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BLOW-UP PHENOMENA FOR THE YAMABE
EQUATION II

SIMON BRENDLE & FERNANDO C. MARQUES

Abstract

Let n be an integer such that 25 < n < 51. We construct a
smooth metric g on S™ with the property that the set of constant
scalar curvature metrics in the conformal class of g is not compact.

1. Introduction

Let (M,g) be a compact Riemannian manifold of dimension n >
3. The Yamabe problem is concerned with finding metrics of constant
scalar curvature in the conformal class of g. This problem leads to
a semi-linear elliptic PDE for the conformal factor. More precisely, a

4
conformal metric of the form u»—2 g has constant scalar curvature c if
and only if

(1) —

where A, is the Laplace operator with respect to g and R, denotes the
scalar curvature of g. Every solution of (1) is a critical point of the
functional

4(n—1 n
MAgu—Rgu—i—cuTﬁ:O,

S (% |du|? + Ry u?) dvoly
(Jus un dvolg) ™
In this paper, we address the question whether the set of all solutions to
the Yamabe PDE is compact in the C?-topology. It has been conjectured
that this should be true unless (M, g) is conformally equivalent to the
round sphere (see [15], [16], [17]). The case of the round sphere S™ is
special in that (1) is invariant under the action of the conformal group
on S™, which is non-compact. It follows from a theorem of Obata [14]
that every solution of the Yamabe PDE on S" is minimizing, and the
space of all solutions to the Yamabe PDE on S™ can be identified with
the unit ball B"*!. Note that the round sphere is the only compact
manifold for which the set of minimizing solutions is non-compact.
The Compactness Conjecture has been verified in low dimensions
and in the locally conformally flat case. If (M, g) is locally conformally

(2) Ey(u) =
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flat, compactness follows from work of R. Schoen [15], [16]. Moreover,
Schoen proposed a strategy, based on the Pohozaev identity, for proving
the conjecture in the non-locally conformally flat case. In [12], Y.Y. Li
and M. Zhu followed this strategy to prove compactness in dimension
3. O. Druet [6] proved the conjecture in dimensions 4 and 5.

The case n > 6 is more subtle, and requires a careful analysis of the
local properties of the background metric g near a blow-up point. The
Compactness Conjecture is closely related to the Weyl Vanishing Con-
jecture, which asserts that the Weyl tensor should vanish to an order
greater than "T_G at a blow-up point (see [17]). The Weyl Vanishing
Conjecture has been verified in dimensions 6 and 7 by F. Marques [13]
and, independently, by Y.Y. Li and L. Zhang [10]. Using these re-
sults and the positive mass theorem, these authors were able to prove
compactness for n < 7. Moreover, Li and Zhang showed that compact-
ness holds in all dimensions provided that [W,(p)| + [VWy(p)| > 0 for
all p € M. In dimensions 10 and 11, it is sufficient to assume that

[Wy(p)| + [VW,4(p)| + |V2Wg(p)] > 0 for all p € M (see [11]).

Very recently, M. Khuri, F. Marques, and R. Schoen [9] proved the
Weyl Vanishing Conjecture up to dimension 24. This result, combined
with the positive mass theorem, implies the Compactness Conjecture for
those dimensions. After proving sharp pointwise estimates, they reduce
these questions to showing a certain quadratic form is positive definite.
It turns out the quadratic form has negative eigenvalues if n > 25.

In a recent paper [4], it was shown that the Compactness Conjecture
fails for n > 52. More precisely, given any integer n > 52, there exists
a smooth Riemannian metric g on S™ such that set of constant scalar
curvature metrics in the conformal class of g is non-compact. Moreover,
the blowing-up sequences obtained in [4] form exactly one bubble. The
construction relies on a gluing procedure based on some local model
metric. These local models are directions in which the quadratic form
of [9] is negative definite. We refer to [5] for a survey of this and related
results.

In the present paper, we extend these counterexamples to the dimen-
sions 25 < n < 51. Our main theorem is:

Theorem. Assume that 25 < n < 51. Then there exists a Riemann-
ian metric g on S™ (of class C*) and a sequence of positive functions
vy, € C®(S™) (v € N) with the following properties:

(i) g is not conformally flat,

(ii) vy is a solution of the Yamabe PDE (1) for all v € N,
(iii) Ey(vy) <Y (S™) for allv € N, and E4(v,) — Y (S™) as v — oo,
(iv) supgn v, — 00 as v — 0.

(Here, Y (S™) denotes the Yamabe energy of the round metric on S™.)
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We note that O. Druet and E. Hebey [7] have constructed blow-up
examples for perturbations of (1) (see also [8]).

In Section 2, we describe how the problem can be reduced to find-
ing critical points of a certain function F,(§, ), where £ is a vector in
R™ and € is a positive real number. This idea has been used by many
authors (see, e.g., [1], [2], [3], [4]). In Section 3, we show that the func-
tion F4(&,€) can be approximated by an auxiliary function F'(£,¢). In
Section 4, we prove that the function F'(£, ) has a critical point, which
is a strict local minimum. Finally, in Section 5, we use a perturbation
argument to construct critical points of the function F4(&,€). From this
the non-compactness result follows.

The authors would like to thank Professor Richard Schoen for con-
stant support and encouragement. The first author was supported by
the Alfred P. Sloan foundation and by the National Science Founda-
tion under grant DMS-0605223. The second author was supported by
CNPq-Brazil, FAPERJ and the Stanford Mathematics Department.

2. Lyapunov-Schmidt reduction

In this section, we collect some basic results established in [4]. Let

loc

20 n 1,2 mn 2
Ez{wELn2(R)ﬂW (R):/ |dw] <oo}.

By Sobolev’s inequality, there exists a constant K, depending only on

n, such that
_2n_ nT_Q 2
w2 <K [ |dw|
n Rn

for all w € £. We define a norm on € by |[w||2 = [z |[dw|*. Tt is easy
to see that &, equipped with this norm, is complete.

Given any pair (£,¢) € R" x (0, 00), we define a function u( .y : R" —
R by

n—2

3 2
U(ge) (@) = (m) |
The function u ) satisfies the elliptic PDE

n+2

Aoy +n(n —2) u(’ic_;) =0.

R CURY
n—2 __
/n Yee) (4n(n - 1))
for all (§,¢) € R™ x (0,00). We next define

It is well known that

- € nTH 62—\33—5‘2
@(5,&,0)(@ - <€2+ |w_£‘2) €2+ ‘$_£‘2
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and

_ € 3% 2e (zx — &)
Plech)(t) = (52 Flz— §|2> 2 |z — €2
for k =1,...,n. Finally, we define a closed subspace £ .y C & by

E(g,g)—{wegz/ Peeryw =0 fork—O,l,...,n}.
R’ﬂ

Clearly, Uge) € 5(576).

Proposition 1. Consider a Riemannian metric on R™ of the form
g(z) = exp(h(x)), where h(x) is a trace-free symmetric two-tensor on
R™ satisfying h(x) = 0 for |x| > 1. There exists a positive constant
ap < 1, depending only on n, with the following significance: if |h(x)| +
|Oh(z)| + |0*h(z)| < o for all x € R™, then, given any pair (£,¢) €
R™ x (0,00) and any function f € L%(R”), there exists a unique
function w = G¢ o) (f) € E¢ ) such that

4

n—2 A
/n ((d’llh dw>g + mR@dﬂﬁ — n(n + 2)u(£75)w¢) = - fq][)

for all test functions 1 € E ..

Moreover, we have ||w|g < C

< Cfll 20, where C is a constant
L7+2 (Rn)

that depends only on n.

Proposition 2. Consider a Riemannian metric on R™ of the form
g(z) = exp(h(zx)), where h(x) is a trace-free symmetric two-tensor on
R™ satisfying h(x) = 0 for |x| > 1. Moreover, let (§,€) € R"™ x (0,00).
There exists a positive constant oy < «q, depending only on n, with the
following significance: if |h(x)| + |0h(x)| +|0?h(x)| < a1 for all x € R™,
then there exists a function v(¢ o) € € such that vie o) — U o) € E¢ o) and

n

-2 4
/n (<dv(s,e), Wgt T 1) Foten V=n=2) oo™ Ve @Z’) =0
for all test functions ¢ € E¢ o). Moreover, we have the estimate

o) — ugeelle

n—2 =
< C||Aguies) - M= 1) Totea TR =D uiea|| gy

where C' is a constant that depends only on n.

We next define a function Fy : R” x (0,00) — R by

_ 2 n—2 2 2 2n
Fy(&e) = /Rn (|dv(§,a)|g + =D Ry vig .y — (0= 2)" vl 2)

—9(n—2) <45(7(%Sj)1))g

If we choose a1 small enough, then we obtain the following result:
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Proposition 3. The function Fy s continuously differentiable.
Moreover, if (£,€) is a critical point of the function F,, then the function
V(g S a non-negative weak solution of the equation

A n—2 nt2
gv(&g) — 74(71 — 1) Rg U(E_,s_) + TL(TL — 2) U(g,é) =0.

3. An estimate for the energy of a “bubble”

Throughout this paper, we fix a real number 7 and a multi-linear
form W : R® x R” x R™ x R" — R. The number 7 depends only on the
dimension n. The exact choice of 7 will be postponed until Section 4.
We assume that W satisfies all the algebraic properties of the Weyl
tensor. Moreover, we assume that some components of W are non-zero,
so that

n
Z (Wijm + Wilkj)Q > 0.
i,5,k,1=1
For abbreviation, we put

n
Hi(z) = Z Wipkq Tp T4
pyg=1
and
Hix(z) = f(ja]*) Hix(z),
where f(s) = 7+5s—s%+ 35 s°. It is easy to see that H,j,(z) is trace-free,
Yoy wi Hig(x) =0, and )" 0;Hj(z) = 0 for all z € R™.

We consider a Riemannian metric of the form g(x) = exp(h(z)),
where h(z) is a trace-free symmetric two-tensor on R” satisfying h(x) =
0 for |z| > 1,

|h(2)| + |0h(@)] + |0%h(2)] < a1
for all x € R", and

hie(x) = pA° F(N72 |2|*) Hy(2)
for || < p. We assume that the parameters A\, p, and p are chosen
such that g < 1 and A < p < 1. Note that > ", x; hix(x) = 0 and
Yoy Oihig(x) = 0 for |z| < p.

Given any pair (£,¢) € R"™ x (0,00), there exists a unique function
V(e,e) such that vie o) —ue o) € E¢ ) and

n—2 4
/Rn <<dv(§,e)a Wgt T 1) Foen Y=n=2) o)™ Ve 1!)) =0

for all test functions ¢ € £¢ ) (see Proposition 2).
For abbreviation, let

Q:{(ﬁ,a)eR”xR:|§]<1,;<8<2}.
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The following result is proved in the Appendix A of [4]. A similar
formula is derived in [2].

Proposition 4. Consider a Riemannian metric on R™ of the form
g(z) = exp(h(zx)), where h(x) is a trace-free symmetric two-tensor on
R™ satisfying |h(z)| < 1 for all x € R™. Let Ry be the scalar curvature
of g. There exists a constant C, depending only on n, such that

1 1
‘Rg — 0;0khi, + 0;(hj Oxhiy) — 3 Oihit Oy + 1 Oy, Orhg,
< C'|h?|0%h| + C || |0h%.

Proposition 5. Assume that ({,¢) € AQ. Then we have

HA n-Z2 p Fnn -2l
u —_ u nn — u
IHEE) T Y —1) T TE (3] L2 &)
A n;Q

<CNu+C (p)

and
n— 2 nt2
HAQU(&E) — 74(,” — 1) Rg Uge) + n(n — 2) u(g’;)
+ > uA FONTP (o) Hig(2) Qi0kue o) ||
=1 L7+2 (Rn)

n—2

<ONTE 2t e (2) 2

Proof. Note that >, O;hix(x) = 0 for |z| < p. Hence, it follows
from Proposition 4 that

|[Ry()| < C |h(2)[*10°h(z)| + C |Oh(2)* < C p? (A + |z])*

for |z| < p. This implies

n—2 ai2
Aguge oy — 74(n Y Rguee + n(n —2) Ul )
- ik n—2
= Z 0; [(g — i) (9ku(§,a)} in—1) Ry ue )
ik=1
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and
n—2 -
[Agugeq) - I =1 o tee Tnn—2)u + D ik 0:0kuqe e
i k=1
= ik n—2
- ‘ Z 0 [(9" — Gik + hik) Ok c)] — in=1) Ry ue,e)
ik=1

<ONT @2 (A+ |z))10"

n— 8(n+2)
SCONT 2 (At [z]) o

b 1

for |z| < p. From this the assertion follows.

Corollary 6. The function v ) — u) satisfies the estimate

n—2

A

8 2
loige) = weol 22y gy S CX 1+ C (;)
whenever (€,e) € Q.

Proof. Tt follows from Proposition 2 that

HU(E%E) - u(gva) HL%(RTL)
n—2 4
< O||agueq - I = 1) Toten T =i s

where C is a constant that depends only on n. Hence, the assertion
follows from Proposition 5.

We next establish a more precise estimate for the function v o) —
u¢,e)- Applying Proposition 1 with i = 0, we conclude that there exists
a unique function we ) € E¢ ) such that

_4
/ ) (<d%,a>’ dip) = n(n+2) ufe Jwie, ¢)

= 30 A O ) Hae) D v
ik=1

for all test functions ¢ € E¢ ).

Proposition 7. The function w .y is smooth. Moreover, if (§,¢) €
ASY, then the function w ) satisfies the estimates

n—2 .
0 ()] < CAF w A+ o)

n=2 .
[Owee (@) < AT p(A+[a])”

n—2 —n
P wieey(@)] <CAZ (A + [z])®
for all x € R™.
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Proof. There exist real numbers by (€, ) such that

/Rn <<dw(§€),d¢> —nn+2)u uie )w(fa) ¢>

~ [l 3 A Ol Hire) D
R"~ _

+Zbk (& ¢) / Pleek) ¥

for all test functlons 1 € £. Hence, standard elliptic regularity theory
implies that we ) is smooth.

It remains to prove quantitative estimates for w¢ ). To that end, we
consider a pair (§,¢) € AQ. One readily verifies that

4

| 32 wx s 2?) Hu@) ke | sy < CNPp
ik=1 " @)
As a consequence, the function w¢ ) satisfies Hw(E,E)HL%(Rn) <CMupu.

Moreover, we have > 1_ |bx(&,€)| < C A3 . This implies

4
}Awgs +n(n+2)u(7)w5€)‘

Z pA® (A2 [@]?) Hig(2) 0;0kue ) — Z br(€,¢) /Rn P(e.e k)
pr

ik=1
<ONT (A + [z
for all x € R™. We claim that

n—2
sup (A+ J2) 7" e () < O N
TER™

To show this, we fix a point 29 € R™. Let r = 1 (A + |20|). Then

4 2
Ug e) (x)n—2 <Cr~
and
n=2 -n
‘Aw(& +n(n+2)u, (5 ) (f,a)‘ <CMA>2 Mr8

for all x € B,(xp). Hence, it follows from standard interior estimates
that

n—2

P2 e (@) < O ueall, my

4

+CrtE HA“’EE) +n(n+2)ui ) wee HLoo (Br(20))

n—18

<ONu+CNT pur "
<CXpu
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Therefore, we have

n—2
Sup A+ [2]) 77 Jwgee (@) < CA°p,
TER™

n—2
as claimed. Since sup,egn [7| 2 |we ) (7)] < oo, we can express the
function w . in the form

1 —Nn
3) w(g,e)(x) = —m /Rn |z — ?sz Aw(g,e)(y) dy

for all x € R"™.
We are now able to use a bootstrap argument to prove the desired
estimate for w .. It follows from (3) that

SgﬂgL(A + ) fwg.e (2)] < € Seuﬂgl(/\ + [2])7 2 | Awe o) (2)]

for all 0 < 6 < n — 2. Since
4
[Awg o) (@)] < n(n+ 2) ue o) () "2 [wig,e) (@)]
FONT p(A+ [z))B
for all z € R™, we conclude that
sup (A + [2])” |w(e o) ()] < CN* sup (A + &))" |wie o) (@)

reR™ reR™
18

+ 0N

for all 0 < 8 < n — 10. Iterating this inequality, we obtain

n—2
sup (A [a])" 0 [we o ()] < CAT
r€eR™
The estimates for the first and second derivatives of w . follow now
from standard interior estimates.

Corollary 8. The function v(¢ o) —U(e o) — W) Satisfies the estimate

8(nt2) nt2 A n=2
[0(e,e) — ugee) — w(g,a)HL 2n <CArn=z pn—24C ( ) 2

=2 (Rm) T p
whenever (&,e) € AQ.
Proof. Consider the functions
Br = ail(g" — ) Owwies)] - 4(nn__21) Ry wie ey
ik=1

and

n
By= Y uX0 fO2 ) Hix(x) e
i,k=1
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By definition of w¢ ., we have

n—2 -
/Rn (<dw(§,s)7 dip)g + (= 1) o) Y —n(n+2) ui 3w ¢)

= - / (B1+ Ba) v
for all functions ¢ € ¢ .y. Since we o) € ¢ ey, it follows that
Wge) = —Gee)(BL + Ba).
Moreover, we have

Uge) — Uee) = Gee) (B3 +n(n —2) By),

where
n— 4
B3 = Ag’UJ(g’E) — m R U(ﬁ €) + n(n - 2) U(&E)
and

n+2 4
n—2 n + 2 -2

4
By = |vge)| "2 vge) — U —

Thus, we conclude that
V(o) — U(ee) — Wee) = Glee) (Br+ B2 + By +n(n — 2) By),

where G ¢ . denotes the solution operator constructed in Proposition 1.
As a consequence, we obtain

||U(§’6)—U(£’6)— 55 HLn 2(R CHB1+BQ+B3+TL(TL 2 B4H R")

It follows from Proposition 7 that

n— n— 8(n+2)
1Bi(z)] < CA' T 2 (A + [2) 07" < AT 2 (A + Jaf) e

for |z| < p and

—-n

[Bi(@) < ON'T plaf*™"
for |x| > p. This implies
8(n+2) AN T
Byl 2, SCARE g2 Cptu(2) 7
1Bl 2y gy < e+ C % p ;

Moreover, observe that

(n+2) 5
1B2+ Ball 2, 0 < <OAE 24O (p)
by Proposition 5. Finally, Corollary 6 implies that
n+2
" < _ n—2
HB4HL”2T2(R,L) < Clvee) — weel T
)\ n+2

8(n+2) n
<O Nz W*2+c( ) 2
P
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Putting these facts together, we obtain

o) = uiee) = wigoll 2y gy <

This completes the proof.
Proposition 9. We have

n—2
'/ ldvie oyl — ldue q |g + 74(11 Y R, (U(Q&E) - u% ’6))>

4

4 -3
. n(n —2) (lvee ™2 —uls ) uee) Ve

2n

2n_ n_3
- /]Rn n(n = 2) (Jvgel™2 —ug )
- /Rn D A FT? |2?) Hin(x) 0i0kuqe ) wie o)
i,k=1

< C At M% —|-C)\8,u(2) = +C<é)n72

whenever (§,€) € AL

Proof. By definition of v ., we have
n—2

<oNE o ()T

235

/R (Idvie) 2 = (duge oy, dvgey)s + I = 1) T s (Vo) i)

4
- / = 2) o [ "2 Ve (V) — ee) = 0.
Using Proposition 5 and Corollary 6, we obtain

n

n+2
- / n(n = 2)uf ) (Vee) = Uee)

/ Z pA® FOT2 [2]?) Hig (%) i0uge o) (v(e.e) — tie.e))

i,k=1
n—2 nt2
< HAQU(&E) T In=D Rgue o +n(n—2) u ,52)

+ ) pA® FOAT [2)?) Hig(= ) 0i0kuee) |,
ik—=1

v = weoll

iz (Rn)
2n
L7n—2 (R")

gC/\iG’Zﬂ?’JrCA%(;‘)V +C(2)n2.

—2
/ i ({duge.o), dvge.o))y = lduges |2 + = 1) Foten) (Ve — ues))



236 S. BRENDLE & F.C. MARQUES

Moreover, we have
‘ /R D nA FOT o) Hik () 0i0ku(e,e) (v(e.e) — Uiee) — Wiee)
i, k=1

< OX o) — uee) — wiee) I 122 )

n—2

< OB s+ O N (5)T
p
by Corollary 8. Putting these facts together, the assertion follows.
Proposition 10. We have

4 4 2 2n

_4_ = _2n_ o
/R o)™ = ui ) uee viee — - /Rn(’”(asﬂ”‘Q ~ Uge)

= +O(2)”

whenever (&,e) € AQ.

Proof. We have the pointwise estimate

4

4
’(\%e)\m — U ) Uige) V(ge) —

n—2

2n_
Vg2 — Uiee )

2n
0 |
2n_
< Cluee) —ueel™?,
where C' is a constant that depends only on n. This implies

/R Mlvge™2 = ) wee) viee) — /R (vl —ugy)

3 B 2n
< Cllvge) — ugo| LA (Rn)

16n  2n A\
S C)\n72 /}[/n72 —+ C <7)
p
by Corollary 6.
Proposition 11. We have

2 n—2 2 2
- (Idugeo 2+ I =1) Fothee) —nn =2y 2)

1 n
— = hz‘l hkl &u ﬁku
/Bp(()) 2 Z (576) (575)

ik,l=1
+/ n=2 zn: (Orhix)? u?
B,,(O) 16(n — 1) ikl (E’E)

<CAE P4 (2)"_2

whenever (&,e) € AQ.
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Proof. Note that

9" (x) = Sip + hag () — = Z hir(z) haa (z

3 24 16n
< CR@ < O (4 e < Cpd (A + [a]) 5
for |z| < p. This implies

'/ (Iduge |2 — |due o °) + /thkauga (e 2

i,k=1

/ Z hit hia Oitige ) ke )
By (0 zkl 1

< CA"‘2u3/ (A+ya;\)i6’5+2‘2"+cv—2/ O+ [z[)2-2"
B, (0) R™\ B, (0)

<CAE 34 C (2)"_2.

By Proposition 4, the scalar curvature of g satisfies the estimate

n

‘R +% 3 (8lhl-k(a:))2’

i,k,l=1
< C|h(@)]? |0*h(2)| + C |h(z)| |0h(z)]”

< O (At Jal) < O (At fal) 2272
for |z| < p. This implies

1
R, u? +/ -
/]R" 9 7 (&) B,,(o)4

gC’)\"_2,u3/ ()\+|£L‘|) 2+2 2n+0)\n 2/ ()\+|x|)4—2n
B,(0) R7\B,(0)

> (Ohie)* ue

i,k =1

n A n—2
SC)\%M?’—%C;)Q(*) .
p
At this point, we use the formula
Out(e.0) Oktu(e.) ~ g1y Odh(uce))

1 2 2
= = (ldugeq)|? - -1 A ) S

Since h;; is trace-free, we obtain

Z hik Ot (g ) Ok ) = (n—l Z it Did(u(e ),

i,k=1 i,k=1
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hence

- n —
/ D hak i) Osugee) = / m Z O:Dchik (e -
i k=1

i k=1
Since Y1, O;hig(x) = 0 for |z| < p, it follows that

<C Wy < C P (A)H.

h;ir O;u O
Z T R\ B, (0) p

Zkl

Putting these facts together, the assertion follows.

Corollary 12. The function F4(&,€) satisfies the estimate

Fy(€,¢) / Z hit gt Oiue o) Ok e )
By(0

i,k,l=1

n

n—2
R T
B,(0) 16(n — 1) Z(l ) Ui,

ik,l=1

—/R D uAS T |2?) Hin(x) 0i0ku(e ) wie )
ik=1

n  _2n A
< O Ans un2—2 +C Ny (—)
p
whenever (§,€) € AQ.

4. Finding a critical point of an auxiliary function

We define a function F :R™ x (0,00) — R as follows: given any pair
(&,e) € R" x (0,00), we define

/ Z ) Hp(2) Oiuge o) () e o) (2)

zkl 1

n—2 -
- /]Rn 6= 2 OFw@) ues @’

i,k,l=1

/ Z Hip(= aak’ufa)( T) 2 (5,5)(33),

i,k=1

where z(¢ .y € E¢ . satisfies the relation

[ (e i) = -+ 2) e (@77 5. 0)

/ Zszaaku(EE ¢

i,k=1
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BLOW-UP PHENOMENA FOR THE YAMABE EQUATION II

the function F(&,¢) has a critical point.

Proposition 13. The function F(, ) satisfies F(€,e) = F(—&,¢)
for all (§,e) € R™ x (0,00). Consequently, we have %F(O,E) =0 and

&L;&)F(O,E)ZOforall5>0andpzl,...,n.

Qa

Proof. This follows immediately from the relation H;x(—x) = H ().

Proposition 14. We have

[ MCEATI
0B (0) ii=1
2 o )
- m ’S 1‘ Z (Wipkl + Wilkp) (Wiqkl + Wilkq) pnts
1,k l=1

1 n

Sn—l W Wors 25 n+3
+ 771(”4_ 2) ’ | ij;_l( ikl + Witkj)® Opg 7

nd
/ Z Hy(2)? xp g
9B, (0)

ikh=1
n
(1) |S™ L Z (Wipk + Witkp) Wigkt + Wiggg) r™°
idd=1
n
1P Wikt + W) 6pg .
i jded=1

2
n(n +2)

1
2t )

Proof. See [4], Proposition 16.

Proposition 15. We have

/ Z (O H i (x))* p 4
0By (0) ided=1
2 . n
- n(n+2)(n+4) " Z (Wipkt + Witkp) Wigkl + Wiikg)
ik l=1

[ 4) F%)? 4 802 (%) 112 + 4t ()]

n

1
st Wikl + Wik;)? 0
a2 (ks W)

o (04 4) £ + 48 F67) £+ 2 102,
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Proof. Using the identity
OH i (x) = f(|2*) O Hir(x) + 2 f'(|2]*) Hig ()

and Euler’s theorem, we obtain

n

> (OH(x))
iel=1

n

= f(lz*)? | (O Hip(2))?

+4 f(I2*) f(

(Iz*) Zsz ) 1 Oy Hir,(2)
i,k,l=1

+4lz? f(|2[*) ZHm

i,k=1
= (=) D (OHi(x))?
id=1

+ [8F(2l?) f/(|2) + 4] £ (1) Z Hi(x

i,k=1

Hence, the assertion follows from the previous proposition.

Corollary 16. We have

n

[ @l
9Br(0) ; k. 1=1
1 3 n
ETCED)] 1S Wikt + W)

i,k =1

(4 2) Fr2)2 4+ 402 () £(2) + 20 ()2
Proposition 17. We have
n—2 -

_ gn—1 Wi, Witk 2
16n(n —1)(n +2) | | Z.j%:zl( skt + Witky)

oo
i / 8n—2 (62 + T?)Q—n rn-i—l
0

. [(n+ 2) F(r2)2 + 472 F(2) £ (r2) + 2173 f’(r2)2} dr.
Proof. Note that z(.)(z) = 0 for all x € R™. This implies

F(0,e) =

n

FO.) == | G E PP Y @l

ik,l=1
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Using Corollary 16, we obtain

This proves the assertion.

Proposition 18. The function F(0,e) can be written in the form

n

n—2
0.8 = T2 2 (Wi W)
I’J’k’lzl
o0
'[(62)/ (1+T2)27nrn+7dr7
0
where
n—12n—10 n—12
I(s) = —8)72s* +10 —10)7s*
(s) 56 nid (n )TE 87+ 76 (n )T s

n—12 4
+(25 o (n+8)—2(n—12)7>3

n+8
("%
n+38 3n+5236_ n+8 n+10 n+2437
n— 14 2 n—14n—16 10
n+8 n+10n+12n+32 4
n—14n—16n—18 400 =~

T —10(n + 12)) &

Proof. 1t is straightforward to check that
(n+2) f(5)* +4s f(s) ['(s) + 257 f'(s)?

= (n+2)7° +10(n +4)7 5 + <25(n +8)—2(n+ 6)7’) s

2 24 2
(n+8 3n+5 84_71—1— S5+n+3 <6

~10 12)3
7= 10(n+12)) 57+ — 10 400
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This implies
/oo 5n—2 (62 + T2)2—n ,r,n—i-l
0
0+ 2) £+ 402 £62) £ + 2 102 dr

e}
=(n+2)7%et / (14 r2)2 et gy
0

o0
+10(n +4)7 £° / (14 r2)27" e 3 gy
0

+ <25(n +8)—2(n+ 6)7‘) e8 / (14 r2)277 e t5 g
0

+ <n$8 T —10(n + 12)) 510/ (1+ 7’2)27" 7 dr
0
2

n + 24 o1
10

32 o0
nllgo 816/0 (1+r2)27”7’n+13d7’.

2 o
4 3n+5 612/ (1+ T2)2—n FH9 gy
0

[ee]
/ (1 _|_ ,',,2)2—71 ,,,_71+11 d’f‘
0

Using the identity

(o, ¢] 1 o
/0 (1+ 722 P2 gr = 2n6——; — /0 (1+ 7228 dr,

we obtain
/ 5n—2 (52 + T2)2—n ,r,n+1
0
[+ 2) 1627 445 502 £02) 20t £ )]
=1(e%) / (14 r)2 "yt dr,
0
This completes the proof.

In the next step, we compute the Hessian of F' at (0, ¢).
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Proposition 19. The second order partial derivatives of the function
F(&,¢) are given by

82 2 _n— 2
e P00 = [ 2P ) Zsz

(0 =2 a2 2 NS (9T ()2
_/n € (e +z|%) Z (O H ir () wp 74

n — 2)2 - H
+ /n 3201—21)5”2(82 + ‘xmlin‘ (alHik(x))Z‘qu'

Proof. See [4], Proposition 21.

Proposition 20. The second order partial derivatives of the function
F(&,¢) are given by

32
0,e
9¢, %, F(0,¢)
n(n + 2)(n + 4) ’ ‘ iy kzl:l(Wlpkl + Wzlkp) (qukl + Wzlkq)
/ "2 (e? +1?) ”"+5[2f +T‘f()}r
0
_ (n — 2)2 qn— 1 -
2n(n +2)(n+4) Cl kz Wijki + Witkj)? Opq
/ 5n72 (52 _’_T2)7n ,rn+5 [2 f(TQ) f/(T2) —I-T‘2 f/(r2)2} dr
0
(n—2)° 1y y 2
+ dn(n —1)(n+2) 15" ij;ZI(kal + Witk)” Opq

o
. / Ean (52 4+ 7,2)1711 T,n+5 f/(T’Q)Z dr.
0
Proof. Using the identity

/8 N gﬂpl (2) F ()

n
N / > Wikt Wigmi @i 2 g 2m f(|2]?)?
OBr(0) i jkel;m=1

_ 1 n—1
n(n+2) CH

Z Wipkt Wiqgmi (81 Ok —+ 0k Ojm + Oim 0;1) 7™ T2 f(r?)?
ik lm=1
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1 —ll .
= m(n+2) 151 Z (Wipkt + Witkp) Wigkt + Wikg) 72 £(r?)?,
i,k,l=1

we obtain

n

/ 22 4 2P) S Hole) Hole)
" ik =1
n

1571 Z (Wipkt + Witkp) Wigkr + Witkg)
i1

1
- 2n(n+2)

. / eV (e2 4 r2) TS £ (r2) 2 dr.
0

Similarly, it follows from Proposition 15 that

n

/nsn_Q (e2 + |z|?)™ Z (@Fik(ﬂ?))pr Zq

i,k,l=1
9 n
_ n—1 : : : :
- n(n + 2)(n + 4) |S | ”;l:l(szk;l + Wzlkp) (Vqukl + Wzlkq)

oo
i / 8n—2 (82 + ?”2)_” Tn+3
0

. [(n +4) F(r)2 + 82 f(r2) f/ (%) + 4t f(r?)? | dr

n

1 _
+n(n+2)(n+4)‘5 ' Z(

,7,k,1=1
[eS)
. / En72 (52 + T,Q)fn T,n+3
0

() £ 22 162) F02) + 2 ()]

Wikt + Witk )? Opq

Moreover, we have

n

/ 2 (2 4 o) S (O (2))20,

i,k =1
1 n
= TL(TL + 2) ’Sn_1| Z (Wijk:l + Wilkj)2 5pq
iajzkzlzl

0o
. / 5n—2 (62 + T2)1—n T,n—i-l
0

e+ 2) £+ 4 167) 102) 4 20 ()2 dr



BLOW-UP PHENOMENA FOR THE YAMABE EQUATION II 245

by Corollary 16. A straightforward calculation yields

(€ + ) (0 +2) F(°)2 + 47 £ (7)) f1 ()]

— 2(1’L _ 1) (62 + ,r,2)—n Tn+3 f(T2)2 + % [(62 + r2)1—n Tn+2 f(?"2)2] .

This implies

n

/n "2 (2 4 |z)?)t Z (0, H ix(2))? dpg

ik, =1
2(n —1) -
= ——C 8" 1| (Wijn + W‘lk’)25
)T 2 (Wt W) b

. / En—Q (62 + ,,,2)—n T,n+3 f(7“2)2 dr
0

9 - n
+ n(n+2) i Z (Wight + Witkj)” Opq
i g kil=1

oo
/ 6n—2 (82 +r2>1—n Tn+5 f’(r2)2 dr.
0
Putting these facts together, the assertion follows.

Proposition 21. We have

/OO gn_Q (62 _'_7,,2)—71 Tn+5 2f(7“2) f/(T2) +T2 f’(T2)21| dr

0
I [
0

where
n—10n-—38 n — 10
J(s) =10 2 75 — 471) §°
(S) n-+8 n—{—GTS +n—}—8( T)S
+<3 50) 23n—|—10 & _ 11n+10 n+12 §6
10" 2 n—12° 10n—-12n-14°

3 n+10n+12n+14 o7
80n—12n— 14 n—16

Proof. Note that

2f(s) f'(s) + s f'(s)
23 . 11 , 3

3
=1 4 <7 - ) L —
01 + (75 —41) s + 57 50 +25 e +808
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This implies

| @ e 2060 10 + 2 0 ar

0
o
:107'54/ (1472t g
0

+ (75 — 47) eb / (1+ 7‘2)_” P dr
0

3 o0
+ <7 T — 50) 8 / (1+ TQ)_” "9 dp
10 A

B IS
E e

3 o0
+ 0 gl4 /0 (14 r2) " 15 gy,

(o]
+ / (1 + T2)7n TTL+11 dr
0

)
/ (1 + 7,2)7n rn+13 dr
0

Hence, the assertion follows from the identity

o0 1 oo
/0 (1+7r2) P2 dr = 2nﬁ——;—3/0 (1+ 72" P dr.

Proposition 22. Assume that 25 < n < 51. Then we can choose
7 € R such that I'(1) =0, I"(1) < 0, and J(1) < 0.

Proof. The condition I'(1) = 0 is equivalent to

an72+bn7—|—cn:0,

where
b :307;1162 (n—10) — 8(n — 12) + ”;8
e = 100 2;162 (n+8) — 50(n +12) + 3 :184 (3n + 52)

n+8 n+10 n+24+ n+8 n+10n+12 n+ 32
n—14n—-16 10 n—14n—-—16 n—18 50
By inspection, one verifies that 49a, — 7b, + ¢, < 0 for 25 < n < 51.

Since a,, is positive, there exists a unique real number 7 < —7 such that
an 72+ by T+ ¢, =0. Moreover, we have

") —TI'(1) = ap 7+ Bn

and
J(1) =~y 7+ 0p,
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where
n—12 3(n+38)
= —10) -1 — 12 _
an, 30n—|—6 (n —10) — 16(n )+ 5
n—12 n+8
=2 -1 12 12 2
Bn 00n+6 (n+8) —150(n + 12) + n_14(3n+5)
35n+8 n+10n+24+3n+8 n+10n+ 12 n+ 32
n—14n—-16 10 n—14n—-16n—-18 25
n—10n—-8 4(n—10) 3
=10 — —
Tn nt8 nt6  n+8 10
n — 10 22 n+10 11 n+10n-+12
op =75 -0+ — ——
" n+8 Ty nC12 10n—12n-14

i n+10n+12 n+ 14

80n—12n—-14n—16
By inspection, one verifies that 7o, > 6, > 0 and 7v, > d, > 0 for
25 < n < 51. This implies I"(1) = a7 + Bn < —Tay, + B < 0 and
J(1) =y, 7+ 9y < =Ty, + 9, < 0. This completes the proof.

Corollary 23. Assume that T is chosen such that I'(1) = 0, I"(1) <
0, and J(1) < 0. Then the function F(, ) has a strict local minimum
at (0,1).

Proof. Since I'(1) = 0, we have %F(O, 1) = 0. Therefore, (0,1) is a
critical point of the function F'(&,¢). Since J(1) < 0, we have

[ 2067 116+ 5032 dr < 0
0

by Proposition 21. Hence, it follows from Proposition 20 that the matrix

%E&IF(O, 1) is positive definite. Using Proposition 18 and the inequal-

ity 1”(0) < 0, we obtain %F(O, 1) > 0. Consequently, the function
F(&,¢) has a strict local minimum at (0, 1).

5. Proof of the main theorem

Proposition 24. Assume that 25 < n < 51. Moreover, let g be
a smooth metric on R™ of the form g(x) = exp(h(zx)), where h(z) is
a trace-free symmetric two-tensor on R™ such that |h(z)| + |0h(x)| +
|02h(2)] < a < ay for all x € R™, h(z) =0 for |z| > 1, and

hie(x) = pX° (A2 |2]?) Hi(z)
for |z| < p. If a and p>~" =2 X718 are sufficiently small, then there
exists a positive function v such that

n_2 n+2

AgU—mRQU—FTL(TL—Q)Um :0,
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/n”n%2 < <47§£Sj)1)>g’

and Sup|, <y v(z) > AT Here, c is a positive constant that depends
only on n.

Proof. By Corollary 23, the function F(&,¢) has a strict local mini-
mum at (0,1). It follows from Proposition 17 that F'(0,1) < 0. Hence,
we can find an open set Q' C Q such that (0,1) € Q" and

F(0,1) < inf F(¢€) <0,
(0,1) e (&)

Using Corollary 12, we obtain
’fg()‘gu AE) - AIG :U‘2 F(é’ 5)|

16n  2n N A\ n—2
< n— n— 8 — —
< OAE s 4 O N “(p> +C( )
for all (§,¢e) € Q. This implies
INTIO LT T (N, Ae) — F(€,€))
SCONTE 7 4 O p T AT 4 O 2 A IE

for all (¢,¢) € Q. Hence, if p>~™ p=2 A"~ 18 is sufficiently small, then we
have

Fy(0, inf  F,(\E, Ae) < 0.
4(0, )<(57§)%39/ g(AE, Ae) <

Consequently, there exists a point (£, &) € €’ such that
F,O0ENE) = inf  F,(\E, Ae) < 0.
JOEA) = inf | 7,0 %)

By Proposition 3, the function v = V(\éae) IS a non-negative weak solu-
tion of the partial differential equation

n+2

" Ryv+n(n—2)vn—2 =0.

-2
4(n—1)
Using a result of N. Trudinger, we conclude that v is smooth (see [18],
Theorem 3 on p. 271). Moreover, we have

2(n — 2) / vt = 2(n — 2) (M) + Fy(\E,A8)

Agv —

dn(n — 1)
Y(S™) \2
2n - 2) (o)
<2n-2) dn(n — 1)
Finally, it follows from Proposition 2 that [[v —u (¢ \s) HL%(R") <Ca.

This implies

n—2
[BA(0)] 2 sup v(x)
lz|<A

Z ol 22y ) 2 A0 22y g ) — C

Hence, if « is sufficiently small, then we obtain AT SUp|y<i V() > ¢
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Proposition 25. Let 25 < n < 51. Then there exists a smooth
metric g on R™ with the following properties:

(i) gin(x) = i for |z| > 3.

(ii) g is not conformally flat.
(iii) There exists a sequence of non-negative smooth functions v, (v €

N) such that

n-2 g
ngUy+n(n—2)'Uy =0

for < an=n)’

for allv € N, and supj, <1 vy (x) — 00 as v — oo.

Agv, —

for all v € N,

Proof. Choose a smooth cutoff function 7 : R — R such that n(t) =1
for t < 1 and n(t) = 0 for t > 2. We define a trace-free symmetric
two-tensor on R" by

oo
hir(@) = Y n(AN? o —yn]) 27N F2N |2 — yn[?) Hir(z — yw),
N=Np
where yy = (%,0, ...,0) € R™ Tt is straightforward to verify that
h(z) is C*° smooth. Moreover, if Ny is sufficiently large, then we have
h(z) =0 for |z| > L and |h(z)| + [0h(z)| + [9°h(z)| < a for all z € R™.
(Here, « is the constant that appears in Proposition 24.) We now define
a Riemannian metric g by g(x) = exp(h(x)). The assertion is then a
consequence of Proposition 24.
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