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Abstract. Let (M, g) be a n-dimensional smooth Riemannian manifold. In the
present paper, we introduce a new class of natural metrics denoted by G+ and
called twisted Sasaki matric on the tangent bundle 7'M. We studied the geometry
of (T M, G by giving a relationships of the curvatures, Einstein structure, scalar
and sectional curvatures between (T'M, G/*") and (M, g).
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1. Preliminaries

We recall some basic facts about the geometry of the tangent bundle. In the present
paper, we denote by I'(7'M ) the space of all vector fields of a Riemannian manifold
(M, g). Let (M, g) be an n-dimensional Riemannian manifold and (7'M, 7, M)

doi: 10.7546/jgsp-53-2019-1-19 !
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be its tangent bundle. A local chart (U, :vi)izlmn on M induces a local chart
(7=Y(U),2%,9y")i=1..n. on TM. Denote by Ffj the Christoffel symbols of g and
by V the Levi-Civita connection of g. We have two complementary distributions
on T'M, the vertical distribution ) and the horizontal distribution #, defined by

9 .
Vg = ker(dm, ) = {a' = ;a'eR
(o) =Kot Ta0) =40 }
B 9 .
S — dITRE ‘at e R
Hiem =i ~ T 0 oy f

where (z,u) € T'M, such that T, ., TM = H(5u) © Vizu)-

Let X =X Zil be a local vector field on M. The vertical and the horizontal lifts
T
of X are defined by

) .6 (0 - 0
XV =xi = XH - xi — — X! Tk 1
oy’ St {830’ Yt oyk } M

aNT 5 a\" o
L ice th h ; =< T oyt
et us notice that we have ( 83:1) 570 and ( E)aﬂ) oy

o 0
Then | —, — is a local adapted frame in T"T'M. The tangent bundle
0" Y ) i1 .

TM of a Riemannian manifold (M, g) can be endowed in a natural way with
a Riemannian metric ¢g°, the Sasaki metric, depending only on the Riemannian
structure g of the base manifold M. It is uniquely determined by

FXT YT =g(X,Y)or
F(XHYV)=0 2)
FXV YY) =g(X,Y)on

for all vector fields X and Y on M. More intuitively, the metric g° is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map 7 : (T'M, g°) — (M, g) is a Riemannian submersion.

The geometry of the tangent bundle 7'M equiped with Sasaki metric has been stud-
ied by many authors starting with K. Yano and S. Ishihara (see [20]), A. Salimov,
A. Gezer and N. Cengiz (see [2], [12], [13], [16]) etc. In [18] Vaisman has studied
generalized Sasakian structures. The rigidity of Sasaki metric has incited some
geometers to construct and study other metrics on T'M (see [17]). J. Cheeger and
D. Gromoll have introduced the notion of Cheeger-Gromoll metric (see [3]). It is
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uniquely determined by
goa(XT Y)Y = g(X,Y)om
=0

goc(XH YY) 3)

1
gC’G(Xva YV) = a{g(Xa Y) + g(X7 u)g()/a u)} om
where X, Y € I(TM), (x,u) € TM, a =1+ g(u,u).
Zayatueyv in [21] introduced a Riemannian metric on T'M given by
g X YTy = f(p)gp(X,Y)
gp(XH,Y") =0 @)
gJS‘(XV7 Yv) = gp(Xv Y)
for all vector fields X and Y on (M, g), where f is strictly positive smooth function
on (M, g). In [19] Wang J and Wang Y called g} the rescaled Sasaki metric and
studied the geometry of T'M endowed with gjc.

Cheeger and Gromoll in [3], we define a new class of naturally metric on T'M
given by

(pu)

f
G o)

(xX7yY)
Gl (XY YY) = f(p)gp(X,Y)
for some strictly positive smooth function f in (M, g) and any vector fields X and
Y on M. We call G vertical rescaled metric.

GL L (XH YY) = g,(X,Y)
=0 (&)

Motivated by the above studies, we define a new class of naturally metric on 7'M
given by

GEM (XH YH) = f(p)gy(X.Y)

G(f];f‘u) xV, vy =0 (6)
(XV7 YV) = h(p)gp(Xv Y)

Gl

where f, h be strictly positive smooth functions on M and any vector fields X and
Y on M. For h = 1 the metric G/" is exactly the rescaled Sasaki metric. If f = 1
the metric G/" is exactly the vertical rescaled metric. We call G/" the twisted
Sasaki metric.

In this paper, we introduce the twisted Sasaki metric on the tangent bundle T'M as
a new natural metric non-rigid on T'M. First we investigate the geometry of the
twisted Sasaki metrics and we characterize the Einstein structure (Theorem 8) and
the sectional curvature (Theorem 9) and the scalar curvature (Theorem 11).
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2. Twisted Sasaki Metric

Definition 1 Let (M, g) be a Riemannian manifold and f,h : M — R be strictly
positive smooth functions. On the tangent bundle T'M, we define a twisted Sasaki
metric noted G by

Cipr XY 7)

h
G{W) (xV,yH)

0
h
GL (XY, YY) = h(p)gp(X,Y)
for all vector fields X,Y € I'(TM) and (p,u) € TM.
Note that, if f = h =1, then Gl is the Sasaki metric. If h =1, then Gl s the
rescaled Sasaki metric. If f = 1, then GT'" is the vertical rescaled metric.

FP)gp(X,Y)

2.1. Levi-Civita Connection of G/-"

Lemma 2 Let (M, g) be a Riemannian manifold and ¥ (respectively v/ 7h) denote
the Levi-Civita connection of (M, g) (respectively (T M, G''V)), then we have

GV, 2 = (VY + 2;@ (XY +Y()X —gX. V)V )"
GIh(wlh yH ZVy — —(%(R(X, Y)u)v

GV YV, ZH) = <2hf(€2)R(u,Y)X)H

GV yY, ZV) = <;(h(gY+VXY)V

GHM (VIR yH ZH) = <2hf(é2)R(u,X)Y)H

R A (;L(];))X)V

GV YV, 7T = ( - ;@g(X,Y)VMh)

GIMVI YV, Z2V) =0

where VM is the gradient of the Riemannian manifold (M, g).

The proof of Lemma 2 follows directly from Koszul formula, Definition 1.
As a direct consequence of Lemma 2, we get the following theorem.
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Theorem 3 Let (M, g) be a Riemannian manifold and V" be a Levi-Civita con-
nection of the tangent bundle (T M, G''"). Then, we have

H 1 1%
1) (VERYH) . = (VXY +Ap(X, Y))(p = (§RP(X, Y)u>

2) (VERYY) oy = ( )fl )+(§<h;Y+V Y)
(

h(p
Y(n)

(2 )H +( (p)X (pu)
(- 5757

g(X,Y)VM h)

(pu)

h
3) (VQVYH (p7

h
4) (vg(vyv (pu

(psu)
for all vector fields X,Y € F(TM), (p, u) € T M, where
1
2f(p)

Definition 4 Let (M, g) be a Riemannian manifold and K : TM — TTM be
a smooth bundle endomorphism of the tangent bundle T' M. Then we define the
vertical and horizontal lifts KV : TM — TTM, K" : TM — TTM of K by

:imK((?i)v and K (p an
i=1

where Y 1*_| 1;0i € 7=1(V) is a local representation of ) € C>°(T M).

Ap(X,)Y) = (X(HY +Y(f)X — g(X,Y)VMf).

From Definition 1 and Theorem 3, we have
Proposition 5 Let (M, g) be a Riemannian manifold and V7" be a the Levi-Civita

connection of the tangent bundle (T M, G/") . If K is a tensor field of type (1,1)
on M, then

(VER Ky = (VK)o + A K (W) — 5 (RO K@)
(VL gy = (V5B + 53 K0) "+ (51 R, K () )"
(VIR KH) ) = ((K(X) + %R(u, X)K(u))H + (Wx)v
(VK gy = (KO = 57 (X K ) V1)

forany X € T(TM) and (p,u) € TM.
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3. Curvatures of Twisted Sasaki Metric

Theorem 6 Let (M, g) be a Riemannian manifold and R5" be the Riemann cur-
vature tensor of the tangent bundle (T M, Gf ’h) equipped with the twisted Sasaki
metric. Then the following formulae hold

1) R Y2~ (R(X,Y)Z + Af(X, Yy Z) + VA (Y, 2)
+ Ap(X, Ap (Y, Z)) — Ap (Y, Vx Z)

— Ay(Y, Ap(X, 2)) + Z;R(u, R(X, Z)u)Y
- vYAf(‘Xv Z) - Af([va}v Z)

h H
+ 2fR(u L R(X,Y)u )Z)
n (— SRX,Vy Z)u - %R(X, ALY, Z))u

~ SVX(R(Y, Z)u) + SR(X, Y], Z)u

1 1
~ X WRY, Z)u+ S R(Y, A¢(X, Z))u

1 1
+ 5R(Y, VxZ)u+ —Vy(R(X, Z)u)

+ LY RX, 2)u + 5

;
= Z(h)R(X,Y)u)

h

2) RIMXH,YV)ZH = (%X (;) R(u,Y)Z + vaR(u )z
2}}Af(x R(u,Y)Z) — ;}R(U,Y)Af(X, Z)
—41fg(Y,R(X Z)u)VMh + 1fZ( YR(u,Y)X
;}R(u Y)VxZ — f} R(u, vXY)Z)H
+( TR R(wY)Z )u+1X <Z§f)>y

+ mZ(h)X(h)Y - %(VXZ)(h)Y

2h(Af(X 2))(h)Y + 5R(X, Z)Y)V
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3) RIMXV,YV)zH = (;R(X Y)Z + f;(R(u,X)R(u, Y)Z
~ R(u, Y)R(u,X)Z)>H
1
Ty

4) RFM(XVYYV)zY 4%}?)( (X, Z)R(u,Y)VMh

—g(Y, Z)R(u,X)th)H
hadls
4f(p)h(p)

(R@.)Z)W)X ~ (R, X)Z)(m)Y)

(s0x. 2y —g(v, 2)x)"

5) RIMXH YH)zV = (%X <

h

f) R(u, 2)Y + VxR(u 2)Y

f

f}Af(X R(u, 2)Y) — 5Y <;> R(u, 2) X
- }}VyR(u 2)X 2};Af(y, R(u, 2)X)
41f (h)R(u, Z)X th(u Z)VxY
- EX( VR(u, Z)Y + f}R(u, Z2)Vy X
2]} (4, Vy Z) X — 7R(u SV Z)Y

2f 9(Z, R(X,Y )u )th)

+ (R(X, Y)Z - f;R(X R(u, Z)Y)u
L1

X <Y(h)> Z- 2wz

3 h 2h
_ %Y (X}(lh)) Z+ 4}}R(Y Rlu, 2) X )u

|4
+ o (Vy X)(0)2)
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6) RFMXH YVyZV = (— %X (}) g(Y, Z)VMh

- 21fg<Y, Z)(VxVMh+ Ap(X, VY h)

~ Ry z)x - h—2R(u Y)R(u, Z)X
2f ) 4f2 9y 9y

1 o\
i X(We(v. 2)V h)

n <41fg(Y, Z)R(X, VM h)u

1
_ﬁ(

v
R(u, Z)X)Y)

for all vectors (u, X, Y, Z) in the tangent space T, M of Riemannian manifold M.
Proof:

1
VRV 2T = Vi (Vv 2)T Vi (Ap(Y. 2)" - SV (R(Y. Z)w)”

- (vayZ + Ap(X,Vy Z) + Vx Ap(Y, Z)

h H
A A (Y, 2)) = R RV, Z)u)X) )
+ <— %R(X, VyZ)u — %R(X7Af(yv Z))u
1 1 v
— 5Vx(R(Y. Z)u) = - X(WR(Y. Z)u)

h h h , 1 )
VinVERZT = Vi (Vx2)" + VI (45X 2)" = 5V (R(X, Z)w)”
= (VyVxZ + Ap(Y, VxZ) + Vy 44(X, 2)

h H
+ A (Y, A5 (X, 2)) = 2 R(u, RX, Z)u)Y) )

1 1
+ ( — RO, VxZ)u— SR(Y, Af(X, Z))u

= S rx, 2y — Evr(x Z)u)v
2 'Y ’ 4h ’
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h H
v{)’(thyH]ZH = <V[X,Y]Z + Af([Xa Y]? Z) - ﬁR(l% R(X7 Y)U)Z)
)
1 1 v
— | =R([X,Y], Z)u+ —Z(h)R(X,Y)u | .
2 2h
From equations (7)-(9) and the second Bianchi identity
(VxR)(Y,Z2) + (VyR)(Z,X) + (VzR)(X,Y) =0 (10)

we obtain the formula (1). The other formulae are obtained by a similar calculation.
[ ]

3.1. Curvature Properties

Theorem 7 The tangent bundle (T M, G’ ’h) is flat if and only if the following as-
sertions hold

1) (M.g) is flat
2) VM| =0

3) The function f satisfies the PDE

Tf(X,Y,Z)ZAf(X,VyZ)+VX14f(Y,Z)+Af<X,Af(KZ))
_Af(Y7VXZ)_VYAf(XaZ)_Af(KAf(X>Z))
—Af([X,Y],Z):O for all X,Y,Z e (TM)

and
X(f)Y +Y()X = g(X,Y)VMf

A (%Y) = 2f(p)

Proof: If [[VMh| = 0 and T4(X,Y,Z) = 0, then R = 0 implies R/" = 0. If
we assume that R/"" = 0 and calculate the Riemann curvature tensor at (p, 0) we
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have

RN (XY 2% = R(X,Y)Z + Af(X.Vy Z) + Vx A (Y. Z)
+ Ay (X, Ap (Y, 2)) = Ap (Y, Vx Z) — Ap(Y, Ay(X, Z))

— VyAp(X,Z) — Af([X,Y],Z2) =0

f7h
R p,0

Loy XY ZV = R(X,Y)Z + Lx <Y(h)> 7 — i(VXY)(h)Z

2 h 2h

v <X](f)) Z+ o (VyX)(0)Z =0

fho(xH yVygh — L 1e(Z2th) 1
RIM (X7 YY)z —ZR(X,Z)Y+2X( . >Y+4h22(h)X(h)Y
1 1
= 57, (VxZ) (WY — (A5 (X, 2)) (W)Y =0
1
h
REM (X yV)ZV = —579Y ) (VXth +Ap(X, VMh))
1. /1 . h
- §X<?>9(Y, Z)VMh — S R(Y. 2)X
1 Mo
+4f—hX(h)g(Y,Z)v h=0
R (XY, yV)zH = R(x vz =0
(p70)( ) ) _? ( ) ) -
My, 12
o xVoyVyzy = W (v vy v 2yx) = 0.
Then R=0, |[VMh||=0and T¢(X,Y, Z) = 0. [ |

4. Einstein Structure

Let {ey, .., e, } be an orthonormal basis of 7, M.

% \%4

Then the family {e{{ y el ef,..,e, } is an orthonormal basis of 7{;, ,)7"M . The

Ricci curvature of (T'M, G*) is given by

Ric/h(X*, V") = ZGf’h(Rﬁh(X* eHyy* ey Ghh(RIM(X* e.V)Y*,eV).

s &1 » ©1 7
i=1
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Using the Theorem 6 and the above equation, we have

1) Ric/"(xH vH) =Ric(X,Y) - "Zg’) (Ap(X,Y))(h)
+ 1) D9 (A5 (X, Ve Y) + VA (e, Y)
=1

h
+ Ap(X, Af(e;,Y)) — HR(U, R(e;, Y)u)X
—Af(@i,VXY) V Af(X,Y)—Af(ei,Af(X,Y))

— Ap(X, el Y) + 5 R R cu)Y )

f
+ h(p) zn:g( - 73( R(u,e)Y)u,e;)

nh(p).
2h

(VxY)(h) + nhQ(p)X(Y}(lh)>+4hY(h)X(h)

2) Ric/M(XH YY) = Z"g(e, Y Zg (X, VMh)u, e;)

+ f(p) Zg( };VXR(U Y)e;
=1

}}V R(u,Y)X
h h
_ ﬁR(% Y)Vxe; + ﬁR(u’ Y)Ve, X

M As(en R(w, Y)X) + = ei(h)R(u, Y) X

Af

1 M
+ gR(u, Ve, Y)X — ﬁg(Y, R(X,e;)u)V"h

]'}Af(x R(u,Y)e;) e;)

(el
4f(p)
- %g(X, Y) ;g<V6iVMh + As(e;, VMh)
1 1 1
+ 59X Vet (e 5) = geilh)
2

h
+ TR X)R(u,Y)),ei).

3) Ric/MXV, YY) = g(X,Y)(n—1)
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Theorem 8 Let (TM,GF") be an Einstein manifold. Then (M, g) is Einstein
manifold if f, h satisfies the PDE

f(p) ZQ(Af(Xa Ve, Y)+ VxAp(ei,Y) + Ap(X, Ap(ei, Y))
=1
- Af(ei7 VxY) - veiAf(Xv Y) - Af(€i7Af(X7 Y)) - Af([Xa eil,Y), 6i>

nh(p) ., Y (h) nh(p)
5 X () 2h

h 4h
"B (Ap (X, V) (B) = 0.

Y (h)X (h) -

(VxY)(h)

Proof: We suppose that (7'M, G¥*") is Einstein and therefore
Ric/"(X*, V*) = AGTR(X*, 7). (11)

If we take u = 0, we have

-

Rie" (X7, Y1) = Rie(X,Y) + [(p) D 9 (A5(X, Ve, V) + Vx Ay (ei,Y)

=1
—I—Af(X,Af(ei,Y)) A (el,VXY) VeiAf(X,Y)
~ Aplen Af(X.Y) = Af((X.eil,Y),ex)
+ ”hép)x(ygb)) + Y (W)X (h) - ”Zép) (VxY)(h)
) v )

and in this way obtain

Ric(X,Y) = Ag(X,Y)

- (f(p) 29<Af(Xa Ve Y)+ VxAp(ei,Y) + Ap(X, Ap(ei, Y)
=1
equY) VeiAf(X,Y)—A (ei,Af(X Y))

X, e, V), ei) n ”hQ(p)X(Y](zh)) n 4hY(h)X(h)
nh(p)

S (A (X Y)(B)).

_Af

fAf

M0 (9 vy -



Geometry of Twisted Sasaki Metric 13

4.1. Sectional Curvature

Theorem 9 The sectional curvatures K" of the tangent bundle (TM,G'") is
given by the formulas

VM2
1 K(J;?u)(XVaYV) = —H4th”
2) K[ (xTyY)= 4PHRWJQXWW+Bum@ay)
3h
3) K (XY = SK(GY) = TRl + L (X.Y)
where
1 /1 1 u
By (X,Y) = (- QhX(f) 4fh2X(h))g(v h, X)
1
2fh(vxv h+ Ap(X,VMh), X)
1
Ligm(X,Y) = ?<9(A(X> VyY), X) +g(VxA;(Y,Y), X)

—g(A(Y,VxY),X) —g(VyA(X,Y), X)
g(AX,AY)Y), X) — g(A(Y, A(X,Y)), X)
~ g(A(IX,Y],Y), X)).
Proof: Let (p,u) € TM and X,Y € T, »M be two orthonormal tangent vectors at
the point p
GHMR(XV, Y)YV XV)
Gf h(XV XV)Gf h(yV YV) Gf,h(XV7 YV)

1) KD (XY YY) =

CGIMRXV, Y)YV, XY)
= =

GIh(g(x, V)YV, XV)

M2

© AfhR3
G

AR

th 2

= B (ro(x.v)gx.¥) — hg(x. X)g(v,v)
VM2

C AfR?

G gy, V)XV, XV)



14 Lakehal Belarbi and Hichem Elhendi

f,h XH YV YV XH
2) Kfﬁ (XH,YV) — G (R( ) ) ) )
(p,u) Gf,h(xH’ XH)Gf’h(YV, YV) _ Gf,h(XH’ YV)

= fthf’h(R(XH,YV)YV,XH)

1 1. (1
_ ﬁaﬁh« - 5X <f) g(Y,Y)VMh

— 9V, Y)(VxVMh 4+ Ap(X,VMh)

— L R(uw,Y)R(u,Y)X + iX(h)vM@H XH)
4f2 b b 4fh )
h

where

Bn)(X,Y) = (- %X (}) + 4f1th(h))g(VMh,X)

1 M M
2ph9( X h f( ) h)7 )

fh H yH\vvH H
pyu) G XH XH)GHh(YH YH) - GIh(XH YH)

_ flsz’h(R(XH,YH)YH,XH)
_ levah((R(X, Y)Y + Af(X, Vy Z)
+ VxAp(Y,Y) + Af(X, Af(Y,Y)) — Af(Y, VxY)
— Uy Af(X,Y) — Ap(Y, A(X,Y))
+ :fR(u, R(X,Y)u)Y — A ([X,Y],Y)
h H
+ 5 R, R(X,Y)u)Y> ,XH)
1 3h
= FKOGY) = TS IR Y Jull® + Lig (X, Y)
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where

1
Liga(X,Y) = £ (9(AX, V3¥), X) +9(VxAs (YY), X)
+9g

(A(X,A(Y,Y), X) —g(A(Y,VxY), X) 12
g(v X) —g(A(Y;A(X,Y)),X)
- g(A(IX,Y],Y),X)). n

Corollary 10 Let (M, g) be a n-dimensional Riemannian manifold of constant
sectional curvature k. Then

rh (xv v - IVYA?
D K (X ¥ )_ Afh?
fih H vV h
2) K(p,u)<X Y> @)\ 9(u, X)? + B(pp) (X, Y)
fih H ~H 3h
) Ky (XY = 53— g (oK + V) + L ()

where VM is the gradient of the Riemannian manifold (M, g).

Proof: Using the Theorem 9 and the following equations

IR, Y)ul* = N (g(X, u)? + g(Y.u)?)
|R(u, Y)X|* = ANg(u, X)

we can immediately get the result of corollary. ]

4.2. Scalar Curvature

Theorem 11 Let S (respectively ST") be a scalar curvature of (M, g) (respectively
(TM,GF™)). Then

1
Sty = 455, Py (2f3 o7 IR ep)ull + 5L (enes)

i,j=1
+th(f,h)(€i76j)> - WHV Al

Proof: Let {ey, ..., e, } orthonormal frame on M.

1 1
Then {— L et eV —ev} are a local orthonormal frame on

\/?61’ ’\/>n’\/>1’ )\/>n
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T M. Locally we obtain

va ZK(—eﬁ —f f) —i-'zn:f((\}fefl, \}Ee}/>
1

1 3h , 1
(fofteiner) = gl el + L enes

3,j=1

h 2 My 2
FamlROe el + 2 Bmlenes) ) = gl I

In order to simplify this last expression, we put w = » . ; u; X;, and therefore
i I R(ei,w)esl|* = 320y 1R (es, e5)ull®. u

Proposition 12 (T'M, G has constant scalar curvature if and only if (M, g) is
flat and f,h satisfies the PDE

| 2 1 a
Z —L(f,h)(ei, ej) + —B(ﬂh)(ei, 6]‘) - 74HVMh”2 ——==0. (13)
SN h 4h f

Proof: If S (f ’h) = So’h is constant scalar curvature of (7'M, G/*") , then the func-

tion p — S(f }6) = th is constant on (M, g) , equal to Sg7h
A — 2 By (enes)) — ||V n?
(p,0) — f3 + Z (f2 (f,h) (6“6]) + h7f (f,h)(el7ej)) - 4.fh4|| H :
i,j=1
Then
h
shh — Loy Z IR(ei, e;)ull®
U 3 3 v J
b = s+ gpi= g7 P

ho give > 71 [|R(es, ej)ull> =0and R = 0 (i.e. (M,g) is flat ). Then scalar
curvature of (M, g) is S, = 0, then

n

1 2 1t
f jzl (?L(f,h)(ei,ej)+EB(f,h)(ei,ej))—mnv h|? | = a(constant)
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or
3 ! 2 1 M2 @
”2:1 <?L(f,h)(€i,€j) + EB(f’h)(ei,Cj)) - TI#HV h|? — 7 -0
[ |
Conclusion

Several authors have studied the geometry of the tangent bundle 7'M endowed
with different metrics, of a Riemannian manifold (M, g). We introduce a new kind
of metrics denoted G on TM as multiplication with strictly positive smooth
functions in M, in the vertical and horizontal parts of Sasaki metric. We call this
metric the twisted Sasaki metric. After, computing its Levi-Civita and the curvature
tensor, we studied the geometry of (T'M,G/") by giving a relationships of the
curvatures, Einstein structure, scalar and sectional curvatures between (T'M, G/
and (M, g). A non-flat metric G/" has been obtained if the functions f, h does not
satisfy the Eikonel equation and the metric G/ can be Einstein metric on TM
without the basic metric g being flat.
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