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ISOMETRY TO SPHERES OF RIEMANNIAN MANIFOLDS
ADMITTING A CONFORMAL TRANSFORMATION GROUP

KRISHNA AMUR & S. S. PUJAR

1. Introduction

Let M be an orientable smooth Riemannian manifold of dimension n with
Riemannian metric gtJ. Let KMJk, Kυ and K denote the Riemann curvature
tensor, the Ricci tensor and the scalar curvature of M respectively. Let X be
an infinitesimal conformal transformation of M so that

(1.1) {Lxg)i3 = 2p8ίj ,

where p is a function on M, and Lx denotes the Lie derivative with respect
to X. Recently Yano and Hiramatu [3], [4] have obtained conditions for M
to be isometric to a sphere without assuming any condition on the scalar
curvature function. The purpose of the present paper is to extend the study
of the above authors. Among the four lemmas which we shall prove, two
(Lemmas 1.1 and 1.2) relate to some of the main results of [3] and [4]. Also
Theorems 1.1 and 1.2 in this paper generalize some of the results of [3] and
[4].

The tensor fields G, Z [2] and W [1] required in our study are given by

d 2) GtJ = Kυ - ^-gij ,

(l 3) zhijk =

fl 4) wh

( _ .(ShkSίj

— b2gh3Gik + fe3g

bδghiGjk — b6gJkGhi ,

where a,bl9 , bQ are constants, and W was first introduced by Hsiung.
As usual V denotes covariant differentiation on M. We denote Fφ by pt and

giJPjP by p\ Dp denotes the vector field on M associated with the differential
1-form dp. The Laplace-Beltrami operator on M is given by Δ =
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For the sake of easy reference we list some known formulas (for details see
[1] and [2]):

(1.5) LXK = -2{n - l)Δp - 2Kp ,

(1.6) [X, Dp]K = LxLDpK - LDpLxK ,

(1.7) Lj(WMjkW
hi>*) = -4pWhiJkW

M'* - 2cGίΨίPj ,

where c > 0 is given by

c - 4a2

 = : 2 a y b , \y (_ιγ-ib Ύ

(1.8)

+ in - 1) Σ K ~ ΊΦA + b2b, - b5b6) .

We prove the following lemmas and theorems.
Lemma 1.1. Let M be a compact orientable smooth Riemannian mani-

fold of dimension n > 2 admitting an infinitesimal conformal transformation
X satisfying (1.1). Then

(1.9) ί pKLxKdV = (n - 1) ί LDpLxKdV - — ί (LxK)2dV .
J M J M Z* v M

Lemma 1.2 (Yano and Hiramatu [4]). For a manifold M having the
same properties as in Lemma 1.1 we have

f Kpι

PidV
J M

( 1 ' 1 0 ) = 1 ί [4(n - 1)[X, Dp]K + 2{n- l)(n + 2)LDpLxK
4n(n — 1) JM

+ 4nK2p2 - n(LxK)2]dV .

Lemma 1.3. For a manifold M having the same properties as in Lemma
1.1 we have

4π(n — 1)

= - ( (?
n ID c JM

τ L
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where c is given by (1.8) and is assumed to be positive.
Lemma 1.4. For a manifold M having the same properties as in Lemma

1.1 we have

f \κtj(?pi - 1 (2Kp + LΣKγλdV
J M L 4n(n — 1) J

(1.12) = I f fW w^MV- J- f LxLx(WhiJkW^)dV
c JM 2nc JM

+ 4[ [In JM

where c is given by (1.8) and is assumed to be positive.
Theorem 1.1. // a compact orientable smooth Riemannian manifold M of

dimension n > 2 admits an infinitesimal nonhomothetic conformal transforma-
tion X satisfying (1.1) such that

\
J M
\

J M

(1.13)
- nc \KpiP* - 1 ^{2nKy + (« + 2)KμLzK

JM L 2n{n — 1)2n{n — 1)

^ o ,

where c > 0, ί/zen M is isometric to a sphere.
Theorem 1.2. For a manifold M having the same properties as in Lemma

1.1 with c > 0 we have

(1.14) ί [LxLx{WhijkW
M^) - c[X, Dp]K]dV > 0 (c > 0) ,

J M

where the equality holds if and only if M is isometric to a sphere.
Remark. Theorems 1.1 and 1.2 are equivalent and generalize [3, Prop-

osition 12] and [4, Proposition 3] respectively.
We need the following known lemmas and theorem.
Lemma A (Yano and Sawaki [5]). // a compact orientable smooth

Riemannian manifold M of dimension n admits an infinitesimal conformal
transformation X satisfying (1.1), then for any smooth function f on M we
have

f pfdV = - i - f LxfdV .
JM n JM

Lemma B (Yano and Hiramatu [4]). For a manifold M having the same
properties as in Lemma A we have
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(1.15) -n ί ppΨiKdV= — [ P

2JKdV=[ LxLD.KdV ,
JM 2 JM JM

(1.16) - f {Δp)LxKdV=[ LDpLzKdV .
J M J M

Lemma C (Yano and Hiramatu [4]). For a manifold M having the same
properties as in Lemma A we have

(1.17) - f (JPydV=[ PΨt(Δp)dV .
J M J M

Theorem A (Yano and Hiramatu [3]). // a compact orientable Riemannian
manifold M of dimension n > 2 admits an infinitesimal nonhomothetic con-
formal transformation X satisfying (1.1), then

(i.i8) ί κijPydv< ι f
J M 4n(n — 1) J M

equality holding if and only if M is isometric to a sphere.

2. Proofs of lemmas and theorems

Proof of Lemma 1.1. Multiplying (1.5) by LZK, integrating over M and
using (1.16) we obtain (1.9).

Proof of Lemma 1.2. Using (1.5) and (1.6) we have

[X,Dp\K = LxLDpK + 2(n - l)pΨt(Jp) + 2ppΨiK

Integrating over M and using (1.15) and (1.17) we get

f Kp^dV = 1 ί [X,Dp]KdV - H ^ - ί LxLDpKdV
jM 2 JM 2n JM

+ (n - 1) j ^ {ΔpfdV ,

which in view of (1.5) and (1.6) takes the form

f Kpφ'dV^-l [X,Dp]KdV - ^ — A f LDpLxKdV
jM n JM 2n JM

(2.1)
l

4(n — 1)

Now by Lemma 1.1 we have
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(2.2) ί (2Kp + LxKγdV = f [AKy + 4(« - ϊ)LDpLxK - (LxKf]dV .
J M J M

Substituting (2.2) in (2.1) we obtain (1.10).
Proof of Lemma 1.3. From (1.7) it follows that

(2.3) pWkjihW Lx{W
c 2c

On the other hand, using FJKJt = ^FfK'vίt have

(2.4) FKKijpp*) = K ^ ί O ^ 4 + Jf^/tiV +

Also

(2.5) FtiKpp*) - ( ^ K ) ^ ' + X ^ « + KpΔp

Eliminating Ki/V 7 and (ViK)ppi from (2.3), (2.4) and (2.5), integrating over
M and using (1.5) and Lemma A we obtain

f KiJp
i

J M

(2.6) - J L j ^ LzLz(WkJihWW)dV + \\M Kpφ'dV

Λ Λ Λ Kp(2Kp + LzK)dV .
4n(n — 1) JM

Subtracting | (2Kp + LxK)2dV from both sides of (2.6) we obtain

4n(n — I) JM

(1.11).

Proof o/ Lemma 1.4. Eliminating Kpip
idV from (1.10) and (1.11) and

using (1.9) we obtain (1.12).
Proof of Theorem 1.1. Assumption (1.13) of the theorem and Lemma 1.3

lead to the inequality

L
which by Theorem A implies that M is isometric to a sphere.

Proof of Theorem 1.2. From (1.12) we have

- f pzwhmwM^dv+\ Γ ι aKp + L^y-K^pλdv
c JM JM I4n(n — 1) J(2.7, " • - - 4 " ( " - "
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Theorem 1.2 follows from (2.7), Theorem A and the assumption that c > 0.
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