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THE SU(3) CASSON INVARIANT FOR INTEGRAL
HOMOLOGY 3-SPHERES

HANS U. BODEN & CHRISTOPHER M. HERALD

Abstract

We derive a gauge theoretic invariant of integral homology 3-spheres which
counts gauge orbits of irreducible, perturbed flat SU(3) connections with
sign given by spectral flow. To compensate for the dependence of this sum
on perturbations, the invariant includes contributions from the reducible,
perturbed flat orbits. Our formula for the correction term generalizes that
given by Walker in his extension of Casson’s SU(2) invariant to rational
homology 3-spheres.

1. Introduction

Since its introduction in 1985, Casson’s invariant [3], [1] has been
the focus of intense study. For example, it has been shown that it
extends as a Q-valued invariant of oriented 3-manifolds which retains
most of the important properties of the original invariant (for details,
see [25], [14] and the references contained therein). Its relevance to
gauge theory was recognized by C. Taubes, who related it to the Euler
characteristic for the instanton homology groups defined by A. Floer
[24], [6]. Because Casson’s invariant is essentially defined as an algebraic
count of the number of conjugacy classes of irreducible representations
o0 : mX — SU(2), it is widely believed that there exists a sequence
of related invariants Agy(,,)(X) which “count” the number of conjugacy
classes of irreducible representations o : m X — SU(n).

The present article establishes the existence of such an invariant for
the group SU(3) in case X is an integral homology 3-sphere. The main
difficulty in defining Agy(,)(X) is that one must first perturb so that
the space of irreducible representations is cut out transversely, but the
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resulting (signed) count will depend on the perturbation used. To obtain
a well-defined invariant, one must devise a correction term involving only
the reducible representations which compensates for this dependence.

In extending Casson’s SU(2) invariant to rational homology 3-spheres,
K. Walker gave a formula for the correction term using the symplectic
geometry and stratified structure of representation varieties associated
to a Heegaard splitting of the 3-manifold [25]. S. Cappell, R. Lee, and
E. Miller proposed a program for realizing the SU(n) Casson invari-
ants by generalizing Walker’s correction term using Maslov indices and
anomaly cancellation in [4].

Although the situation of SU(3) representations of integral homol-
ogy 3-spheres is similar to that of SU(2) representations of rational
homology 3-spheres (because in both cases there is only one stratum
of reducibles to worry about), we adopt a different approach and use
instead gauge theory. This means that we view conjugacy classes of
representations as gauge orbits of flat connections via holonomy and
study the moduli space of solutions to the (perturbed) flatness equation
as the critical set of the (perturbed) Chern-Simons functional. The ap-
propriate interpretation of our arguments in the SU(2) case would lead
to a gauge-theoretic formula for Walker’s invariant (cf. [18], [15]).

We now give a brief outline of the contents of this paper. The rest
of this section presents the fundamental notions of 3-manifold SU(3)
gauge theory and describes our main result. Section 2 introduces the
perturbations and the perturbed flatness equation. Section 3 is devoted
to establishing structure theorems for the moduli space of perturbed flat
connections and for the parameterized moduli space. It is important to
notice that regularity for the parameterized moduli space does not imply
that it is smooth; it typically has non-manifold points which we call
bifurcation points. These singularities look locally like “T” intersections.

Section 4 introduces the spectral flow orientation on the moduli
spaces. Subsection 4.4 deserves special mention because it contains a
comparison of the orientations on different strata of the parameterized
moduli space near a bifurcation point. This is a key ingredient in our
main result, which is a formula for the SU(3) Casson invariant and the
statement that it defines an invariant of integral homology 3-spheres.
All of this is explained in Section 5 (cf. Theorem 1). The final section
contains technical results concerning the existence of perturbations for
SU(3) gauge theory.

Both authors would like to acknowledge generous postdoctoral sup-
port from McMaster University and the Max Planck Institute. C.H. is
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also grateful to Swarthmore College for a research grant. Many thanks
to Tomasz Mrowka for suggesting this problem and for kindly sharing
his insight on the subject, and also to Andrew Nicas, Brian Hall and
Thomas Hunter for numerous illuminating conversations.

1.1. SU(3) gauge theory. Suppose X is a closed, oriented
3-manifold and P is a principal SU(3) bundle over X. For topological
reasons, P is trivial. Pick a trivialization P =2 X x SU(3) and denote
by QP(X; su(3)) the space of smooth p-forms with values in the adjoint
bundle ad P =2 X xsu(3). Let A be the space of smooth connections in P;
A is an affine space modeled on Q'(X;su(3)). A gauge transformation
is a bundle automorphism ¢ : P — P, and the group of smooth gauge
transformations G can be identified with C°°(X,SU(3)). This group
acts on Aby g- A= gAg~' + gdg~" with quotient

B=AJG.

As usual, the gauge group action is not free. Let A* denote the sub-
set of irreducible connections, i.e., those with stabilizer Z(SU(3)) = Zs,
and set B* = 4*/G. While B is singular at gauge orbits with stabilizer
different from Zs, if A and G are given the L? and L2 topologies, respec-
tively, then B* inherits the structure of a pre-Banach manifold. We will
omit the references to the Sobolev completions in this paper because a
detailed account of the analysis can be found in [24].

Asgsume from now on that X is an integral homology 3-sphere unless
otherwise specified. Then the stabilizer of any flat connection is isomor-
phic to SU(3), U(1), or Z3 (among nonflat connections, there are two
other possibilities, U(1) x U(1) and S(U(2) x U(1))). Let A" denote
the space of all connections with stabilizer isomorphic to U(1); these
are the nonabelian connections which reduce to S(U(2) x U(1)) connec-
tions. We adopt the convenient, if not standard, terminology whereby
A reducible means A € A".

The quotient B" = A"/G, while a singular stratum of B, is itself
a smooth manifold. This may be seen by noticing that A € A" if
and only if it is gauge equivalent to a connection whose 1-form takes
values in s(u(2) x u(1)), and that this 1-form is unique up to gauge
transformations g € C*°(X, S(U(2) x U(1))). Thus

B" = Aswoyxuqy / 9sw@xu())-

For A € A, the curvature is the element F(A) € Q?(X;su(3)) de-
fined by
F(A) =dA+ AN A.
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Then A € A is flat in case F(A) = 0, and the moduli space of flat
connections is

M={Ac A|F(A)=0}/G C B.

Set M* = M N B* and M" = M N B". A well known theorem iden-
tifies M with the space of representations ¢ : mX — SU(3) modulo
conjugation.

The Chern-Simons functional CS(A) is defined by

1
C’S(A):w/Xtr(A/\dA—l—%A/\A/\A).

There is an isomorphism myG = Z given by g — degg (see Proposition
4.2). If g € G, then CS(g- A) = degg + CS(A), so CS descends to a
map

CS:B—R/Z=S5"

Choose an orientation and a Riemannian metric on X. This provides
a Hodge star operator * : Q(X;su(3)) — Q*7P(X;su(3)) and an L?
Riemannian metric on A, given by (a,b);2 = — [ tr(a A +b). Taking
the gradient of CS with respect to this metric, one computes that

V CS(A) = ——— 1 F(A),
472
and hence the set of critical points of CS, modulo G, is exactly the
moduli space of flat connections M.
The linearization of the flatness equation *F(A) = 0 is given by the
operator xds : Q(X;su(3)) — QY(X;su(3)). As in [24], we extend
this to the self-adjoint, elliptic operator

K, :Q%X;su(3) @ QNX;su(3)) — QX ;su(3)) @ QX su(3)),
Ka(€,a) = (dya,dal + *daa).

Notice that ker K4 = HY(X;su(3)) @ HY(X;su(3)), the space of da-
harmonic (0+1)-forms.

For X any closed 3-manifold, the moduli space of flat SU(3) con-
nections M is compact and has expected dimension zero since K4 is
self-adjoint. Achieving transversality requires the use of perturbations,

and we employ the same techniques here that were successful in the
SU(2) setting [24], [9], [10].
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In Section 2 we define a class of admissible perturbation functions
used to vary the Chern-Simons functional. The construction of an ad-
missible function A involves taking a sum of invariant functions applied
to the holonomy around a collection of loops (integrated over normal
disks of tubular neighborhoods of the loops). The perturbed Chern-
Simons functional is then CS,(A) = CS(A) + h(A4), and a connection
is called h-perturbed flat if it is a critical point of CSj,. We show in
Section 3 that it is possible to choose an admissible function A such
that M} and Mj are compact 0-dimensional submanifolds of B* and
B" consisting of orbits that meet a cohomological regularity condition.

1.2. Main result. We begin by recalling from [24] the gauge-
theoretic definition of Casson’s invariant A(X) in case X is an integral
homology 3-sphere. First, choose a small perturbation h so that the
perturbed flat SU(2) moduli space is a compact, smooth, oriented 0-
manifold. Then the number of irreducible, perturbed flat connections
counted with sign is seen to be independent of the choice of perturba-
tion h by verifuing that for generic, one-parameter families of pertur-
bations, the irreducible part of the parameterized SU(2) moduli space
is a smooth cobordism between the two moduli spaces at either end.
Taubes identified the resulting invariant as —2 times Casson’s invari-
ant, normalized as in [1] (see [13] for an explanation of the minus sign).

In the SU(3) case, for generic one-parameter families p(t) = h; of
perturbations, the irreducible part of the parameterized moduli space
W, is an oriented l-manifold, but it is not generally compact. The
reducible part, W/, is a compact 1-manifold, and the union W;UW is
compact but not smooth. The problem is illustrated in Figure 1, where
p(t) is defined for ¢ € [~1,1]. The solid curves depict W) and the dotted
curves W/. Because of the noncompact ends of W, the parameterized
moduli space subfails to give a smooth cobordism between M;(_l) and
M;(U' Thus the algebraic sum of perturbed flat irreducible orbits is
seen to depend on the perturbation in this case.

The compactification W[f is obtained by adding certain reducible
orbits, called bifurcation points, to the non-compact ends of Wj. In
Figure 1, the bifurcation points are the places where the dotted and
solid curves meet. To make the invariant independent of A, one needs a
correction term which changes, when the perturbation is varied, by the
number of bifurcation points on W, counted with sign given by their
orientation as boundary points of W[f.

The oriented spectral flow along W[ provides a means to calculate
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-1 1

FIGURE 1. The parameterized moduli space W; U W[ projecting
vertically to [—1,1].

this number, as we now explain. Let h = s(u(2) x (1)) be the Lie subal-
gebra of su(3), and b its orthogonal complement, which can be identi-
fied with C2. For any reducible connection A, the connection 1-form can
be gauge transformed to take values in h. If A is h-perturbed flat, then
QLX;su(3)) = QY(X;h) @ Q'(X;h1) is the splitting of T4.A into tan-
gent vectors tangent to and normal to the reducible stratum. For generic
paths p, the bifurcation points are characterized geometrically as those
reducible orbits in W, where the kernel of the restriction of K(A,h) to
the h-valued forms jumps up in dimension. Such a jump occurs each
time when the deformation complex detects a tangent vector normal
to the reducible stratum. Hence, in a neighborhood of the bifurcation
point in W, there is a path of eigenvalues of K(A,h) (on h-valued
forms) crossing zero transversally, and the sign of its first derivative
(relative to the orientation on Wy ) coincides with the boundary orien-
tation of the bifurcation point. Note that Stab A = U(1) equivariance
of K(A,h) forces the eigenvalue to have multiplicity two.

Choosing the product connection 8 as a reference point for comput-
ing all spectral flows, we obtain:

Theorem 1. Suppose X is an integral homology 3-sphere. For
generic small perturbations h, Mj and M} are smooth, compact 0-
manifolds. Choose representatives A for each orbil [A] € My, and in
case [A] € M}, choose also a flat connection A close to A. Define
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Asu(3) (X, ) to be equal to

1 -~
> (DIED 2 S ()T ON (87,0 (0,4) - 4 CS(A) +2)
[AleM;; [Alem?,

where Sf and Sfy1 refer to the spectral flow of the operator K(A,h) on
su(3) and b bundle-valued forms, respectively. Then for h sufficiently
small, this quantity is independent of h and the Riemannian metric on
X, and gives a well-defined invariant of integral homology 3-spheres.

The second sum is our formula for the correction term. Both

-~

SfpL(0,A) and CS(A) depend on the choice of representative A. It is

-~

only the difference Sfy1 (0, A) —4 CS(A) which is well-defined on the
gauge orbit [A]. The last term in the second sum does not affect the
argument that Agy(s) is well-defined; it simply adds a certain multiple
of the SU(2) Casson invariant to get a desirable choice of normalization.

As an invariant, Agy(3) is insensitive to the orientation on X. Tn
general, if Agp(3)(X) # 0, then m X admits a non-trivial representation

-~

into SU(2) or SU(3). The conjectured rationality of CS(A) would of
course imply that Agp3)(X) € Q as well.

There are many interesting questions raised by Theorem 1. The
most intriguing is what sort of surgery relations (if any) does this new
invariant satisfy. A related question:' is Asu(z) @ finite type invari-
ant [20], [8]7 By [19], the Casson-Walker invariant equals 6 times A,
the first Ohtsuki invariant [21], so one is especially interested in any
relationship between Agyr(3) and Ag, the second Ohtsuki invariant. Pos-
itive results would be interesting for two reasons: (i) they would render
Ast(3) computable by algebraic means, and (ii) they would clarify what
geometric information the finite type invariants carry.

There is, of course, still the difficult problem of defining the general-
ized SU(n) Casson invariants for n > 3 and extending the invariants to
arbitrary 3-manifolds, using either the symplectic approach of [4] or the
gauge theory approach adopted here. Assuming both programs are suc-
cessful, it will be interesting to explore the relationship between the two
approaches. In a different direction, one can attempt to define SU(3)
Floer theory. We leave these questions to future investigations.

We are grateful to S. Garoufalidis for pointing out the connection here.
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2. Perturbations

In this section, we present the functions that will be used to perturb
the Chern-Simons functional. After defining the perturbations and char-
acterizing the perturbed flat connections, we derive those properties of
the first and second derivatives of the perturbation functions which are
used later to prove that the critical set of the perturbed Chern-Simons
functional satisfies certain transversality conditions.

2.1. Admissible functions. This subsection introduces the
admissible functions, which are gauge invariant functions A — R ob-
tained by applying invariant functions SU(3) — R to the holonomy
around a collection of loops in X. We first describe the construction for
a single loop.

Each smoothly embedded based curve £ : S' — X defines a holon-
omy map

holy : A —s SU(3).

We can obtain from this a gauge invariant function f : A — R by
composing with an invariant function 7 : SU(3) — R. For analytical
reasons, it is necessary to mollify this function by integrating against a
cut-off function on the 2-disks normal to £ as follows.

Let o = (x1,%2) be coordinates on D?, the unit 2-dimensional disk.
Fix once and for all a radially symmetric 2-form 5 on D? which vanishes
near the boundary and satisfies [ p2n = 1. A tubular neighborhood
of ¢ is an embedded solid torus v : S' x D> — X. For each z €
D2, let hol,(x, A) be the holonomy of A once around the closed curve
7(S* x {z}). For any smooth invariant function 7 : SU(3) — R, define
the gauge invariant function p(y,7) : A — R by

1) pOnr)A) = [ (bl (2. (o)

Definition 2.1. Fix I' = {v1,... , 7}, a set of embeddings of the
solid torus into X. Then an admissible function relative to I' is a
function h : A — R defined by

WA = > plisr) = 3 [ hols (o, (o)
=1 =1

where 7; : SU(3) — R is an invariant function of the form 7; = h;otr for
a C?3 function h; : C — R. Given T, we denote the space of admissible
functions by Fr and note the identification Fr = C3(C,R)*" given by
h— (hl, ca ,hn). For h € Fr, define ||h||03 = Z?:l ||hz||03
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There is no real loss of generality in considering only the invariant
functions of the type used in the previous definition. One can see this
by the following result, which we have included for motivation.

Proposition 2.2.

(i) tr : SU(3) — C descends to a one-to-one map on conjugacy
classes.

(1) Any smooth invariant function 7 : SU(3) — R can be written as
T = folr for some smooth function f:C — R

Proof. The characteristic polynomial of M € SU(3) is given by

par(N) =A% — tr(M)A? + tr (M)A — 1.

Since every matrix in SU(3) is diagonalizable, any two are conjugate if
and only if their eigenvalues coincide, and (i) follows.

Part (ii) follows from invariant theory. Consider the case of smooth
invariant functions on U(3). Restricting to a maximal torus 73, these
can be viewed as S invariant functions on T, where S3 acts by per-
mutation of the coordinates. The inclusion 7% C C? is an equivariant
embedding, and a classical result states that the algebra of invariant
polynomials P(C")®" is generated by the elementary, symmetric func-
tions o1,... ,0, (see Chapter 2A, [26]). This, and Theorem 2 of [23],
proves (ii), since the o; are just the coefficients of the characteristic
polynomial, which, for M € SU(3), are given by tr(M) and tr(M).

q.e.d.

2.2. Perturbed flat connections. In this subsection, we intro-
duce the perturbed flatness equation and the deformation complex of
the perturbed flat moduli space. Suppose that T' = {yi,... , v} is a
set of embeddings of the solid torus into X. All the admissible functions
in this section are to be regarded as admissible relative to I'.

Pick a Riemannian metric on X and let

1 QP(X; su(3)) = Q37P(X; su(3))

be the Hodge star operator. This defines an L? inner product on bundle-
valued p-forms by

(o, B) 12 = —/Xtr(oa/\*ﬁ)
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and induces an L? metric on A. For any admissible function
h: A— R,
let VA be the gradient of h with respect to the L? metric, and define
Ch i A — QY(X;su(3))

by (4(A) = xF(A) — 472Vh(A). Notice that (,(A) is just —4n? times
the gradient of the function from A to R given by A — CS(A4) + h(A).

Definition 2.3. Suppose h is an admissible function. Then A € A
is called h-perturbed flat if it satisfies

xF(A) — 4n°Vh(A) = 0.

The perturbed flat moduli space is the set of gauge orbits of per-
turbed flat connections, i.e.,

M = ¢ (0)/G.

Set M} = M, N B* and M} = M, NB".

Definition 2.4. Suppose p(t), —1 < ¢ < 1, is a one-parameter fam-
ily of admissible functions. Then the parameterized moduli space
is defined as the quotient

W, = {(A,8) € A x [=1,1] | {0 (4) = 0}/G C Bx [-1,1],

with slice at ¢ € [~1,1] given by M, x {t} = W, N (B x {t}). Set
Wy =W,N(B*x[-1,1]) and W) =W, N (B" x [-1,1]).

Since X is an integral homology 3-sphere, any reducible flat con-
nection can be regarded as an irreducible, flat SU(2) connection. This
is no longer true for perturbed flat reducible connections because they
typically have holonomy in a subgroup conjugate to S(U(2) x U(1)) and
do not reduce any further.

The linearization of {, is given by

xdap = *da — 4 Hess h(A) : Q1(X; su(3)) — QX su(3)).

This motivates the final definition of this subsection.
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Definition 2.5. Suppose that A is an admissible function and that
A is h-perturbed flat. The deformation complex is the elliptic Fred-
holm complex

o) Q0(X; su(3)) 2401 (X; su(3)) A Q1 (X; su(3))
L0003 su(3)),

where d* is the L?-adjoint of da. The first two cohomology groups of
this complex are
HY(X;su(3)) = kerda

and
H}x,h(X; su(3)) = kerxdy p,/imda.

Notice that this is a self-adjoint complex, and so cohomological groups
of complementary dimensions are identified.

Of course, if h = 0, then (2) is just the twisted de Rham com-
plex with the second half rewritten using duality. We will represent
HY(X;su(3)) and Hil’h(X;su(3)) by the spaces HY%(X;su(3)) and
HY ,(X;su(3)) of harmonic forms, where a 1-form a is harmonic if
dia = 0 and *dap(a) = 0. Geometrically, the former cohomology
group is the Lie algebra of Stab(A), while the latter is the kernel of the
linearized perturbed flatness equation restricted to the tangent space to
the slice of the gauge group action.

Given a complex line V C C2?, we can decompose C? into V and V1.
This gives an identification, typically different from the standard one,
between C* and C@ C?. This engenders a corresponding decomposition
of the Lie algebra as su(3) = h @ b, isomorphic (as a vector space) to
s(u(2) x u(1)) ® C2. For example, for the standard decomposition,

ila+b) c+id 0

h= —c+id ila—>b) O
0 0 —2ia
and
0 0 Al
ht = 0 0 2
—Z1 —z9 O

In general, h and b1 are given by conjugating the above subspaces.
If A is a connection in the bundle P = X x SU(3) and Stab A
=~ U(1), then the action of StabA on the canonical C?® bundle

157
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FE — X decomposes each fiber of ad P in a similar manner. We shall
use the notation § and h without indicating the actual dependence of
the splitting of ad P on the subgroup Stab A C G; one can always gauge
transform A into Ag@2)xu(1)), and then Stab A would just give the
standard decomposition.

For A € A", we decompose 1-forms in a similar manner, and

QN(X;su(3)) = Q1(X;h) @ Q' (X;h")

is a geometric splitting of the tangent space T4 A into vectors tangent
to the reducible stratum A" and vectors normal to that stratum. If A
is h-perturbed flat, this leads to a splitting of the cohomology groups as

M (X5 5u(3)) = Hiy (X5 0) © M, (X5 07).
For convenience, set
QL X su(3)) = QX5 su(3)) @ QX su(3)).
We can fold the deformation complex (2) up into a single operator
K(A,R) : Q"HX: su(3)) — QX su(3))
by setting, for (¢,a) € QU(X;su(3)) @ QH(X;su(3)),
K(A,h)(& a) = (dya,ds€ + *dap(a)).

Notice that K(A,h) is a self-adjoint elliptic operator (with appropriate
Sobolev norms on the domain and range). When A is reducible, the
operator K (A, h) respects the decomposition of Q'(X;su(3)) described
above. In particular, in Sections 4 and 5, we use this to split the spectral
flow of K(A,h).

2.3. The calculus of admissible functions. In this subsection,
we describe the first and second derivatives of functions f : 4 — R
obtained by composing the holonomy around a loop with an invariant
function 7 : SU(3) — R as in eqn. (1).

For such functions, these computations can all be performed on the
pullback bundles over S'. Hence, throughout this section, A denotes the
space of connections on the bundle P = S* x SU(3). Parameterize the
circle by f : [0,1] — S, f(u) = ™. For A € A, let hol(A) € SU(3)
be the holonomy once around the circle in a counterclockwise direction,
based at 1 = f(0).
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The derivatives of hol(A) may be computed as follows. For A € A,
parallel translation by A defines a trivialization of the pullback bun-
dle f*(ad P), which identifies tangent vectors in T4 A with functions
a:[0,1] — su(3).

Proposition 2.6. Suppose A € A and a,b € Ty A. Then

(i) & hol(A+ta)|,_, = hol(A) [, a(v)dv

(i1) 3sat hol(A+ta+sb)‘(00)
= hol(A fo Jo (a ) + b(w)a(u))dpdy.

Proof. We prove (ii) and leave (i) as an exercise for the reader.

Let P(s,t;u) € SU(3) denote the parallel translation with respect to
the fixed trivialization from 0 to u along the interval by the connection
A+ sa + th. Then P(s,t;u) satisfies the differential equation

(3) %P(s,t; u) + (sa(u) + tb(u))P(s, t;u) = 0.

Applying % to (3) at (s,t) = (0,0), we obtain

2
% ( %P(s,t;u)‘(o 0)) + a(u)%P(O,t; u)‘t:()
+ b(u) aasP(s 0; u)‘s:o = 0.

Integrating with respect to v and commuting mixed partials gives
u
APl tiw)| | == /0 (a() 2P0, )| _,
+ b(v) £P(s,0; ;v)| :0) dv.

The equations

0

—P0,t;v :—/ b(p)dp

570w == [ o)

and 5 .
—P(s,0;v :—/ al(p)dy
570w == [“at

can be obtained from (3) in a similar manner, using that P(0,0;u) is
the identity. By substituting each of these into the equation above and
evaluating at ©u = 1 we obtain the desired result since
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hol(A + sa + tb) = hol(A)P(s,t;1).
q.e.d.
This proposition allows us to compute the first and second deriva-
tives of any function f : A — R of the form f = 7 o hol, where

7: SU(3) — R is a smooth invariant function. An important example

is the case when 7 is either the real or imaginary part of
tr: SU(3) — C.

Corollary 2.7. The first and second derivatives of the trace of
holonomy are given by:

(i) & tr(hol(A+ta))|,_, = [, tr (hol(A)a(n)) dps,
(ii) o2 ir(hol(A + sa + tb))‘(o )

1 ’
= Jo Jo tr{hol(A)(a(v)b(p) + b(v)a(p)) tdpdy.

Remark. Proposition 2.6 and Corollary 2.7 remain valid for
SU(n), n > 3.

In Section 3, we shall show that for a suitable choice of I', regularity
of My, is a generic condition for h € Fr near zero, and similarly for
regularity of W, for p € C'([~1,1],Fr). The following proposition
provides useful bounds on the derivatives of admissible functions.

Proposition 2.8.

(i) Fiz v : S' x D> — X an embedding of the solid torus and let
71,72 be the real and imaginary parts of trace on SU(3). Then
there exists a constant C depending on -y such that

n
D" p(v, i) (A)ar, - yan)| < Cr [ llasl 2
=1

forall Aec Aand j=1,2.

(1i) Fiz T a collection of embedded solid tori. Then there exists a
constant Co depending on I such that the inequalities hold for all
heFrandall Ac A

[DR(A)(a)] < Callhlies - llaallrs,
|D?h(A)(a1,a2)] < Callbllos - llaallpz - llaz 2,
|D*h(A)(a1,az,a3)] < Callhllos - allpz - llazllce - asllz,
IVR(A)]l2 < Callhllce.
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Proof. See [24, Section 8al. q.e.d.

The last proposition of this section allows one to patch together the
local regularity arguments to give global results in Subsection 3.1.

Proposition 2.9. If C C F is compact, then e My is also
compact.

Proof. See Lemma 8.3 in [24]. q.e.d.

3. Transversality

The goal of this section is to establish various structure theorems for
the perturbed flat moduli space M}, and for the parameterized moduli
space W), for generic h € F and generic p € C'([—1, 1], F). Before doing
this, we must fix a collection T' of solid tori so that the resulting space
of perturbations Fr is general enough for these transversality results to
hold.

The first subsection contains a formulation of the necessary condi-
tions on I' and a result which implies that we can always choose T' to
satisfy these conditions in a neighborhood of M in B x Fr. In the second
subsection, we proceed with the transversality results for My and W,,.

3.1. Abundance of admissible functions. For any A € A,
define

Ka =kerdy N QY (X;su(3))

and denote by IT4 : Q' (X; su(3)) — K4 the L? orthogonal projection.
The slice through A to the gauge action is the affine subspace

Xa={A4+alae s} CA

A small neighborhood of A in X 4, divided by the stabilizer of A, gives
a local model for B near [A].

The first proposition reduces the study of the local structure of the
moduli space to a Fredholm problem.

Proposition 3.1. Given a perturbed flat connection, there is a
neighborhood U C X 4 of A such that A4+a € U implies that (p(A+a) =
0 if and only if TI4Cx(A + a).

Proof. See Lemma 12.1.2 of [17] and Lemmas 28 and 29 of [9].

q.e.d.
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Definition 3.2. Suppose A is a reducible h-perturbed flat con-
nection and denote by Herm?—[}47h(X; h1) the set of Stab(A) = U(1)

invariant symmetric (hence Hermitian) bilinear forms on ’Hh,h(X :hh).

Definition 3.3. A collection I" of embedded solid tori in X is called
abundant for (A,h), where h € Fr and A € A* U A" is h-perturbed
flat, in case there exists a finite subset {f1,... , fm} C Fr of admissible
functions such that:

(i) If A € A*, then the map from R™ to Hom(?—[}47h(X;su(3)),R)
given by (x1,...,om) — Y i, ;D fi(A) is surjective.

(ii)) If A € A", then the map from R™ to
Hom(#,(X; ), R) & Herm Hiy (X3 67)

given by

(T1y. e ) (Z xini(A),in Hessfi(A)>
i=1 i=1

is surjective.

Because abundance is a gauge invariant concept, it makes sense to say
that " is abundant for ([A], h). When h = 0, we say that I" is abundant
for A or [A].

If T is abundant for (A,h) and T' C T”, then of course I" is also
abundant for (A, h). The next proposition is the principal result of this
subsection; it shows that there exists a collection I' which is abundant
for all nontrivial perturbed flat connections in a neighborhood of the
flat moduli space. This is a global result and its proof will occupy the
remainder of the subsection. The statement of the proposition is divided
into three parts, which can be viewed as the pointwise, local, and global
versions of the same result.

Proposition 3.4.
(i) If A € A is a nontrivial flat connection, then there exists a finite
collection I' which is abundant for A. In case A is reducible, I' and

the subset {f1,..., fm} from Definition 3.3 can be chosen so that
for some k,

(a) {Df1(A),...,Dfr(A)} spans Hom(HY(X;h),R).
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(b) {Hess fr11(A),... ,Hess f,(A)} spans Herm HL (X;h1).
(¢c) Dfi(A)=0 forj=k+1,... ,m.

(1) If A € A is a nontrivial flat connection, and T is abundant for
A and is chosen as in (i), then there exists an open neighborhood
UxV C BxFr of ([A],0) such that T is abundant for all ([A’],h) €
U xV with (,(A") = 0.

(#31) There exist a finite collection T' and an open neighborhood U xV C
B x Fr of M\ [0] such that T' is abundant for all ([A],h) e U xV
with Ch(A) = 0.

Proof. Part (i) follows from Corollary 6.7 and Proposition 6.8, as
we now explain. First, assume A is irreducible. Replace all loops £
coming from 6.7 (ii) by tubular neighborhoods 7. Next, by shrinking
the tubular neighborhoods, if necessary, we can approximate functions
f A —> C of the form f(A) = tr(holy(A)) arbitrarily closely by the
complex-valued functions p(v, tr)(A) defined as in equation (1). In case
A is reducible, apply the same procedure to obtain real-valued functions
p(y, trr)(A) from the real part of {r(holy(A)) for the loops in 6.7 (i).
This proves (i) for A irreducible as well as part (a) for A reducible.

To finish off part (i) in case A is reducible, thicken the loops obtained
from an application of Proposition 6.8. This provides a collection of
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functions with Dp(y, tr)(A) = 0 whose Hessians span Herm 7-[1147h(X; hh).

This proves (b) and (¢) and completes the proof of part (i).

Part (ii) says that abundance is an open condition around flat con-
nections in A x Fr and requires several estimates, contained in Lemmas
3.5 and 3.6. Before presenting those arguments, we explain how (iii)
follows from (i) and (ii).

By (i) and (ii), for any nontrivial flat connection A, we have a collec-
tion T which is abundant for all perturbed flat orbits ([A], h) in a neigh-
borhood U’ x V' C BxFr of ([A4],0). Applying this for each [4] € M\ [0]
and using compactness, we obtain a finite subcover U7, ... ,U] and cor-
responding collections T'y,... ,T. Set T' = 221 T;. Part (iii) follows
by applying (ii) once again to A and the collection T' to obtain an open
neighborhood U x V' C B x Fr of ([4],0) such that I' is abundant for all
([A"],h) € U x V with (,(A") = 0. This last step is performed for each
[A] € M\ [0], and compactness once again allows us to extract a finite
subcover Uy, ... ,U; of M\ [0]. The proof of part (iii) is completed by
setting U = Ule Ujand V = ﬂle Vi.
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As for part (ii), it is easiest to see this in case A is irreducible. On the
other hand, if A is reducible, then similar reasoning shows that abun-
dance is local in B x Fr, but whether there exists an open neighborhood
in B x Fr is less obvious. The following argument treats irreducible per-
turbed flat connections in a neighborhood of A assuming A is reducible.
Before continuing with the proof, we need to introduce some notation.

Since A is a fixed reducible flat connection for the rest of this
proof, we write K for K 4. It is useful to decompose elements a € K
as @ = (ay1,az) according to su(3) = h @ h+. Thus a1 € Q' (X;h)
and ap € QY (X;h1). For i = 1,2, we have the Hodge decomposition
a; = (a},a!) where ¢} € HY(X;h) and a), € HY(X; 1) are the cohomo-
logical components, and o/, a are characterized as follows. Define Y
to be the orthogonal complement of HY (X;h) in LNQL(X;h), and also
K4 to be the orthogonal complement of H%(X;h) in £ N QL (X;H1).
Denote by T} : Q'(X;su(3)) — K7 the L? orthogonal projection for
i =1,2. Then o =1IYa € K and a = (a1,a2) = (a}, a], ah, a5). We set
K" =Kl ® KJ and " = (11}, 11}).

Suppose a,b € Q(X; su(3)). The notation [aAb] indicates the prod-
uct obtained by combining the wedge product on the form part with
the Lie bracket on the coefficients. The following is the su(3) analog
of the well-known formulas for the Lie bracket in su(2) (with regard to
the decomposition su(2) = u(1) ® u(1)1). If we decompose ¢ = (a1, as)
and b = (b1, by) according to su(3) = h @ h* as above, then

*[ai/\bj]EQl(X;f)) lf'L:]a
*la; A bl € QUX; ) if i #£ .

The proof proceeds with two lemmas. The first one shows that the
space of perturbed flat irreducible connections in X 4 for small h are
close to the image of the affine subspace A+ K} +H4(X; su(3)). It also
gives some control over the distance from the nearby reducibles to the
affine subspace A+H1Y (X; su(3)) in terms of the size of the perturbation.

Lemma 3.5. For any I' and any 0 < R < 1, there exist K < oo
and 0 < e <1 such that if A+a € Xy is h-perturbed flat with ||a|[ 2 <€
and ||h||cs < €, then

(i) llasllz2 < Rllaslz2 and

(i) lafllz < R (Jlaillzz + labllzz ) + K hllca.
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Proof. Fix 0 < R < 1. Consider the map from X4 x F to K" given
by IT"(;,(A + a). The linearization at (A,0) restricted to K’ with the
L% norm on the domain and L? norm on the range is *d 4, an elliptic
Fredholm operator with trivial kernel. Therefore there exists A > 0 such
that || * dab”||z2 > /\||b”||L% for all b € K".

Now assume that I14{s(A 4+ @) = 0. Expanding the equation

D¢n(A+a) =0 gives

0 = *da(ah) 4+ 214 * [ay A ao] — 47211y VA(A + a).
By Taylor’s theorem, the last term on the right can be replaced by
—4n? [T (Hess h(A + a1)(a2) + D*Vh(A + a1 + t1a2)(as, a9))]

for some 0 < t; < 1. Here we are exploiting the equivariance of (
with respect to the Stab(A) action. Rearranging and using the triangle
inequality on ag = afy + @/}, we obtain

Nablzz < (2CNavllzs +87°Callbllcs ) (lallzs + llal .z ) -

where C' comes from the Sobolev multiplication theorems and CY is the
constant given in Proposition 2.8. By shrinking € to control some of the
L2 norms on the right side, we obtain the first claim.

To prove the second claim, expand the equation 0 = IT{ {(A + a)
to get

0 = xda(a) + T4 * ([a1 A ayr] + [az A ag]) — 471 Vh(A + a).

Rearranging, we see that
Matllzz < € (llal2; + llazll2s ) +4m°Collhllco.

Now apply the triangle inequality on the right to a; = ¢} + af and use
the first part to obtain the required bound. q.e.d.

The next lemma is a similar result about tangent vectors at per-
turbed flat connections which are in the kernel of the Hessian of CS +h
(restricted to X 4). We decompose b € Ty ,X 4 into

b= (blabQ) = ( ,17 ,1,7 ,25b121)

as before.
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Lemma 3.6. For any I' and any 0 < R < 1, there exist K < oo
and 0 < € <1 such that if A+ a € X4 is a nonabelian h-perturbed flat
with |lall 2 < € and ||hllcs <€, and if b € Ta1qXa is in the kernel of
Hess(CS +h)(A + a), then

() 151152 < RIB Iz + Kllagllys - 5]z,
(ii) 851z < RIS,z + Kllasllyz - 1] 2.

Proof. Setting the b and b components of DI 4¢,(A + a)(b) equal
to zero gives two coupled equations in b; and bs. Expanding the b
component leads to

—wdab] = Tax ([ay Abi] + [ag A bs]) — 47’14 Hess h(A 4 a1)(by)
—47* T D{Hess h(A + a1 + t2a2)(b) }(az).

Taking the L2 norm of each side of this equation and using the various
bounds as in the last lemma, it follows that

Mgz <€ (ol g - Il g + lazll s - 1ball 2 )
+ K [blles (ballze + las e - 16]12) -

Applying the triangle inequality, first to b = by 4+ by and then to b =
by + by everywhere on the right-hand side of this equation and moving
all occurrences of by to the left, we see that, for e small enough,

A
SIllz < 20 (elhllzg + llabllzz - el 2 )
(4) +Ke (101123 + 2abllzs - 1]+ ball s )
< cconst|[B]| 2 + constl|abl 2 - [[ball-

Similar reasoning applied to the h- component of DTI4(;, (A +a)(b)
gives

A
(5) 5 182]l2; < econst|by| 7 + constllaz| 1z - [lbulL;-

The conclusion of the lemma follows from equations (5) and (5). q.e.d.

We are now ready to complete the proof of Proposition 3.4 (ii). Re-
ferring to part (i), since A is reducible, we have finite subsets { f1,... , fx}
and {g1,...,q;} of Fr such that
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(i) span{Dfils (xyp) 1 =1, k) = Hom(HL (X;h),R),
(ii) span{Dggj]H}Q(X;hl)ng |i=1,...,1} = Herm HL (X; b1),

Our strategy here is to show that, given a and h sufficiently small with
A + @ an irreducible h-perturbed flat connection, the functions {f;, g;}
detect all elements b € ker K(A + a, h) to first order.

Choose a constant N > 0 such that, for all u € H4(X;b) and all
v,w € HY(X;h1), the following bounds hold:

(6 max (DA} = Null
™ max{|D%g;(A)w,w)l} = N ol -l

Choose € small enough that these inequalities continue to hold when N
is replaced by & and A is replaced by A + a for lallz2 <e.

Suppose that h € Fr and that A + ¢ € X4 is an irreducible h-
perturbed flat connection, and assume b € Q(X;su(3)) is an element
in the kernel of Hess(CS +h)(A + a). Choose functions f and g from
{f;} and {g;}, respectively, for which [Df(A+a)(¥})| > sN 161l 2 and
|D?g(A + a)(ab, b5)| > 5N [lapllz - 1Dl 2- If either Df(A + a)(b) or
Dg(A + a)(b) is non-zero, then we are done. So we assume both vanish
and seek a contradiction.

Apply the triangle inequality to the equation

Df(A+a)(b) = —Df(A+a)®] +b2)
to get the inequality

N
Sl < DA+

+|Df(A+a1)(b2)| + [D*f(A + a1)(az, b))
+|D3f(A + a1 + ti1a9)(az, az, ba)],

where 0 < t; < 1. Then Df(A 4 a1)(by) is zero by invariance under
Stab(A + a1) = U(1), and applying bounds to the other terms gives

N
S I0llz < Collfllcs - 1971z +4C2 1f e - llazllzz - b2l 2
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For € suitably small, this inequality and Lemma 3.6 together imply

N
(8) 5 91127 < const [layllzz - 1Dl L;-

Next consider Dg(A + a)(b). We first bound the derivative in the by
direction:

[Dg(A+a)(b1)] = [Dg(A)(b1)

—I—D2g(A + tla)(al, bl) + D2g(A + tga) (ag, bl)’
’D2g(A + tla) (al, bl) + D2g(A + tzal)(ag, bl)

(9) +D%g(A1)(t2a2, a2, b1)]
< Gollgles - ez (llanlzs + a2,
< eCslby[ 2
< cconst 1z + econst llaj |z - 1]

In the first line, Dg(A)(by) = 0 by hypothesis, and in the second,
D%g(A+toa;)(az, by) vanishes by gauge symmetry. The last step follows
from part (i) of Lemma 3.6.

Finally, we bound the derivative of g in the by direction away from
7€ero:

|Dg(A + a)(bs)| =[Dg(A + a1)(bs) + D*g(A + a1)(as, b2)
+ D?g(As)(az, az,bs)|.

Appling gauge symmetry once more shows that Dg(A + a1)(b2) =0 in
the equation above. Bounds on the other terms give, for ¢ sufficiently
small,

[Dg(A + a)(b2)|
N
> llazllzy - 1051y — constlay]|z - 15z

(10) — constllajllz - 851l 2 — constllablz - [B5]12
N
> a1 — constllab 2, - 13-

Combining inequalities (9) and (10), we get

N
a2 - Il 2 < cconstlh |z,
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which, combined with inequality (8), yields the desired contradiction.
q.e.d.

Since X is an integral homology 3-sphere, there are no noncentral
abelian flat connections. The following proposition guarantees that this,
together with the property that I' is abundant, continues to hold for
small perturbations. It also provides a unique component of the flat
moduli space near each perturbed flat connection, for small perturba-
tions.

Proposition 3.7. Suppose T satisfies condition (iii) of Proposition
3.4. There exists an g > 0 such that:

i) If A€ A*UA" is flat and A’ € A is abelian, then ||A—A'|| 2 > 2¢.
Ll

(i) If l[hlles < €0 and A € A is h-perturbed flat, then there exists
A € A which is flat with ||A — A||L§ < €.

(153) If ||h|lcs < €0 and A € A is h-perturbed flat, then T' is abundant
for ([A], b).

(i) If A, A" € A" are flat and lie on different components of the space
of flat connections in A, then ||A — A’||L§ > 2¢p.

Proof. For claims (i) and (ii), see Lemma 1.3 and Proposition 1.5 of
[24]. Claim (iii) follows from claim (ii). For the neighborhoods U and
V in Proposition 3.4, choose ¢ small enough that the ball of radius ¢
around 0 € Fr is contained in V' and the ¢y neighborhood of M* U M"
in B is contained in U.

For part (iv), suppose to the contrary that there were no €y satis-
fying the conclusion. Then we have two sequences A; and A} of flat
connections in A with [|4; — Af| ;> < 1 such that A; and A} never lie on
the same component of the space of flat connections. By compactness
of M, after passing to a subsequence, we can assume that there is a
sequence of gauge transformations g; such that g; - A; converges to a flat
connection Ag. Then g; - A} must also converge to Ag. (Note that we
are using the standard gauge invariant L? norm here.)

Consequently, for i large, we see that g;- A; and g;- A} must lie on the
same component of the space of flat connections as the one containing
Ap. But this implies that A; and A’ lie on the same component, which
is a contradiction. q.e.d.

3.2. Regularity theorems. We are now ready to prove the
structure theorems for M, and W,. We begin with the definition of
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regularity in this context. Throughout this subsection, I' denotes a
fixed collection of solid tori satisfying Proposition 3.4, part (iii). Thus,
I' is abundant for all pairs ([A],h) € B x Fr in a neighborhood of
(M\ [0]) x {0}. Choose ¢y as in Proposition 3.7 and define F(ey) to
be the ball of radius ¢y about 0 in the space Fr of admissible functions.

Definition 3.8. Suppose h € F(eg) and U C My, is open. Then U
is regular in case Hh,h(X; su(3)) is trivial for all [A] € U.

Regularity as defined here makes no assumption on the irreducibility
of A.

Proposition 3.9. If U C My, is regular, then M; NU and M; NU
are 0-dimensional submanifolds of B* and B", respectively.

Proof. This follows directly from standard Kuranishi arguments.
q.e.d.

We define regularity for the parameterized moduli space next. For
any triple (A4, p,t) € Ax C'([-1,1],F(e0)) x [-1, 1], define an index one
Fredholm operator by the formula

L{A, p,t) : Q"FL(X;su(3)) @ R — QFL(X; su(3)),
(55 a, T) = K(A7 Pt)(f, a) - 47T2T%th(A)'

Since X is an integral homology 3-sphere, the only abelian orbit
in the flat moduli space is [f], and this continues to be true for small
perturbations thanks to Proposition 3.7. This explains why we dismiss
the case of abelian orbits in the following definition. Note, however,
that such orbits may indeed occur for large perturbations, or even for
small perturbations on arbitrary 3-manifolds.

Definition 3.10. Let p : [-1,1] — F(e) be a C* curve with
M (+1) regular. An open subset U C W, is regular if the following
hold:

(i) Hé’pt (X;su(3)) is trivial for ([0],t) € U.
(ii)) U contains no noncentral abelian orbits.
(iii) For all ([A],t) € W, NU, L(A,p,1) is surjective.

(iv) For all ([A],t) € W; n U, QUL(X;h) N coker L(A, p,t)
= H%(X;su(3)) = u(l).
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(v) There is a finite subset J of W N U such that for ([4],2) € W/,

2 if ([A],t) € J

. 1 Y =
dlmHA,pt(X7h )_{ 0 otherwise.

Elements of J are called bifurcation points.

(vi) If ([As], 25) is a parameterized curve in W, NU and ([4¢], %0) € J,
then the (multiplicity two) eigenvalue of K (As, p(ts)) crosses zero
transversally at s = 0.

Note that regularity of W, does not ensure that W, is a smooth
cobordism (cf. Lemma 3.11). Conditions (v) and (vi) of Definition 3.10
make sense in light of claim (i) of the next lemma.

Lemma 3.11. IfU" C W is open and QUY(X; h)Ncoker L(A, p, t)
= H%Y(X;su(3)) for all ([A],t) € U, then U is a smooth 1-manifold.
IfU C W, is open and regular, then:

(i) WU and W;NU are both smooth 1-manifolds without boundary,

(1) each bifurcation point in U is the limit of exactly one noncompact
endpoint of W, i.e., J = (Wg \ W;) NnU.

Proof. The first statement and (i) follow from condition (iv) of
Definition 3.10 using standard Kuranishi arguments. The proof of (ii)
is given below.

Fix a bifurcation point, which we assume, for simplicity of notation,
to be of the form ([A],0). For some neighborhood U C B x [-1,1],
W, N U is the quotient by the gauge group of the zero set of the map

Q: X4 x[-1,1] — QHX;su(3))

given by Q(A + a,t) = Ta, (A + a).
The linearization of @ at (A, 0) is an elliptic Fredholm operator with
index one

DQayp) : 2'(X;5u(3)) ®R — K4

and
DQ(A,O) (a,7) =TIaL(A, p,0)(0,a,1).

Fix a nontrivial v € Q(X;h) @ R in the kernel of DQ4,0)- Then

ker DQ( 4,9y = span{v} & H} , (X;5")
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and
coker DQ4,0) = 7-[,14”00 (X;ph).

We summarize the Kuranishi model in this situation. There is a
function

¢ : ker DQ(A,()) — (ker ZDQ(A,O))L

and a neighborhood U C ker DQ4,0) of zero such that @ restricted
to the graph of @[, takes values in coker DQa ). Let ¢1 and ¢
be the Q'(X;su(3)) and R components of ¢, and define the map 1 :
ker DQ(4,0) —> Ka by setting 9(a,7) = a + $1(a, 7). Now for 5 € R,
define Uy : Hh’pO(X; bt) — X4 by setting ¥,(z) = A+)(sv+x). Set
CSs(A) = CS(A) + p(ts)(A), where t5 = ¢o(sv). Observe that £y = 0.
Then for all s,

Qo W, = —47°V (CS, 0T,),

a family of gradient vector fields of U(1) invariant functions on
H}‘X,po (X7 hL) = (C

For small s, the path of orbits ([¥(0)],%5) parameterizes W/ near
([A],0). At the origin in 7—[}4”00 (X;b1), the Hessian of CS, oW, is A\, 1d,
where X is the eigenvalue referred to in condition (vi) of Definition
3.10. The proof now reduces to the parameterized Morse Lemma. See
the proof of Theorem 12 in [11] for a similar argument.  q.e.d.

Our proof of regularity will involve considering the irreducible and
reducible universal zero sets

z* ={([Al;h) € B" x F(eo) | (u(A) = 0}

and
Z" ={([A],h) € B" x F(ep) | (n(A) = 0}.

Within Z" lies a subset which we hope to avoid when choosing pertur-
bations, namely, the union over all positive integers k of

7 = {([A],h) € Z" | dimg ker <K(A, h)ym(x;m) _ k;}
Proposition 3.12. The sets Z* and Z" are submanifolds of

B* x F(eg) and B" x F(eo), respectively. For each k, Z is a submanifold
of Z7.



THE SU(3) CASSON INVARIANT 173

Proof. Fix ([Ao], ho) € Z*. Consider the map
P: XAO X .7:(6()) — ICAO

given by P(A,h) = [14,(n(A). The first partial derivative %—5(A0,h0)
is Fredholm with cokernel 7-[11407,10 (X;su(3)), but, since T' is abundant
for ([A¢], ho), the image of g_};(AO’ ho) is a subspace which orthogonally
projects onto this cokernel. Therefore P is a submersion at (Ag, ho).
The implicit function theorem now proves that the preimage P~1(0) C
X4, % Fleg) is smooth near (Ao, hg), and hence Z* is smooth near
([Ao], ho)-

To show smoothness of Z7, apply the same argument to the map
P": X'\ x Fleg) — Ka, N QH(X;h), which is the restriction of the
map P to the reducible slice Xy = {Ao+a|a € Ka, NQY(X;h)}. That
P" takes values in K4, N Q(X;h) follows from Stab Ay equivariance.

Next we treat the third case. Suppose that ([Ag],ho) € Z]. Define

Ao = min{|A| # 0| A € Spec(K 4,)}.

Choose a neighborhood U x V' C X7, ' x F(ep) of ([Ao], ho) such that
for (A,h) € U x V, the operator K(A,h) has no eigenvalue A\ with
%1 <Al < %1 Form the small eigenspace bundle, which is the complex
vector bundle E over U x V' with fiber E(4 p,y equal to

A
span {u € Q"FHX;ph) | K(A, h)(u) = Au where |)| < ?0} .

Let Herm E be the associated fiber bundle of symmetric, Stab(Ag)
invariant (hence Hermitian) bilinear forms on E, and for each k =
1,...,dimg H}on,h(X? 1), let Hermy, E be the subbundle consisting of
those bilinear forms with complex rank less than or equal to
dim¢ 7-[11407,1()(; h1) — k. Notice that Hermy E has codimension k? in
Herm FE.

Define K(A,h) : E(apny — E(an to be the restriction of K(A4,h)
to Eja,p) composed with the orthogonal projection to E4 ), and use
this to construct the section

R:UxV —HermE @& (K4, N Q' (X;h))

givenby R(A4,h) = (K(A,h), P"(A,h)) . Then Z] = R~ (Herm; E @ 0) .
Now we claim that R is a submersion at (Ag, hg). Since the linearization
of R in the first variable has cokernel Ty Herm F 4, p,,) © Hho (X;h), it
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suffices to show that the linearization in the other variable, composed
with projection to this cokernel, is onto. This is the map

ToF(ep) — Herm HYy (X;h5) @ HY, (X3 h)

given by
6h = (—47* Hess 6h(Ag), T} Vh(Ao)),

where TI/ is the projection onto 7-[}40 (X; ). But surjectivity of this map
follows since T' is abundant for ([Ag], ko). q.e.d.

We are finally ready to prove the regularity theorem for the moduli
space and the parameterized moduli space. For h_1,h1 € F(e), let
CH([~1,1], F(eo); h—1,h1) denote the set of C* curves p : [-1,1] —
Fl(eg) with p(£1) = hy.

Theorem 3.13. There exists a Baire set F(ey) C F(eo) such that
h € F(eo) implies M} UM, is regular. For any h_1,h1 € F(eo)', the
set of p € CY([—1,1],F(eo); h—1,h1) for which W, is reqular is Baire.

Proof. The projections from Z*, Z", and Z to F(eo) are Fredholm
of index 0,0, and —k?, respectively. The first two index calculations
simply follow from the self-adjointness of the partial derivatives in the
connection variable of the maps P and P". The third follows easily from
the second. The rest of the argument is a standard application of the
Sard-Smale theorem and transversality (see [5], Section 4.3.2).  q.e.d.

4. Orientations and spectral flow

In this section, we introduce orientations on the parameterized mod-
uli space and relate them to the spectral flow of the family of operators
K (A, h) from the previous section. We use the index bundle of the
family L to orient W) and W.

The basic idea is a familiar one, used not only in 3-dimensional gauge
theory by Taubes (see [24]), but also in 4-manifold gauge theory. In fact,
if W, were generically a cobordism, then Taubes’ approach to defining an
invariant would work equally well for SU(3). But W, is not generically
a cobordism, as explained in Lemma 3.11, and a relationship between
the orientations on W and W[ near a bifurcation point is provided by
Theorem 4.7.

4.1. Orientations. Suppose that F(ep) is fixed as in the previous
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section and consider the family of index-one Fredholm operators

L:AxCY[~1,1],F(e)) x [-1,1]
— Fred' (Q0T1(X; 5u(3)) @ R, QT (X su(3)))

introduced in Subsection 3.2. The dimension of the kernel of L(A, p, )
is not continuous in (A, p, t), so ker L does not form a vector bundle over
AxCY([~1,1], F(eo)) x[~1, 1]. Instead, we consider the index bundle of
L, which is the element in the K-theory of AxC([—1,1], F(eg)) x[~1,1]
defined by ind L = [ker L] — [coker L], a virtual bundle of dimension one.

Given vector spaces F and F' of dimensions n and m, an orientation
on [F] — [F] is an orientation on the real line

det([E] — [F]) = A"E ® (A™F)*.

For example, if {e1,... ,e,} and {fi,..., fin} are bases for £ and F,
then the element (e; A---Aep) @ (fiA--- A frm)* specifies an orientation
for [E] — [F]. More generally, if E and F' are vector bundles, then an
orientation on the element [E]— [F| of K-theory is an orientation of the
line bundle A"E ® (A™F)*.

Clearly, ind L is orientable since the parameter space is contractable.
The virtual fiber at (6,0,0) is [H)(X;su(3)) ® K] — [HI(X; su(3))], and
our convention for orienting ind L is to propagate the canonical orien-
tation at (6,0,0) given by

(11) (i A ANvg Aw) @ (vg A+ Awg)™,

where {v1,...,vs} is a basis for su(3) = HJ(X;su(3)), and w is a
tangent vector to [—1, 1] at ¢ = 0 pointing in the positive direction.

Suppose that p € C1([-1,1],F(e)) and W, is regular. Then w;
inherits an orientation because of the natural identification T{;4.nW, =
ker L(A, p,t). There is also an induced orientation for W, but this is
less obvious. First, suppose ([A],%) € W} is not a bifurcation point. An
orientation is given by declaring that a nontrivial vector v € Tj 4 nW,
is positively oriented if the element (uAv)Qu* € det ind L(A, p,t) agrees
with the orientation of ind L for any u € u(1) = HY(X; su(3)).

Now suppose that ([A],#) € W/ is a bifurcation point. The di-
mension of ker L and coker L both jump by two at (A, p,t), but we
obtain an orientation consistent with the one above by requiring that
(u Nz ANy Av)® (uhz Ay)* agree with the given orientation on
ind L(A, p,t), where {z,y} is a basis for thh(X; b1), the new part
of the kernel (and cokernel) of L at (A4, p, ).
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4.2. Spectral flow. In analogy with Taubes’ gauge theoretic de-
scription of the Casson invariant, our formula will involve counting irre-
ducible perturbed flat orbits with sign according to their spectral flow.
We adopt the following convention for computing the spectral flow.

Definition 4.1. Suppose U is a real, infinite dimensional, separable
Hilbert space, and K : [0,1] — SATFred(lf) is a continuously differen-
tiable family of self-adjoint Fredholm operators with discrete spectrum
on U. Note that the eigenvalues of K; vary continuously differentiably.
Choose ¢ such that

0 <o <inf{|A] #0| X € Spec Ko U Spec K1 }.

The spectral flow along K; from K to K1, denoted Sf (Kjy, K1), is the
intersection number, in [0, 1] X R, of the graphs of the eigenvalues of Ky,
counted with multiplicities, with the line segment from (0, —¢) to (1, ).
It is a homotopy invariant of the path K; relative to its endpoints.

Note that with this convention for counting zero modes,
Sf(K(), Kl) + Sf(Kl, KQ) = Sf(K(), KQ) — dimker Kj.

We are primarily interested in the spectral flow of the operator K(A, h)
from Subsection 2.2. Completing Q°T(X; su(3)) in the L? norm, we re-
gard K(A,h) as a family of self-adjoint Fredholm operators on
QX su(3)) with dense domain the space of L? forms,

K : A x F(eg) — SAFred (2" (X su(3))).

Define deg : G — 7Z by setting degg = degg’, where ¢’ : X —
SU(2) is a map homotopic to g. That deg g is well-defined follows from
the next proposition, which can be proved by noting that SU(n) is
homotopy equivalent to a CW-complex with 3-skeleton S3 and the next
lowest cell in dimension 5.

Proposition 4.2. Fiz n > 2 and consider the standard inclusion
i:SU(2) C SU(n).

(i) If g € C°(X,SU(n)), then there exists ¢ : X — SU(2) with
iog ~g.
(1) If go, g1 € C®(X,SU(2)) with i0 gy ~iogy, then gy =~ g1.

Proposition 4.2 gives the following formula for the spectral flow be-
tween two gauge equivalent connections.
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Proposition 4.3.

(i) The spectral flow of K(A,h) along a path (A, hy) is independent
of the path connecting (Ag, ho) to (A1, h1).

(1i) The spectral flow of K from (A,h) to (gA,h) equals 12degg —
dimker K(A,h).

Proof. Part (i) follows since A x F(eg) is contractable. Part (ii)
follows by an index computation, the point being that spectral flow
around a closed path in A equals the index of the self-duality operator
on SU(3) connections over X x S'. Details can be found in [13].  q.e.d.

Remark. Suppose A € A". By applying a gauge transformation,
we can assume that A € Agr2)xv(1))- Consider now the standard de-
composition of the Lie algebra su(3) = h @ h* given by the action of
Stab A = U(1), and split the operator K (A, h) accordingly. Because 6
and A can be connected by a path in Ag(2)xu(1)), the spectral flow of
K from (0,0) to (4, h) splits as

Sf(0,A) = Sfy(0,A) + Sfyr (0, A).

Notice that U(1) equivariance of K (A,h) implies that Sfy. (6, A) is di-
visible by two. Using part (ii) of the previous proposition and the well-
known, analogous result (for su(2)) that

th(A, gA) =8 degg — dim ker KA‘QO+1(X;[])a
we see that

Sfyr (A, gA) = ddegg — dimker Ka|got1(x;p1)-

4.3. The relationship between orientations and spectral
flow.  There is a fundamental relationship between the orientation
of the one-dimensional virtual bundle ind L and the spectral flow of
K(A,h). We describe it next, in some generality.

Suppose that U is an infinite dimensional, separable Hilbert space
and that Z is a connected, simply connected parameter space. Let

K : Z — SATFred()

be a parameterized family of self-adjoint Fredholm operators on U/, and
v : Z — U be a continuous map.
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Define L, : UOR — U by L,(u,7) = K,(u)+71v, for (u,7) € UDR.
Clearly L, € Fred' (4 ® R,U). For any z € Z, let I, : ker L, — R be
the projection onto R, and Ilyerr, : & & R — ker L, be the projection
onto the ker L.

Suppose that zp € Z is a fixed base point and v,, = 0. Choose
an orientation O for ind L by the convention in equation (11), and let
0, denote the induced orientation on ind L,. If L, is surjective, then
0, gives an orientation of ker L,. Notice that whenever K, is an iso-
morphism, ker L, is spanned by (—K;!(v;),1). In this case, and more
generally when v, | ker K, the spectral flow of K, allows us to compare
O, with another natural orientation on ker L,.

Proposition 4.4. Suppose v,, L ker K, . If {u1,... ,ux} is a ba-
sis for ker K, then {uy,... ,ug, (—Kz_ll(vzl), 1)} is a basis for ker L, .
Furthermore, the orientation on ind L, agrees wilh

(— 1) EeoKet) (g A A A (K (02),1)) © (] Ao Aug)™

Remark. K, is an isomorphism if and only if I, is an isomor-

phism, and then the proposition states that the orientation on ker L,,
is (_1)Sf(K207K21)H:10R.

Proof. The first claim is obvious. The proof of the second goes
as follows. Connect zp to z; by a path z. By [12], K,, is homotopic
relative its endpoints to a path K; in SAFred(U) so that there is a finite
set {f1,...,1x} C (0,1) such that

1 iftE{tl,... ,tk}

dim ker K; = { 0 otherwise.

We can further assume that any eigenvalue of K; which crosses zero
does so transversely.

Similarly, v,, can be homotoped relative to its endpoints to a path
vy in U such that the path L, in Fred (U @ R,U) defined by L;(u,7) =
K (u) + 7o, is surjective for all ¢ € (0, 1]. Let O, be the orientation on
ker L; coming from Oy = O,,.

Fix a ¢; with ker K;; nontrivial. For ¢ € (t; — 4,1, 4 0), let A; be the
eigenvalue of K; which crosses zero when ¢ = ¢;. Choose u; to be a unit
eigenvector with eigenvalue \; so that Ki(ug) = A¢ - uy.

For ¢ € (t; — d,t; + ¢), we have an orthogonal decomposition of U
into U, ®U," where U]’ = span{u;}, and U] is its orthogonal complement.
Set a; = (ug,vy), vy = vy — apuy and Kj(w) = K(w) — A\{uy, w)u, for
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w € U. Note that K| is invertible on U], and set w; = azus + M\ (K}) ™ v,
The vector (wg, —A;) spans ker Ly for ¢t € (t; — €,t; + €). Since the
inner product ((wg, —A¢), (0,1)) changes sign at t;, it follows that the
orientation of IIf O changes relative to O; at ¢;. Such a change occurs
for each t;, which is where Sf (Ko, K;) changes by %1.

This proves the second claim in case ker K,, is trivial. TFor the
general case, we may assume that all the eigenvalues of K; which ap-
proach zero as ¢ — 17 are negative for £ near 1. This implies that
Sf(Ko, K1) = Sf(Ky, Ky) for t € (1 —4,1). We then claim that the
orientation given by Mer 1, (—KZ(v5,),1) propagates to

(wr A Aup A (K2 (02,),1)) @ (ut Ao Aug)™

Recall our convention for propagating the orientation of ind L across
a point where the dimkerZ jumps. The orientation given by
Mierz, (—K;*(v2,),1) propagates to

(K2 ) 1) A A Au) © (To(wn) A A Tolan))

where Et = Tleoker £, ©Lt. Since Lt is negative definite on span{ul, cer U
it follows that Ly(u1) A... A Ly(uy) is proportional to (—1)Fuq A ... Auy.
Permuting the (—K z_ll (vzl), ) factor past all the u;’s introduces another
(—1)*¥ which cancels with the first. q.e.d.

Applying Proposition 4.4 to the oriented strata in a regular moduli
space gives the following corollary.

Corollary 4.5. Assume that p: [—1,1] — F(eg) is a path of per-
turbations such that M1y, My_1y, and W, are all reqular. Then
—1 and +1 are regular values of the projections from W and W/

o [-1,1]. Suppose ¢ = *1 and ([4],e) € My UMy, and set

= Sf(Kg 0 Kape))- Then the boundary orientation of Wy or W

([ l,€) equals (—1)% if e = 1, and it equals —(—1)* if e = —1.

Proof. Note that the boundary orientation at ([A],e) is positive
if and only if the orientation on the 1-dimensional stratum of W, at
([A],e) agrees with eII*Og. In the irreducible case, K(A4,p(e)) is an
isomorphism, so the remark following Proposition 4.4 proves the claim.

The reducible case also follows by a direct application of Proposition

4.4, letting —4m? %th(A)‘t:s play the role of the v,, for the operator
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L(A, p,t) and observing that this vector is orthogonal to ker K (A, p(¢e)) =

HO(X;5u(3)).  qed.
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4.4. Orientations near a bifurcation point. In this subsec-
tion, we identify the boundary orientation of a bifurcation point with
the oriented b spectral flow of K(A,h) along W, across this point.
The precise relationship is given in Lemma 4.6. This is the crucial ob-
servation needed for Theorem 4.7, which is used in Section 5 to show
that our invariant is well-defined.

Consider the operator

LA, p,t) - Q"TH(X; su(3)) ® R — Q71X su(3))

for a fixed p € C'([—1,1], F(ep)) such that W, My—1y, and M4y are
regular. Suppose that W, has a bifurcation point, which we take to be
([4],0) for simplicity of notation. Assume that A € Agr2)x(1)) is a
representative of the orbit [4]. Choose a covariantly constant, diagonal
su(3)-valued 0-form

i/3 0
u = i/3 € HY (X su(3)).
0 —2i/3

Then the complex structure J on Q°F(X; h') is given by exp(mwu/2
Stab A acting by conjugation, i.e., Jx = [u,z] for z € Q"F(X;h
Choose a nonzero z € 7-[114”00 (X;b1) and set y = Jz.

Let v € Q'(X;h) @R, be an element of ker L(A4, p,0) such that

) €
L).

(12) WAz AYyAv)@ (uAhzAy)*

is the orientation for ind L at (A, p,0). In other words, v is an oriented
tangent vector for W.

Solutions to the equation (,)(A") = 0 near (A4,0) in X4 x [-1,1]
take the form (A',t) = (A + sz + o(s?),0(s?)), s > 0, up to the action
of Stab A. For such a nearby solution, x projects nontrivially into the
1-dimensional kernel of L(A’, p,t) (this follows from Lemma 3.11) and
its image, thought of as a tangent vector to W}, points away from the
endpoint.

We shall now compare the orientation of ind L at (A’, p,¢) with that
given by x. To do so, we consider

L' a,1) = %L(A + sm,p,O)(f,a,T)‘

s=0"

where the map on the right is restricted to ker L(A, p,0) and then pro-
jected onto coker L(A, p,0).



THE SU(3) CASSON INVARIANT

One can check that dimker L’ = 1, and so the orientation on
ker L{A’, p,t) points in the direction of ex, where e = £1 is such that

(13) (ex AuhvAy) @ (L'(u) AL (w) AL (y))*

is the orientation for ind L at (A, p,0). The following lemma is the key
step in proving Theorem 4.7 because it identifies this € in terms of the
b1 spectral flow of K(A,R).

Lemma 4.6. Suppose that x,y,u are chosen as above. Denote by
LY the composition of L' with the projection onto Q(X; su(3)). Then

(i) L'(u) = —y and L'(y) = —u, and

(i) L' (v) = Dy(edarp, (€))|(a )=(4,0)-

Remark. Recall from Section 2 that *d4 p, = *d4 — 472 Hess h(A).
The notation D, means the derivative as (A,¢) is varied with tangent
vector v.

Proof. First we compute that

L'(u) = ZLA+s2,0)(u,0,0)|,_,
= %dA+$$(u)‘s:0
= [x,u] = —[U,(II] =—Jz = —Yy.
A similar computation yields L'(y) = —u, and these together prove (i).

Claim (ii) follows by commuting mixed partials as follows. Let (a, 7)
denote the components of v in Q!(X;h) @ R. Then
Li(a,7) = 8% (#d g s5(a) — 4n? Hess po(A + sz)(a)

—4m’T SV p(A+ st)|,_) ‘szo

%2 (*F(A + sz +ra) — An°Vpr (A + sz + ra))
or (r,8)=(0,0)

(aﬂ-) (% (*F(A, + SZE) - 47T2th(A, + S(I;)) ‘SZO) ‘(A’,t):(A,O)

o T

(asr) (<, ()| (A7 )=(A,0) *

This completes the proof of (ii).  q.e.d.

Using part (i) of Lemma 4.6 and comparing the two orientations
for ind L at ([A],0) given in equations (12) and (13), we see that e
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has the opposite sign of the inner product (L'(v),z), where v is the
oriented vector tangent to W) at ([4],0). From part (ii) of the lemma,
it follows that (I'(v), z) has the same sign as the derivative of the path
of (multiplicity two) eigenvalues of K (A + ra, p,;) which crosses zero at
r = 0. Figure 2 illustrates what this means in terms of spectral flow.
Here W is the dotted line and W the solid one. In the diagram on the
left, Sfg1(A—, Ay) = —2 and in the one on the right, Sfy. (A_, A,) = 2.

Q----C-.. Q————(V}—K—)>——O

A A, A A,

FIGURE 2. A neighborhood of a bifurcation point in W,.

Caution. The operator K(A,h) on QH1(X;h1) is equivariant with
respect to the action of Stab A = U(1), thus it is Hermitian with respect
to J. Viewed this way, the eigenvalue here would have (complex) multi-
plicity one, but in order to avoid confusion, we regard K (A4, h) on (0+1)-
forms with values in either component of the splitting su(3) = @ b+
as a real operator.

Summing over all the bifurcation points results in the following the-
orem.

Theorem 4.7. Let p € C1([—1,1],F(co)) be a curve with W, My
reqular and suppose C is a connected component of W, . Define b(C) to
be the number of bifurcation points on C counted with orientation as

boundary points of Wj.
(i) If 0C =0, then b(C) = 0.

(i) If 0C = ([A4],e4) U —([A_],e_), where ex € {—1,+1} are not
necessarily distinct, then b(C) = %thL(A_,AJ'_), provided the
representatives Ay for [Ax] are chosen to lie on the same compo-
nent of a lift of C to A".

Proof. To prove (i), suppose C is a component of W, with 0C = 0.
Choose a path of connections A, and perturbations hg for s € [0,1]
such that ([A;], hs) parameterizes C. Then A; = gAg for some g €
G. Proposition 3.7 implies that the entire path A, of perturbed flat
connections lies within ¢y of some component K of the space of flat
connections upstairs in A. By our choice of ¢y, that proposition also
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shows that A; does not come within ¢y of any other component of the
flat connections. But if Ag is within ¢g of K, then gAy = A1 is within ¢
of gK since we are using the standard gauge invariant L? metric. Thus
gK =K.

Now CS : A — R is constant on connected components of the
space of flat connections, and this implies that ¢ € Gy, the connected
component of the identity in G, since otherwise degg # 0. Therefore,
using the relationship between spectral flow and degree described in the
remark following Proposition 4.3, we get

b(C) = %Sf[)i (KA07hO7KA17h1) = 2(CS(A1) - CS(AO)) = 0.

This proves (i), and part (ii) of the theorem is clear. q.e.d.

Ezample. We indicate briefly the consequence of the above theorem
for the situation illustrated in Figure 1. First of all, part (i) of Theorem
4.7 implies that the h' spectral flow around the one closed component
equals 0.

Along the other components, which are the two other dotted curves,
the b spectral flow in the oriented direction equals 2 for the component
on top, and it equals 4 for the one on bottom. In other words, the b
spectral flow along the bottom component from left to right equals —4.

5. The invariant

In this section, we define the invariant Aggr(3)(X) for X an orientable,
integral homology 3-sphere. Choose an orientation and Riemannian
metric on X, as well as a collection I' = {7, ... ,v,} of embedded solid
tori in X satisfying the conlusion of Proposition 3.4. Let F(ey) be the
€p neighborhood of 0 in Fr, where ¢p is given by Proposition 3.7. Then
choose a perturbation h € F(ey) so that My, is regular. By Proposition
3.9, M3 is a compact 0-manifold. We would like to define an invariant
of X by counting the points [A] € M} with sign according to the parity
of the spectral flow of K. This integer, however, depends on the choice of
perturbation h € F(¢p), and in order to obtain a well-defined invariant,
we must include a correction term determined from M3 .

When the perturbation & is clear from the context, we let Sf(Ag, A1)
be an abbreviation for Sf (K a,n, Ka, ). For Ag, A1 € A", the spectral
flow splits as

Sf(Ao, A1) = Sf (Ao, A1) + Sfy (Ao, A1)
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according to the decomposition su(3) = h @ h*.

Theorem 5.1. Suppose that h € F(ey) with My, is reqular. Pick
gauge representatives A for each orbit [A] € My, and for each repre-
sentative of a reducible orbit [A] € M}, choose also a flat connection A

with ||A — ;1\||L§ < €. The quantity

—_

> (IO o 3T ()T EN (st (0, 4) — 4 05 (A))
[AleM;, [Alemy

is independent of choice of representatives A for [A] in both sums and
independent of the choice of h.

Proof. Note that the existence of Ais guaranteed by Proposition 3.7.
We first argue that the quantity is independent of the representatives A
chosen for the orbits [A] € M} . Write X'(h) = Z[A]GM;(_l)Sf(a’A) for
the first sum and \'(h) = 5 Z AleM; (=1) @A) (Sf o (0, A) — 4 CS(A))
for the second. Part (ii) of Proposmon 4.3 shows that X(h) is inde-
pendent of choice of the representatives A for [A] € M;. Also, for
a fixed representative A for [A] € M, if A and A" are both flat
connections in an ey neighborhood of A then part (iv) of Proposi-
tion 3.7 implies that A and A’ lie on the same component of the flat
connections, hence CS (A) = CS (A’ ). Now suppose g € G. Then, by
the remark following Proposition 4.3, Sfy1(A,gA) = 4degg. Since

CS(gA) = CS(A) + degg, N'(h) is also independent of the choice of
representatives A for [A] € M}.

We now argue that the above quantity is independent of choice of
h. Suppose that h_ and hy are admissible functions in F(ey) and that
My, are both regular. Set My = M, and connect A_ and hy by a
path p : [-1,1] — F(ey) with p(£1) = hy so that the parameterized
moduli space W), is regular.

Compactify the irreducible stratum W} by adding bifurcation points
and denote the compact, oriented 1-manifold with boundary so obtained
by W;. Of course, the total number of boundary points, counted with
boundary orientation, equals zero. Every boundary point which is not
a bifurcation point can be identified with a point in the disjoint union
M* UM’ . The orientations of these points are described by Corollary
4.5, as follows. For [A] € MY, the boundary orientation of W) at
([4],+1) is (=1)¥®4) while for [A] € M*, the boundary orientation
of ([4],—1) at W} is —(=1)%A) " Therefore N(hy) — N(h_) equals
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minus the number of bifurcation points counted with orientation as
boundary points of W[f.

It remains to show that this algebraic sum of bifurcation points
equals \'(hs) — N'(h_). To prove this, we invoke Theorem 4.7. By
part (i), the closed components of W do not contribute to this sum, so
suppose that C'is a component of W and 0C' = ([A4],e4)U—([A_],e-),
where e1 € {—1,1}. Let b(C) be the algebraic sum of bifurcation points
on C. Since X'(hy) and X'(h_) are both independent of the choice of
representatives A for [A], we can choose AL and A_ to lie on the same
component of the lift of C' to A”. Thus C’S(@) = CS(//I:). By part
(ii) of Theorem 4.7,

b(C) = 3 SFyi (Ao, Ay) = L (SFy(0,AL) — SFy(0,A2)).

On the other hand, the contribution to X\'(h.) — X’ (h_) from the end-
points of C' is

: [g+(—1)5f<9~4+> Sfy (0, As) +e_ (=)A= g7 (0, A_)} .

It is important to keep in mind that 1+ need not be distinct; several
possibilities are pictured in Figure 1. Now the reducible case of Corollary
4.5 implies that ey = (=1)%A4) and e_ = (—=1)% @A) and this
completes the proof. q.e.d.

The quantity in Proposition 5.1 is seen to be independent of the
choice of metric on X by the same argument as was used for Proposition
2.3 of [24]. That it is also independent of the choice of T' is an exercise
which we leave for the reader.

Definition 5.2. Suppose that h € F(ey) and that M, is regular.
Define the SU(3) Casson invariant by

Asu(z)(X) = Z (—1)F )
[AlEM:

_LOST (CyTOA sy, (0, 4) — 4.05(A) +2).

[Alem?

By Theorem 5.1, this gives a well-defined invariant of integral homology
3-spheres.

Notice that the last term in the second sum above simply adds a
multiple of the SU(2) Casson invariant. This part of Agy(3)(X) is in-
dependent of h by the argument given in [24]. Therefore, the previous
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theorem implies that Agy(3)(X) is independent of h € F(ep). The fol-
lowing proposition explains why we have chosen to normalize Agy(sy(X)
this way.

Proposition 5.3.
(7/) If?TlX = 0, then ASU(S)(X) = 0.

(i) Asu(s)(=X) = Aspz)(X).

Proof. Part (i) is obvious. To prove (ii), observe that
Sf_x(Ag, A1) = — Sf x (Ao, A1) — (dimker K4, + dimker K 4, ),

where the subscript indicates a choice of orientation on X. This is
equally valid for b= coefficients in case Ag and A; are reducible. Ap-
plying this to all three spectral flows appearing in the definition of
Asu(3)(—X) and noting further that CS_x (;1\) = — C’SX(;I\) complete
the proof of part (ii). q.e.d.

6. Existence of perturbation curves

This section is devoted to finding loops in X with certain properties
required for our transversality arguments in Section 3. The basic ques-
tion is whether the trace of holonomy can detect a tangent vector to the
flat moduli space. In terms of a one-parameter family A; of irreducible
flat SU(3) connections, we ask: does there exist an element y € 71(X)
such that

& ir holy(Ay)|,_, # 07

The answer is no if A; = g; Ap, so we must also assume that A; is not
tangent to the gauge orbit GAy. In fact, we need this for any path A,
of connections such that Ay is flat and A; is flat to first order (i.e.,
%FAt‘t:O = 0). An affirmative answer to this question for SU(2) and
SU(3) is given in the first two subsections. The last subsection treats
the reducible case, where second order arguments are required.

6.1. First order arguments. To start, we introduce some
notation. Given a flat connection A and a based loop ¢ : [0,1] — X,
let Hy(A) € SU(3) be the holonomy of A around £. For a € Q' (X, su(3)),
let Iy(a, A) € su(3) be the integral

1
To(a, A) = / Pe(0,£) gy Po(0, t)dt,
0
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where P;(0,t) is the parallel translation from 0 to ¢ along ¢ using the
connection A. When A and « are clear from context, we write simply
Hy and I.

If A; = A+ta+O(t2), by Corollary 2.7, we see that % tr He(Ay) ‘t:O =
tr(He(A)Ie(a, A)).

Proposition 6.1. Suppose A is a flat SU(3) connection. If a €
HY (X ; su(3)) is non-zero, then there is a loop £ so that I; projects non-
trivially onto z(Hy), the Lie algebra of the centralizer Z(Hy).

Proof. Consider the differential equation da€ = a. We can solve this
equation locally on any 3-ball B C X since H(B;su(3)) = 0. Because
a is not exact, there is no global solution. Thus there exists some loop
£:]0,1] — X (which can be taken to be embedded) for which the local
solutions do not match up at the ends. Hence al; is not exact, meaning
that its decomposition aly = a; + dab into harmonic and exact parts
has aj, # 0. From this point on, we restrict our attention to the pullback
connection £*(4) on the SU(3) bundle over the circle S* =[0,1]/0 ~ 1
pulled back via the loop £.

Note that ap is Hodge dual with respect to the metric on the loop to
a covariantly constant O-form, and so integrates to something nonzero in
7—[2*(14)(5’1; su(3)), the Lie algebra of Stab(£*(A)). By the fundamental

theorem of calculus, the exact part integrates to H,” 1boH ¢ — by, where by
denotes the value of b at the basepoint. This latter su(3) element is or-
thogonal to HO*(A)(Sl; su(3)) (note that its left translation to Ty, SU(3)

is tangent to the adjoint orbit of Hy). q.e.d.
The following ‘warm-up’ proposition treats the case SU(2).

Proposition 6.2. If A is an irreducible flat SU(2) connection and
a € HY(X; su(2)) is nonzero, then there exists a curve vy with tr(H,I,) #
0.

Proof. Since a is nonzero and harmonic, by Proposition 6.1 we can
choose a curve £ so that T1, g,y (1) # 0. Gauge transform A so that

A0
e(30)

is diagonal and write
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Then tr(HyI;) = a(X — A) # 0 unless Hy = +1. Taking v = £ proves the
claim if Hy # 1. Otherwise, we can always find v so that tr(H,I;) # 0.
Using the fact that Hy is central, we have
tr(Hyglye) = tr(HyHilp) + tr(H,I,Hy)
+(tr(HyIp) + tr(H,1,)).
Since tr(H,I;) is nonzero, it follows that either tr(H.,..I,.;) or tr(H,I,)
is also nonzero, and this proves the proposition. q.e.d.

The same is true for SU(3), but it takes more work to prove.

Theorem 6.3. If A is an irreducible flat SU(3) connection and a €
HY (X su(3)) is nonzero, then there exists a curve v with tr(H,I,) # 0.

Proof. Choose £ so that I, g,y (1) # 0. Gauge transform so that

A1 0
H, = A9
0 A3
is diagonal and write
iOzl *
Ig = 1o B
* 103

where o; are real numbers, not all zero. Of course, A3 = (A1 X2)~! and
3 = —01 — (9.

If H; has only one eigenvalue, namely if A1 = As = A3, then Hy is
central and the theorem follows from the same argument as was used
to prove Proposition 6.2. Otherwise, either H; has three distinct eigen-
values or it may be further conjugated so that Ay = Ao # A3. The
following argument treats only the first of these two cases. The second
case requires a more elaborate argument, given in the next subsection.

Assume A1, Ao and A3 are all distinct. Suppose first of all that «; = 0
for some 4, which can be taken (wlog) to be 7 = 3. Since ¢r(I;) = 0,

tT(HgI[) = )\1(7;061) + )\2(’50&2) = ’iOél(/\l — /\2),

which is nonzero since a; # 0 and A; # As.

Now suppose a; # 0 for all 4. By replacing a with —a, if necessary,
we can assume that two of the «;’s are positive, which we take (wlog)
to be a1 and ay. Then

tT(HgI[) = 1A o1 + 1o — i()\l/\g)_l(al + 062).
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Thus tr(Hely) = 0 implies Ajag + doas = (A1de) "' (ay + o). If this
were the case, then |Aja; + Aoaa| = | + ae|, which is only possible if
Al = Ao, a contradiction.

The following example illustrates the difficulties when H; has only
two distinct eigenvalues. Suppose

A 0
H, = A

Then one see that tr(Hgl;) = 0 if

*1
o

The next subsection is devoted to treating this problematic case.
Observe that we can assume that Hy has infinite order for the following
reason. If Hy, has finite order k, and « is chosen so that tr(H,Ipm) # 0,
then just as in the proof of Proposition 6.2, we compute that

tr(Hoyn Ly gr) = tr(HyIp) + tr(Hy L)
But tr(H,Ix) # 0, hence it follows that one of the other two terms is
also non-zero.

6.2. Linear algebra. In this subsection, we complete the proof of
Theorem 6.3 demonstrating the existence of perturbation curves with
certain properties. The remaining case is when H, has only two distinct
eigenvalues. As indicated in the previous subsection, we can further
assume that H; has infinite order. Although H; may not have three
distinct eigenvalues, the following proposition assures us that H, has
three distinct eigenvalues for some loop 4.

Proposition 6.4. If o : m(X) — SU(3) is an irreducible repre-
sentation, then there exists some element v € w1 (X) such that o(~y) has
three distinct etgenvalues.

Remark. Besides the existence of the irreducible, rank three
representation, the proof makes no assumptions on the group w1 (X).

Proof. By irreducibility, we can find £ with ¢(£) noncentral. Set L =
o(¢). Obviously, we are done unless L has only two distinct eigenvalues.



190 HANS U. BODEN & CHRISTOPHER M. HERALD

Since the conclusion of the proposition is invariant under conjugation,
we can assume

A 0
L= A
0 A2

is diagonal. By irreducibility of g, there exists m € m1(X) so that o(m)
does not commute with L. Set M = p(m). Thus neither M nor LM is
diagonal. Of course, we can also assume that M has only two distinct
eigenvalues; otherwise we are done! Let p be the eigenvalue of M of
multiplicity two. Now both L and M have 2-dimensional eigenspaces,
so for dimensional reasons, L and M have a common eigenvector. After
conjugating by a matrix commuting with L, it follows that M can be
written in block diagonal form:

= (40,
(52006

and |a|? + |b|? = 1. The matrix product LM also comes in block form:

_f Ap 0 (A0
LM_(O B) where B—(O /\_2>A.

where

o R

We claim that LM has three distinct eigenvalues. First of all, notice that
the two eigenvalues of B are distinct; otherwise LM would be diagonal,
in which case L and M would commute. So it suffices to prove that Ay
is not an eigenvalue of B.

Suppose to the contrary that Au is an eigenvalue of B, i.e., suppose
(Au)? — tr(B)(Au) + det(B) = 0. Computing ¢r(B) directly, one finds

tr(B) = [a?(a + A"202) + (1 = |af2) w2 + A"2p).

Plugging this into the characteristic equation and using det B = A\~ 1p~!
together give

(1 —la)A\p® + A= = X7t = a7 T?) =0

So either |a| = 1, implying A = £7 and contradicting our choice of M,
or, after multiplying by Ap,

0 = MRB+1-X-—2=-1)E-1).
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However, A*> = 1 implies L is central, and p® = 1 implies M is central,
each giving contradictions. Hence Ap is not an eigenvalue of B, which
proves our claim. q.e.d.

With regard to Theorem 6.3, we have already proved the existence
of v unless Hy(A) has two distinct eigenvalues, so assume

A 0

Set Ly = Hy(Ay) where Ay = A+ta. Observe moreover that we are done

unless
100 0

dL,
=t =1, —ia ,

dt |,—
where o # 0.

Before stating the next lemma, we make a definition.

Definition 6.5. For a fixed angle € [0,27), let G, be the subset
of SU(3) consisting of matrices of the form

a be™" ¢
M= be' q ce'
el de ™

for a,b,¢,c',d € C. Note that M € SU(3) = |c| = ||

Clearly G, is a subgroup; in fact, matrices of this form in SL(3,C)
form a subgroup of complex codimension 4, so one would expect that
Gy, has real codimension 4 in SU(3). This is indeed the case; if M is
chosen as above and

1 0 1
pP= '

Sl
S

then P € U(3),

P'MP=| V2 d 0 ,

and so G, is conjugate to the subgroup S(U(2) x U(1)).
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Lemma 6.6. Suppose that Ly, My : (—e,e) — SU(3) are smooth

paths. Write Ly = Ly 4 1o » and assume both Ly and Ly are diago-
nal, with
A 0 1e% 0
Lo = A , L= _ia
0 A2 0 0

for X a complex unit of infinite order and for o £ 0. If
tr(Wt)‘t:O =0

Jor every word Wy in Ly and My, then My € Gy, for some 1.
Proof. For general L, M € SU(3) with

A1 0
L= Ao
0 A3

diagonal and M = (u;;) arbitrary, it is not difficult to verify that

3
tr(LM) = ZAiﬂiia
i=1

3
tr(LMLTIM™Y) = ) Xyl
ij=1

Now suppose Ly, My are as in the hypotheses. We write M; = (u4;(¢))
and let p;; = p;;(0) for convenience. Applying the above formula to
LEM; and LEML7*M' and taking derivatives, we see from the hy-
potheses that

= N L (1 () + poa(t) |,y + X Lpss(t)],_,
+ikoX® (111 — po2)

0 = §ir(LiMy)
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0 = Fur(LEMLT M|

= 2 (O + @O + 2 (O + 228 + s (OP)]
F XA (s (@) + s (0P) |y
XL (s () + [ps2(0)7) |,y

+ ka {2(!M12\2 — |p21)?) + X (s — |p2s|?)
SN (2 = [ l?) |

Since both equations hold for all £ > 0 and A has infinite order, we
deduce that:

(i) p11 = poz, (ii) |p12] = |p21l,
(iii) |p13] = [p2sl, (iv) |u31| = [ps2].

Here, (i) is a consequence of the first equation, and (ii)—(iv) come from
the second. The last three conditions are equivalent to the existence of
angles 71,72, and 73 with po) = €My, o3 = €13, and pgs =
e~ gy .

To conclude that My € G;, we just need to show that n; = ny =
n3 mod (2r). Applying (i) to (Mp)® implies pnzpusi = pospsz, thus
72 = n3 mod (2mw). Now apply the unitary condition to My to see
0= Z?:l pijfiz; for 4 = 1,2. Comparing these, we conclude 7 =
mod (27). This completes the proof of the lemma. q.e.d.

To establish Theorem 6.3, we seek a curve «y such that ¢r(H,1I,) # 0.
Setting A4 = A + ta, this is equivalent to the condition that
% tr Hy(Ay) ‘ o 7 0. According to the previous lemma, letting y range
over all words in Ly and My, the only way this can fail is if My € G, for
some 1. We shall show in the following argument that the irreducibility
of A guarantees the existence of an M = H,,(A) such that M ¢ G, for

any 1.

Proof of Theorem 6.3. We provide the proof in the remaining case
when Ly = Hy(A) has two distinct eigenvalues and is of infinite order.
Set Ay = A+ ta and Ly = Hy(A;). By Proposition 6.4, we have a loop
my such that Hy,, (4) has three distinct eigenvalues. Set My = H,,, (A)
and My = Hp,, (As). Assume first that M; € G,, for any 7 € [0, 27]. By
Lemma 6.6, there is a word W; in L; and M, ; such that % tr Wt‘t:o # 0.
Taking 7 as the loop obtained from the corresponding word in £ and m-,
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then W; = H,(A:) and hence % ir H’Y(At)‘tzo # 0, which proves the
theorem in this case.
So now suppose M; € Gy, and write

aq bie™m ¢
M, =1 b o cpe'™
cy e d;

Although A; has been gauge transformed so that the path Hy(A;) is
diagonal, we can further conjugate by a diagonal matrix since it acts
trivially on Hy(A¢). Applying such a conjugation to My, we can arrange
that b; and ¢; are both real and non-negative.

Since A is irreducible, we can choose mg € w1 (X) such that My =
H,,(A) ¢ G, . Repeating the argument above with M; replaced by
M>, we can assume that M € G, for some 7, and write

a9 boe™ "2 o
M,y = boe’?  qg co et
/ / —i?]2
Co Che do

We now claim that one of MMy and M, 1M2 is not contained in
Gy, for any 7. This completes the proof of Theorem 6.3 by repeating
once again the above argument with M replaced by either M; My or
M ' M, and invoking Lemma 6.6 to produce the curve « with the de-
sired properties.

So, it only remains to establish the claim, which is proved by contra-
diction. Suppose that M;M; is contained in Gy, for some 7. Equating
the (1,1) and (2,2) entries of M; Mo, we find

(14) bibou? 4 c1chu — (b1by + c1y) = 0,

where u = ei(m2=m),

Suppose first of all that by = 0. Because ¢; = 0 = M is diagonal,
and w = 1 = Ms € Gy, neither of which is the case, so the only
possibility is that ¢, = 0. But writing out M; M5 and demanding that
the off-diagonal terms have the required form, this would imply that
by = 0 or u = 1, both of which lead to contradictions.

So assume b; # 0. By similar considerations, we can also assume
by # 0. Solving equation (14) for u gives

c16
biby’

U = —
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since we have already seen that the other possibility, namely u = 1,
leads to a contradiction.
The same reasoning applied to M| LM, shows that

16
b1bo

Equating these two formulas for u gives
6151 = E’lbl.

Since by and ¢ are real, this shows that ¢, = ¢; = ¢}, which forces both
a1 and d; also to be real. Tt immediately follows that ]\41_1 =M =M,
hence the eigenvalues of My equal 1. In particular, M7 has at most two
distinct eigenvalues, which contradicts our choice of M. This proves the
claim and concludes the proof of Theorem 6.3.  q.e.d.

Given loops f1,....,£, in X, define gauge invariant functions
fj95 + A — Rifor j = 1,... ,n to be the real and imaginary parts
of tr holy, (A), so that

tr(holg; (A)) = fi(A) +ig; (A).

Note that if A is a SU(2) connection, then g;(A4) = 0.
Corollary 6.7.

(i) If A is an irreducible, flat SU(2) connection, then there exist loops
01,... by so that the map from HY(X;su(2)) to R® given by
a— (Dfi(A)a),...,Df(A)a)) is injective.

(1) If A is an irreducible, flat SU(3) connection, then there exist loops
01,... by so that the map from HY(X;su(3)) to R?" given by
a— (Dfi(A)(a), Dg1(A)(a),... , D fn(A)(a), Dgn(A)(a)) is injec-
tive.

6.3. Second order arguments. Suppose now that A is a
reducible flat SU(3) connection on X. Then part (i) of Corollary
6.7 allows us to find loops about which the real part of the deriva-
tive of trace of holonomy detects any first order deformations of A in
directions tangent to the reducible stratum, i.e., in the directions of
HA(X :h). But invariance under the gauge group, in particular under
Stab(A) = U(1), prevents the derivative from detecting first order de-
formations in directions normal to the reducible stratum, i.e., in the
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directions of 7-[}4(X ; hL). Instead, we consider the second derivatives
of the gauge invariant functions in these directions. This portion of
the argument closely parallels the argument used to handle abelian flat
connections in the SU(2) moduli space [9].

Notice first that H%(X;h1) is a module over the quaternions H. To
see this, let SP(1) be the unit quaternions, and define ¢ : SU(2) —

SP(1) by )
( “ _5) ) —a+ Jb,
b @

and F : C2 — H by F(vi,v2) = v1 + Jug. Then for A € SU(2) and
veC?,
F(Av) = ¢(A)F(v).

This turns the action of SU(2) on C? into left multiplication by elements
of SP(1) on H.

Now suppose ¢ : 71(X) — SU(2) is an irreducible representation.
Let E, be the flat bundle X X, x) C?, where X is the universal cover of
X and m1(X) acts by deck transformations on X and via the canonical
representation of p on C2. We identify E, as a flat bundle with the
subbundle of ad P = X x su(3) corresponding to h- C su(3). The
de Rham theorem provides an isomorphism H4(X;ht) = H(X; E,).
Here, HY(X; E,) = ZY(X; E,)/B'(X; E,) is by definition the space of
1-cocycles modulo the 1-coboundaries. Using a presentation 7 (X) =
(®1,...,Zn | T1,... ,rm), we can identify the 1-cochains as elements
(V1.0 ,vp) € C* x --- x C* 2 H*, and the subspaces Z'(X; E,) of 1-
cocycles and B(X; E,) of 1-coboundaries as submodules. For example,
(v1,... ,vy) is a coboundary if and only if there is some v € C? such that
v; =v—op(z;)v fori =1,... ,n. Observe that B'(X; E,) is closed under
right multiplication by elements in H. Similarly, (v1,... ,v,) is a cocycle
if and only if the following linear equations, which are derived from the
relations 71, ... , 7y, using the Fox differential calculus, are satisfied:

Miyjvr + -+ Mizv, =0,

(15) :
Mpavr + -+ + My, = 0.

Here each M;; is a sum of SU(2) matrices and thus is a 2 x 2 matrix of

the form ~
i —bis
M — ij T Yij
Y ( bij i )
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for some a;;,b;; € C. For v = (v1,v2) € C? and h = 21 + Jz € H,
where 21,20 € C, set v -h = (2101 — 2909, 2071 + 2102) € C2. (This is
just multiplication in H under the isomorphism F' : C2 = H.) Now if
(v1,...,vy) satisfies (15) above, then so does (v - h,... , v, - h). This
shows that Z'(X; E,) is closed under right multiplication by elements
of H. Since both BY(X; E,) and Z'(X; E,) are right H-modules, so is
HYX;E,) = Z1(X; E,)/B (X; E,).

Recalling the notation of Definition 3.2, we use Herm HL (X;h1) to

denote the set of all symmetric Stab(A4) = U(1) invariant bilinear forms
on HY(X;ht), regarded as a real vector space with a U(1) action.

Proposition 6.8. If A is a reducible flat connection, then there ex-
ist loops £y,... ,bn, in X and a set F' = {f1,..., fn} of gauge invariant
functions such that:

(i) FEach f; € F is the real or imaginary part of tr holy; for some
j = 1, AN

(1) The map
R? — Herm HY (X;51)

given by
n
(T1y.ee y2n) — E x; Hess f;(A)

=1

1§ surjective.
(i1i) Dfi(A)=0 fori=1,... ,n.

Proof. Assume A has been gauge transformed to take values in
su(2) C su(3), and denote by A the associated irreducible SU(2) con-
nection. In order to construct the loops ¢1,...,¢,,, we will need to
introduce curves in X that are in a certain sense dual to a basis for
HL(X;6%) over HL

Let o : 7 (X) — SU(2) be the irreducible SU(2) representation as-
sociated to ;1\, and let £, = X X1 (X) C? as before. Consider H;(X; E,),
homology with local coefficients in E,, which is by definition the homol-
ogy of the complex

From our previous discussion, it is not hard to see that Hi(X; E,) is a
right H-module. Thus, we have a basis for H,(X; E,) over H consisting

197
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of classes each of which can be represented by a C2-labelled curve ¥;
in the universal cover X of X. Each 4; is a lift of a loop ~; in X with
hol,,(A) = 1, because the labelled lift of 7; lies in kerd; ® 1 if and
only if the holonomy of A around «; is trivial. Let wy,... ,wy, be the
Hom dual basis for H'(X; E,) over H. Of course, each w; determines
a real, 4-dimensional subspace V; = ¢(spangw;) C HL(X;hT) where
¢+ HY(X; E,) — HL(X; 1) is the isomorphism provided by the de
Rham theorem. Each V; is preserved by the subgroup Stab(A) C G,
thus

(16) HYXp) =Vie--- oV,

is a decomposition of H4(X;h') into 2-dimensional complex vector
spaces. We denote by a; the image of ¢ € 7-[}4(X ;b1 under the projec-
tion p; : HL(X; ) = Vi

Let U = Herm % (X; h1) be the space of symmetric Stab(A) = U(1)
invariant bilinear forms on #%(X;h*). Our goal is to find a collection
of loops such that the Hessians of the real and imaginary parts of the
trace of holonomy functions around these loops span .

There is a decomposition of U corresponding to (16) given by
U= @Kj U;;, where B € U;; in case

_ | Blai,b;) ifi =7,

Thus every B € U;; is entirely determined by its restriction to V; x V.
Let {a,b} be a basis for V;, and {c,d} a basis for V;. In terms of the
real bases {a,ia,b,ib} for V;, and {c,ic,d,id} for V;, the restriction of
B to V; x Vj is a real 4 x 4 matrix of the forms:

T 0 Yy oz P q r S

0 T =z Yy o . —q p —s r o .

= f .

(17) y -2 w 0 if i = 4, i —u v w | i %7
z y 0 w U t —w w

From this, it follows that

4 if ¢ =7,

8 ifi £y

We prove the proposition by constructing, for each ¢ < 7, gauge invariant

functions satisfying conditions (i) and (iii) such that their Hessians at
A span U;;. We begin with the case 7 = j.

dimf;; = {
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Given 3 : [0,1] — X with 8(0) = §(1), parallel translation can be
used to associate a function « : [0,1] — h* to any su(3)-valued 1-form
a by setting

(18) at)dt = P/@(O,t)_laﬁ(t)Pg(O,t),

where P3(0,1) is the parallel translation by A along  from 3(0) to 3(¢).
If a € H4Y(X;h1), then fol at)dt = f% a € h. The linear transforma-
tion HL(X;bt) — bl defined by a f% a has kernel
Vi@ ‘7} @ Vi, (because the basis wi,...,w, is Hom dual to
Y1,...,%m) and determines an isomorphism V; — h*.

Note how the correspondence (18) behaves for products of loops. If
B =4~ Ly :[0,k] = X, where each ¢; : [{ — 1,i] — X is a loop, define
;i : [i— 1,4 = b+ by ag(t)dt = Py, (i — 1,8) Ly, Py, (i — 1,1). Defining
a:[0,k] — bt by (18), we have

(19)  a(t) = holg, (A)™ - holg,_, (A) " ai(t) holy,_, (A) - - holy, (A)

for t € [i — 1,4].

Lemma 6.9. Suppose £ is a loop with L := hol,(A) € SU(3) non-
trivial. Let a,b € HY(X;b1) and set & = f% a€bhland( = f% behpt.
Then

(i) Hess tr kol (A)(a,b) = 21r(&(;),
(ii) Hess tr holp., (A)(a,b) = tr(L(&G + G&i))-

Proof. Tet B, By : H4Y(X;51) x HY(X;h1) — C be the symmetric,
bilinear pairings coming from the Hessians at A of ¢r hol,, and ¢r holy.-,,
respectively. Notice that B(a,b) € R because hol,,(A) is trivial. This
follows from 2.7 (ii) and the elementary fact that tr(£¢) € R for £, €
ht.

Since B and By are both symmetric, and since f% (a4b) =&+, it
suffices to show (i) and (ii) in the case a = b. To prove (i), parameterize
7; by the interval [0, 1] and define « : [0, 1] — b associated to the 1-form
a € HL(X;b1) using (18). By means of the formula from Corollary 2.7
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(ii) and noting that hol,,(A) is trivial, we obtain that

1 s
Hess tr hol,(A)(a,a) = / / tr{c(s)a(t) + a(t)a(s))dtds

= / / tr{a ))dtds

_ tr(/o ()ds/o1 ()dt)ztr(?).
This proves (i).

To prove (ii), set 3 = £-7y; and parameterize it by the interval [0, 2] so
that the subintervals [0, 1] and [1, 2] parameterize £ and -y;, respectively.
Define 04 : [0,2] — C? associated to the 1-form a using (18). Notice
that fo t)dt = 0 because the restriction of any element of HY (X;ht)
to a loop E S! — X is exact whenever holy(A) is nontrivial since
Hg*(A)(Sl; h1) = 0, which implies that Hl*(A)(Sl; h1) = 0 by Poincaré
duality. Hence by (19) we see that

2 2
= « = L7,
/0 at)dt = /1 (1)dt = L&1

Appealing once again to Corollary 2.7 (ii) yields:

Hess tr holg.y, (A)(a,a) = / / tr[L a(t) + a(s)a(t))] dtds

_ //trLoa (1)] dsdt
— oy (/0 ()ds/o2 (t)dt):tr(gzzL).

q.e.d.

Since a; =0 = f a=¢& =0, it follows from (i) and (ii) above that
the Hessians at A of the real and imaginary parts of tr hol., and tr holy..,
lie in U;;. Consider the gauge invariant functions f = PRetr hol,, and
ge = JImir holy.,, where Re and Im denote the real and imaginary
parts. Note that f and g, obviously satisfy condition (i) of Proposition
6.8. Moreover, since hol.,(A) is trivial, D f(A) = 0. This follows from
formula (i) of Corollary 2.7. The same formula also implies that the
imaginary part of D tr holy..,(A) vanishes since tr(L¢) is real for £ € b+
whenever the SU(3) matrix L is in the image of the standard inclusion
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SU(2) — SU(3). This shows that Dgg(A) = 0, hence [ and g, satisfy
condition (iii) of Proposition 6.8. So, we only need to prove that we can
span U;; with the Hessians of such functions.

For this, we shall use the isomorphism V; — §* given by a — f% a,
along with the standard identification ¢ : h= — C2, to translate it into
a question about symmetric, bilinear pairings C*> x C> — R. Denote
by (-,-) the standard complex inner product on C2. If £,{ € b and
v,w € C? are given by v = ¢(¢) and w = ¢(¢), then

tr(&C) = —2Re(v, w).

Moreover, if L = <_O‘B /6) € SU(2) and L =L ®1 € SU(3), then

o]

tr(L(EC + ¢€)) = —(L(v),w) — (L(w),v) — 2Re(v, w).

In terms of the real basis {((1)) , <8> , ((1)) , (Q)} for C?, the symmetric

13
bilinear form C?> x C? — C given by

(v,w) = (L(v),w) + {L(w),v) + 2Re(v, w)
has imaginary part represented by the matrix

s 0 —u t

0 s —1 —u
—u -1 —s o’

t —u 0 —s

(20) U(L) =2

where o =r +1is and § =1 + 1u.

Now A is reducible (but not abelian) and thus we have z,y € m (X)
such that ¢(z) and o(y) do not commute. We claim that the Hessians
at A of the four functions

f7 gmagyvgmy

derived from +; are linearly independent and form a basis for the 4-
dimensional subspace U;; C U.

To see this, restrict each Hessian to V; x V; and consider the associ-
ated symmetric 4 x 4 matrix of the form (17). For example, the matrix
associated to Hess f(A) equals —2 times the identity matrix. Clearly
the image of SU(2) under ¥ in (20) is a complementary subspace of
dimension 3. Thus, it suffices to prove that the Hessians at A of g,, g,

201
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and g, are linearly independent. One can see this by direct computa-
tion; arranging that o(x) is diagonal (by conjugation) and o(y) is not
(by hypothesis), it becomes a routine exercise in linear algebra.

This proves that the Hessians at A of f, g;, g, and g,, form a basis
for U;;. To conclude the proof of Proposition 6.8, we need to find, for
each i < j, functions satisfying (i) and (iii) whose Hessians span ;.

Lemma 6.10. Suppose i < j and £ is a loop with holy(A) nontrivial.
Set L = holy(A) € SU(3). Suppose further that a,b € HY(X;65), and
set &, :f,ykaehL cdek:beEhL fork=1,... ,m. Then

(i) Hess tr holy,., (A)(a,b) = tr((§ + ;)G + (5)),
(ii) Hess tr hol.,.g=1.,.4(A)(a,b) = tr((& + LELT) (¢ + LG L),

(i4i) Hess tr holg.,.; (A)(a,b) = tr(L(& + &5)(G + ¢5))-

Proof. By symmetry, it is enough to prove (i)—(iii) in the case @ = b.
For (i), this is just the statement that

Hess tr hol,.; (A)(a,a) = tr((& + &)%)
for alla € HY(X; h1), which follows directly from Corollary 2.7 (ii) as in

the proof of Lemma 6.9, using the additional fact that f% oy &= & +&;.
To prove (ii), set 3 = ;- £71 - v; - £ and parameterize 3 by the
interval [0, 4] so that the subintervals [0,1],[1, 2],[2, 3] and [3, 4] param-
eterize v;, £, 7;, and £, respectively. Define the function « : [0,4] — ht
associated to the 1-form a using (18).
Now alj; o] is exact since holy-1(A) is nontrivial. Similarly, a3 4 is
exact. Thus

4 1 3
— — . 71
/0 o(t)dt = /0 a(t)dt + /2 ()l = & + L¢; T

by (19). Using Corollary 2.7 again and noting that holg(A) is trivial, it
follows that

4 ps
Hess tr holg(A)(a,a) = /0/0tr(a(s)oa(t)+a(t)a(s))dtds

= /4 /4 tr as)a(t)dtds = tr((& + L& LTH?).
0o Jo

To prove part (iii), set § = £-; - y; and parameterize 5 by the
interval [0, 3] so that the subintervals [0, 1],[1, 2] and [2, 3] parameterize
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¢,~; and +;, respectively. Define the function o : [0, 3] — b1 associated
to a using (18). Use (19) and the fact that ap ) is exact to conclude
that

3 3
/ o(t)dt = / a(t)dt = L& + &)
0 1
Now Corollary 2.7 implies that
Hess tr holg(A)(a,a) = / / tr(L as)a(t))dtds
= o ([ zatas /0 attat) = ({6 + D)

which completes the proof of (iii). q.e.d.

If a; = 0 = ay, then § = 0 = &; and it follows from (i)-(iii) above
that the Hessians at A of the real and imaginary parts of ir holy,..;,
tr holy-1.n,.0.n;, and U holy.q,.; lie in Us;. Consider the gauge invariant
functions A — R defined by f = Retr hol,,.;, fo = Retr holg=1.~,..+;
and g¢ = Im tr holy.,.; . Then conditions (i) and (iii) of Proposition 6.8
are satisfied for f, fy and g,. Condition (i) obviously holds, and condition
(iii) follows from Corollary 2.7 just as in the case i = j since the loops
for f and f; (coming from parts (i) and (ii) of Lemma 6.10) have trivial
holonomy, and g is the imaginary part of trace of holonomy.

So, to complete the proof of 6.8, we just need to show that we can
span U;; with the Hessians of such functions. Restricting elements in
Ui; to Vi x Vj we obtain 4 x 4 matrices as in (17). In contrast to the
previous case when ¢ = j, these matrices are not generally symmetric.

Suppose a € V; and b € V;. Then {; =0 and ¢; = 0. Let v = w(&) €
C? and w = o((5) € C?. IfL = holg(A) € SU(2), (so L = Lo 1), then
Lemma 6.10 implies that

Hess f(A)(a,b) = tr(&¢) = —2Re(v, w),
Hess f¢(A)(a,b) = tr(fiLCjL_l):—Qi)‘ie(

, L(w)),
Hess g¢(A)(a,b) = Imir(L&(5) = —Im((L(v),

w) + (w,v)).
Writing L= <_O‘B g) where a = r+is and 8 = t+iu, then in terms of the
real basis {((1)) , (é) , ((1)) , (?)} for C?, the bilinear pairing C? xC? — C
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given by (v, w) — (v, L(w)) has real part represented by the matrix

(21) o(L) =

Likewise, the bilinear pairing C2 x C2 — C given by (v, w) — (L(v), w)+
{w,v) has imaginary part represented by the matrix

s 1—17r u t
A r—1 s —t U
22 U(L) =
(22) (L) U —1 —s 1-r
t u r—1 —s

Notice that the images of SU(2) under ® and ¥ span complementary
4-dimensional subspaces of the 8-dimensional space of matrices of the
form (17).

Choose z,y € w1 (X) as before so that o(z) and p(y) do not commute.
We first claim that the Hessians at A of f, f, f, and f;, are linearly
independent. In fact, after restricting to V; x Vj, they span the 4-
dimensional subspace of matrices (21). To show this, one only needs to
show that the image of the set {I, o(z), o(y), o(zy)} under ® is linearly
independent. Again, this follows from the hypotheses on o(x) and o(y)
easily after assuming (by conjugation) that o(x) is diagonal.

The complementary 4-dimensional subspace of U;; given by (22) can
be spanned using functions g¢. The image of the set {I, o(x), o(y), o(zy)}
under ¥ is linearly dependent because ¥(I) = 0. However, a straightfor-
ward check shows that the image of {o(z), o(z?), o(v), o(zy)} under ¥
is linearly independent. Hence, it follows that the Hessians of g, g,2, g
and g, are linearly independent. Since their span is complementary to
that of the Hessians at A of f, f;, f, and [y, together they span U;;
and this completes the proof of Proposition 6.8.  q.e.d.
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