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ON THE STRUCTURE OF SPACES WITH RICCI
CURVATURE BOUNDED BELOW. III

JEFF CHEEGER & TOBIAS H. COLDING

0. Introduction

This paper is the third in a series devoted to the study of the struc-
ture of complete connected Riemannian manifolds, M"™, whose Ricci
curvature has a definite lower bound and of the Gromov-Hausdorff lim-
its, Y, of sequences of such manifolds.

By [6], in the noncollapsed case, off a subset of codimension > 2,
such a limit space, Y, is bi-Holder equivalent to a connected smooth
Riemannian manifold (for the proof of connectedness, see Section 3 of
[7].) Additionally, even in the collapsed case, there exist natural renor-
malized limit measures, v, with respect to which Y is infinitesimally
FEuclidean almost everywhere.

In the present paper, we show that the renormalized limit measures
determine a unique measure class. Moreover, with respect to any fixed
such measure, v, a limit space, Y, is a finite union of countably v-
rectifiable spaces (in the sense of [18], p. 251) and the measure, v, is
absolutely continuous with respect to the relevant Hausdorff measure.
Thus, the regular part of Y is a finite union of spaces which, although
they are not given as subsets of Fuclidean space, have the properties
of countably rectifiable varifolds (whose dimensions might not all be
equal).

By employing rectifiability and a type (1,2) Poincaré inequality, we
give a short direct argument showing that associated to the Dirichlet
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energy, |Lip f|2, is a linear self-adjoint operator, A, the Laplacian on
functions; compare [3]. For compact spaces, (1 + A)~! is a compact
operator. We show in addition, that in the presence of a definite lower
Ricci curvature bound, the eigenvalues and eigenfunctions behave con-
tinuously under measured Gromov-Hausdorff convergence. From this
together with the Cheng-Yau gradient estimate, it follows that eigen-
functions of the Laplacian on our limit spaces are Lipschitz functions.
In particular, our results on the Laplace operator verify conjectures of
Fukaya; see Conjecture 0.5 of [19].

In order to describe our results in more detail, we will recall some
background.

After rescaling the metric, we can assume

(0.1) Ricym > —(n—1).

Let dgy denote Gromov-Hausdorfl' distance. As indicated above,
most of our results are phrased in terms of the structure of pointed

Gromov-Hausdorff limits of sequences, (M;*, m;) dox (Y,y), where
(0.2) Ricyp > —(n—1).

The renormalized limit measures arise as limits of subsequences of
normalized Riemannian measures, Vol; — v, where

1

(03) V() = S B omy)

VOIj(');

see [19] and [6]. In the noncollapsed case, i.e.,
(0.4) Vol(Bi(m;)) > v >0,

the measure, v, is unique and coincides with normalized Hausdorff mea-
sure; [13], [6].

A Radon measure, p, is said to satisfy a doubling condition if for all
0 <r < R and some k = (R, n), we have

(0.5) 11(Bay(2)) < 2°1u(Br(2)) -

If (0.5) holds for some £ < oo and all 0 < r < oo, then u is said to
satisfy a global doubling condition.

The relative volume comparison theorem (see [21]) implies that for
Riemannian manifolds satisfying (0.1), relation (0.5) holds with y = Vol,
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for all r < R, with £ = k(R, n). Thus, for renormalized limit measures,
v, relation (0.5) also holds for all » < R, with kK = k(R, n).

For Riemannian manifolds, M™, satisfying (0.1), the constant in the
type (1,p) Poincaré inequality (1 < p < oo) can be bounded in terms
of n,p and the diameter d; [2]. When formulated in terms of “upper
gradients” (see Section 1) this holds for limit spaces (Y,v) as well; see
[3] (p > 1) and Section 2 below.

A tangent cone, Yy, at y € Y is the pointed Gromov-Hausdorff limit
as r; — 0, of some sequence, {(Y,y,ri_ld)}. Here, d denotes the metric
onY.

A point, y is called k-regular if every tangent cone, Y,, at y, is
isometric to R¥. Let Ry denote the set of k-regular points and R =
Ui Ry, the regular sel. The singular set, Y \ R, is denoted S. By [7], we
have v(S§) = 0.

In Section 1, we consider pairs, (Z, ), where Z is a metric space
and p is a Radon measure, satisfying (0.5) and a Poincaré inequality of
type (1,p). We record some results of standard type which are required
in subsequent sections. In particular, for functions, f, with an upper
gradient, g € L,, we give a bound for the Lipschitz constant of the
restriction of f to a set of almost full measure; compare [16], [27], [29],
(32].

In Section 2, we consider an inequality called the segment inequality,
which involves a function, Fy(z1,22) : Z x Z — R, defined by integra-
tion of a nonnegative function, ¢ : Z — [0, 00|, over minimal geodesic
segments, v, from z; to z9. For Riemannian manifolds satisfying (0.1),
this inequality was proved in Theorem 2.11 of [5]. The segment inequal-
ity implies the existence of a Poincaré inequality of type (1,p), for all
p> 1.

We show that the segment inequality passes to limit spaces under
measured Gromov-Hausdorfl convergence; see Theorem 2.6. (Under the
assumption that the measure is doubling, the corresponding result for
the Poincaré inequality (p > 1) is proved in [3].)

In Section 3, we turn to the study of the detailed properties of limit
spaces satisfying (0.2).

Note that for g, a k-regular point, there is no specific requirement
on the rate of corgzergence as r — 0, of the family of rescaled spaces,
{(Y,y,r; 'd)}, to the tangent cone, R*. Equivalently, prior to rescaling,
on sufficiently small balls, B,(y), the convergence to R¥ takes place
at the rate o(r). For a > 0, a point, y, is called (k, c)-regular, if on
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sufficiently small balls, B,.(y), the convergence to R* takes place at the
rate, O(r'™®). The set of (k, a)-regular points is denoted Ry.q.

In Section 3, we show that v(Ry \ Ria(n)) = 0, for some a(n) > 0.
We also show that Ry, () is a countable union of sets, each of which is
bi-Lipschitz to a subset of RF.

In Section 4, we show that for limit spaces satisfying (0.2), on the
set, Ry;a(n), any of the renormalized limit measures, v, and Hausdor{f
measure, Hy, are mutually absolutely continuous. It follows that the
the collection of all renormalized limit measures determines a unique
measure class.

We also recover the fact that for so called polar limit spaces, those
for which the base point of every iterated tangent cone is a pole, the
Hausdorff dimension is an integer. This was already shown in [7], using
the result on renormalized volume convergence proved there.

In Section 5 we introduce p-rectifiable spaces, which are the ab-
stract version of finite unions of rectifiable varifolds. From the results
of Section 4 and the existence of bi-Lipschitz maps to R¥, established
in Section 3, it follows that our limit spaces are v-rectifiable. Indeed, it
can be arranged that the bi-Lipschitz constant is as close as one likes to
1.

In Section 6, we consider analysis on p-rectifiable spaces. It is clear
that Rademacher’s theorem on the almost everywhere differentiability
of Lipschitz functions has a simple extension to such spaces. (More
generally, one has the existence of a complex of differential forms which
locally are sums of forms type, fodfi A--- Adf;, where the f; are Lips-
chitz.)

We give a short direct proof that if for some p > 1, the type (1, p)-
Poincaré inequality holds in the sense of Section 1, then when viewed
as an unbounded operator, the operator, d, on functions, is closeable.
Equivalently, strong derivatives are unique. Note that in Section 4 of [3],
for p > 1, existence and uniqueness of strong derivatives was proved for
possibly nonrectifiable (Z, u) satisfying (0.5) and a type (1,p) Poincaré
inequality.

Under the assumption that the above mentioned bi-Lipschitz con-
stant can be chosen arbitrarily close to 1 (which holds for limit spaces
(Y,v)) it follows that there is a natural pointwise norm on differen-
tial forms. Moreover, for 1-forms, we have |df| = Lip f, where Lip f
denotes the pointwise Lipschitz constant of f. As a consequence, the
Dirichlet energy, |Lip f|3 is associated to a quadratic form and from the
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uniqueness of strong derivatives (p = 2) it follows that the correspond-
ing Laplace operator is linear self-adjoint; compare [3]. If in addition,
the underlying space is compact, then (1 + A)~! is a compact operator.

In Section 7, we show that on a compact limit space, (M, Vol,) dan
(Y,v), for which (0.2) holds, the eigenfunctions and eigenvalues of the
Laplacian are precisely the limits of the corresponding objects for the
manifolds, M. The existence of such a self-adjoint operator on Lo(Y, )
was conjectured by Fukaya; see [19]. As a particular consequence, it
follows that the eigenfunctions are Lipschitz.

We point out that Perelman has exhibited a noncollapsing sequence,
{M]}, of compact manifolds with positive Ricci curvature, converging
in the Gromov-Hausdorfl sense to some compact space, Y, such that
the corresponding sequence, {b2(M]")}, of second Betti numbers is un-
bounded. This shows that our results on functions cannot be extended
to 2-forms; compare also [31].

We wish to thank Juha Heinonen for helpful comments.

1. Consequences of the Poincaré inequality

For the convenience of the reader, in this section we collect some
standard results concerning upper gradients (which concept was defined
in [27]).

Let Z be a metric space and let f : Z — R be a Borel function
on Z. Let g : Z — [0,00] be a Borel function such that for all points,
21,79 € Z and all rectifiable curves, ¢ : [0,4] — Z, parameterized by
arclength, s, with ¢(0) = 21, ¢(¢) = 29, we have

4
(L.1) Flz) = F(2)] < /0 gle(s)) ds.

In this case, ¢ is called an upper gradient for f.

As a particular example, consider the case in which f is Lipschitz.
We define the Borel function, Lip f, by

(1.2) Lip f(z) = limsup
r—0 2.z

where 2z’ € B,(z). Clearly, (1.1) holds with ¢ = Lip f; see [3] for further
discussion.



42 JEFF CHEEGER & TOBIAS H. COLDING

Let Z carry a Borel measure for which 0 < r < oo implies 0 <
w(B,(z)) < . For [ € Ly, set

(1.3) ]{]fduzﬁ/(]fdu,

and
(1.4) fer :][ fdp.
BT(E)

Let f: By (2) = R, g : By (z) — [0,00]. Assume that (1.1) holds
for all ¢ C By, (z). We say that (Z, ) satisfies a weak Poincaré inequality
of type (1,p), if there exists 7 = 7(r/, p), such that for all 0 < r <7’/ < 00
and f, g as above, we have

(1.5) (1f = forDzr < 77((g7)z20) /P
If
(1.6) (If = fg,r‘)z,r < TT((gp)g,r)l/p-

we say that a Poincaré inequality of type (1,p) holds.

Remark 1.7. Since in the present paper, we consider only balls of
finite radius, the above terminology is convenient (if not quite standard).
If 7(00,p) < 0o we say that a global Poincaré inequality (respectively
weak Poincaré inequality) holds.

According to [28], [24] if p satisfies a doubling condition (respec-
tively, global doubling condition), then the existence of a weak Poincaré
inequality implies the corresponding Poincaré inequality (respectively,
global Poincaré inequality). For length spaces, under these circum-
stances, a Poincaré-Sobolev inequality actually holds; see [24].

For applications in subsequent sections, we will need the following
two results, Theorem 1.8 (see Proposition 2.5 of [14]) and Theorem 1.16.

Theorem 1.8. Let (Z, 1) satisfy (0.5), (1.6), for some 1 < p < o0,
with Z compact, of diameter d.

Let V C Ly be a linear subspace such that for some 0 < K < oo, and
all f €V, there exists an upper gradient, g, satisfying,

(1.9) lglp < K| flp-
Then
(1.10) dim V < N(k,7,d,K) .
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Proof. We follow closely the proof given in Proposition 2.5 of [14].
From the doubling condition on g and the bound on the diameter, it
follows that for all » > 0, there exists a covering of Z by Ny = Ni(k,d)
balls B, (z;), whose multiplicity is at most No = No(x). Consider the
map, ¢ : V — RN, given by

(1.11) ¢<f>=<]{5( )fdu,---,][B( )fdu>-

Clearly,

(1.12) Jirasy [ ez

By the Poincare-Sobolev inequality (see the discussion after Remark 1.7

and [24]),
-f  rauserS [ jglan
;/Br(?«’i) By (2) ; Br(2i)
(1.13) < 0N, [ lgb o
Z
§Tp7“pNgK/\f\pdu.
Z

It follows from (1.12), (1.13) that for r < T_I(NQK)_%, the map, ¢ is
an injection. This suffices to complete the proof.  q.e.d.

Let (Z, 1) satisfy (0.5). Let f : Z — R be a locally integrable Borel
function. Recall that (0.5) implies that the Vitali covering theorem,
and hence, the Lebesgue differentiation theorem holds; compare e.g.
[9]. From the Lebesgue differentiation theorem, it follows that we can
replace f by a function, f, which coincides p a.e. with f, such that for
pae z €74

(1.14) f(z)=lim f.p.

Recall that if (1.14) holds for z € Z, then z is called a Lebesque point of
f. After replacing f by f, we may assume that (1.14) holds whenever
the limit exists; otherwise we set f(z) = 0. This assumption will be in
force without further mention below.

We now recall a basic estimate on the Lipschitz constant of the
restriction to a set of almost full measure, of a function which possesses
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an upper gradient in Ly, where 1 < p < co. For the proof, see [29] and
compare [16], [32].
Given g : B4(Z) — [0, 00], we put

0, if g?(2) < s/2,

(1.15) us(2) = {gp(z), it ¢(2) > 5/2.

Theorem 1.16. Let (Z, pu), satisfy (0.5), (1.5). Let f : Bg(Z) = R
and let g € Ly(By(Z)) be an upper gradient for f. Then there ezists a
collection of balls, {Bs,,(q;)}, satisfying

(4d)=\ /"
(1.17) max{r;} < (T) .
and
By, (a; _
(1.18) ; % <K I(U'K/Q)E,da
such that:

i) If z € Bq(Z) \ U;Bsy,(qi), and t < z,0B4(Z), then for all j > 0,
(1.19) [(gp)z,z—jt]l/p < K'/P )
ii) Moreover, z (as in 1)) is a Lebesgue point of f and

4d

(120) ]f(z)] < <T>H (‘f‘)zd-FtKl/pZK-l-lT .

iii) If 21,20 € B4(Z) \ UiBsr, (i), and z1,0B4(Z) > 871, 22, then
(1.21) 1f(21) = f(22)| < KYP 2440775

Remark 1.22. Note that for all p, the left hand side of (1.18)
contains the factor, K~!, while the right hand side of (1.20) contains
the factor, K'/P. Thus, as the value of p is increased, the conclusion
of Theorem 1.16 becomes stronger (while for fixed f, the hypothesis of
Theorem 1.16 becomes more difficult to satisfy). For the application to
the case, p = 1, of Theorem 6.7, it is crucial that the right-hand side
of (1.18) contains the factor, (ug/2)z,4, which vanishes in the limit as
K — .
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2. The segment inequality and its stability under limits

In this section we consider an inequality which we call the segment
inequality. According to Theorem 2.11 of [5], for smooth Riemannian
manifolds satisfying (0.1), the segment inequality holds with constant
depending only on the dimension and the size of the sets in question.
If the segment inequality holds, then so does the type (1,p) Poincaré
inequality, for any p > 1. We will show that the segment inequality
is stable under measured Gromov-Hausdorff limits. In this way, for all
1 < p < o0, we extend to the case of limit spaces satisfying (0.2), the
type (1,p) Poincaré inequality, proved in [2] for manifolds satisfying
(0.1); compare [3].

In order to state the segment inequality, we need a few preliminaries.

Let Z be a length space. Let 2 C V x V be a compact subset which
is the closure of its interior, such that ) is invariant under the involution
which interchanges the factors. Let w(Q) denote the projection of () on
one of the factors. For (z1,22) € @, let v :[0,£] — V, denote a minimal
geodesic segment parameterized by arclength, s, with (y(0),v(¢)) =
(21,22). Assume that for all (z1,29) € Q we have v C V. Let g: Z7 —
[0,00). For all (21, 22) € @, put

£
(2.1) Fylz1,20) = igf/o g(v(s)) ds,

where the infimum is over all minimal geodesic segments v as above.
Let pxu denote the product measure on Z x Z. Put

(2.2) d= sup 7Z1,73.

(z1,22)€Q
We say that the segment inequality holds, if there exists 7 = 7(d), such
that for all g, Q, V',

23) /Q £yl z)dux) < o w(w(@) [ g

(If 7 can be chosen independent of d, we will say that a global segment
inequality holds.)

According to Theorem 2.11 of [5], the estimate, (2.3), holds for man-
ifolds satisfying (0.1), with 7 = 7(n, d).

If we replace g by ¢P and apply Holder’s inequality, we get for all
p=1,

e ( / (fg<zl,z2>)pd<uxu>)1/p <a(grutr@) [ o an)

1/p
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Note that if (1.1) holds and in (2.4), we take Q = U x U, then since
|f(z1) — f(#2)] < Fy(z1,22), it follows by Fubini’s theorem, that there
exists 29, such that

e (f \f(z)—f(zz)\pd/t)l/péd(m / gpdﬂ>1/p-

From (2.5), we conclude that (1.5), the weak Poincaré inequality, holds.
Note however, that (2.5) might actually hold with 7 replaced by some
smaller constant.

We will now show that the segment inequality is stable under mea-
sured Gromov-Hausdorff convergence. The argument is completely anal-
ogous to that of [3], Theorem 9.5; compare also the proof of Ziemer’s
theorem on the equality of the capacity and the modulus for condensers
(see [34, p. 54]).

Theorem 2.6. Let Z be a metric space for which closed balls are
compact and let {(Z;, z;, pb;) } converge to (Z, z, ) in the measured pointed
Gromov-Hausdor[f sense. If p and p; (for all i) are Radon measures
such that for some T, the inequality, (2.3), holds for all (Z;, u;) and all
functions, g;, Fy,, then (2.3) holds for (Z,p), and all functions, g, Fy,
with the same constant 7.

Proof. The main part of the argument below is concerned with a
reduction to the case in which ¢ is continuous. In this case, the proof is
quite straightforward.

The Vitali-Carathéodory theorem, asserts that given a Borel regular
measure and a function, g € L,(Z, ), for all € > 0, there exists a
lower semicontinuous function, ge € L,(Z, 1), with g > g and |g|r» <
lg|z, + €. Thus, as observed in [27], we can and will assume that g is
lower semicontinuous. As a standard consequence, it follows ¢ is the
pointwise limit of a nondecreasing sequence of Lipschitz functions {h;};
see p. 467 of [3].

We claim that for all (21, 29) € @Q, we have

(2.7) 'lim th (Zl, ZQ) == .7:9(2:1, 2’2) .
j—o0
To verify that (2.7) holds, note first that it suffices to assume that

there exists L < 0o, such that lim;_,o Fp; (21, 22) = L. Otherwise, there
is nothing to prove.
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Since h; is continuous, it follows from (2.1) and the assumption that
closed balls in Z are compact, that there exists 7; : [0,¢;] = V be such
that

¢
(28) Fiyerza) = [ gto(s)) ds.

Since, we have {; < d < oo, and since closed balls are compact, it
follows that there exists Voo : [0,f00] — V such that after passing to
a subsequence, we can assume that ¢; — fo and 7; — Y. By the
monotone convergence theorem, for all 7 > 0, there exists Ny, such that

1

Lo loo
29 [t ds < [ (o) ds g0

From the continuity of hp,, it follows that there exists No such that for
j = Na, we have

loo 2
(2.10) ‘A gm&mﬂ>dss&4 v, (75 () ds + 1.

Since the sequence, {h;}, is nondecreasing, for all j > max(Ny, N2), we
get

oo 4
(2.11) A m%w»@séfmw@mﬁw
(2.12) = Fin;(z1,22) + 1,

which suffices to establish our claim.

It follows from (2.7) and the monotone convergence theorem, that
it suffices to assume that g is continuous.

Now let (Z;, ;) be as in the hypothesis. Recall that for g; : Z; —

[0,00), a sequence of continuous functions, we write g; dG—Pﬁ g, if for
suitable Gromov-Hausdorff approximations, 1; : Z — Z;, the sequence,
{g o 9;}, converges (uniformly) to g : Z — [0, 00).

From the continuity of ¢, it follows by a standard approximation
argument (using partitions of unity and standard covering theorems)
that there exist sequences of compact sets which are the closures of their

interiors, (); don Q,V; 91 1 and a sequence of continuous functions,
{gi}, where g; : Z; — [0, 00), such that g; don g and
(2.13) tiw [ gidus = [ gdn.

v

47
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(2.14) lim [, () = /Q Fyd(uxp).

71— 00 Qz

This suffices to complete the proof. q.e.d.

From Theorem 2.6 and Theorem 2.11 of [6], we immediately obtain:

Theorem 2.15. If (Y,y,v) is the pointed Gromov-Hausdorff limit
of a sequence of pointed Riemannian manifolds satisfying (0.2), then the
segment inequality, (2.83), holds for (Y,v). Hence, for all 1 < p < oo,
the Poincaré inequality (1.6) holds as well.

3. (k,a)-regularity and bi-Lipschitz maps to R”

In this section, we introduce the (k, a)-regular set Ry.,. For limit
spaces satisfying (0.2), we show that ¥(R\Ryq(n)) = 0, for some a(n) >
0. We also show that up to a set of measure zero, Rj, can be expressed
as a countable union of sets, each of which is bi-Lipschitz to a subset of
RF.

The results of the present section on the (k, )-regular set should be
compared to the main theorem of [1]. There, C“ estimates on the metric
tensor in harmonic coordinates on balls of a definite size are obtained,
for Riemannian manifolds satisfying (0.1), under the assumption that
there is a definite lower bound on the injectivity radius. Of course, the
assumptions here are much weaker than those of [1].

Initially, we will discuss strongly Euclidean points, of which strongly
regular points are a special case. Let 0 < o < 1 and let k& be a positive
integer. Let (&k,q)r denote the set of points, y, such that for all 0 < s <
r, there exists a metric space, X, and (0,z;) € R* x X, such that

(3.1) dam(Bs(y), Bs((0,25))) < 570

We put Ex.q = Up(Ehia)r, the (K, a)-Euclidean set.

Our results on the (k,a)-Euclidean set, depend on a correspond-
ing quantitative statement for smooth Riemannian manifolds satisfying
(0.1). The proofs of these statements involve the interplay between the
existence of harmonic functions, b, such that ||Vb|—1|z,, [Hessp|r, are
small, and the existence of approximate isometric splittings. (Here and
below, Lo-norms should be understood as being suitably normalized by
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volume.) This result in part relies on, and in part complements, the
almost splitting theorem of [5]).

First, we will introduce some notation which will be in force through-
out the remainder of the paper. We denote by U(ey,...ex|c1, -+, ),

a nonnegative function, such that when the parameters, ¢1,--- , ¢, are
held fixed, we have

(3.2) lim ‘11(61,...6]9’01,"',0[):0.

€1,...€—0

Theorem 3.3. There exists §(n) > 0 such that the following holds:
Let M™ be a Riemannian manifold satisfying (0.1), and let m € M. If
for some metric space X, x € X, and for some 0 <r < 1,0 < § < §(n),
we have

(3.4) dau(Boy(m), Bor((0,))) < or,

then there exists a(n) < 1, such that for all w > 0, the set, B,(m) \
(Eksa(n))urs can be covered by a collection of balls { Bss,r(q:)} satisfying

(33) ) ) < w5, m) + V).

Proof. By scaling, it suffices to consider By(m) C M™, such that for
some X, (0,z) € X,

(3.6) derr (Bz(m), Ba((0,2))) < 6.

Fix a constant, e(n) > 0, to be specified later. By the proof of Theo-
rem 6.62 of [7] (see also [13]) the following holds: Given p € By(m), 0 <
u < ¢(n), where 0 < ¢(n) < 1/2 is sufficiently small, there exist har-
monic functions, by,...,bg on By, (p), such that

][ (3 192 =11+ [(Vb;, Vbj) |+ 3 w2 [Hessy, ?)
Bau(p) i 17 i

(3.7) <e(n)®,

where from now on, we write

(3.8) O =T (0|u,n) + V(uln).

Furthermore, there exists C = C(n) such that for i =1,--- | k

(3.9) IVb,| < C.
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Given 0 < u < 1/2, we can find a finite collection of balls, { B2, (p;)},
such that the collection, {B,(p;)}, covers Bi(m), with multiplicity,
N(n) (independent of w). Thus, in order to obtain (3.5), it will suf-
fice to prove (3.5), with B, (p;) in place of B,(m).

After rescaling the Riemannian metric by a factor, u~2, and making
the replacement, b; — v~ 'b;, we are reduced to considering a ball such
that

][ (3 | [9bi2 =11+ 3 (T, Vby) [+ [Hessp, )
Ba(p;) <1 7] ¢
(3.10) < e(n)d.

We now consider the restrictions of the functions, b;, to sub-balls,
Bys(z) C Ba(p;), where z € Bi(p;). Our aim is to control the measure
of the union of those sub-balls for which the restricted functions do not
satisfy an estimate like (3.10). If on the other hand, such an estimate
holds on a ball, By,(z), the desired approximate splitting of Bg(z) will
turn out to hold as well.

Set

(1) =3 NIV =1 (Vi V),

(3.12) hi; = (Vb;, Vb;),
and
(3.13) g’ = Z [Hessp, |* .

)

In view of (3.9), an easy calculation shows that for all 4,75, there
exists C' = C(n), such that

(3.14) V1], [Vhiy] < Cg.
Equivalently, C'g is an upper gradient of f and h.

Apply Theorem 1.16, with f, g as above, p = 2 and K = ¢(n). Thus,
we obtain balls, Bssg;(¢;), such that

R
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and for z € Bi(p;) \ UBs,,(g;), and all 0 < s < 1

(3.16) (92)z,2$ < e(n),
(3.17) fr0s < e(n),
(318) ’h)i’j - (hi,j)z,2s‘z,2$ < c(n)(e(n))%s :

Here, we have used (3.10), to estimate the right-hand sides. Also, x,
the doubling constant, and 7, the constant in the Poincaré inequality
satisfy K = k(n), 7 = 7(n).

Fix e(n), sufficiently small. By orthonormalizing the collection of
functions, {b;}, with respect to the global inner product defined by
the normalized measure on Bs(z), it follows from (3.17), (3.18) that for
all s, there exist harmonic functions, by, ...,bg,, each of which is a
linear combination (with coefficients bounded independent of s) of the
functions, by, ..., by, such that

;= 7[ Vb2 - 1]
(3.19) 7{93@) Ba(2) 2,

+ 2, (Vi Vbis) | < cn)s.

By Theorem 16.32 of [3], there exists a(n) > 0, such that for all i,
there exist distance functions, p; ; : Bas(2) — R, with the properties of
the distance functions used in the proof of the almost splitting theorem
of [5], such that

(3.20) bis — pis| < c(n)sttor()

In more detail, in [3], the hypotheses of Theorem 16.32 are (16.3),
(16.4), (16.12), (16.33). Relation (16.3) is implied by (3.14) above.
Relations, (16.4), (16.12) are implied by (3.19) above. Finally, (16.33)
follows immediately from the fact that the functions, b; ,, are harmonic.

Relation (3.20) follows directly from (16.13), (16.14), (8.19), (8.20)
of [3], which are the conclusions of Theorem 16.32. (Note that in [3],
(16.13), (16.14) occur initially in Lemma 16.11.)

From (3.14), (3.16), (3.19), (3.20), together with the (proof of the)
almost splitting theorem, we obtain the desired approximate splitting
of By(z). After rescaling the Riemannian metric on Bog(z) by the fac-
tor 572, and making the replacement, b; s — s_lbz-ys, these relations
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are quantitative versions of (6.28), (6.61), (6.26), (6.16) of [5] respec-
tively. Given these quantitative estimates, inspection of the proof of
the almost splitting theorem easily reveals that the convergence to the
precise splitting takes place at the rate s+ q.e.d.

Fix o > 0. Let (Rp;a)r, denote the set of points, y, such that for all
0 < s <r, we have

(3.21) dar(Bs(y), Bs(0)) < s,

where B,(0) C R”.

Definition 3.22. The (k,a)-regular set, Rj.q, is the set of all y
such that y € (Rg;qa)r, for some 7 > 0.

By a straightforward limiting argument, the conclusion of Theorem
3.3 also holds for limit spaces satisfying (0.2). From this we get the
following:

Theorem 3.23. There exists a(n) > 0, such that if (Y,v) satisfies
(0.2), then for all o/ < a(n),

(3.24) PRy \ Rier) = 0.

Proof. Since by Section 2 of [6], we have v(S) = 0, it follows from
Theorem 3.3 and the Lebesgue differentiation theorem, that for a(n) as
in Theorem 3.3, we have v(Ry, \ Ex;a(n)) = 0.

On the other hand, y € Rg N Ejq(n), implies y € Ry, for all of <
a(n). To see this, assume to the contrary that there exists a sequence,
r; — 0, such that diam(X,,) > crz-l"'o‘/, where X, is as in (3.1) By
considering the family of rescalings by r, (1+5 ), where o < 8 < a(n),
we find that there exists a tangent cone Y, not isometric to RE. This
contradiction suffices to complete the proof. q.e.d.

Let (Rk)s,, denote the set of points, y € Y, such that for all 0 <
s<r,
(325) dGH(BS(y)a BS(O)) < 555
where B,(0) C R¥. Clearly, U,(R)s, D Rk.

From the proof of Theorem 3.3, we immediately obtain:

Theorem 3.26. Let v((Ry)s,) > 0, and let y be a Lebesgue point
of (Ri)sr- Then for all n > 0, there exists r,(y) > 0, such that for all
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0 <t <ry(y), there exists a subset, Uy C By(y) N (Ry)s5,. with

V(B \T) _

20 B

and functions, by, ..., by, on Bi(y), such that the map given by, b(w) =
(b1 (w),...,br(w)), determines a e=¥Y0™ —bi-Lipschitz equivalence from
from Uy to b(Uy).

Proof. Since y is a Lebesgue point of (Ry)s,,, there exists r,(y) > 0,
such that for all 0 < ¢ < ry(y), there exists Uy C (Ry)s,, satisfying
(3.27).

From the proof of Theorem 3.3, we can assume in addition that
for w € Uy, there exist functions by,..., by, on By(y), such that
for w € Uy, the restrictions of these functions to a ball, Bs(w), de-
termine ¥(d|n)s-Gromov-Hausdorff equivalence from B(w) to B,(0).
If we now consider wq,ws € Uy and take s = wq, wa, then it follows that
b(wi), b(ws) is as asserted.  q.e.d.

4. Renormalized limit measures and Hausdorff measure

In this section, we show that if (Y, v) satisfies (0.2) and y € (Ry;0)r
then for some ¢ = ¢(n, o, r)

(4.1) 0 < ¢ ty(Bi(y)) < lim v(Bs ()

tim 20 < cu (B (y).

In particular, the limit in (4.1) exists. This result can be viewed as a
partial generalization to the collapsed case, of the volume convergence
conjecture of Anderson-Cheeger, which was proved by the second author
in [13]; see also [6] Theorem 5.4. For an additional result concerning
renormalized volume convergence, see Section 2 of [7].

By bringing in the results of Section 3, we find that any two renor-
malized limit measures, vy, 15, are mutually absolutely continuous. Re-
call in this connection that the renormalized limit measure on a limit
space, Y, might depend on the particular sequence, (M, m;) dox (Y, y);
see Example 1.24 of [6]. We show in addition that, when restricted to
UaRk;a, any such measure v and k-dimensional Hausdorff measure, Hy,
are mutually absolutely continuous. Finally, H, is o-finite on UqRy;q,

53
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Recall that for ally € Y and 0 < s < 1,

V(B.())
(4.2) (51 ()

Also, if say 0Bo(y) # 0, then for 0 < s < 1,

> ¢(n)s”.

VB _
(43) WBily) <

As indicated above, we will show (in Theorem 4.6 below) that if
Y € (Rpya)r, for some 0 < «,r, then the exponents in (4.2), (4.3), can
each be replaced by k, provided the constants are allowed to depend on
N, QT

The idea of the proof is very simple. It can be illustrated as follows:
Instead of balls we consider cubes in R* and denote by C¥ C R, the
cube of side, r, with center at the origin. Note that given Vol(CF) =
1, we can prove by induction that Vol(C?f_i) = (37%F, for all 4, by
observing that Vol(-) is translation invariant and that up to a set of
measure zero, C:,f_j is the disjoint union of 3% translates of C:,f_(j P

In proving Theorem 4.6, a similar argument can be applied, although
there are error terms whose cumulative effect must be controlled. Since
at the j-th stage, we consider a ratio (of the measures of two sets),
the required error control corresponds to the convergence to a finite
nonzero limit, of the infinite product of these ratios. The hypothesis,
Yy € (Ra)r, is easily seen to guarantee this convergence. To show
that at the j-th stage, the measure is almost translation invariant in
the appropriate sense, we use directionally restricted relative volume
comparison, just as in the proof of Proposition 1.35 of [7].

The error terms which arise in the proof of Theorem 4.6 can all be
bounded by suitable applications of Lemma 4.4 below (in each instance,
after suitable rescaling of the metric.)

Let Z be a metric space. For e < %, let ¢ : B2(0) — Bo(¢(0))
be an ¢-Gromov-Hausdorff equivalence, where 0 € R¥, ¢(0) € Z. Let
w € R¥, with 0, w = 1 and let z; satisfy ¢(w), 21 < § where § < %. Let
7 :]0,¢] — Z be a minimal geodesic parameterized by arclength with
7(0) = ¢(0), 7(£) = z1.

Lemma 4.4. For all 0 <t < 1/2, there exists a point, ¢, lying on
the line segment from 0 to w, such that

(4.5) (0= 1), plgr) < 2(t + 3e + 0)/? (5e + 20)"/? .
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Proof. By definition, there exists p € B(0), such that ¢(p), 7(£ — ) <
e. Tt follows from the triangle inequality that ¢(0), ¢(w) + 2(c + §) >
#(0), d(p) + ¢(p), p(w). Thus, letting e denote the excess of the tri-
angle with vertices, 0,w,p, we get e < 5e + 20. Let ¢ be the point
on the line segment from 0 to w, such that g;w = p,w. By ap-
plying the law of cosines to the triangles, ¢, w,p, and 0, w,p, we get
0,7’ = e(2 + e — 2p,w)p, w. The lemma easily follows.  q.e.d.

In the following theorem, without loss of generality, we assume 0 <
r <1 and dBs(y) # 0.

Theorem 4.6. For all 0 < o < 1, there exists ¢ = ¢(n) > 0, such
that if (Y,v) satisfies (0.2), y € (Risa)r, then

-1 M(n_k)sk < M < crﬁ;aa)sk
) v(Bi(y))
(0<s<r*aat=h <1y,

Moreover, limy_q v(Bs(y))/s* = v(y) exists and for some ¢ = c(n), f =

B(n,a) >0,

(4.8) (1—csﬁ)§l;(]f);((yy))))§(l+csﬁ) (0<s<rifme <1).

Proof. By (4.2), (4.3), it suffices to consider 0 < s < r1+%.

Set 5; = 3-ir'*7%% . TFor j = 12,..., we will construct cube-like
sets, Cj, such that B%sj (y) C Cj C Bogs; (), and for some ¢ = c(n), 8 =
B(n,a) > 0, we have

oL v(C;)) c
o = VB, ) =
and
v(C;
(4.10) (1—cs)) < 3—(k+(+clj)) < (1+es)).

Note that by relative volume comparison, for ¢ = ¢(n), we have
(411) Q) SUBY) SalC) (o1 S s <)

Since 8 > 0, if we take j = 1,..., in (4.10) and multiply the resulting
inequalities together, then the infinite products corresponding to the
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left-hand and right-hand sides converge. Thus, if we take 7 = 1,...,
multiply these inequalities together, and use (4.9), (4.11), we get (4.7).
The existence of limy_,q v(B;(y))/s", which is discussed at the end of
the proof, follows from a slight refinement of the argument.

The sets, C;, will be fattened images of the honest cubes, ij Cc RF,

under suitable Gromov-Hausdorff equivalences which carry 0 € R* to
yev.

Let gj, denote a s;+°‘—Grom0v—Hausdorff equivalence, %j : By (0) —
Bg, (y). ﬁj’ After successively replacing the maps, %j, by maps, %j 00,
for suitable 8; € O(k), we can (for convenience) glue together the maps,
gj 0f;, to obtain a single map, 9 : B, (0) = By, (y), whose restriction to

every ball, B, (0), determines a cs;+°‘—Gromov—HauSdorﬁ’ equivalence,

where ¢ = ¢(k).

Let C*¥ + v denote the translate of the cube, C¥, by the vector,
v € R*. Tor all s < r and |v] < 10ks, we let C,(v) denote the set
of points at distance 25T from 4 (C¥ + v). These sets will be called
pseudo-cubes. We define the set, C;, in (4.9), (4.10) by C; = Qsj(O).

Now let K C Y be a compact subset and let s denote the smallest
positive number such that K C By(y). Let F' be a (k — 1)-dimensional
face of the cube, Cf, and let Ng denote the outward normal to F. For
b< c(k:)sl_?-%a, we now define a notion which we call pseudo-translation,
of the set K, by b units in the direction Np.

For all y € C, (v), choose a minimal geodesic parameterized by

arclength, o, from y to the point (v + 5(1_2(1(10‘))NF). Put

(1.12) Tonp(K) = Uyor(b).

Let Tyn, denote translation by bNp in R*. By using Lemma 4.4, it
is easy to check that

(4.13) Tonp, ¥ 0 Tonp < cs' 7T

Note in this connection, that the exponent, m, in the definition of

Tony, was chosen such that sUTl-antsy) - s%, where 1 + g > 1
Let ¢ = ¢(n) > 0 and 8 = f(n,a) > 0 denote generic constants
whose values depend only on n and n, « respectively. As in the model
case described above, we would in principle, like to cover C; by 3k
pseudo-translates of Cj.q1, whose mutual intersections have measure 0.
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While it is not precisely true that pseudo-translation is measure pre-
serving and carries pseudo-cubes to pseudo-cubes, this does hold up to
errors of size cs' 7,

If for suitable ¢, 3, we replace C;11, by a slightly larger, pseudo-

cube, g$j+1(1+055+1)’ centered at y, then it follows from (4.13) that the

iterated pseudo-translates of this pseudo-cube cover C;. Similarly, if in-
stead, we use a suitable pseudo-cube C 3 , the corresponding
sj+1(l—csi i)
pseudo-translates will be disjoint. By employing Lemma 4.4, we can
choose these three pseudo-cubes can be chosen to be linearly ordered
by inclusion and by using directionally restricted relative volume com-
parison, we can guarantee that the ratio of the measures of any two of
them lies between 1 — csf-_H and 1+ csf-_H.
Thus, it suffices to show that the pseudo-translations we are em-
ploying, distort the measures of our pseudo-cubes by a factors which lie
between 1 — csf-_H and 1+ csf_i_l.
By directionally restricted relative volume comparison, it follows
that for K C Bys(y), we have,

(4.14) W(Tonp(K)) > (1 = e(n))sT 0 (K) .

If pseudo-translation actually mapped pseudo-cubes to pseudo-cubes
preserving the side length, then for a K a pseudo-cube, (4.14) would
lead to a two sided inequality, and hence, to the conclusion that pseudo-
translations were measure preserving, in case K were a pseudo-cube.
Namely, we could follow Tyn,. by T_pn, and apply (4.14) a second time.
Although pseudo-translations do not map pseudo-cubes (precisely) to
pseudo-cubes, this difficulty can be circumvented by considering slightly
smaller and slightly larger concentric pseudo-cubes as above; compare
the proof of Proposition 1.35 of [7]. This suffices to complete the proof
of (4.7).

To obtain the existence of limy_,q(By(y))/s*, as well as (4.8), we
proceed in a fashion similar to the above. We almost cover the ball,
By (y), by suitable pseudo-translates of the pseudo-cube, C;, where as
s — 0, we also let s;/s — 0 at a suitable rate. This proceedure can
be made arbitrarily accurate for s sufficiently small, and the desired
conclusion follows. The details, which are straightforward, are left to
the reader. q.e.d.

From Theorem 4.6 together with Theorem 3.23, and the Lebesgue
differentiation theorem, we easily get:
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Theorem 4.15. For all n,a,r > 0, there exists ¢ = c(n, a,r) > 0,
such that

(4.16) clw<HL<cv (on (Ria)r)-

In particular:

i) When restricted to UaRy.q, the measures, v and Hy,, are mutually
absolutely continuous.

ii) When restricted to Ry, the measure, v, is absolutely continuous
with respect to Hy,.

iii) When restricted to Ry, the measure, Hy, is o-finite.

By Theorem 4.15 and the fact (proved in Theorem 2.1 of [6]) that
v(8) =0, for any v, we obtain:

Theorem 4.17. Any two renormalized limit measures, vy,vs, are
mutually absolutely continuous.

Remark 4.18. Note that in Theorem 4.17, the renormalized limit
measures, vy, o, might arise from entirely different sequences of Rieman-

nian manifolds converging to the given limit space Y'; compare Example
1.24 of [6].

Remark 4.19. em From the argument of [7], but using Theorem
4.6 in place of Theorem 1.2 of that paper, we recover the result proved
there, asserting that the Housdorff dimension of a so called polar limit
space is an integer; see Section 1 of [7] for further details.

5. v-rectifiablity of limit spaces

Let X be a metric space and p a Radon measure on X. In this
section we introduce the concept of u-rectifiability of X. It is then
immediate from the results of Sections 3 and 4 that limit spaces, Y,
satisfying (0.2) are v-rectifiable for any renormalized limit measure, v.

The concept of u-rectifiability involves two conditions. The first of
these requires that after removing a set of measure zero, the remaining
part of our space can be written as a countable union of sets, C}, ;, each
of which is bi-Lipschitz to a subset of R¥, where k < m < oo. The
second condition requires that when restricted to Cj,;, the measure, p,

is absolutely continous with respect to k-dimensional Hausdorff measure
HE.
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In order to ensure that the Laplacian on a rectifiable space is a linear
operator, an additional condition iii) must be added; see Section 6 and
compare [3]. Namely, we assume that for all A > 0, we can choose
the above mentioned bi-Lipschitz equivalences, such that they and their
inverses have Lipschitz constants between e* and e™*.

Again, it is clear from the results of Sections 3 and 4 that this
condition holds for our limit spaces.

Definition 5.1. em The measure, i, is Ahifors k-reqular at x € X,
if there exists K = K(x), such that for r <1,

(5.2) K~ Y* < (B, (2)) < Krk .

Definition 5.3. The space, X, is p-rectifiable, if there exists an
integer, m, a countable collection of Borel subsets, C}; C X, where
k < m and bi-Lipschitz maps, ¢ ; : Cp; = ¢:(Cri) C RF, such that

i) (X \ Up,iCr) = 0,

ii) p is Ahlfors k-regular at x, for all x € Cy,.

Note that by ii), we Cy; N Cyry = 0, if k # k. Moreover, on Cj;
the measure, u, and Hausdorff measure, H”, are mutually absolutely
continuous.

Remark 5.4. Our concept of “p-rectifiability”, differs a bit from
that of [18], p. 251 (where the term “countably (u,m)-rectifiable” is
employed.) There, it is stipulated that & = m, for all &, while condition
ii) is omitted. Note that if one makes this stipulation while keeping ii),
then the resulting conditions on the union of the sets, Cy ;, would cor-
respond to those which, for subsets of R¥, define a countably rectifiable
varifold.

In the present abstract setting, conditions i), ii), do not imply the
existence of regular points. However, if 1 satisfies (0.5), then Vitali’s
covering theorem holds and we can assume without loss of generality
that each Cj ; consists entirely of Lebesgue points. It follows easily that
for all x € C};, every tangent cone at x is bi-Lipschitz to R*. Thus,
the doubling condition together with condition i) already implies that
Ck,i N Ck’,i’ =0,ifk#£E.

Additionally, by the Lebesgue differentiation theorem, for almost all
points at which g is k-regular, lim,_o u(B,(x))/H*(B,(x)) < oo, exists,
is finite and nonzero. Thus, we can assume that this holds at all points
of Ck,i-

59
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As an immediate consequence of Theorems 3.3, 3.26 and 4.6 we get:

Theorem 5.5. If (Y,v) is the measured Gromov-Hausdorff limit of
a a sequence satisfying, (0.2), then'Y is v-rectifiable.

Remark 5.6. Recall that for limit spaces satisfying (0.2), the limit,
lim, o (B, (y))/r* exists and is finite and nonzero for all y € Risa(n)s
where v(Y'\ Ny Ry a(n)) = 0; see Theorem 4.6.

We now introduce an additional requirement on the bi-Lipschitz
maps, ¢ ;, of Definition 5.3.

iii) For all £ € U;;Cy; and all A > 0, there exists Cj; such that
z € Cy; and the map, ¢x; : Cx; — ¢1,.:(Ck,;) C R*, is e**-bi-Lipschitz.

As an immediate consequence of Theorems 3.3, 3.26 and 4.6 we get:

Theorem 5.7. If (Y,v) is the measured Gromov-Hausdorff limit of
a a sequence satisfying, (0.2), then condition iii) holds.

6. The Laplacian on rectifiable spaces

In this section, we study analysis on u-rectifiable spaces as defined
in Section 5. By Theorems 5.5 and 5.7, the results of this section apply
to limit spaces for which (0.2) holds.

We begin by considering spaces which satisfy the two conditions of
Definition 5.3. Under these hypotheses, we observe the existence of a
complex of Lipschitz differential forms.

Next, we assume in addition that the measure is doubling and that
for some p > 1, a Poincaré inequality of type (1,p) holds for balls of a
definite size, say r < 1. For all p > 1, we show the uniqueness of the
differential of a function in the strong L, sense.

From the uniqueness of strong derivatives for the case, p = 2, and
condition iii), it follows that the natural Laplace operator A, on func-
tions is linear and self-adjoint. (By definition, A is a nonnegative oper-
ator.) At this point, we are effectively in an abstract situation in which
our measure, i, has all the properties of an admissable weight, in the
sense of Chapter 1 of [25]. From Theorem 1.8, we conclude that if the
underlying space is compact, then (14+A)~! is a compact operator. The
eigenfunctions are Holder continuous, and the degree of Holder regular-
ity can be bounded below in terms of the doubling constant of i, the
constant in the Poincaré inequality and the corresponding eigenvalue;
see Theorems 5.27 and 6.6 of [25]. It will be shown in Section 7, that for
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the case of limit spaces satisfying (0.2), the eigenfunctions are actually
Lapschitz.

Note that for limit spaces satisfying (0.2), the existence of a self-
adjoint Laplace operator was conjectured in [19]. There, it was also
conjectured that the eigenfunctions and eigenvalues should behave con-
tinuously under measured Gromov-Hausdorff convergence. This will be
proved in Section 7.

Let Z be a metric space and f : A — R, is Lipschitz, for some
A C Z, We will denote by f : Z — R, some Lipschitz function such
that f|A = f| A and the Lipschitz constant of f is equal to that of
f. By a well known elementary lemma (“MacShane’s lemma”) such a
function always exists; see 2.10.44 of [18].

In particular, if A C R¥, then by Rademacher’s theorem, f is dif-
ferentiable almost everywhere. Moreover, if f : R¥ — R is another
Lipschitz extension of f, then it is clear that for almost all p € A4 we
have df(p) = d f(p). In particular, this holds for all Lebesgue points,
p € A, at which df(p) and df(p) exist. Thus, for f as above, we will
simply write df, which is defined at almost all points of A.

Let X be p-rectifiable. Assume that for all Borel subsets, C C X,
and all bi-Lipschitz maps, ¢ : C — R¥, we are given a Borel function,
fs 1 #(C) — R, such that for all C1,Cy C X (for which the correspond-
ing values of k are equal) we have the compatibility condition,

(6.1) for 01 = fg, 02 |(C1 N Ca) (a.e.).

Then for some p-a.e. uniquely defined Borel function, f : X — R, we
have fo¢~! = f,.

By MacShane’s lemma, there exists a Lipschitz extension to R”, of
the Lipschitz map, ¢5 Lo ¢1. The extended map is differentiable almost
everywhere and at almost all points of ¢(Cy N Cs) the differential is
independent of the extension.

Consider a collection of i-forms, {wy}, such that wy can be written
as a finite sum of forms,

(6.2) Wy = Z f(),a dfl,a VARIERIVAY dfi,a (a.e.) ,

with f; o Lipschitz, for 1 < j < ¢ and all a. Suppose in addition that
the functions, fq o, are either measurable for all ¢, or that that fo . is
Lipschitz for all a.
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A collection of i-forms as above is said to determine an ¢-form, w,
on X, if for all C1,Cy C X, we have

(6.3)  wg, odgroddy " = wg, | $2(Ci N Cy) (ae.).

Two such collections determine the same ¢-form if and only if the cor-
responding forms, say wq;,w:b, agree a.e. on ¢(C), for all (C,¢). Thus,
an ¢-form is actually an equivalence class, the pointwise values of a rep-
resentative of which are only well defined pu-a.e.; see ii) above. Such an
i-form is called measurable (respectively Lipschitz) if the functions, fo o
are all measurable (respectively Lipschitz).

If f: X — R is Lipschitz, then it is clear that there exists a u-a.e.
well defined Lo, 1-form, df, such that df, = d(f o ¢—'). Moreover, if
the i-form, w, is Lipschitz, there is a well defined Lo, (7 + 1)-form dw,
which for all (C, ¢), has the representation,

(6.4) dwy =Y dfoo Ndfra A+ Ndfig. (ae.).

To verify that this holds, it is enough to check that the form in (6.4) does
not depend on the particular representation as a sum, of the form, wgy,
on the right hand side of (6.2). Note however, that if we chose Lipschitz
extentions, fj’a, and denote by @, the corresponding extension of w,
then by a standard regularization argument, it follows that at almost all
points of ¢(C'), the distributional exterior derivative of @ is independent
of the particular extension, and is given by the expression in (6.4).

Without loss of generality, we can assume that the sets, Cy ;, have
been chosen such that Cj; N Cp; = 0, unless (k,7) = (K',4'). Then
for p-a.e. £ € X, we can define the pointwise norm of a form, w by
lw(z)| = |wy(p(x))|. Note that a different choice of sets, Cy;, would
lead to the same pointwise norm, for py-a.e. z € X.

In the usual fashion, we can define, |w|r,, the L, norm of w. Note

the specific choice of norm we have made is not essential, but rather,

. . L .
the corresponding notion of L, convergence, w;, — w (i.e., we could

as well have used an equivalent norm). From i), ii), it is clear that if
w; Lo, w, then for all ¢ : C — R* as above, we have (w;)s Lo, Wep-
By completing the L., forms with respect to this norm, we obtain a
vector space, which we call the space of L, forms. Clearly, the space of
Lipschitz forms is dense in this space.

If wis an L, form for which there exists a sequence of Lipschitz

L L
forms, w; — w, such that dw; —> 0, for some L, form @, then we say
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that 6 is a strong L, exterior derivative of w. If the form, 6 (when it
exists), is always uniquely determined (u-a.e.) by the form, w, then we
say that strong L, exterior deriwatives are unique.

Fix p > 1. We now show that if the measure, pu, is doubling and if in
addition, a Poincaré inequality of type (1,p) holds, then for functions,
strong L, exterior derivatives are unique. Note in this connection that
the usual argument, proving the uniqueness of strong (or more generally,
weak) derivatives, for (smooth or Lipschitz) functions defined on some
open subset of R¥, depends on integration by parts against a smooth
test function. Since in our situation, we must consider functions which
are defined only on measurable subsets, ¢ ;(Cy ;) C RF, this argument
can not be applied; compare Examples 6.20, 6.21.

Remark 6.5. The argument that we will provide works as well for
forms of arbitrary degree, given the appropriate a priori estimate (for
forms) which corresponds to the Poincaré inequality (for functions).
However, since we do not know of a general sufficient condition which
guarantees the existence of such an estimate, we will just state Theorem
6.7 below for functions.

Remark 6.6. Theorem 6.7 below, is closely related to a result of
Semmes on the uniqueness of strong derivatives with respect to mea-
sures in R™ which are absolutely continuous with respect to Lebesgue
measure. Semmes’ result appears as Theorem 5.1 of [26]. Heinonen has
pointed out to us that properly understood, Semmes’ argument can also
be applied in more general contexts.

Theorem 6.7. Let X be p-rectifiable. If (0.5), (1.5) hold, for some
1 <p < oo, then strong L, exterior derivatives of functions are unique.

For the proof of Theorem 6.7, we will need Lemma 6.8 below. Note
that in (6.11), (6.13) below, we regard df as the vector valued function,
(01f,...,0cf). All integrals in Lemma 6.8 are with respect to Lebesgue
measure on R¥.

Lemma 6.8. Let A C B1(0) C R* and let f be Lipschitz, f : A —
R. If

Vol(A)
(6.9) (1-9) < M7

(6.10) Lipf < L,
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(6.11) .iﬂ—ﬁﬁﬁg
(6.12) ][A <,

then

(6.13) %&ﬁjéé%ﬂ)®L+n+d.

Proof. To simplify the notation, we will just write B for B1(0).

As previously noted, we can extend [ to a Lipschitz function, f, on
R*, such that Lipf < L.

Let (21, . o xy) the position vector and define the homogeneous lin-
ear function, £, by

(614) E(ml,...,xk) = <][Bdf, ((L‘l,...,(L‘k».

If we put f: f =2, then

(6.15) fi=47

(6.16) w:w—éw,
and on B,
(6.17) f<n+2L.

(Although (6.17) can sharpened for § small, it will suffice for our pur-
poses.)

Let A(k) denote the constant in the type (1,1) Poincaré inequality
for B = B1(0). If we apply this inequality to the function, f, then by
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using (6.16), we get

s dol/ = £, <1,
~f, 7~ £,
(6.18) S]{l df_]{gdf‘ 0 B\A df_]{gdf‘
<fla-fa|vof
46 B\A‘df‘w » df—][Bdf‘
<45L +c.

Also, by using (6.15), (6.17), we have

f,
(6.19) 2]{3‘@‘ —2]{8‘f

W (4] o,

From (6.18), (6.19), we get (6.13), which concludes the proof. q.e.d.

Proof of Theorem 6.7. Assume that {ij} is a sequence of functions

such that ij : X — R and ij i 0, dij i 0 # 0. We will deduce a
contradiction.

By (1.18), (1.21), for all L, j < oo, there exists, Zr, ;, such that the
Lipschitz constant of f; | Zz ; is bounded by L, and for fixed j, we have
limy oo p(X \ Z1 ;) = 0. Thus, there exists =, {L;}, (Ck., ¢1,) such
that z € Cy ;N Zy, 4, for all j, and Q¢k,i(¢k,z’($)) #0.

Without loss of generality, we can assume that ¢ ;(z) is a Lebesgue
point of the set, ¢y ;(Cr; N Z1, ), for all j, and of the form (i.e. vector
valued function) (8), ;-

For s > 0, put A = By(¢p,i(z)) N ¢ri(Crs N Zr, ;). Rescale the ball,
Bs(¢yi(z)) to unit size and replace f; by s f;.

From the previous paragraph, it follows that if we let s — 0, then
j — oo and apply Lemma 6.8, we contradict the assumption, 0y, ;(¢x,;(z))

#0. q.ed.
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In Theorem 6.7, the global assumption that the Poincaré inequality
holds, is actually neccessary. In order to illustrate this point, we now
give some examples which show that the conditions, i), ii) are not suf-
ficient to guarentee that strong derivatives are unique. The examples
which follow are similar to the one presented in the context of weights
on pp. 91-92 of [17].

Example 6.20. We construct a Cantor-like set, Joo C R, of pos-
itive measure, such that if we take u to be the measure, %', then the
densely defined operator, d, on Lipschitz functions is not closable.

Let ¢, > 0 and €; + €3--- < 1. Start with the interval, [0, 1], and
remove from the center, an open interval of length, ¢, leaving two inter-
vals of equal lengths. Remove from the center of each of these intervals,
an interval of length 2 '¢,, leaving in each case, two intervals of equal
lengths. Proceed in this way by induction, removing at the i-th stage,
a total of 2° intervals, each of length 27%¢;. Set Jo = [0, 1] and let J; de-
note the closed set produced at the 1-th stage of the above construction.
Put Jy = M;J;.

It follows easily from Lusin’s Theorem, that for all f € Lo(Jy), there
exists a sequence, {f;}, of functions on J, such that {f;} converges to
f in Lo(Js) and such that each f; is the restriction to Ju, of a function
which is constant on each component of J;. For each Lipschitz function,
fi, we have df; = 0 and it follows that strong Lo derivatives are not
unique.

Example 6.21. By a simple modification of the construction of
Example 6.20, we obtain a measure, p, on [0,1], which is absolutely
continuous with respect to Lebesgue measure, but for which strong Lo
derivatives are not unique. Let I; denote the open set consisting of the 2°
disjoint intervals which are removed at the i-th stage of the construction
in Example 6.20; I; = [0,1] \ J;. Let §; > 0, for all ¢, and §; — 0. Let p
denote the measure with density, ¢, with respect to H', where ¢ | I; = 0;
and ¢|.J,o = 1. Let f; denote the Lipschitz function determined by the
following conditions:

(a) The restriction of f; to each closed interval of the set, .J;, is
the linear function which vanishes at the left hand end point and has
derivative = 1.

(b) The restriction of f; to each interval of [0,1] \ J is linear.

Note that f; — 0, uniformly, as ¢ — co. Moreover, f/|J; =1, and
fi11; = 0, for fixed j. Finally, if 6; — 0, sufficiently fast, then {f/}
converges in Ly([0,1]) to the characteristic function of Jy,. Thus, it
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follows that strong Lo derivatives are not unique.

Remark 6.22. Examples 6.20 and 6.21 should also be compared
to Theorem 2.1.4 of [20].

From now on, we assume that condition iii) holds. Let wy,ws be Ly
forms. Note that condition iii) enables us to define almost everywhere
(in an obvious fashion) the pointwise inner product, {wy,ws). Moreover,
it is clear that p-a.e., we have Lip f(z) = |df (z)|.

We now introduce a self-adjoint Laplace operator on functions. Con-
sider the Hilbert space of 1-forms associated to the global norm, [ |lw|? dp.
We can view the operator, d, on Lipschitz functions, as a densely defined
unbounded operator. By Theorem 6.7 this operator is closable.

In our situation, the Dirichlet energy can be expressed in terms of
the norm of the differential,

(6.23) [ Win s du= [ Jardu.

As a consequence of ii), iii), the right hand side of (6.23) defines a
quadratic form which is obtained from the bilinear form,

(6.24) /X (dfy, dfa) .

In view of Theorem 6.7, we get:

Theorem 6.25. Let (X, 1) be as in Theorem 6.7. The bilinear form
in (6.24) is closable. Hence, there is a unique self-adjoint operator, A
(associated to the minimal closure) such that

(6.26) [ an = atraty).

Proof. This is an immediate consequence of standard results on
bilinear forms; see [20], Chapter 1.  q.e.d.

The self-adjoint operator whose existence is guarenteed by Theorem
6.25 should be thought of as the Laplacian with respect to generalized
absolute boundary conditions (equivalently Neumann boundary condi-
tions).

From Theorem 1.8 together with the arguments concerning Holder
continuity given in [25] (see in particular, Theorem 6.6 there) we imme-
diately obtain:
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Theorem 6.27. Let (X, ) be as in Theorem 6.7. If the space,
X, is compact, then (I + A)~' is a compact operator. Moreover, every
etgenfunction is Holder continuous, for some exponent, a > 0.

7. Continuity of the Laplacian under limits

In this section, we prove the upper semicontinuity of the spectrum of
the Laplacian under measured Gromov-Hausdorff convergence for rec-
tifiable spaces, and the continuity of the eigenfunctions and eigenvalues
for limit spaces satisfying (0.2).

As previously mentioned, for limit spaces satisfying (0.2), the exis-
tence of a canonical self-adjoint Laplace operator was conjectured by
Fukaya, who also conjectured that the associated the eigenvalues and
eigenfunctions should behave continuously under measured Gromov-
Hausdorff convergence; see Conjecture 0.5 of [19]. Thus, the results
of Section 6, together with those of the present section, yield a proof of
Fukaya’s conjectures; compare problem 88 of [35] for a related question
in a different context.

Let (W1, 01), (Wa,09) denote metric measure spaces satisfying con-
ditions ii), iii), of Section 5, and let fi,..., f; denote the first j eigen-
functions of the Laplacian on W;. By the minimax principle, roughly
speaking, to prove upper semicontinuity of the spectrum, we must show
that if (Wy,01), (Ws, 09) are sufficiently close in the measured Gromov-
Hausdorfl sense, then there exist functions, fl, e fj, on Ws, such that

fx, /1 is small and \dfk\%g does not appreciably exceed \dfk]%2, 1<k<j.
Intuitively, given bounds on the geometry, the required closeness would
depend on bounds on the oscillation of fi, |df|-

For the case of limit spaces satisfying (0.2), the continuity under
measured Gromov-Hausdorff convergence of the eigenfunctions and eigen-
values will follow from a quantitative version of the above transplanta-
tion argument, with errors controlled in terms of a priori bounds on the
oscillation of eigenfunctions and their differentials. The consequences
of (0.1) on which the required a priori bounds depend are the doubling
condition, the Poincaré inequality, the segment inequality, the gradient
estimate and Bochner’s formula. In addition, we use results from [3] on
the approximation and transplantation of functions, f, with bounds on
|Lip f|1.., [Lip(Lip f)|z,, for some q.

We begin by considering the upper semicontinuity of the spectrum.
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Let (Z;, ;) dox (Z, 1), where Z;, Z are length spaces, diam(Z) < oo
and pg, p are Radon measures. Let (Z;, u;) (for all i) and (Z, 1) satisfy
the following conditions: the doubling condition and type (1,2) Poincaré
inequality, with constants, 7, x independent of 4, and conditions ii), iii),
of Section 5.

Let {A1,...,}, {A...,} denote the eigenvalues for A, A;.

Theorem 7.1. Let (Z;, ;) (for all i) and (Z, 1) satisfy the above
conditions, with constants, T,x in the doubling condition and type (1,
2) Poincaré inequality, independent of i. Then for all j, we have

(7.2) lim.sup >\j,i < /\j .
i

Proof. This is a direct consequence of Lemma 10.7 of [3], together
with the minimax principle.

In more detail, note first of all, that the inequality, (10.11), of Lemma
10.7 of [3], which involves th quantity Lip f, can be rewritten in terms
of |df| in our case; see the discussion prior to (6.23) of Section 5 above.

Let f1, fo,... be an orthonormal basis of eigenvectors for A. Since
the space of all Lipschitz functions is dense in the domain of A, it
follows that for all € > 0,4, there exists a Lipschitz function, f,., such
that [fe — foelr, + |dfe — dfoelr, <e.

Fix 1 < j < oo. Let Vj . denote the subspace spanned by fi,..., fje,
and put Sje = {f € Viel||fle, = 1}. Let {fjne}, 1 <k < N(j,¢), de-
note an e-dense subset of S; ., with respect to the norm |f|r +|df]|r.,-
We can (and will) assume fj¢c = fr, forall 1 < £ <j.

Let f/]’k\,e be the Lipschitz function on Z; associated to f; ., con-
structed in Lemma 10.7 of [3]. From now on, we put f/M: = fj,k,e,i- By
(10.10), (10.11) of [3], we have || fjx.cilz. — 1] < ¢, and

\dfjkeilts < |dfjreln, +¢ <A+ 2
provided i is sufficiently large. Moreover, by (10.9) of [3], if

Fike = 01 jkef 1,6+ @jghelie

then

B [ f kei = (@1 keline T+ gk elige e = 0-

69
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Let W;; denote the direct sum of the first j eigenspaces of the Lapla-
cian, A;, on Z;. Let h be a unit vector in the (j-dimensional) sub-
space spanned by fj,l,e,i7 e ,fAj’j,eyi, which is orthogonal to the ((j — 1)-
dimensional) subspace W;_;;. Denote by fj,ﬁ,e,ia the function, fj,k,e,ia
which best approximates h in the Lo norm. It follows from the pre-
vious paragraph that for ¢ sufficiently large, | < ijﬁ,eyi,w > | <, for
every unit vector, w € W;_y;, and in addition, Hfj,&e,i\ — 1z, < ¢
‘dfj,ﬁ,e,i‘Lg < Aj + €. Since ¢ is arbitrary, by considering the projection
of ijﬁ,eyi, onto the orthogonal complement of W;_;; and applying the
minimax principle, the proof is completed.  q.e.d.

As indicated above, in order to obtain the continuity of the eigen-
functions and eigenvalues under measured Gromov-Hausdorff conver-
gence, the estimates which imply Theorem 7.1 (and in particular, those
which imply the conclusions of Lemma 10.7 of [3]) must hold uniformly
in 2.

Denote by {A;;}, the collection {);;}, but possibly arranged in a
different order. The slightly awkward statements below involving the
underlined eigenvalues arise from the possibility that there might exist
multiple eigenvalues, or more generally, that there might exist very small
spectral gaps.

Theorem 7.3. Let (Z;, j4;) don (Z,p), and put dag ((Z;, 13), (Z, 1)) =
i In addition to the assumptions of Theorem 7.1, assume thatl the
segment inequality, (2.8), holds for all (Z;, p;), with constant, T, inde-
pendent of i. Also assume that there exist constants, L;, A;, such that
if f;i denotes the j-th eigenfunction on Z;, then for all f;;, we have

(7.4) \Lip feale. <Ly (£<7),

and for some q,

(7.5) |Lip(Lip fei)|L, < A; (¢ <3j).
Then
(7.6) ‘)\j _/\j,z” < \I/(H,T,Lj,Aj).

Moreover, given an orthonormal basis of eigenfunctions, {f;} there exist
orthonormal bases of eigenfunctions, {f;;}, such that with respect to the
(uniform) Gromov-Hausdorff distance,

(77) fjafj,l <\Il(pZ’K’77—aLJ’A])7
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and for which the corresponding eigenvalues, {Am-}, satisfy

(7.8) [Aj = Ayl < Wlpi |, 7, Ly, Aj) -

Proof. 1f we grant for the moment that the quantities occuring in
the hypothesis of Lemma 10.7 of [3] are uniformly bounded, then for
j = 1, our assertion is an easy consequence of that lemma. Moreover,
as in the proof of Theorem 7.1 above, the general case follows by a
straightforward argument based on the minimax principle.

The conclusions of Lemma 10.7 are stated in terms of a function,
VU (€|R, K, L,r¢), where in our situation, R is the diameter, L is bounded
by (7.4) (and the notation, W(-|-), is as in the present paper; see (3.2)).
Thus, it is enough to bound (from below) the function r;. (See Lemma
6.24 of [3] for the definition of ry and Lemma 6.30 of [3], for the role
played by r; in Lemma 10.7.)

According to Lemma 16.39, of [3], the function, r¢, can be replaced
by a certain function, Ry, provided (as we have assumed) the segement
inequality holds. (The proof of Lemma 16.39 depends on Lemma 15.6
of [3], the hypothesis of which includes the segment inequality, or more
generally what is refered to there as an (e, §)-inequality.) Thus, to com-
plete the proof, it suffices to estimate from below, the function, Ry.
The required estimate is provided by Proposition 16.43 of [3]. Relative
to Lemma 16.39, this proposition requires an additional assumption,
(16.44), which corresponds to (7.5) above. This suffices to complete the
proof.  q.e.d.

In our next result, we equip the Riemannian manifold, M;, with the
renormalized volume element, Vol;, as in (0.3).

Theorem 7.9. Let diam(Y) < oo and let (M;, m;, Vol;) dar (Y,y,v)
satisfy (0.2). Then (7.6)-(7.8) hold.

Proof. . Tt suffices to verify the hypotheses of Theorem 7.3. By
Theorem 2.11 of [5], the segment inequality holds with constant 7, in-
dependent of i. According to the Cheng-Yau gradient estimate, [8],
the bound, (7.4), is valid for Riemannian manifolds, satisfying (0.2). If
[ is an eigenfunction of the Laplacian on such a manifold, (7.5) (for
q = 2) is an immediate consequence of Bochner’s formula. This suffices
to complete the proof. q.e.d.

Remark 7.10. It is easy to check that the above mentioned bounds
on eigenfunctions for Riemannian manifolds satisfying (0.1), pass to the
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eigenfunctions on the limit spaces, (Y, v), for which (0.2) holds; compare
Theorem 6.27. In particular, the eigenfunctions on the limit space are
Lipschitz.

We also have the following obvious variant of Theorem 7.9, neither
the statement nor the proof of which depends on the existence of an
intrinsically defined self-adjoint Laplacian on limit spaces.

Theorem 7.11. Let M]', M3 be Riemannian manifolds salisfying
(0.1), diam(M}) < d < co. Then for all N < oo, € > 0, there exists
d(n,d,e, N) > 0, such that if the measured Gromov-Hausdorff distance
satisfies dgp (M, M3') < 8, then for j < N, we have |\j1 — Aj2| < €.
Moreover, given an orthonormal basis, {f;1} for the eigenspaces corre-
sponding to the {\;1}, there exists an orthornormal basis of eigenfunc-
tions, {fj2}, 7 =1,..., N, for which the corresponding eigenvalues, Agj
satisfy [Aj1 — Ajol <e.
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