contains X  as a  dense open  set.
Let Y  b e  th e  complement of X  in  V . Then Y has pure codimension
I. L e t  Y i, ..., Y . be irreducib le com ponents o f  Y. I f  f  i s  an
invertible element o f A , th en  ( f )  =  E m, Y,. D efin e  a  mapping

v : A *-->  ci) Z  b y I(f) = m .) .  T h en  v  is  a  homomorphism

o f abelian groups an d  K er v =k *. T herefore A* /k * is a  Z-submod-
ule  o f  C )  Z , h en ce  A* /k *  is a  to rs io n -free  Z -m odu le  o f  finite

ran k . It is  th en  o b v io us to  see  th at A *  is  a  d ire c t product of k*
an d  a  fre e  Z-module A* /k *  o f  finite rank.

3. Proof o f Theorem 2

F irst o f  a l l ,  w e  sh a ll t r e a t  th e  im p lica tio n  (iii)'  > ( i i i )  of
Theorem 2. Let k  b e  an  algebraically closed fie ld  o f characteristic
zero and let A  b e  a  fin itely generated , regu lar, rational k-domain
of dimension tw o . Assume that A  is a  unique factorization domain
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a n d  that A* = k * .  L e t X  b e  th e  a f f in e  s u r f a c e  d e f in ed  b y  A.
T hen there is a  non-singular projective  surface  V  containing X  as
an  open  se t.

W e shall summarize rather elementary results i n  t h e  following
two Lemmas.

Lemma 4. Let A , X  and V  be as abov e. I f  V —X is irreducible,
then V  is isom orphic to the projective plane P ' and V —X is isomorphic

to a hyperplane.

P ro o f .  V  dom inates a  re la tiv e ly  m in im al rational projective
su rface  Vo which is isomorphic to P ' o r  F. w ith n >0 a n d  n * l ,  (cf.
[8 ] ) .  V  is obtained from  V , by repeating local quadratic transfor-
m ations w ith  non-singular centers ;  V= • • • - - *  Vo.
Then Pic (V) is a  d ire c t  sum o f  Pic (Vo) a n d  a  f r e e  Z-module of
rank r. T h e  facts that Pic (Vo) ( if  Vo ..14:1'2) o r  Pic (Vo)--"-,'ZC )Z  (if
17.,-- F . )  a n d  that Pic (X ) =  (0 ) im p ly  th a t  V = V o  P ' if  V  — X  is
irred u c ib le . I f  V = P ' a n d  V — X  is  irred u c ib le , it  is  e a sy  to  see
that V—X is  a  hyperplane. q .  e .  d.

Lemma 5. Let A , X  and V  be as abov e. I f  X  h as  an algebraic
system F  o f closed curves which satisf ies the condition (iii)' o f Theorem
2, there is a  linear pencil L  of divisors on V  such that a general member
of L  is irreducible and of  m ultiplicity  1 and th at fo r  a  general member
C of L ,  C n x  is a member of F.

P ro o f .  B y th e  c o n d itio n  (iii)' there is a  rational curve T  and
a n  irreducible subvariety W o f  X x T  such that i f  w e denote by p
a n d  q  t h e  canonical pro jec tions o f W onto X  a n d  T  respectively,
then fo r  an y  po in t tE T , W ,=q -1 ( t)  is  a  m em ber o f  F, identifying
IV, with p (W i) by p .  R eplacing T  b y  a n  a f f in e  o p e n  s e t  (
o f  T , w e m ay assum e that T  is a n  a f f in e  o p e n  se t  o f  A', i. e., T =
Spec (k [u, g  (u)-1) with g (u) *0  and g ( u )  k .  Let R =k [u , g (u )1 .
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T hen the affine algebra k [W ] of W  is of the form k[W ] =AOR//,

w here /  is a  p rim e ideal of A (D R . The condition (iii)' implies that

th e  canonical homomorphism p  A .- - - ›A O R --> k [W ] (a 1--->a (1)1

(mod I ) )  y ie ld s  a n  isomorphism p :k (X)  , k  ( W ) .  Namely we
have a commutative diagram,

A

 

k [w ]

 

k ( X )  k (W )

W e sh a ll id en tify  A  w ith a subalgebra p (A )  o f  k [W ] and  k (X)
with k (W ) by p , Since A  is a unique factorization domain and k[W ]
is fin itely generated  over A, there exists a  s e t  o f  p rim e elements
(bi, b , )  of A  such that

. . 1/b,].

Let ci = 1C )u (m od I )  a n d  w r ite  a = at/a°, w h ere  a0,
(ao, (20 =1 and  a, =b1.. b,'• with non-negative integers et, e,.
T hen for any point a  T (k) ck, (a - (O A [l ., 1 /b,] =(a1— a,a)
A[1 /b1,..., 1/b,]. T h i s  im plies that t h e  cu rve o n  X  defined by
ai — aa, has support in the union of  p ( W )  and the curves defined
by b.  =1, . . r ) .  Therefore, fo r an y  point (,3, 1 ) E r .' the divisor
(a,IS — aor) o n  V  c a n  b e  w r itte n  in  th e  form ; aor) = C„ Do
+ D1— D,, w here th e  following conditions are satisfied :

(1) a =/3.
(2) C.., A > 0  ;  D o ,  1)1 0 ; SuPP (A) U SupP (D2) cV — X ;

Supp (DO is contained in  th e  union o f  th e  closures in  V  o f  th e
curves o n  X  d efin ed  b y  b, = 0  fo r  i= 1 ,. . . ,  r ;  Do, Di a n d  D, are
fixed divisors (independent o f a ).

(3) F o r a  general po in t a o f P 1 , C„ is irreducible and C n
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T hen the divisors {C„} „epi fo rm  a  lin ear p en c il L .  From the
construction of L , a  genera l m em ber o f L  is  irreduc ib le  and of
multiplicity 1. q .  e .  d.

Now we shall prove the implication (iii)'  >  ( i i i )  o f Theorem
2. B y  the second theorem  o f  Bertini, a  general m em ber C  of
the linear pencil L  constructed in  Lemma 5 has no singular points
outside base po in ts o f L .  Therefore, cnx is isom orphic to the
affine line A ', an d  L  has at m ost one base  po in t w hich  w ill be
situated on V—X if it exists. Let f :  V— > P ' be the rational mapping
defined by L, w hich  is regu lar outside a  b a se  p o in t . I f  L  h as a
base point P  V  —  X ), there exists a succession of locally quadratic
transformations T :  V * ---3 V  with centers P  and its in fin itely near
base points of L  such  that th e  lin ear system  L *  on V*, which is
the total transform of L  b y  T  deleted all fixed com ponents, has
no  base po in ts. L et f* : V* — 4 '1  b e  th e  morphism defined by
L * .  T hen it is no t hard  to  show th a t  fo r  a  gen era l m em b er C*
of L*, C* n X  is  a  member o f  th e  algebraic system F  on X  fixed
in the condition ( i i i ) ' o f  Theorem  2  and  th a t the restriction of
J *  onto X  (C V * ) is  id en tica l w ith  the restriction of f  onto X.

Replacing V, L  and f  b y V*, L *  and f *  respectively, w e m ay
assume that L  has no base points. T hen a  general m em ber C  of
L  is non-singular and rational. Hence C is isomorphic to p i .  Since
cnx is isom orphic to A ', C  cu ts a n  irreducible component E  of
V—X at on ly one po in t. S in ce  th e  characteristic of k is  zero, the
restriction of f  onto E  yields a  birational mapping fiE : E--->Pi.
This implies, in particular, that a  general m em ber C  of L  cu ts  E
transversally at only one po int. T hen there is an affine open set
U (* 95 ) of P ' su ch  th a t f ' ( U )  is a  tr iv ia l P'-bundle a n d  that
E n  (U ) is  a section of f i ( U )  (c f .  [2 ], Theorem  1. 8). Then
f1 (U ) n x= f-i (U)—E n f-i (u) is  a triv ial A'-bundle over U.

On the other hand, X  —  (U ) nx consists o f a  finitely many
(mutually distinct) irreducib le curves G o ..., G, w hich a re  defined
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b y prim e elements a„. . ., a , o f  A  respective ly . T hen  f- ' (U ) n  X
= S p e c (A ra -1 )  w h ere  a = a ,.. .  a,. L e t  U = S p e c ( B ) .  T h en  B
is  a  subring of A [a -1 ,  a n d  th ere  ex ists  a n  elem ent t  o f  A  such
that A [a 1 ]= B [ t ]  ( =  a polynom ial ring over B). S ince A* =k*

a n d  A  is a  u n iq u e  factorization d o m ain , (A[a-1)* /k* = a  free
Z-m odule of rank r  generated  by a„. . ., a,. Since A [a ]  =  B [t ],
we have (A [a-1 ])*  =B*. I f  we write B in the form : B =k[u, g(u)1]
with u E B  a n d  g (u )  =  H ( u — a ,)  k [u ] (a „ .  .  a ,  being mutually

distinct elements of k ), w e have that r=s.
W e shall show that f ( X ) is  an  affin e open  set o f V .  Assume

t h e  contrary : f  (X ) =1''. H ere  w e  m ay  assum e that V— X  has
more than two irreducible components. In  fa c t , if  V— X is irreduc-
ible, Lemma 4  says that V is isomorphic to P2 and  V— X  is isomor-
phic to  a  h y p e rp lan e . Therefore X  is isom orphic to  A', a n d  we
have n o th in g  to  p ro v e . N ow  since L  has n o  b ase  p o in t an d  a
general member of L  cuts V — X transversally at only one point of
he irreducible component E  o f  V— X , the irreducible components

of V— X  other than E  correspond to a finite number of points

Q .  o f  P 1  by f ,  i. e., — XU = PQ1,• • Q . I .  Then th e  assump-
tion that f (X )  =1)1 implies that fo r e v e r y  (1 <i < in), f -W O  (1 X  is
not em pty an d  consists o f  a  f in ite  n u m b er o f  irreducible curves
o f X  which belong to G , I .  W e m ay assume that

U  (f-1(C21) n) =Gi U • • U G,„ with r '< r .  Let f (G „+,U — U G ,) =
K2.+1,• • . Then s' = s + 1  since U  is obtained from P '  deleting
the points u = a „ ... ,  u = a , and the point of infinity u =  co, and s' < r
•since all irreducible curves o f X— f -  (U )  n x  are sent onto the points
(21, Q,,, b y f. H ow ever, th is is absurd since r =s. Therefore
f ( X )  is  an  affine open set of P'.

Let f (X )  = S p ec (A 0 ). Then A ° is  a  subring o f A .  Moreover,
t h e r e  i s  a n  e lem en t a o  o f  A . s u c h  th a t  U=Spec(A0[a0-1),
f - ' (U ) n Spec (A [a0 -1 ) and that A [a o - ']= A [a o - l ] [ t ]=  a polyno-
mial ring over Ao[a0-1 with t e A .  Now define a locally finite itera-
tive h igher derivation D= {Do =id., D ,,.  .}  by setting D, =- (1/i !)
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1)1(b) = 0  f o r  any elem ent b  o f AÛ a n d  W O  =  a g with sufficiently
la rge  integer a, ( c f .  [7 ], Theorem 2. 9 and its proof, o r  Appendix).
T herefo re there is a  n o n - tr iv ia l G,-action o n  X .  W e  h a v e  thus
proved th e  im p lic a tio n  (iii)'  >  ( i i i )  in  Theorem 2.

Conversely, assum e the  cond ition  ( i i i ) .  L e t a : G, x X- - > X  be
th e  given G„-action o n  X .  L et 0 ,  (a, p2 ) : G  x  X - - -> X x X , p ,  being

th e  p ro jec tio n  o f  G x X  to  X .  Let ['=ø ( G ,  x X ) a n d  le t  f r ' be the
closure o f  I '  in  X x X .  W e know by ([3 ], Theorems 2. 1 and  2 .3 )
that there exists a  G„-stable open  se t U (# 0 )  o f  X  such that there
exists a  q u o tie n t v a r ie ty  Y  ( in  t h e  sense o f  [ 3 ] )  o f  U  b y  the
induced a c tio n  o f  G,,. T h e n  s in c e  th e  p ro je c t io n  p  :  U --> Y  is
faithfully f la t  a n d  U  is  rational, Y  is isom orphic to th e  a f f in e  line
deleted a  fin ite ly  m any p o in ts , ( if  y = p i, rep lace  U  by ( a
point)). T hen U  is  a  G,-homogeneous space over Y  ( c f .  [5]).
T herefo re  U /Y has a  sec tion  T '  ( c f .  Théorème 4. 13, ib id .) .  Let
T  b e th e  closure o f  T ' in  X .  T hen T  m eets (transversally) w ith a
general G,-orbit at on ly  o n e  p o in t .  L e t  .P= (X x T ) n 7 .  Then
g ives r ise  to  a  requ ired  algebraic system  F  o n  X  satisfying the

condition (iii), shrinking T  to  a  sm aller o p e n  se t  o f  T  i f  necessary.
T h is  completes t h e  proof o f  Theorem 2.

4 .  P roof of Theorem3

W e shall start w ith a  less restrictive situation and ad d  t h e  con-
ditions o f  Theorem 3 step  by step.

L e t k b e  an  algebraically closed f ie ld  o f  characteristic zero and
le t  X  b e  a n  a f f in e  non-singular su r fa c e  d e fin ed  b y  a n  affine k-
domain A  s u c h  th a t  A  is a  u n i q u e  factorization dom ain and
A* =k*. A s s u m e  that there exists a m axim al id ea l in  o f A  which is
generated by two elements : m=a1ii-Fa2A with a ,  c t ,E A . L et C, and
C; be curves defined by a ,  a n d  a2 respectively. W e  m a y  assume
without loss of generality that Ci a n d  C2 a r e  irreducib le . L et y  be
th e  p o in t  o f  X  corresponding to m .  T hen  C, (I C 2 , (0 , C i a n d  C2
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intersect transversally at z,, a n d  z, is a  non-singular po in t on  C1
and  C 2 *

Lemma 6. Under the above situation assume m oreov er that C,
is  n o n -s in g u lar a n d  h as  o n ly  o n e  place at in f in ity . T h e n  C , is
rational. For any  elem ent a of k , denote by  C ; the curve on X  defined
by  a2— a. T h en  fo r  alm o s t  a ll  a  o f  k , C ; is irreducible, C1 fl C.; =
{v„} and Ci and C; intersect transversally  at ve,.

P ro o f  Put d =a, (modulo a iA ) .  Then d  is  a  regular function
on Ci. L et e i be a  non-singular irreducible complete curve con-
taining C i and  let P-=C i —C1. Denote by w the normalized discrete
valuation corresponding to P .  T hen ( d ) = v + w ( d ) P . .  Hence
w  (d) = — 1. For any elem ent a  o f  k, w (d — a) = w (d (1 — ad '))
w (d) — 1. H en ce  (d — a) = v , — P co, where C, n Ci = {v,}. C ,  and C;
intersect transversally at v„. Since (d) =v — P , C, must be rational.

q. e. d.

Lemma 7. Let A  be an affine k -dom ain and let a be an element
o f  A  — k . Assume the following conditions :

(1) A  is a unique factorization domain.
(2) For any  as k, a— a is  a prime element of A.
( 3 )  A* =k*.

Let S --=k[a] —0 and let A ' = V A . T h e n  w e  h av e  :
( i )  A ' is a unique factorization domain.
( i i )  A '* =K * w here K =k (a).
( iii)  The quotient field Q(A ') o f  A ' i s  a  regeular extension of

K .  Therefore A ' defines an af f ine variety defined over K  w ith dimension

one less than the dimension o f  the v ariety  def ined by  A  over k.

P ro o f  T h e  asse rtio n  ( i )  is  w ell-know n . I f  A /* #K *, there
exist elements x  an d  y  o f A —k [ a ]  such that x y  = ( a )  0 , E k [a].
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S in ce  A  is a  u n iq u e  factorization dom ain and  a — a  is a  p rim e
element of A  for all a  o f  k , x  and y E k [ a ] .  This is a contradiction,
an d  th e  a sse r t io n  ( ii)  is p r o v e d .  A s fo r th e  a sse rtio n  (iii) , we
h av e  on ly to  show  th a t  K  is a lgeb ra ica lly  c lo sed  in Q (A') since
char (k) = 0 .  Assume that f / g  is algebraic over K ,  f  and g  being
elements of A  su c h  th a t (f , g) = 1 .  Then there exist wo, ço, of
k [a ] such that th e  greatest common divisor of w . i s  1  and
that

çao(f/g)"+goi(f/g) - 1+...+ç o „= 0.

T hen  it is  easy  to  see  th at f  and g  d iv id e  ça„ and p0 respectively.
Hence f  and g  E k [a ]. Thus f / g  EK . q. e. d.

L em m a  8. B esides the assumptions o f  L em m a 6 ,  assume the

following additional conditions :
(1) C , has only  one place at inf inity .
(2) There exists a  non-singular complete surface V  containing X,

on w hich the closure C, o f  Cy is non-singular and (a2)0= C2.

(3) F or any  elem ent a  o f  k, (22— a is a  prim e element o f A .

Then fo r  alm ost all elem ent a  o f  k ,  CT is rational and has only  one

place at infinity .

Pro o f . O ur proof consists o f several steps.
(I) F o r  a  general elem ent a E k , the principal divisor (a, — a )  on
V is  of the form ; (a,— a) =C ; H-D— (the polar divisor), where D>0
is contained in  V—X a n d  independent o f  a. Specializing a  to 0,
we have : (a,) ,e2_ (the  polar divisor) by the la s t condition of the
assu m p tio n  (2 ). H en ce  D = 0 . It is  th en  easy  to  show that there
exists a  linear pencil L  o f divisors on V  such  that C y  is  a  member
of L  an d  th e  c lo su re  C  of C , is  a  m em ber of L  fo r almost all a
of k. If L  has a  b ase  p o in t (which is the un ique base po int), by
repeating the blow ings-up w ith  cen ter a t th e  b ase  p o in t an d  its
appropriate infinitely near points, w e h av e  a  non-singular complete
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su rface  V  containing X  an d  a  lin ear p en c il L  o f  divisors o n  V,
which is obtained from the total transform of L  deleting th e  fixed
components, such that :

( i ) L  has no base points.
(ii) T h e  closure 0 2  o f  C2 a n d  th e  closure Cc,' of C  (for

almost all a  o f  k )  in  V  a re  members of L.
(iii) The closure Ci o f  Ci does not pass th rough  the point

-  G 2*

Let p : -17-->P be the morphism defined by L , and let y, =p (C2).
T hen there ex ists an  open neighbourhood Y of yo in  P ' such that
Ci intersects transversally with each fibre p -1(y) fo r all yE Y. Then
b y  [2 , p. 3], Ci np-i ( Y )  is p-ample, and p: W  =p -1(Y )-->Y " is flat.
Restricting Y  to  a  smaller open neighbourhood o f yo i f  necessary,
w e  m a y  assume th a t p  : W - - > Y  is s m o o th .  T h e  curve Ci n W
gives rise to a section s  of p .
(II) Since p : W — >I7  is a smooth projective morphism whose fibres
a re  geometrically integral curves, the P icard schem e Pic" is repre-
sentable and Pic;/, is  a  sm ooth group schem e over Y . M oreover,
fo r  a n y  Y -sc h e m e  T ,  Pic ( W  xT) (T ) x Pic (T) (a  d irec t

Y

product) since p  h a s  a  se c t io n  s. Therefore Picy,/y x T=Pic,,xT/T

fo r  any Y-schem e T. I n  p articu lar (Pic,,/y)yo Since
Pic?„" is smooth an d  connected, Piegiy = O . L et K  b e th e  function
field of Y  and let WE= W x Spec ( K ) .  Then =O . This impliesY
that th e  arithmetic genus of W K is zero.
(III) Wx. is in  fact th e  non-singular complete model of the affine
curve C  defined by A '= S -'A  o v e r  K =k ( a ,) ,  where S =K [az ] —0

(c f . Lemma 2 ) .  C  has a  K-rational point P  which is provided by
the sectional curve C i  n W . S in ce  th e  arithmetic genus o f  WR is
zero  and  Wi, has a  K-rational point P, W K  is  K-isomorphic to P'.
( I V )  S in ce  C  ( C W O  is defined  over K , W K — C consists o f  a
f in ite  n u m b e r  o f  K-rational p r im e  c y c le s . Introduce a  homo-

genneous coordinate (x ,, x i )  in  Pk such that P =  (1 , 0 ) and let x
x ,/x 1 . Then there exist irreducib le polynom ials fi,. . . 1 ,  o f  K [x]
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such that the affine ring of C— P is  K [x , f,71- T h en  (K rx ,
f ,71)* :-=K * x  Z". However since the affine ring A ' o f C  is a

u n iq u e  factorization dom ain a n d  A '*  =K * , w e  m ust have n= 1.
This means that Mr— C consists of only one K-rational prime cycle.
O n the other hand, P  is linearly equivalent to the K-rational prime
cycle 1/17,, — C w ith  a n  appropriate m ultip lic ity . This implies that
W ,,— C consists o f only one K-rational point. H ence C  is K-isomor-
ph ic to  the affine  line A ' .  This implies that fo r alm ost all a  o f  k,

th e  curve C2` defined by a2 —a is isomorphic to A ' an d  th at C'; has
therefore only o n e  p la c e  at infin ity. T h is  com pletes th e  proof
o f Lemma 8.

Lem m a 8 says that X  is rational and  h as  a  rational pencil of
curves f C2 ; aElel satisfying the condition (iii)' of Theorem 2. Thus
w e have proved our Theorem  3, applying Theorem  2. F inally w e

shall rem ark that if  X  is isom orphic to th e  a f f in e  p la n e  all con-
ditions o f our Theorem  3 a re  satisfied.
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