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RIGIDITY OF ASYMPTOTICALLY CONICAL
SHRINKING GRADIENT RICCI SOLITONS

BRETT KOTSCHWAR & LU WANG

Abstract

We show that if two gradient shrinking Ricci solitons are asymp-
totic along some end of each to the same regular cone ((0,00) x
¥, dr? +r%gs), then the soliton metrics must be isometric on some
neighborhoods of infinity of these ends. Our theorem imposes no
restrictions on the behavior of the metrics off of the ends in ques-
tion and in particular does not require their geodesic completeness.
As an application, we prove that the only complete connected gra-
dient shrinking Ricci soliton asymptotic to a rotationally symmet-
ric cone is the Gaussian soliton on R”.

1. Introduction

In this paper, by a shrinking (gradient) Ricci soliton structure, we
will mean a triple (M, g, f) consisting of a smooth manifold M, a Rie-
mannian metric g, and a smooth function f satisfying the equations

(1.1) Re(g) + VVf = %g and R+ |Vf>=Ff

on M. Since V(R + |[Vf|?> — f) = 0 whenever g and f satisfy the first
equation, the second equation is merely a convenient normalization and
can be achieved by adding an appropriate constant to f on every con-
nected component of M. When the potential is well-known or can be
determined from context, we often will refer simply to the metric g as
the soliton (or the shrinker) on M.

Beyond their intrinsic interest as generalizations of positive Einstein
metrics, shrinking solitons occupy a prominent place in the analysis of
singularities of the Ricci flow

(12 2 (1) = —2Re(y(1),

where they correspond to shrinking self-similar solutions—the fixed
points of the equation modulo the actions of Diff(M) and R4 on the
space of metrics on M. They are the critical cases in Perelman’s entropy
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monotonicity formula and an important class of ancient solutions, aris-
ing frequently in applications as limits of rescalings of solutions to (1.2)
about developing singularities.

It is a fundamental problem to extend the classification of shrinking
solitons, which, at present, is only fully complete in dimensions two
and three. Hamilton [33] proved that the only complete nonflat two-
dimensional shrinking solitons are the standard round metrics on S? and
RP?, and, with a combination of results from his later paper [34] and
the work of Ivey [35], Perelman [47], Ni-Wallach [46], and Cao-Chen-
Zhu [16], it follows that the only nonflat complete three-dimensional
examples are finite quotients of either the standard round metric on S3
or the standard cylindrical metric on R x S2.

In higher dimensions, there are a number of partial classifications
for solitons satisfying certain auxiliary (and typically pointwise) condi-
tions on the curvature tensor. For example, Naber [44] has shown that
a four-dimensional complete noncompact nonflat shrinker of bounded
nonnegative curvature operator must be a finite quotient of the stan-
dard solitons on R x S3 or R? x §2. In the compact setting, there are also
a number of known positivity conditions on the curvature operator of a
shrinker which imply that it must be a finite quotient of the standard
round sphere. The results of Bohm-Wilking [2], for example, imply that
two-positivity of the curvature operator is sufficient, and the results of
Brendle-Schoen [8] and Brendle [5] demonstrate that this can be relaxed
further still, e.g., to the condition that M x R has positive isotropic cur-
vature. Additionally, an exhaustive classification is now known for com-
plete shrinking solitons of vanishing Weyl tensor in dimensions n > 4:
the only nonflat examples are finite quotients of the standard metrics
on S™ or S ! x R. A proof in the compact case can be found in the
paper of Eminenti-La Nave-Mantegazza [28] and, in the noncompact
case, in the combined work of Ni-Wallach [46] and Zhang [56] (see also
the papers of Petersen-Wylie [49] and Cao-Wang-Zhang [18]). The work
of Fernandez-Lépez and Garcia-Rio [32] and Munteanu-Sesum [41] has
since extended this classification to shrinkers of harmonic Weyl tensor.
A further classification, under the still weaker condition of vanishing
Bach tensor, can be found in Cao-Chen [15]. We refer the reader to the
two surveys [13], [14] of Cao for a detailed picture of the current state
of the art.

Our specific interest is in complete noncompact shrinking Ricci soli-
tons. Here, one might optimistically interpret the sharp estimates now
known to hold on the growth of the potential f [17] and the volume
of metric balls (see, e.g., [17], [19], [42]) as indicators of an enforce-
ment of some broader principle of asymptotic rigidity, however, the cat-
alog of nontrivial examples is still exceedingly slim. Excluding products
and otherwise locally reducible metrics, to the authors’ knowledge, the
only complete noncompact examples in the literature belong either to
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the family of Kéhler-Ricci solitons on complex line bundles constructed
by Feldman-Tlmanen-Knopf [31] or to those of their generalizations in
Dancer-Wang [26] (see also [54]). We remark, however, that Maximo
[40] has recently shown that the examples in [31] indeed arise as blow-up
limits for a large class of four-dimensional solutions to the Kahler-Ricci
flow. All of the shrinkers constructed in [31] and [26] possess conical
structures at infinity, and it is their example which motivates the in-
vestigation of the rigidity of such asymptotic structures in this paper.
We approach this as a question of uniqueness: if two gradient shrinking
solitons are asymptotic to the same cone along some end of each, must
they be isometric on some neighborhoods of infinity on those ends?

1.1. Asymptotically conical shrinking Ricci solitons. We now
make precise the sense in which we will understand a soliton to be
asymptotic to a cone. First let us make a preliminary definition and fix
some notation. By an end of M, we will mean a connected unbounded
component V of M \ Q for some compact Q@ C M. We will denote by
((0,00) x X, gc) a regular (i.e., Euclidean) cone, where g. = dr? + r2gs
and (X, gx) is a closed (n — 1)-dimensional Riemannian manifold, and
write Fr = (R,00) x ¥ for R > 0. Finally, for A > 0, we define the
dilation by X to be the map py : Ey — Ey given by pa(r,0) = (Ar,0).

Definition 1.1. Let V be an end of M. We say that (M, g) is as-
ymptotic to the regular cone (Ey, g.) along V if, for some R > 0, there
is a diffeomorphism ® : Er — V such that )\_2p§<1>*g — gc a8 A — 0
in C2 (Eo,g.). We will say that the soliton (M, g, f) is asymptotic to
(Eo, gc) along V if (M, g) is.

Our main result is the following theorem. Note that neither (M, g)
nor (M, g) is assumed to be complete, and no restriction is made on the
topology or geometry of (M,g) and (M, §) off of the ends in question.

Theorem 1.2. Suppose that (M,g, f) and (M,g, f) are shrinking
gradient Ricci solitons that are asymptotic to the regular cone (FEy,g.)
along the ends V C M and VcM, respectively. Then there exist ends
W cCcVadW CV and a diffeomorphism ¥ : W — W such that
U*g =g.

Together with the local analyticity of Ricci solitons [36] and a stan-
dard monodromy argument (see, e.g., Theorem 3 of [43] or Corollary
6.4 of [37]), Theorem 1.2 implies the following global statement.

Corollary 1.3. Suppose (M, g, f) and (M g, f) are complete gradi-
ent shrinking Ricci solitons, and go and § go are the metrics induced by
g and G on the universal covers My and M, of M and M respectively.
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Then, if (M, g, f) and (M,Q, f) are asymptotic to the same regular cone
along some end of each, (Mg, go) and (My, Go) must be isometric.

Theorem 1.2 can also be used to rule out the possibility of nontriv-
ial complete shrinking solitons asymptotic to a rotationally symmet-
ric cone. As we prove in Appendix B, for each a € (0,00), there ex-
ists a rotationally symmetric shrinking gradient Ricci soliton ((0, 00) X
8" ga, fo) asymptotic to the rotationally symmetric cone ((0,00) x
S dr? + ar’ggn-1). By Theorem 1.2, if (M, g, f) is any complete
shrinking gradient Ricci soliton asymptotic to the same cone on some
end V C M, there exists an isometry ¢ : (V' g) — (E', go) between
some ends V/ C V and E' C (0,00) x S"~L. But g is then rotation-
ally symmetric (and so also locally conformally flat) on V’. Appealing
to analyticity, we may then argue in dimensions n > 4 that the Weyl
curvature tensor vanishes identically on M. From the aforementioned
classification theorems in dimensions two and three and the locally con-
formally flat case, it follows that (M, g) must be flat.

Corollary 1.4. A complete connected shrinking gradient Ricci soli-
ton (M, g, f) is asymptotic to a rotationally symmetric cone ((0,00) %
S dr? 4+ ar?ggn-1) along some end V.C M if and only if M ~ R"
and g is flat.

Corollary 1.4 has some precedent in the category of steady and ex-
panding gradient Ricci solitons. Brendle [6] has proven that any three-
dimensional nonflat k-noncollapsed steady gradient Ricci soliton must
be rotationally symmetric and hence, up to homothety, identical to
Bryant’s soliton [9]. This was also asserted by Perelman [47], who fur-
ther conjectured that Bryant’s soliton is the unique complete, noncom-
pact, three-dimensional k-noncollapsed ancient solution to the Ricci
flow of bounded positive sectional curvature. Brendle’s approach in [6]
combines the construction of “approximate Killing vector fields” with a
careful blow-down analysis and a Liouville-type theorem for solutions to
the Lichnerowicz PDE. The essential dimension-specific aspects of his
argument are, first, that the sectional curvature of a complete steady
three-dimensional soliton is (by the Hamilton-Ivey estimate in its local
[21] and global [34] forms) necessarily nonnegative and, second, that the
asymptotic shrinking soliton obtained by parabolic blow-down from a
positively curved s-noncollapsed steady soliton is known to be a cylin-
der. In a later paper, following the same general outline, Brendle [7]
extended his theorem to higher-dimensional steady solitons of positive
curvature operator which blow-down similarly to a cylinder.

Using a modification of this “approximate Killing vector” technique,
Chodosh [22] has proven that if a complete expanding gradient Ricci
soliton with nonnegative sectional curvature is asymptotic to a rotation-
ally symmetric cone ((0,00) x S~ 1 dr? + ar?25"~1) for a € (0, 1], then
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the soliton must itself be rotationally symmetric. Where the parabolic
blow-down procedure in [6], [7] is inapplicable in the expanding setting,
Chodosh substitutes an argument based on the elliptic maximum prin-
ciple and a judicious choice of barrier functions constructed from the
potential f. Arguing along these lines, Chodosh-Fong [23] have further
proven that any Kéhler-Ricci expanding soliton of positive holomorphic
bisectional curvature asymptotic to a U(n)-invariant cone must be it-
self U(n)-invariant and so identical to one of the family of expanding
solitons constructed by Cao [12].

1.2. Overview of the proof of Theorem 1.2. Brendle’s technique,
however, does not seem to extend in the same straightforward way to
the case of shrinking Ricci solitons. According to [19], a complete Ricci
shrinker with nonnegative Ricci curvature must have vanishing asymp-
totic volume ratio and so cannot be asymptotically conical. An assump-
tion of positive curvature of any kind is therefore undesirable for our
purposes, yet, in its absence, it is unclear how to develop the Liouville-
type theorem needed to pass from approximate to exact Killing vector
fields (cf. the concluding comment in [23]). The positive coefficient of
the metric in (1.1) also generates a zeroth-order term of uncooperative
sign in the associated Lichnerowicz PDE.

We pursue instead a completely different strategy and convert Theo-
rem 1.2—on its face, an assertion of unique continuation at infinity for
the weakly elliptic system (1.1)—into an assertion of backward unique-
ness for the weakly parabolic system (1.2). By the same general strategy,
the second author in [52] recently obtained an analogous uniqueness
result for asymptotically conical self-shrinking solutions to the mean
curvature flow. The key idea can be summarized very succinctly: after
appropriate normalizations on the ends V and V, the self-similar so-
lutions to the Ricci flow associated to the solitons in Theorem 1.2 can
be made to coincide in finite time with the conical metric g.. Thus the
problem in Theorem 1.2 becomes a clean (if analytically somewhat sub-
tle) problem of backward uniqueness. We describe this conversion in
greater detail below.

1.2.1. Self-similar solutions to the Ricci flow. Recall that a family
g(t), t € I, of metrics on M is said to be a shrinking self-similar solution
to (1.2) if there is a smooth family of diffeomorphisms ¥; : M — M
and a positive decreasing function ¢(t) defined for ¢ € I such that

(1.3) g(t) = c(t)¥{(g(to))

for some ty € I. As is well-known (see, e.g., Lemma 2.4 in [24]), one can
construct a local shrinking self-similar solution from a shrinking gradi-
ent Ricci soliton structure (M, g, f) in an essentially canonical fashion.
Moreover, when V f is complete as a vector field (e.g., as happens when
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g is complete, according to [55]), this construction produces a globally
defined ancient solution to the Ricci flow.

In the setting of Theorem 1.2, on our (typically incomplete) ends V'
and V', we will obtain solutions g(t) = —tW}g and §(t) = —tW}§j defined
for t € [—1,0) that satisfy g(—1) = g and g(—1) = g, have uniform
quadratic curvature decay, and (as can be seen) converge smoothly as
t 0 to limit metrics g(0) and §(0). On one hand, the self-similarity of
the solutions for ¢ € [—1,0) forces these limit metrics to be conical; on
the other (as we will verify, but is at least intuitively plausible), they
must also be asymptotic to g. in the sense of Definition 1.1. It follows,
then, that ¢g(0) and §(0) must actually be isometric to the cone g. on
some sufficiently restricted end. Adjusting g(¢) and g(¢) by appropriate
diffeomorphisms, we can thus arrange that they inhabit the same end W
and agree identically at ¢ = 0. To conclude that g and g are isometric on
some end, it is then enough to show that g(t) = —t¥;gand g(t) = —t¥;g
agree identically on W/ C W for t € (—e¢,0], and this is the backward
uniqueness problem we seek to solve.

1.2.2. The model Euclidean problem. A distinctive feature of The-
orem 1.2 (and of the corresponding result, Theorem 1.1, in [52]) is that
its conclusion is valid without any restrictions on the soliton structures
off of the particular ends V and V. The analytic artifact of this flexibil-
ity is that we have no control on ¢(t) and g(t) at the spatial boundary
of the end, and the backward uniqueness problem described above is
considerably more delicate than, e.g., the global problem considered in
[38] for complete solutions to (1.2).

For a model of an attack on this problem, as in [52], we can look to
the paper of Escauriaza-Seregin-Sverdk [30]. There it is proven that any
smooth function u on (R™\ Br(0)) x [0,T] which satisfies

|0+ Au| < N (Ju| +|Vul), u(z,0)=0, and |u(z,t)] < NeNll?

must vanish identically. The significance of their result is that it makes
no restriction on the behavior of u on the parabolic boundary of (R™\
Br(0)) x [0, T]; it was previously known that this particular formulation
would settle a longstanding open question in the regularity of solutions
to the Navier-Stokes equations in three dimensions.

Since (1.2) is only weakly parabolic, there is no direct generalization
of this result which we may apply to our backward uniqueness problem,
nor is there, as there is for the mean curvature flow, a convenient means
of breaking the gauge-invariance of the equation to reduce the prob-
lem to one for a corresponding strictly parabolic equation. (See, e.g.,
the first section of [38] for an explanation of the inapplicability of De-
Turck’s method to backward-time uniqueness problems.) Nevertheless,
as in [38], we can embed the problem into one for a prolonged “PDE-
ODE” system of mixed differential inequalities for which an analog of
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the above theorem can be shown to hold. It is worth remarking that the
elliptic unique continuation problem implied by Theorem 1.2 is itself
somewhat nonstandard, even neglecting the complications arising from
the gauge-degeneracy which the system (1.1) shares with (1.2)—see Sec-
tion 3 of [52] for some discussion of the features of the corresponding
equation in the related case of self-shrinking solutions of the mean cur-
vature flow.

1.2.3. Structure of the paper. In Section 2, we construct from g
and g the self-similar solutions to the Ricci flow described above and
carry out the reduction of Theorem 1.2 to a specific problem of back-
ward uniqueness (Theorem 2.2). In Section 3, we convert this backward
uniqueness problem into one for a larger coupled system of mixed differ-
ential inequalities (a “PDE-ODE” system). The technical heart of the
paper is contained in Sections 4 and 5 where we develop two pairs of
Carleman inequalities for time-dependent sections of vector bundles on
a self-similar Ricci flow background. We then combine these estimates
in Section 6 to prove Theorem 2.2. We conclude the paper with two
technical appendices. In Appendix A, we record some elementary con-
sequences of Definition 1.1 and give a proof of a normalization lemma
for shrinking solitons with quadratic curvature decay. In Appendix B,
we construct a rotationally symmetric gradient shrinking soliton asymp-
totic to each rotationally symmetric cone ((0,00) x S" 1, dr?+ar?ggn-1).
These examples furnish the rotationally symmetric “competitor” soli-
tons we need to deduce Corollary 1.4 from Theorem 1.2.
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2. Reduction to a problem of backward uniqueness

Going forward, as in the statement of Theorem 1.2, (3, g5;) will denote
a closed Riemannian (n — 1)-manifold and g. = dr? + r2gs a regular
conical metric on Ey = (0,00) x 3. We will use r. : Ey — R to denote
the radial distance from the vertex relative to the conical metric g. (so
in coordinates (r,0) on Ey, we have r.(r,o) = r) and the shorthand

Er ={x € Ey|r.(z) >R}, and EL=FExrx][0,T].
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Our aim in this section is to take the soliton structures (M, g, f) and
(M .3, f) from Theorem 1.2 and construct from them self-similar solu-
tions to the backward Ricci flow on Ex x (0, 1], for some sufficiently large
R, which flow smoothly from the cone g. at the singular time 7 = 0 to
isometric copies of (restrictions of) g and §. This construction converts
Theorem 1.2 into the assertion of parabolic backward uniqueness stated
in Theorem 2.2 below.

2.1. An asymptotically conical self-similar solution to the Ricci
flow.

Proposition 2.1. Suppose (M, g, f) is a shrinking Ricci soliton as-
ymptotic to the reqular cone (Eo,g.) along the end V C M. Then there
exist Ko, No, and Ro > 0, and a smooth family of maps ¥ : Er, — Vv
defined for T € (0,1] satisfying:

(1) For each T € (0,1], ¥, is a diffeomorphism onto its image and

VU, (Er,) is an end of V.

(2) The family of metrics g(x,7) = ¥ g(x) is a solution to the back-

ward Ricci flow

dg
2.1 — =2R
(2.) % — 2Re()
for T € (0,1], and extends smoothly as T \, 0 to g(z,0) = g.(z)
on ERO-
(3) For allm=0,1,2,...,
(2.2) sup  (rl""? +1) ‘V(m) Rm(g)‘ < K.
EROX[O,H
Here |- | = |- |4y and V = V 4y denote the norm and the Levi-

Civita connection associated to the metric g = g(7).

(4) If f is the function on Er, x (0,1] defined by f(r) = Vif, then
Tf extends to a smooth function on all of 57110 and there g and Tf
together satisfy

N N
i =r? 2_ 0 < <2420
and
(2'4) %(Tf) =TR, Tz‘VfP —7f = —T2R, TRc(g) +7VVf = g

Therefore, Theorem 1.2 reduces to the following assertion of backward
uniqueness.

Theorem 2.2. Suppose that g and g are self-similar solutions to
(2.1) on Eg, x (0,1] for some Ry > 1 that extend smoothly to g. on
Er, x {0} and with their potentials f and f satisfy (2.2)(2.4) for some
constants Ko and No. Then there exists R > Ro and 7" € (0,1) such
that g = g on 5771/.
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For the application to Theorem 1.2, note that g(1) and g(1) are iso-
metric to 77 g(7) and 771§(7), respectively, for any 7 € (0,1]. We will
postpone the proof of this theorem to Section 6, until after we have
developed the necessary ingredients in Sections 3-5.

2.2. Proof of Proposition 2.1. There are three main steps. First,
we show that if a shrinking soliton (M, g, f) is asymptotically conical
along an end V, it has quadratic curvature decay, and so, on some end
V' c V, admits a reparametrization that is compatible in a certain
sense with the level sets of f. Second, we show that a shrinking soliton
with quadratic curvature decay gives rise to a self-similar solution to
the backward Ricci flow that extends smoothly to a conical metric on
sufficiently distant regions at the singular time. (In particular, this shows
that a soliton on a cylinder of the form (a,c0) x ¥ for some compact ¥
with quadratic curvature decay must be asymptotically conical.) Finally,
we argue that this conical limit metric and the original asymptotic cone
gc are isometric. With a further adjustment by a diffeomorphism, we
can then arrange that our self-similar solution interpolates between a
soliton asymptotic to g. and the cone g, itself.

2.2.1. Initial technical simplifications. In order to eliminate some
notational baggage that we do not wish to carry with us through the
entire proof, we make a couple of up-front reductions. First, if ® : Er —
V is the map from Definition 1.1, then, replacing g and f by ®*g and
®*f, we may as well assume that ® = Id and V = Ex. Second, by
Lemma A.1 (b)—(c) and Lemma A.2, after pulling-back by an additional
diffeomorphism (and relabeling R), we may as well also assume that f
and g are defined on Eg/y = (R/2,00) x ¥ for some smooth closed
(n — 1)-manifold ¥, and that, writing 7#(z) = dj(x,0FER), there are
constants K and N such that the conditions
2
fr.e) =", |Rm@)ly(ro) < 5

1 , and
N(r—1)<#(r,g) < N(r+1)

(2.5)

are satisfied for all # = (r,5) € Ex. As we have only modified our soliton
structure by diffeomorphisms, our “normalized” (Ex /2595 f) will still be
asymptotic to (FEp, g.) along an end of the closure of Er in the sense
of Definition 1.1 (that we can adjust the domain of the diffeomorphism
required by this definition to have the form Egs for some S, follows from
Lemma A.1 (b) and (A.5)). We do not assume here that ¥ and % are
diffeomorphic.

2.2.2. Distance estimates on the trajectories of Vf. We now ex-
amine the relationship between the integral curves of the vector field
V f and the radial trajectories. In what follows, we will use r to denote
both the global coordinate on the factor (0,00) and the function on Ej
given by r(r,a) =r.
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Claim 2.3. There exist R’ > R depending only on R, K, and N,
and a one-parameter family of local diffeomorphisms Vs : Err — Egs,
defined for s > 0, which satisfy

oA

(2.6) o

=VfoWU, and Vy= ldg, .
Moreover, for all (r,5) € Er/, rs =1 o ¥, satisfies

(2.7) (r—1)e*? +1<ry(r,5) < (r+1)e¥/? - 1.

Proof. First, by the local existence and uniqueness theory for ODE,
for each initial point z € E7p /9, the trajectory Ws(z) of V f with ¥o(x) =
x exists for small s. Moreover, since f = r2/4 in Ex, and

(2. S (Fow,) = [Vf 0w, >0,
it follows that rs(x) > r(x) for all z and all s > 0 for which the trajectory
is defined. In particular, ¥,(FEr) C Eg, i.e., trajectories which begin in
Er stay in Exr.

Using the second equation in (1.1) and the boundedness of R =
scal(g), we can obtain even better control on the distance, namely,

ors
Os

— (v en = (1

B 4RO\I/S>

So, if R’ > R is sufficiently large (depending on n, K, and R), then

ors 1
< —
ds — 2

%(rs—l)g (rs +1)

on Fr/. Integrating this last equation with respect to s yields (2.7) and
also proves the existence of the local diffeomorphisms ¥, : Err — Egps
for all s > 0. q.e.d.

2.2.3. Derivative estimates. Continuing from the statement of Claim
2.3, we set s(t) = —log(—t) for ¢ < 0 and define the family of metrics

(2.9) glt) = —t W9

on Er/ x [—1,0). Then, as in Section 2.1 of [24], g(t) solves (1.2) with
initial condition g(—1) = g.

Using the self-similarity of g(t), we can parlay the quadratic decay
of Rm(g) into decay estimates for the higher derivatives of Rm(g(t)).
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First, by the quadratic curvature decay and (2.7), it follows that

_sup (r®(z) 4+ 1)| Rm(g)ly (2, t)
Egix[—1,0)

r2(x) + 1 _
= sp T ) 0w (@)
Errx[—1,0) -

< sup  8(ri(x) + 1) [Rm(g)|; o V()

ER’ X [0700)

< 8K.

Then, from Shi’s derivative estimates [51], for each m > 0, we obtain
V™ Rm(g)|,(x,t) < Ky, on the set { 2R’ < r(z) < 4R’} x [~1/2,0).
(Here and below, K, denotes a constant that changes from inequality
to inequality but depends only on m, n, and K.) From the definition
of the metrics ¢(t), the distance estimate (2.7), and the estimate on
|Rm(g)|, above, it follows that

(2.10) sup (rm+2(x) + 1) ‘ﬁ(m) Rm(g)‘ () < K.

Er g
From a scaling argument akin to the one above, we then obtain the
following estimate on the higher derivatives of Rm(g(t)).

Claim 2.4. For all m > 0, there ezists a constant K, = K, (n, K)
such that the curvature tensor of the solution g(t) = —t\I’:(t)g satisfies

(2.11) sup (rm+2(x) +1) ‘V(m) Rm(g)‘ (x,t) < K.
(w,t)EER, x[—1,0) g

Since ¥ is compact, we may find a finite atlas for Fr/ for which we
have uniform estimates on the derivatives of the charts, and argue as in
the proofs of Theorem 6.45 and Proposition 6.48 of [24] to see that g(t)
converges smoothly as t 0 to a smooth metric go = g(0) on Exs x {0}.

2.2.4. The potential function f and limit metric g(0). Now define
fon Egix[—1,0) by f = \I/:(t)f. Then f and g together form a shrinking
soliton structure on Ex: for each t € [—1,0), albeit one with the constant
—1/(2t) in place of 1/2 on the right side of (1.1). The following identities
are standard (see, e.g., Section 4.1 of [25]) and follow easily from the

definition of f, g, and equation (1.1).
Claim 2.5. On Er/ x [~1,0), f satisfies

of _ 2 2 [ _ _

i VI, |IVf]*+ 7= —R, and VVf=-—Rc(g)— o
Given the estimates (2.11) on the derivatives of curvature, it follows

from these identities that —tf converges locally smoothly as ¢ ~ 0

9
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to a smooth limit function ¢ on Eg/. Moreover, there exists N > 0,
depending only on K, such that

2

N N 1
(212) -5 <q- Z <5 IValg =g and VVgq=g

The first inequality implies that ¢ is proper (on the closure of Ex/) and
positive on sufficiently distant regions, which, with the second identity,
implies that the level sets of ¢ corresponding to sufficiently large values
are smooth and diffeomorphic to a common closed (n — 1)-manifold 3.
Moreover, the second inequality implies the integral curves of 2,/q are
geodesic. As in Section 1 of [20], this along with the third identity in
(2.12) 1mphes that go s conical, i.e., there exists R > 0, and a diffeo-
morphism ¢ from E (R 00) X E to an end of the closure of Ex
satisfying

go-

2
x A A T T x A ~ ~
(go®)(f,6) = and @ (90) = ge = di* + g,

2.3. A final reparametrization. Now consider the family of metrics
®*(g(t)) on Ey for t € [~1,0]. Each member of this family is uniformly

equivalent to §. = ®*(go) in view of the boundedness of Re(g(t)), and
from this equivalence, the identity

~ 0 ~
5*(g) = go + / 2Re(&*(9(s))) ds,

the second and third inequalities in (2.5), and equation (2.12), it follows
that there is a constant /N such that

[2%(g) — §C|gc(’f'7 o) < m
on ER Writing py for the dilation map on EO, it follows that the family
/\_2,6§<i>*(§) converges to g. in C2 ( 7z,gc) as A — oo.

On the other hand, we assume that g is asymptotic to (FEp, g.) along
an end of Fr. Since Fr \ Ery1 is bounded relative to g (implying,
in particular, that (Fr,g) has at most one end relative to any compact
set), Lemma A.3 implies that (Ejp, g.) and (Ep, j.) are isometric. Call the
isometry between them F'. Replacing g(¢) and f(¢) with their pull-backs
by doF , on a sufficiently distant end we then achieve ¢g(0) = g. exactly
and that —tf converges smoothly to 72/4 as t ,* 0. The estimates (2.2)
and (2.3), which hold in terms of the parameter r for f and g prior to
their replacement by their pull-backs, will then also hold (for possibly
larger constants) in terms of r.. Setting 7 = —¢ completes the proof.

3. A PDE-ODE system

Next, as in Section 2 of [38], we convert the backward uniqueness
problem in Theorem 2.2 into one for solutions to a PDE-ODE system
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of inequalities that are amenable to the development of parabolic-type
Carleman inequalities. The idea is to try to build a closed system out
of sufficiently many components of the form V® (Rm —Rm) (the “PDE
part”) and V) (g — ) (the “ODE part”). (Here and in what follows
we will simply write Rm and Rm for the (3,1) curvature tensors of the
solutions ¢g and §.) The curvature tensors Rm and Rm will indepen-
dently satisfy strictly parabolic equations, and their differences will sat-
isfy parabolic equations up to lower order differences of these derivatives
and error terms involving the tensors V(%) (9 — g). In turn, the norms
of these latter tensors can be controlled by the norms of the tensors
V#E Rm —V®Rm via their evolutions and a basic ODE comparison.
We will only summarize the construction of this system below and
refer the reader to [38] for more details. The use of such PDE-ODE
systems originated in the work of Alexakis [1] on the problem of unique
continuation for the vacuum Einstein equations. (See also [53].)

3.1. Elements of the prolonged system. The PDE part of our sys-
tem will be composed of the tensors

(3.1) S=Rm-Rm and 7 =VRm-VRm,
and the ODE part of the tensors
(3.2) Uz=g—§, V=V-V, and W=VV.

Here V is a (2, 1)-tensor, given in local coordinates by VZI; =TI f] — ffj
Using T} (ER,) to denote the bundle of (k, [)-tensors over Eg,, we define

X =Ty (Er,) ® T} (Er,), Y =TsEr,)®T;(Er,)®T3(Er,)

and smooth families of sections X(7) € C*°(X), Y(r) € C*(Y) for
T € [0,1] by

X=SaT, and Y=UaVaW.

We will use g = g(7) and its Levi-Civita connection, V = V;), as
a reference metric and connection in our calculations (and will use the
same symbols to denote the metrics and connections they induce on X
and ) and the other tensor bundles we consider). We will also write
A = ¢g®V,V, for the induced Laplacian on X, and use |-| = |- lg(r) for
the induced family of norms on each fiber of X and ).

3.2. Evolution equations. We now import from [38] the following
evolution equations for the components of X and Y, correcting some
typographical errors in that reference. Here A x B represents a linear
combination of contractions of tensors A and B with the metric g.
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Lemma 3.1 (Lemma 2.4, [38]). On 871%0, we have the equations

é—I—A S=g '«VVRm U+ VRm*V + Rm * W
(3.3) \Or

+ﬁ1¥1*V*V+§_1*f{\l;l*ﬁ\r/n*U—i—f{\r/n*S—i-S*S,

(§+A>T:g—1*%<3>ﬁ?nw+ﬁﬁa*v
-

(3.4) VRm VoV 4+ VRm s W+ g1 % R« VRm # U
+Rm*T+VRm=S+ 8T,
and
9 I
0 k mk P P P
(3.6) ar Vi =9 (Timm + Tpim — Tmpij)
— gem gt (62'ij + 6]Rim - 6mRij> Uabs
3W:VT+%§E*V+§,—1*%%1§B*U
(3.7) or

+T*V+§_1*€%*U*V

3.3. A coupled system of inequalities. The key feature of equations
(3.3)—(3.7) is that each term on the right-hand side contains at least one
factor of a (possibly contracted) component of either X, VX, or Y. Our
assumptions guarantee that the other factors in each term will at least
be uniformly bounded on 571%0. Using the Cauchy-Schwarz inequality,
we can then organize the evolution equations for X and Y into a closed
system of inequalities.

_ Proposition 3.2. There exists N > 0, depending only on n, K, and
K, such that S, T, U, V, and W satisfy

(3.8) sup {|S| + |T| + |[VS| + |[VT| + |U| + |V |+ |[W|} < Nr_2,
£k,

and the system of inequalities

oS
3 + AS| < Nr2(|S| +|U| + V| + W),
(3.9) or
‘E +AT‘ <Nr2(|S|+ |1+ U+ [V + [W]),
and
‘aU < NIS|, ‘av < N|T| + Nr2|U]|,
or or
(3.10)

oW
'af' < N|VT|+ Nr 2 (U +|V]).
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In particular X =S @ T and Y =U ®V & W satisfy

‘ + AX| < Nr 2 (IX] 4+ Y]

(3.11)
Y
'a ‘<N (IX| + |[VX]) + Nr Y|

for N sufficiently large on SRO.

Proof. The argument goes essentially as in Proposition 2.1 of [38]. By
(2.2), we know the derivatives of the curvature tensors of both solutions
have at least quadratic decay relative to rc, so the coefficients of the
form V™ Rm and the extra-linear factors of S and T in equations (3.3)—
(3.7) have at least quadratic decay. (Note that the curvature bounds,
together with the fact that g and g agree identically on Egr, x {0}, in
particular, imply that the metrics are uniformly equivalent, so that the
bounds on V) Rm are also valid in the g(7)-norm.) The same goes for
the extra-linear factors of U, V, W, since, just as in [38], they can be
estimated at each fixed x by simply integrating their r-derivatives, and
these are controlled in turn by the pointwise values of V(™ Rm | and
|6(m)13»?1|. However, not every term in the equations for U, V', and W
has a coefficient with quadratic decay, and so, in (3.11), the coefficients
of |X| and |VX| in the second equation are merely constant. q.e.d.

4. Carleman estimates to imply backward uniqueness

The key technical components which we will need to prove Theorem
2.2 are two pairs of Carleman estimates. In this section, we establish
the first of these, the pair which ultimately will imply the vanishing of
X and Y. A model for the sort of thing we are after is estimate (1.4) of
[30] (cf. Proposition 3.5 in [52]), which states that, for all R > 0, there
is a constant o = a*(R,n) such that

Hea(T—T)(|x|—R)+|x|2u||L2(QR,T) + Hea(T—T)(‘x‘—R)‘f“xPVUHLZ(QRVT)

a(T—7)(|z|— z|2 z|?
< e @R D+ Aull2(gp 4y + €™ Vul, T)| e @n B o))

for all & > o and u € CX°(Qr,1) satistying u(-,0) = 0. Here Qpr =
(R™\ Bgr(0)) x [0, T]. We devote most of this section to proving a general-
ization of this result applicable to the components of the PDE portion of
(3.11), and then prove a compatible “Carleman-type” estimate for the
ODE portion; these estimates are contained in Proposition 4.9 below.

4.1. Notation and standing assumptions. It will be convenient to
perform our calculations relative to the metric g = g(7) from Theorem
2.2 and its Levi-Civita connection. Thus, in this section and the next we
will operate under the standing assumption that Rg > 1 and 0 < 19 <1
are given, and g and its potential f = f(7) satisfy (2.1)—(2.4) for some
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constant Ky, relative to the regular cone (Ep,g.). In most places, we
will suppress the dependency of the norms and connections on g, and
simply write | - | = |- [y and V = V), and write du = dpugr
for the Riemannian density associated to g(7). We will continue to use
re(z) to denote the radial distance in the conical metric g., and use
Ay = volg (X) for the area (relative to the conical metric g.) of the
cross-section of Ey at distance one from the vertex.

Also, for the next two sections, Z = T} (Eg,) will denote a generic
tensor bundle over Eg,. Most of our constants will depend on some
combination of the “background” parameters n, Ag, Koy, K, and v; for
completeness, we add that we will say that a constant depends on K
only if it depends on max{Kjy, 1} (and similarly for Ay, k, and v).

4.2. A divergence identity. Both of the primary estimates (4.7) and

(5.23) arise from the following divergence identity, which generalizes

Lemma 1 of [30] and Lemma 3.2 of [52] to time-dependent backward-

heat operators acting on sections of tensor bundles. Here the Laplacian

on Z is defined by AZ = ¢V,;V;Z. We will use F' and G to denote

arbitrary smooth-functions on 577200 with G > 0, and write ¢ = log G.
By analogy with [30], we then consider the operators

F
A= ;—Vv¢+1d,
(4.1) T 2

F
S#A—l—Vv(ﬁ—EId,

acting on Z € C*(Z x [0,79]). Unlike their counterparts in [30], A
and S will not be quite antisymmetric and symmetric, respectively, in
L?(Gdp dr), but will nevertheless be close enough to being so that we
may prove a useful perturbation of the formula in that reference. The
proof of the identity below is a lengthy but straightforward verifica-
tion.

Lemma 4.1. For all Z € C*(Z x [0,79]) and all smooth F and
G > 0, the following identity holds on 577200:

Z
v,-{2 <g—T, viz> G+ |VZ|*’ViG - 2(VvaZ,V:Z)
F 1
(4.2) + TGVZ-|Z|2 +3 (FV;G — GV,F) |Z|2} dp

8 2 F 2
- aT{ <|VZ| +512 )Gdu}
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{2<AZ, <+A> >G—2|AZ|2G
+ S <— _AGH RG>> (yvzy? + %Z\?) G

— a—F + AF) |Z)2G —2V,V;¢(V:Z,V;Z)G
ag(vz V2)G - FTG?(Z Z) +2B(Z, VZ)G} dy,

where % represents the T-derivative of the metrics induced by g on Z
and T*(ER,) ® Z, E(Z,VZ) denotes the sum of commutators
E(Z, VZ) = < |:Vu 2:| Z, VZZ> — <[VZ, Vj] Z, VZZ> Vﬂﬁ
(4.3) or
= 6" (Vi + VpRim = Vi Rip + B, V30) (042, V7).

and ©F is the operator

@p(ZB)_5p Zﬁlﬁz B 4 §p gP1B2Bx 4 4 §p gPiB2 Bm

a1 “qaz-ay az“a1qasz---ay a, “araz-
B1 7pB2-+B B2 7B1pBr . Br 78162
5 Zalocz Zu 5 Zoqocz 3,, =9 KZalag oy

ie., O Zi = 6] Zg, O Zf = 6V 2k + 8 ZF — 6h 77,

q lj’

Remark 4.2. We note for later an important observation regarding
(4.3). In our applications below, we will have V¢ = YTV f for some
function YT and since

(4.4) ViRjx — ViR = R}V, f,

for 7 € (0, 9] owing to (2.4), we have

(45) E(Z,VZ)= (ViRpg+ (1 +7T)(VyRiy — ViRy,)) (OLZ,V: Z),

so that, for some C' = C(n, k,v),

(4.6) |E(Z,VZ)| < CIVRc|(|VZ]* + (1 +Y?)|Z]?)

on all of 57200, i.e., we may control F(Z,VZ) by T, Re, VRe, Z, and

VZ alone, and eliminate the dependency of the estimate on V¢.

4.3. A weighted L’-inequality for the operator 9, + A. When
Z(-,7) has compact support in Eg, for each 7 and vanishes at 7 = 0,
the above identity can be integrated and used to control |Z| and |V Z| by
|(0- + A)Z| in a suitably weighted L2-sense. Choosing F' = G~(9,G —
AG + RG) to obtain some cancellation of terms on the right-hand side
of (4.2), integrating over 877100 and using the Cauchy-Schwarz inequality,
we obtain the following analog of Lemma 2 in [30].
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Lemma 4.3. There exists a constant N = N(n,k,v, Ky) such that
if Z € C’OO(Z x [0,70]) is compactly supported in Er, for each T and
satisfies Z(-,0) = 0, then, for any smooth G > 0, we have

// .

——i—AZ GdudT—F/

ERO X {T()}

<\VZ\2 + §1212>Gdu
//m Q(VZ,VZ)+ Qa:(Z,Z) —2E(Z,NZ))G dpdr

where E(Z,VZ) is given by (4.3), F = G~Y0.G — AG) + R, and

QL(VZ.VZ) = 2AV:V,0)(ViZ,V,Z) %VZP

(4.8)
Q2(2,2) = 3 @F + AF) |Z|* —

NF
72

[

4.4. A weighted L?-inequality for the ODE component. Next,
we establish a matching L?-inequality for the ODE component of the
system; its proof is essentially trivial.

Lemma 4.4. There exists a constant N = N(n,k,v, Ky) such that
if Z € C’OO(Z x [0,70]) is compactly supported in Er, for each T and
satisfies Z(-,0) = 0, then, for all smooth G > 0,

(4.9) // <N+> 1Z] Gdud7<//

Proof. Note that

G dp dr.

(4.10) % (yzch;) :2<8—Z,Z> 12128—G+@(z Z)G.

or or
The inequality (4.9) then follows upon integrating (4.10) over €7 and
applying the Cauchy-Schwarz inequality together with (2.2). q.e.d.

4.5. An approximately radial function. Our next task is to con-
struct a suitable weight function G to substitute for G in inequalities
(4.7) and (4.9). As a first step we introduce the function h : £ — R
defined by

(4.11) hz,7) = 2\/7f(x,7) for 7>0,
' re(z) for 7 =0,

which will prove to be a useful approximation of the (conical) radial
distance on our evolving solution. Observe first that h € C*(&g));
indeed, using the asymptotics we have established for f in Proposition
2.1, lim o h(z,7) = 7c(z) in every C*-norm and satisfies

(412)  |VA[*(z,0)=1, and VV(h?)(z,0) = 2¢g(z,0) = 2g.(x)
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on Eg,. Also, from (2.3), we see that

1
(4.13) 57’(;(33) < h(z, 1) < 2r.(z)
on SRO ; in view of (2.2), we consequently have the inequalities
1
(4.14) h>_ and A*(|Rm|+|VRm|) < CK)

[\

on &g for some universal constant C. The identities (2.3) and (2.4)
also directly imply the following expressions for the derivatives of h for
T>0.

Lemma 4.5. On Eg, x (0,70], the derivatives of h satisfy

2
(4.15) Vh = %Vf, hWVVh = g — 27 Re—Vh® Vh,
and
A% R

(4.16) |Vh> =1 — 73 hAh=n—2rR - IVh|?,
and

oh  h 2rR
4.1 - 1—
(417 gy = 95 1 1907) = 58

Equation (4.17) can be used to obtain a useful refinement of (4.13).

Lemma 4.6. There exists a universal constant C such that
CKyr?

(4.18) |h(x,7) —re(x)| < 3 (2)

for all (z,7) € £ .

Proof. Fix an arbitrary = € Egr, and integrate both sides of (4.17)

with respect to 7. Using (4.14) and that we have normalized to achieve
h(z,0) = re(z), we obtain that |h?(z,7) — r2(z)| < CKor.2(x)712, so

h(z,7) = re(@)||h(z,7) + re(2)] < CKorg(2)7?,
and the claim follows. g.e.d.
4.6. A weight function of rapid growth. With h in hand, we now

construct our weight function G;. We fix 6 € (0,1) and define, for all
a > 0, the function

(4.19) G1 = Graqn(z,7) =exp |a(m — T)h2_5(:17,7') + h%(z, 1)

and, writing ¢1 = ¢1,4,r, = log G1, also define
941
or

Using Lemma 4.5, we may obtain expressions for the derivatives of ¢
up to second order. Eventually, we will simply estimate away the terms

(4.20) Fi = Fiam = —— — Ady — Vi + R.
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involving curvature, but we must be reasonably precise about them at
this point, since we will later need to compute two additional derivatives
of ¢1 in order to estimate the expression involving F} in (4.7).

Lemma 4.7. For any a and any 19, 6 € (0,1), ¢1 = ¢1.0,r, satisfies

o¢ _ 229 - IR
(4.21) a—; — 47R — ah*° (1 A );(270 7) )
(4.22) Vo = (a(2 = 8)(ro — 7B + 20) U,
and
a2—0)(ro—7)
(4.23) VUV, = hém ") (g — 2r Re —6Vh ® Vh)
+2(9—27Rc).

In particular, there exists a constant Rq > Ro depending only on n, 4,
and Ko, such that, on g,

VVé¢1 > g, and
4.24
(429 0>F >—-N <1 + 1%+ ah®0 4 a® (1o — 7)2h2_25) ,
for all o > 1.

Proof. Equations (4.21), (4.22), and (4.23) follow easily from the iden-
tities for the corresponding derivatives of h in Lemma 4.5. For the
first inequality in (4.24), observe that, by (2.2), we can arrange that
|Rc| < (1 —6)/4 on EF by selecting R > Ry sufficiently large. Since
|70| < 1, the first term on the right in (4.23) is then bounded below by ¢
on this set, and the tensor in the right factor of the first term is bounded
below by ((1+46)/2)g —dVh® Vh. For each (z,7) € &g, the restriction
of this latter tensor to the orthogonal complement of Vh(x, ) is clearly
positive definite, and since

1+6

1—6 4572R
2 b

Vh[> = §|Vh|* = |VA? | —— + —5—
(VA2 = 8V = |ThP (<50 + =
by invoking (2.2) and increasing R if necessary, we may achieve that
this same tensor is fully positive definite on £77. This implies the desired
inequality on VV¢;.

For the second inequality in (4.24), we begin with (4.21) and note
that

dp1 TR <1 _22-=0)1(rg—T)R  4ATR > < _gh2_57

or h2 ~ ah?=d
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if & > 1. Then, since our previous inequality for VV ¢ implies A¢1 > n
on & for R sufficiently large, we also have

_on
- or

1
< —3 (ozh2_‘S + n> ,

£ —A¢y — |V + R < —%h2_5—n+CKorc_2

after using (2.2) and possibly increasing R again by an amount deter-
mined by n and K. This gives the upper bound on Fj.
For the lower bound, note that equations (4.22) and (4.23) give that

Vorl? = (a2~ 8)(mo — )R + 2h)"[VAP. and
Ady =2n — ATR + (2 — 8) (10 — 7)(n — 27 R — §|Vh|*)h~°,
which, in combination with (4.16) and (4.21), yields
Fi=@4r+1)R-a (hH —2(2— 8)(rp — T)Th—éR) —n
(4.25) —a(2=8)(m —7) ((n — 8 = 2rR)h™0 + 47°h O R)

+ATR — (a(2 —8)(r0 — )R 0 + 2h)2 (1 — 472h2R).
So, using (4.14), we have
|F| < N +4h? + Nah®>™% + NoP(rg — 7)2h%~2%
on 57?' q.e.d.

Next we seek a lower bound on (9, + A)F} in order to bound Q-
in (4.8) from below. We first return to the detailed expression (4.25)
and group the terms with like powers of «, writing F} = By + aB1 +
a?B,. Before differentiating, we note that the derivatives of h and R
are bounded on £’ by (2.2) and (4.15)—(4.17), and since we also have
0 <7 <719 <1, we will really only need to consider carefully the terms
of highest order in h in each B;. From (4.25), we see that we in fact
have

By=—4h*+ Py, By =—(144(2—08)(r0 —7))h*>™° + P,
and
By = —(2—08)%(r0 — 7)?h*" % + P,
where Py, P;, and P, satisfy

% + APy > —C(KZ +1)h2, % + AP, > —C(K2 +1)h7°,

and
0P,

-
for some constant C' = C'(n).

+ APy > —C(K2+1)h™%,
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Lemma 4.8. For all § € (0,1), there exists Ro > Rq depending only
onn, d, and Ky, such that the function F\ = Fi.,o 5, satisfies

0Fy
o7

on &g, for alla > 1 and 79 € (0,1].

(4.26) + AF, > 3ah® + a?(r0 — T)h*%

Proof. Using Lemma 4.5, we have

aah + AR = B(n+ B — 22 —4B8(8 — 2)r*h IR
for any 3. Consequently, using the definition of the B;, we have

% + ABy > —8n — C(KZ +1)h 2,

-

OB1 | ABy > 4(2 - 5)2° — C(KZ + )b~ d

5 1> 4(2-9) —C(Kg+1)h™°, an

0By 2,225 2 26

a—+AB2>2(TO—7-)(2 0)*“h —C(K§+1)h

for some C' = C(n). Thus, since @« > 1 and ¢ € (0,1), we obtain that
F| = By + aBj + o2 By satisfies

oF

a—l + AF, > 30(2 — 0)h* 7% 4+ (2 — 0)% (1 — T)hZ™®
on & for R chosen sufficiently large depending only on n, ¢, and Kj.
q.e.d.

4.7. Carleman inequalities for the PDE-ODE system. Substi-
tuting G'1.q,, for G in Lemmas 4.3 and 4.4 and using Lemmas 4.7 and
4.8 to estimate the error terms, we now prove the first set of our desired
Carleman inequalities.

Proposition 4.9. For all § € (0,1), there exists a constant Rg =
Rs(n,d,Ko) > Ro such that, for all « > 1 and all Z € C*(Z x [0, 19])
satisfying Z(-,0) = 0 and that Z(-,7) is compactly supported in Er, for
each T € [0,79], we have the estimate

a”ZG1/2”L2(gTO +HVZG1/2”L2(570
(4.27) ) s »
2
5”(8 +A)ZG7 2(57753)+HVZG1 HLZ(ERSX{TO})
and
(4.28) a||ZG1/2||L2(870 < 200,26y |,

where G1 = G1,a,7 -
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Proof. We apply Lemmas 4.7 and 4.8 and let Rz > max{Ri,R2}
initially. Below, N will denote a series of constants depending only on
n and Ko. If @ > 1, then (4.13) and (4.24) imply that

TC_2’F1‘ < Na+ NOé2(T() - T)2h_26.
Then, from (4.24) and (4.26) (and since 0 < (79 — 7) < 1), we have

N
@(v292) > (2-5) V2P
T

[

and
3o o N|F; o B
Q2(27Z)2 <2h2 5—7|a21|> |Z|2+?(T0—T)h2 25|Z|2
s {3 N B 1 N
> ah™ <§ - W) |2 + a®(ro — T)h*7 (5 - ﬁ> 1Z)2.

So, enlarging R3 if necessary, we can arrange that

3 4 2
Q1(VZ.VZ)+Q:(Z,Z) > §yvzyz + (g‘ + %(m — T)h2—25> 122
on & . For (4.27), then, it remains only to estimate the £(Z, VZ) term
from Lemma 4.3. Writing Vo1 = T1V f, where 11 = 27((2 — 0) (79 —
7)h™ 4 2), we may apply (4.6) of Remark 4.2 to obtain

~B(2,V7) 2 ~Nh72 (IVZ[2 + (14 ar(r — 72072 | 2]

for some N = N(n, k,v, Ky). Thus after potentially increasing R3 again,
we have

o? (g — T)h22

6

1 1
—E(Z,VZ) Z—EIVZ|2—6|Z|2— 2P

on &, and (4.27) follows from Lemma 4.3.
For inequality (4.28), observe that

%t — it it (1- 202Dy, 2

h2—5

or
from (4.21), and thus the desired inequality follows from (4.9), by choos-
ing R3 sufficiently large. q.e.d.

5. Carleman estimates to imply rapid decay

Since the weight function G'1.4 7, in the previous section has growth
of order exp(Nr2) at infinity, we cannot make use of estimates (4.27)-
(4.28) until we guarantee that any solution to the PDE-ODE system
(3.11) which vanishes on Eg, x {0} decays at a correspondingly rapid
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rate. We verify this decay with the help of another pair of Carleman esti-
mates. Our preliminary model is inequality (1.4) of [30], which, writing
0a(T) = (7 + a)e~TH0/3 asserts that, for some constant C' = C(n),
—a-1 _le=y Ly el
Valoa 2e ST ul| gy 0,1)) + log “e” STVl o mn o 0,1)

lz—y|?

< Cllog e 5T+ (9; + A)ullp2(mr x(0,1))

forall @ >0,y € R", a € (0,1), and u € CX(R™ x [0,1)) satisfying
u(-,0) = 0. We wish to find a generalization of this inequality to our
geometric setting.

Replacing « with a+n/2 in the above inequality, for example, one can
see that the basic ingredient in the weight is the time-shifted Euclidean
heat kernel (7 + a)_"/Qe_‘x_y‘Q/(‘l(T*“)). The proof and subsequent ap-
plication of this estimate in [30] are considerably simplified by the fact
that the weight is an exact solution to the heat equation and possesses
a translational invariance in y. Neither of these properties, however, are
essential to verifying the decay we are after, and with “approximately
radial, approximately caloric” weight G5, we are able to prove a weaker
but still sufficiently powerful variant of their estimate applicable to the
PDE component of our system. Our prototype is the inequality

Ca_l _Uzl-p)? (l2—p)>
Vallog e strta) ull 2mnx(0,1)) T log “e STFI V| p2@mny0,1))
2

(Iz1=p)?
SCra) (9 + A)ull L2 mnx(0,1))

< C(v,n)llog e
with o, as above and v > 1 some fixed number, valid for all a >
d(y,m) >0, p>1,a € (0,1), and u € C({|z| > vp} x [0,1))
vanishing for 7 = 0.

It is worth remarking that, e.g., via a scaling argument applied rela-
tive to a finite fixed atlas, the decay condition we seek can be reduced
in principle to a local verification. Escauriaza-Fernandez [29] (cf. [45])
have considered such problems for a very general class of parabolic equa-
tions with time-dependent coefficients, and their estimates offer another
potential model for the estimate on our PDE component. However, since
the elliptic operators in our problem are actually Laplacians relative to
g(7) (and so also perturbations of a conical Laplacian), our situation is
fundamentally simpler than that of [29], and we find that the approach
of [30] yields estimates with somewhat more transparent geometric in-
terpretations. In this approach it is possible to get by with far less
complicated weights, the use of which also greatly simplifies the proof
of the corresponding estimates for the ODE components.

5.1. Another divergence identity. As in the previous section, our es-
timate will follow from integrating a general divergence identity against
an appropriate weight. In this case, our choice of weight G will be a
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perturbation of a fundamental solution and so not itself be logarithmi-
cally convex. In order to use an inequality of the form in Lemma 4.3
to control |VZ| above by |(0; + A)Z|, we must first tinker with the
divergence identity to increase the effective logarithmic convexity of G.

Thus, as in [30], we introduce additional positive time dependent
functions 0 = o(7) and 6 = 6(7), stipulating only for the time-being
that o be increasing. Replacing G in (4.2) by ¢~ “G, multiplying both
sides by 6, and using the product rule to bring the 6 factor inside the
time-derivative of the last term on the left-hand side of that equation,
we obtain the following perturbed identity.

Lemma 5.1. For any Z € C*(Z x [0,7]), F', G € C®(&R)) with
G > 0, and positive o, 8 € C*([0,79]) with o increasing, the following
identity holds:

Z
ea—avi{z <g—7, viz> G +|VZ*’V,G —2(VvgZ,V:Z)

F 1
+ TGV,-\Z\Q +3 (FV;G — GV,F) \Z\Z}du

- 8{ <|VZ|2 + F|Z|2> Ha_o‘Gd,u}
or 2

B Y4 , 1[0F )
(5.1) = {2 <AZ, 5 AZ> —2]Azf - (aT + AF) 1Z|

F(r- (ot (2 - 86) + - a2)) (w2 Eize)

0 F
- (!VZ!Q + 512?) —2V,V,;0(ViZ,V,Z)

99z v - LY 4 7y 4082, v2) Yoo—Gap.
or 20t
Here, A and E(Z,NZ) are defined as in (4.1) and (4.3), respectively,

and the instances of % are to be interpreted as in Lemma 4.1.

5.2. Two variations on the weighted L?-inequality for the PDE
component. In our application of interest, we will first choose

1 /0G o - ol
F=_ (2 —-A —a- =F—a-
'G<57' G>+R aa' ao’

to eliminate the fourth term on the right-hand side of (5.1). Then, choos-
ing § = 0/5 as in [30], we have

0o -7 <1— UU) = —logo,

0o o2 o2
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which leads to a useful cancellation among the coefficients of |Z|? in
equation (5.1):
oF 6 OF 0 ( ~ o] OF 0 -
— +AF+-F=—+AF—al F— = —+AF+-F.
87_4- +6 8+ aog0+9< > 8+ +9
Finally, using the good —2|.AZ|? term in (5.1) together with the Cauchy-
Schwarz inequality, we obtain the following estimate upon integration
over £x .

o

Lemma 5.2. There exists a constant N = N(n, k,v, Ky) such that,
for any a and any Z € C*°(Z x [0,79]) that is compactly supported in
Er, x [0,7) and vanishes on Eg, x {0}, the inequality

I °

(52) o

// .

——— N
(5.3) Qg(VZ, VZ) Z <2Vivj¢ — Zlogagij> (VZ'Z, VjZ> — ﬁ|VZ|2

)+ Qu(Z,2) —2B(Z,V Z))G dudr

2

= +AZ Gdudr

a
o

holds, where

and

1 (0F - 0= s N )
: > = - - = :
(54)  Qu(Z.2) 25 <aT +AF+ 9F> 2 = SIFIIZ

In order to use the above inequality to control |V Z| above by |(9; +
A)Z|, we require an additional inequality to help us estimate |Z| above
by controllably small multiples of |VZ| and [(0; + A)Z|. Its proof is
very simple. Observe that, on one hand, we have the identity

9 , 99 0z )
(5.5) <a¢+A>’Z’ 8(ZZ)+2<a +AZZ>+2!VZ]

while on the other (with F = G~1(9,G — AG) + R as before), we have

o2 <aa + A) |2P°G dp = 07V (Vi Z]°G — |ZI°V,G) d
T

(5.6) P .
O' ~
+ {0‘2Q|Z|2Gdu} + g2 <2a — F> |Z|>G dp.
or o
The inequality follows by integrating (5.6) over 577200 for appropriately
supported sections Z, and using (5.5) together with Cauchy-Schwarz.

Lemma 5.3. There exists a constant N = N(n, k,v, Ky) such that,
for all a > 0, all smooth positive G = G(x,T), and all positive increasing
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o = o(T), we have the inequality

5 - N
// dﬂa<a3-F—~7>yZPGdudT
£70 g 7’6
Ro
Z
gjyi ¢4a<mvzﬁ+‘769
670 oo

E—I—AZ
Ro

(5.7)

2
>G@w

for all Z € C*°(Z x [0,70]) with compact support in Er, x [0,79) van-
ishing on Er, x {0}.

5.3. An approximate solution to the conjugate heat equation.
Let h: £ — R be as defined in Section 4.5 and, for any a € (0,1) and
p € (Rp,00), define

IIJ‘T—2
(5.8) GﬂLT)#(bWAxJJ=(T+aymmemo<—g%j;%;$L>

on &x . In view of the bounds (4.13), Gg is localized around the set
{rc(x) = p}, and, in a manner we will make precise below, approxi-
mately solves the (forwards) conjugate heat equation in 7. Note that
Ga.00 = /20~ exactly satisfies

0-Ga2.00 — AG2,0,0 + RGa.00 = 0.

5.3.1. Estimates on the derivatives of G5. We first use Lemma 4.5
to compute the derivatives of G2 = Ga,4,,. We have

190Gy (h—p)* TR(h—p)  n
or  4Alr+a)?  h(t+a) 2(t+a)

(5.9) Gy

and since G5 'VGa = —(h — p)/(2( + a))Vh, we compute that

- G?VVGQ:—2ﬁ+af+KTiafk@y+i£%$VVh
+ %Vh ®@Vh
and
(5.11) Gy AGy = _2(7'7:— ag + TTfa + 2(7‘3— a)
+ (h—p) \Vh,Q-

41+ a)?
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Thus, combining the above equations, we obtain

Gf<gé—A%>:£i—%—@—WM) T @—3)

or 4t+a T+a h
pAh
C2(7+a)
a’ (n—1)p
(5.12) N ((T +a)? 1> R 2h(1T + a)
21pR T pT T
+ h(T + a) ( " (t+a) + 2h(T + a) _h2>’
SO
Gyt <8G2—AG2> tro_(n=Vp <R .
(5.13) or 2h(t +a) (T+4a)

n 21pR a n pT T
h(t +a) \(t+a) 2h(r+a) h2)’
We now combine the above observations with (4.14), using the notation

oG )
Fy = F2ap G2 <87_2—AG2>+R—O(Z

and
~ ~ o
Fy = Foup = Fo + Oé;.
Lemma 5.4. For all a € (0,1), v > 0, and p > Ry > 1, there exist

constants C' = C(n,y) > 0 and R4 = Ra(n,v,Ko) > Ry, such that
G2 = Ga,4,p and Fy = Fgap satisfy

1 _(re@=-p)? n/2 _ (re(@)—p)?
(5.14) 2¢ rta) - < (74 a)*Ga(x,7) < 2e 40Fa)
and

(n—1)p 1 ~ (n—1)p 1
5.15 SRR c < TP,
(5.15) oh(r+a) 8h = "= 2h(r+a) T
and @9 = log Go satisfies
g g

5.16 VVdy > —— 77— — =
(5.16) 022 2(tr+a) 48

on the set (Er, N E,,) x [0, 7).

Proof. First note that, using our curvature decay assumption (4.14),
(4.18), and our assumption that a, 79 < 1, we have that

(re — p)? B CKyr? < (h —p)? < (re — p)? CKyr?
(T+a) (t+a)r? = (t+a) = (t+a) (T+a)rd
Thus (5.14) is valid on £ for R > Ry sufficiently large.
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For (5.15), observe that the second term on the right side of (5.13)
satisfies the estimate

a’R
(T4 a)?

C'Ky
<IRI <=5

for some constant ¢’ = C’(n), and, using ph~! < 2pr;! < 297! that
the third term on the right of the same equation satisfies

27p|R)| a pT T C"Ky
Mt +a)|(t+a) 2h(r+a) h%2|~ h2
for some C” = C"(v,n). Summing these two inequalities, we see that

by choosing R large enough, we can ensure that (C' + C")Ko/h < 1/8
(and, in particular, that F» < 0) on (Egr N E,,) x [0,70].
For (5.16), we may use Lemma 4.5 to compute that

=———((h— h
VV ¢2 T a) ((h—p)VVh+ Vh® Vh)
g 7TRe P
2(T+a)+(7+a)+2h(7+a) (9= 2T Re=Vh® Vh)
g 7(h — p)Re g _ pPVh@Vh

2(r+a) h(T +a) 2h(T +a) 2h(T+a)’

and from the bounds | Re | < C(n)Koh™2 and |Vh|? < 1+C(n)Kor?h ™4

available to us on £F , we can obtain a constant C"" = C"(n,) such
that
T(h—p)Re _  C"Kog and PVROVR g C" Kog
h(t+a) — h? 2h(T +a) ~ 2h(T +a) ht

Thus, for large R we may achieve C""Ky/h < 1/96 and hence the in-
equality (5.16) on (Er N E,,) x [0, 1] q.e.d.

5.3.2. Estimates on the derivatives of 152. In order to estimate the
Q4 term from (5.2), we still need to compute (0 + A)Fy. Returning to
(5.13), we group terms with like powers of h~! and write Fb in the form

5 _ (n—1p p
B = 2(T+a)h+RH(h,T>,

where
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Then, differentiating, we obtain the equations

OF,  (n—1)p (n—1)p Oh OR pH,R Oh
o ~ Arvah arranriar gy THA T T
~  (n—1)pVh pHsR
VF2_2(T+CL) 2 +HVR 2 Vh,
5 _ (n—1)p (n—1)p 2 2pH
AF, = 3 T a)? Ah G z|Vh|" + HAR % *(VR,Vh)
2H58 Hy 2pH
L sl G thRAth IR G2,
Hence, we have
OF, (n—1)p (n—1)p [(0Oh 2|Vh|?
or TAR, = 2(t +a)?h  2(t+a)h? \OT AR h
OR pHsR (Oh
+H<E+AR>+HTR— 2 <87’ Ah>
2pH; pR pHss
-3 (VR,Vh) + T <2H + > |Vh|?,
which, after applying Lemma 4.5 and rearranging terms, becomes
OF, (n—1)p (n—1)p 1272R
or AR = 5 T ol T (I T
pHR 47°R
—2H|Re |+ H,R — 3 <(n—1)—|— 2
2pH, pR pHgg 47°R
e (VR,Vh) + 73 <2H + . > (1 — )

Fortunately, we will not need to analyze the complicated right-hand
side of this equation too carefully. For our purposes, the critical term
is the first. The others, as we will see next, are either of lower order in
(1 4+ a)~!, or higher order in h~! (e.g., through factors of |Rc| or R)
and can be made as small as we like by shrinking our end by a further
fixed amount.

Lemma 5.5. For all a € (0,1), v > 0, and p > Ry, there exist
constants N and Rs > Ro both depending only on n, v, and Kq such
that Fy = Fy.q, satisfies

OF, (n—1)p N
5.17 AF, > -
(5.17) o T h(r + a2 (7 +a)
on the set (Er, N E,,) x [0, 7).

Proof. Observe that, for R > Ry sufficiently large (depending only
on ), we can ensure that

[H(ph™, 1) + [ Hy(ph™, 7)| + [Hss(ph ™", 7)| < C(n) (™ +977)



RIGIDITY OF ASYMPTOTICALLY CONICAL SHRINKING SOLITONS 85

on ErNE,,x[0,7]. Indeed, estimating 7/(7+a) and a/(7+a) above by 1,
and using that h/p < 1, we see that each term in H is bounded above
by a constant depending only on v, and the statements for Hy(ph™!,7)
and Hg,(ph~!,7) follow from the fact that H is polynomial in s. By
similar reasoning, we obtain a bound of the form |H,| < C(n)(y~! +
7~3)(r4a)~! for analogously restricted (z, 7). So |H,R| < C(n,v)/(T+
a) on £ for R taken sufficiently large (depending on n, v, and Kj).
Using Lemma 4.5 and (4.14), we can bound all the remaining terms
similarly. q.e.d.

5.4. A Carleman inequality for the PDE component. Now we
return to the integral inequality (5.2) and substitute Go = Ga,q, for
the weight G. For the time-dependent weight o, following [30], we define
o(r) = 7e~7/3 and its translates 0,(7) = (7 + a) for a € (0,1). Note
that o, is approximately linear in that

1 1
(5.18) §(T +a) <ou(r) < (r+a) and 3 < q(1) <1
for 7 € [0, 1]. Additionally, o, satisfies
Ogi—— 1
5.19 ——logo, = :
(5.19) 5o 27T (r+a)1— (1/3)(r +a)

We begin by establishing lower bounds for the forms Q)3 and @4 from
Lemma 5.2.

Lemma 5.6. For alla >0, a € (0,1), and v > 0, there exist N and
R > Ro depending onn, v, k, v, and Kq, such that the quadratic forms
Q3 and Q4 from (5.3) and (5.4) and the commutator term E(Z,NVZ)
from (4.3) (depending on ¢a.q, = log Ga.q,) satisfy

Q3(VZ,VZ)+Qu(Z,2) - 2E(Z,V Z)
(5.20)

1 2 -1 a 2
> - _
= 4IVZF o, <N+ 10000) 1]

on (ERG N E-yp) x [0, 7o)
Proof. We begin by assuming that R > max{Rs, R4, R5}. In the
argument that follows, NV will denote a sequence of positive constants

depending on n, v, k, v, and K that may vary from line to line.
First, from (5.3), (5.16), and (5.19) we have

a/.:\ N
Q3(VZ,VZ) > <2Vivj¢ - Z—log Oagij — r29ij> (ViZ,V;2Z)

1 _ 1 _i_ﬂ 9
2<(T+a)(1—(1/3)(7+a)) rta) 2 @)’VZ"

Hence

(5.21) Q(VZ,VZ) > (274 - N2> vz
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on (Er N Eyp) x [0, 70].
Similarly, from (5.4), we have

1 [ 0F, 0 2 N|F2| 2
(2.2) > 2<a +AF2+6F2>121 S

on the same set, while from (5.15), (5.17), and (5.19), we have

0F, 0 (n—1)p 1
2(5»**Mﬁ+95>—4MT+@2O’X1—QBXT+@Q

N 1 1
(tr4+a) (t+a)1—(1/3)(r +a))16h
> ~No !

Since |Fy| < C(n,v)o; ! on (ERO NE,,) x [0,70] by (5.15), we have

|Fy| = |Fy — alog oa] < (C(n,7) + a)or L,

and therefore, from the previous two inequalities and (5.18), that

(5:22) Q0:(2.2) 2 ~o7" (N + 1500) 121°

on Er N E,, x [0,7] for R sufficiently large.
Now observe that we may write

(h=p)Vh _ 7(h—p)
2(t + a) h(T + a)
where T3 < C(n,v) on £19. By (4.6) we then have

Vo = — V=TV,

N N
[B(Z,V2)| < 5(IVZP+ (1L+13)12°) < 5 (V2] +12]),
which, with (5.21) and (5.22), implies (5.20) after increasing R still
further. q.e.d.

We are now ready to prove our second Carleman estimate.

Proposition 5.7. For any a € (0,1), v > 0, and p > Ry, there exist
constants C = C(n) > 0, and oy > 0, R7 > Ro depending only on n, v,
k, v, and Ky, such that, for any smooth section Z of Z x [0, 19| which is
compactly supported in (Er, N E,,) x [0,79), and satisfies Z(-,0) = 0,
we have

o £1/2 - 21/2
523) Vallog V2 26y lz2ego ) + llo *vZGy 20 )
< Cllog*(0:2 + AZ)Cy "l 2 epo

for all a > ag, where

A~

Crla.7) = Gy, )iexp(—
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Remark 5.8. An essentially identical inequality holds with G, =
G2.4,p in place of Go—in fact, we will prove it first for G5 and appeal to
(5.14) to obtain (5.23). We find the inequality easier to apply with the
weight G‘g, but easier to prove with Gs.

Proof. We begin by choosing Ry to be greater than the constant
Re from Lemma 5.6, and we will continue to increase it as necessary
as the argument progresses. To further reduce clutter, we will use the
temporary shorthand £ = (Eg, N E,,) x [0,70], and use C' and N to
denote sequences of positive constants depending, respectively, only on
n, and on n, v, Kk, v, and Kjy.

First, combining (5.2) with (5.20) yields the estimate

— 1/2 —o— 1/2
VZGY ey < (N + 2555 ) 0w 226y e

(5.24) 2¢ 17
+107(0:Z + AZ)Gy?|2a(e).

valid for any a > 0. (Here we have renamed « to write the factors of

ol=% as 0,27 and have used (5.18) to estimate the extra factors of &,

n (5.2).)

Next, observe that, by (5.15) and our choice of Ry, we have F < 0 on
supp Z. Using Lemma 5.3, we can therefore choose an ag = ag(n, v, k, v,
Ky) > 1 such that

Glloa 226y e <2Ho-avze”zum
(5.25)
+ 20707 + AZ)C g

for all @ > ag. Increasing «y, if necessary, to ensure that 12e(N +
a/5000) < a/40 for all & > «ap, we may combine (5.24) and (5.25) to
obtain that

(526) o2 "VZGy[Fa) < Cllog(0:2 + AZ)GY|[fae

for all & > ag. An appropriate further combination of (5.25) and (5.26)
implies (5.23) with the substitute weight G5. Then, using (5.14), we can
replace Gy with G at the expense of increasing the constant C' by a
factor of 4. Finally, relabeling « once more to be a — n/4, and using
(5.18) to adjust the constant by another universal factor, we obtain
(5.23). q.e.d.

5.5. A Carleman-type inequality for the ODE component. Now
we derive a matching L?-estimate for the ODE portion of our system.
Since we will not perform any spatial integrations-by-parts and the met-
rics g(7) are uniformly equivalent, it will suffice to first prove the esti-
mate relative to the fixed metric g. = ¢g(0) and density du,, = djg),
and doing so will eliminate some extra terms in our computations. We
will also work with the function ég = C?g;a,p from the outset.
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Thus far, we have only restricted the parameter a to the interval (0, 1);
going forward, we will assume that 0 < a < ag for some 0 < ag < 1/8.
We will also assume that 0 < 79 < 1/4 and that Z € C*°(Z x [0, 7)) is
both compactly supported on Eg, x [0,7p) and vanishes identically on
Er, x {0}. For convenience, we extend Z to a piecewise smooth family
of smooth sections of Z by declaring Z(z,7) = 0 for 7 # [0, 79]. The
basis for our estimate is the simple identity

—a 9 —2a

2178 Go (0,712,
(
4

(5.27) N < S,

a

Te — ,0) > |Z|ch2,

(tr+a) 3 (T + a)?

which is valid for any o and p. From it we derive the inequalities

3 0 |0Z12 . 0 [ i
casy @ 1Tl 6o g (ra125.62)
' > g2 o - (TC—P)2 ‘2‘2 G«
="a (t+a) 4(1+a)? 9¢2
and
3 CYARER B, R
2" or|, 02+ o7 (a"1205.62)
(5.29)

—p)? 2c A
S 520 (re —p) _ 712
=% <4(T—|—a)2 T+a |21 G2,

on 57@0 using Cauchy-Schwarz. Consider the sets

Q) ap = { (z,7) | (re(z) — p)2 < 2a(T +a) } and
0y = {(z,7)|(re(z) — p)? > 10a(r + a) }.

For fixed z € Eg,, the intervals

I (@) = Jpa,(@) =
J"x) = I (x) =

a,o,p

(5.30)

| (z,7) € inhp} and
[(2,7) € Qyap )

are of the form [b'(z),00) and (—oo, b”(z)], respectively, for

{7
{7

re(x) — p)?
(@) % tpla) 3 0D P
and
TelX) — 2

10«
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Then, upon integration, we obtain from (5.28) that

3 / _9q |07 ‘
hd o
@ Jj(x) (z,b'(2))

or
2
> —2a o (re —p) 2 A
_/,(x) %a <T+a A(T + a)? ‘Z‘chsz

(01

2
Cadr + o= Z2. Gy
gdc

—2a—1 2 A
> — o, |Z|2 Gadr
6e J'(z) e

and, similarly, from (5.29), that
3 oz
2c (J’)c(m)

—2«

or

Godr + ;%22 G
o Zla 2‘(:c7b'<x>>

— )2 N
> / O,;2a (rc /0) _ 2a ’2’2 G2 dr
(J)e(z) 4(’7’ + (1)2 T+ a ge
(67

> — 072271272 Gydr
Ge J" (z) @ Ge

b () (7‘ N2 2 R

—2a c—p) a 2

— Z|% God

+/b//(x) %a <4(T+a)2 T+a>| |gc 247
3 V' (x)

o —2a-1|712 A - —2a-1|712 A
> — o |Z|2 Godr — — o |Z]2 Ga dr.
be J”(w) a Ye 2 b”(w) a Ye

When combined, the above inequalities imply that, for some C = C(n),

o - c [m YA
/ o207 Z12 Gydr < / o 2| 22| Godr
0 Ye Oé2 0 8’7— g
(5.31) , ¢
i b' () 0_20_1’2’2 G2 dr + 9 0_20“2‘2 62‘
‘ o a ¢ T @ (@)

b// (x)

for all a € (0,a0), « >0, p >0, and = € ER,.
We pause to estimate the last term in (5.31). Note that, if ¥'(z) €
[0,70], then € A(r',7") = {r' < |r.(z) — p| <"} with

(5.32) v =, = V2o and " =y =/ 20(10 4 a).
Then, using the definition of ¥ (x), we see that

(V' (2)+a)
—2a(712 A _ ¢3 2 / —a
NG| = e e Y @)

1\, /
S 1 |Z|gc($7b($))v
aes
since, if € supp(Z), then b'(x) + a < 179+ ag < 3/8 by assumption.

Also,
volg, (A(1,0.p: T 0,p)) < CAo(p+ V)"
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for some C' = C(n), by (5.32).
Continuing on now from (5.31), upon integration over Eg, and an
application of Fubini’s theorem, we obtain that

A C YA
// 0;20‘_1|Z|§ Godpg, dr < — // o2 | =2 Ge dpig, dr
57'0 ¢ [0 57'0 8’7—
Ro Ro ge
+C o227 Z|12 Godug, dr
(5.33) a ge e
Qa a,pmsRoo
C . 1 2a
+ o var (=) 121,
@ aes
where

Qa,a7p - ( a,a,p U Qg’aﬁ)c

(5.34) — {(&,7) |20 < (re(z) = p)2(r +a)"! < 10 }.

By an argument similar to that in the preceding paragraph, on the
set Qq,a,0 N g, the integrand in the penultimate integral in (5.33)

can be bounded above by Ca™!(ae'/®)72%||Z|| 4., and the (space-time)
measure of the set Q4 4, is again bounded above by CAg(p + va)".
Thus, combining (5.33) with the equivalence of the norms | - |, and
|| =1 lg¢r) and the densities duy, and du = dpg,y, we arrive at our
desired Carleman-type estimate.

Proposition 5.9. Suppose ag € (0,1/8), 19 € (0,1/4), and Ry > 1.
Then there exist constants N and Rg > Rg, depending only on n, k, v,
Ap, and Ky, such that, for any smooth family Z = Z (1) of sections of
Z with compact support in Erg %X [0,79) which satisfies Z(-,0) = 0, we
have, for all o > 0, that

—a—1 A1 AL
low "2 26l ) < Na~ o *0: 265 (e
(5.35)

1 n 1 @
T Na3(p+ va)? ( ) 12l

aes

6. Proof of backward uniqueness

We now have the components we need to assemble our proof of Theo-
rem 2.2. Below, we will continue to use one of the metrics, g = g(7), from
the statement of that theorem as a reference metric in our estimates,
and so will continue to assume that ¢ and its potential f satisfy equa-
tions (2.1)—(2.4) of Proposition 2.1. By the arguments in Sections 2 and
3, it is enough to show that the sections X = S®T and Y =UVHW
defined in Section 3.1 vanish identically on 8,72, for R sufficiently large
and 7' € (0,1) sufficiently small.
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First, we observe that, from Proposition 3.2, for any € > 0, there
exists a constant Rg = Ro(€,n, Ko, Ro) > Ry, such that, on 871%9,

(6.1) IX|+ |VX|+ Y| <N

and

0X
(62) |5+ AX| < X+ 1¥D. | 5] < N X1+ 19X) + ¥,

ar
for some N = N(n, Ky). Next, we describe our spatial cutoff function.

Lemma 6.1. Given p > 12Rg and & > 4p, there exists a smooth
function 1, ¢ € C*®(ER,,[0,1]) satisfying v, = 1 on Eg \ Ea¢ and
Ype =0 on (Er, \ E,/6) U B3¢ whose derivatives satisfy

(6'3) |v¢p,£| + |A¢p,£| < Np_l
for some N = N(n,Ky). Here |- | = |- |4y and V = V7).

Proof. It is a routine matter to construct such a function in the form
Upe(@) = mi(relz)/p) —na(re(2)/€) for some n; € CZ(R, [0, 1)). The only
potentially nonstandard detail to verify is the two-sided bound on the
Laplacian, which may be derived from the identity VV . r. = r.gs, the
uniform equivalence of the metrics g and g., and the pointwise estimate
on [I' = T'y.| one obtains from the bounds on V Re. q.e.d.

From this point onward, the proof consists of two general steps. First,
we apply the Carleman inequalities of Section 5 to (suitably cut-off
versions of) X and Y, and use them to verify that X and Y have
quadratic exponential decay in space if they vanish at 7 = 0. This
ensures the validity of our second step, in which we apply the Carleman
estimates in Section 4 to deduce that X and Y vanish identically.

6.1. Exponential decay. We now proceed with the first of these steps,
verifying the following ancillary claim.

Claim 6.2. There exist constants s = so(n), C = C(n), N =
N(n, Ky), and Rio = Rio(n, Ko), with sg € (0,1] and Ri9 > Ro, such
that, for all R > Rqp,

2
(6.4) IX] + [VX] + Y 2 (a0 ot vap) x[0.s)) < Ne 6

for any s € (0,s0] and p > 12R. Here A(r1,r2) denotes the annular
region Ey, \ Er,.

Proof. We broadly follow the proof of Lemma 4 of [30], making ad-
justments to handle the additional error term contributed by the in-
equality (5.35), the lack of consistent scaling among the components of
X and Y, and the somewhat different form of our Carleman estimates.

Let R7 and Rg be the constants guaranteed by Propositions 5.7 and
5.9 with the choice v = 1/12. We take sy = 1/4 and R1p = max{R7, Rs}



92 B. KOTSCHWAR & L. WANG

initially, and adjust them as the argument progresses, always assuming
R > Rip- We then let p be a positive parameter satisfying p > 12R and
choose a further large number £ > 4p. Below, C' will denote a series of
constants depending only on the parameter n and N a series depending
only on n, Ag, and Kj.

Take 1, ¢ to be the cutoff function guaranteed by Lemma 6.1, and
choose a temporal cutoff function ¢ € C*(R,|0,1]) with ¢ = 1 for
7<1/6andp =0for7 >1/5.Then X, ¢ = ¢, Xand Y, ¢ = ph, Y
are compactly supported in A(p/6,3¢) x [0,1/4). Applying Propositions
5.7 and 5.9, respectively, to the components of X, ¢ and Y, ¢, summing
the result, and using (6.1), we obtain constants kg and N such that
A1
2
G3

1, —k—2 A1 _
k20w "X eG3 2 ace seyxgo. 2y + 190 VXpeG3 Nl 36 <10,2)

—k-1 o~
Flloa *YpeGillraiace 3602

AL
< Nllog%(0, + A)X, G2 Iz2 (a2 36)%10,2))

ool

_ _ A1 no 1 _
+ NE oy *0rY 6G3 || 2 Psg)x[ol])JrN(PJrk‘Q)z ~2(aes) "

for any a € (0,1/8) and any k > ko. Here Go = Gg;a’p.
Now, by (6.2), for all € > 0, there is Rg = Rg(€) such that

oX
ol DX el < e(IXpel + [Ypel) + el X]
+ 0 (1% lIX| + 2V, VX)) and
oY
TLE < N (X el + VX)) + €Yl + Nl Vel 1X] + teli||Y)

hold on 57119. Thus, if € > 0 is taken sufficiently small, and k1 > kg
sufficiently large, we may increase Rig to ensure Rig > Rg, assume
k > ki, and return to the preceding inequality to absorb the terms
proportional to |X,¢|, [VX,¢|, and |Y,¢| on the right into the left-
hand side. (Here we also use that o, < 1.) We obtain the inequality

Y S AL
loa *(Xpel + 1Y) G3 |HL2(A(§,35)><[0,%])
1
—k N5
+lloa VX £G3 Nl L2 (a2 36)<10,2))
Y S AL
< Nlloa ™ > (X[ + [YNG3 |22 (a2 36)x12,17)
AL
+ Nog "(1X| + [VX] + [Y)G5 || 2 A(2,2)x[0,1])
Oz
2

Ut

)

o=

+ Nllog *(1X] + [VX] + [YNG3 [l 2 (acae 36 [0, 2))

+ N(p+ kﬁ)%a_%(aeé)_k,
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valid for all k > k; and all 0 < a < 1/8.
Consider the penultimate term in (6.5). Since £ > 4p, we have r.—p >
7¢/4 on A(2¢,3€) x [0,1/5], and so, for some universal 3, that

_ Al a2 n
Nz (X + [VX] 4+ Y6 24 ooz < N (e/a) e

where we have used the uniform equivalence of the metrics g(7) and
gc to estimate the volume. It follows that this term tends to 0 as £ —
oo. In fact, from (6.1) and the quadratic exponential decay of Go we
see also that the integrals in the other terms in (6.5) will be finite as
¢ — 0. Therefore, upon sending & — oo in (6.5), using the monotone
convergence theorem, and shrinking the domain of integration on the
left side, we see that, for some universal constant C,

AL
(7 + @)™ (X + VX +[Y])G 2 28 x10.8)
< OMN|(r + o) (X + [¥])C3 lp2 (g <1220
AL
+ CPN (7 + @)™ (X[ + VX + [YDG3 2 (ace 20,1
+ N(p+k2)2a2(aes)*.

The inequality is valid for all k£ > k; and a € (0,1/8).
Now, by (6.1), we can estimate the first term on the right of (6.6) as

AL _(
[+ @) 50X+ [¥)G s, gy gy < 6Nl

(Ep (5.1

C\»—l
~

G:\»—l

< CFNp2

for all k > k; and a € (0,1/8). On the domain of the second term on
the right side of (6.6), we have e~ (re=P)?/B(r+a)) < ¢=p*/(18(r+a)) " anq,
by Stirling’s formula,

mag( S—ke_p2/(183) — p_2k(18]€)k6_k < p‘szkk!,
5>

so, invoking (6.1), we can estimate this term as
A1 n
17+ @) * (X + [VX] + [YDGS I p2ace,2)xpo,2y) < N CFklp2

for a universal constant C' and all a € (0,1/8) and k > k;.
Returning to (6.6) with these two estimates in hand, we obtain

1
7+ @)X+ [V + Y DGS L2, 0.2

(6.7) < Clﬁ-HNp%(l +p 2(k1+1) (kb + D))
+ N(p+ (ki +l)%)%a %(aes) (k1+0)
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for all 1 > 0 and all a € (0,1/8). Noting that (I + k;)! < CF1H(11)(ky!)
and ["/*e~t/16 < C for some universal C', we can multiply both sides of
(6.7) by p?/((2C)!") and sum over all I > 0 to obtain

2 (re=p)?
10X + VX + [Y et~ 550 || a5, 0 1)
(6.8) , .,
< Np? <1 t+e7T + a‘(’“1+5)ea-£1/16>

for some possibly increased universal C'.

The €'/16 factor in the denominator of the exponent in the last term
on the right is crucial here, as it enables us to achieve a slightly smaller
relative value in the denominator of the exponent of the correspond-
ing factor on the left by suitably restricting 7. Specifically, if we write
e!/16 =1 4 26, then

_(”“c*P)z
IIXT+IVX]+ [YDe 50 [ L2, x o,6a))

2

n ﬁ _L —(k _,’_1) __ —=6p%
S Np2 1 + e 2 e Ca(1+56) _|_ a 1775 eCa(1+25)(1+6) .

Since a~(*111/2)¢=0/(2Ca(1+20)(1+9)) i hounded above by a constant
depending only on ki, provided we increase N by an appropriate factor
(recall that k; depends on the same parameters as N), it follows that
there is C' = C(n) sufficiently large such that

(r 2

_ c*/))2 —p*
[(1X] 4+ VX[ + [Y])e 5T+ HLZ(ng[O,(Sa]) < Neca

for all 0 < a < 1/C. On the other hand, e~Ire=pl?/8(r+a)) > N—1 on the
set A((1 —v/da)p, (1 + vda)p) x [0,a], so we obtain that
2

(6.9 IXI+ VX + Yl 24— vanavaxios) < Ne e
for s € [0,1/C] and arbitrary p > 12Rs. q.e.d.

6.2. The vanishing of X and Y. The proof of Theorem 2.2 is now
reduced to that of the following claim.

Claim 6.3. There exist 7" € (0,1) and R11 = Ri1(n, Ko) such that
X=0and Y =0 oné’%n.

Proof. Below, we will continue to use N to denote a series of constants
which depend at most on the parameters n, Ay, Ko, and Rg. We first
show that the (space-time) L?-norms of X and VX, weighted by 6873,
are finite on &% for s sufficiently small. According to (6.4), there is
s1 = s1(n) such that

_ 2
11X+ VX[l 2 (ap, oxf0.s) < €%,
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provided R > 12Rp and s € [0, s;]. Here Ag . = Er_, \ Erte. Thus,
for any R” > R’ = 12R ¢, we have that
T2
(X 4+ VXD e || L2 (B \ B x[0,51)
7.2
< NOIX] + VXD | L2(B 0\ B x[051))

7"2
FX] + VXD N L2 (B \ B x[0,51)
k/

2
< DX+ VXt | 2 g,
=0

+(2i+1) o1, 7 X [0:51])

r2
+ N{|e¥e | 12 (B \ Ers x[0.01])
k/
< ZN(RI + 2(1 + 1)\/5)%6—12((7\7])24-7;281) + ]\77

=0

where ¥’ = [(R” —R')/(2y/s1)]. Sending R” — oo it follows that
7“2

(6.10) JX]+ 19X ey ) < N

for some constant N = N(n, Ao, Koy). In particular, by the mean value
theorem, there is at least one 7* € (0, s1) such that

(6.11) /E { }(|X|+|VX|)2 e du—*\|(|X|+|VX|)€4T°HLz e )
. R X T*

< N.

Now we are ready to apply our first Carleman estimate. By (6.2), we
can choose Ri13 > Ry to ensure that

0X
ar
o

Ax' (%] + Y.

= 100

(6.12)

< N(|X X —1Y
(1] + VX)) + 7Y

Next, as in Section 4, we take
Gl (xy T) # Gla T = ea(T*_T)h276($77—)+h2($,T)

fora > 0and (z,7) € 57710 Observe that, by (4.13), we have Gy (z,7*) <
edre(@) on ER, and, generally, Gi(z,7) < e8e(®@) on 5;{2&) for R(«)
sufficiently large. Choose R > max{12Ry, R3, R12}, and, for all £ > 4R,
let Yr¢ : Er, — [0,1] be a cutoff function, constructed as in Lemma
6.1, satisfying g ¢ = 1 for 2R < r.(z) <&, Yre =0 for r.(z) < R and
Tc(ﬂj) > 2¢, and |V¢R,€| + |A¢R,€| < L(n,R, KO). Then XR,g = ¢R,§X
and Y ¢ = ¥R ¢Y have compact support in Ex for each 7 € [0,7%],
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and so, by Proposition 4.9, we have
0 [ X G paer) 1 VXReCE ey + IVReGE oo
< 2[|(0- + A)XR@G% Iz2(ezy + 404—%\\3TYR,5G1% IL2(ez)

1
+ 2[[VXR eGT || L2 (Br x {})

for all @ > 1 where G1 = G1;q,7*-
On the other hand, by (6.12), Xz ¢ and Y ¢ satisfy

0 1
— <
‘(aT + A> X < 15 (Xrel + [Yrel) + 2Vl [VX]

+ |AtYr ¢||X|

0 1

ZYre| < N(X VX Yrel + N|[Virel|X
5y YRE| S N(Xre +[VXRel) + 100 YR el + NIVYR|IX]

on 5{{, so there exists ay = ay(n, Ay, Kp) such that

JX+ Y DG llz2am.enior)
< NI(X] + [VXDGE llz2acr 20
(6.13) + NI(X] + ’VXDG%|’L2(A(g,2§)x[o,r*])
+ N||XG1% lz2(AR 2R)x (1) + NHXG% I 22(Ae,26)x {r+ 1)
+ N||VXG1% 22(A(R 26) % {=*})
for all @ > ay4. Now,

1 2
IIXI+IVXNGE 22 age2e) <o) < L NIXI+HIVXDE" | 12a(e,26)x0,74])

h?(x,7%)

for some constant L' = L'(a, §), and since Gy, +(x,7") =€ , we

have
IXG2 12 a 260 o) < Xl 2(ae 200 ry)s - amd
HVXG:L%HL2(A(R725)X{T*}) < |’VX€4T3”LQ(A(R,%)X{T*})'
Thus, in view of (6.10) and (6.11), sending £ — oo in (6.13), we obtain
[CNEENTeH P
< NJ(X| + VXN | 2atraryx o) + V.

But then, for any § > 1, we have G; > exp (16a7*(IR)%>7?) on 56Tz:(9/7227
while we will have G < exp (16R?(a7* + 1)) on A(R,2R) x [0,7*]. So,
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for all @ > a4, we have
[N ——

< NSRAUHar™ (=0 RN (1X | 4 [VX) 22 (AR 2R) < [0.r-])

4+ Ne8ar"(0R)>~°

Choosing # such that 829 > R°, we can send a — oo to conclude at
last that X and Y must vanish identically on €g49/72€. q.e.d.

Appendix A. Asymptotically conical metrics

In this appendix, (X,¢gy) and (f), gs;) will denote closed (n — 1)-
dimensional Riemannian manifolds and g. and §. regular cones on Fg =
(0,00) x X and Ey = (0, 00) x 3, respectively. We will denote the associ-
ated dilation maps by py and jy and use C = EqU{O} and C = EqU{O}
to denote the (completed) metric cones with vertices O and O and met-
rics de and ds.

A.1. Some elementary consequences of Definition 1.1.

Lemma A.1. Let (M,g) be a Riemannian manifold, V an end of
M, and ® : E, — V a diffeomorphism for some a > 0. For all k =
0,1,2,..., define the proposition

(ACk) Jim A2pi0%g = ge in Ciie(Eo,ge)-
—00
Then
(a) (AC) holds if and only if
: | ! *
Jlim V(@9 — ge)lleo (s 6 = 0

foreachl=0,1,2,... k.

(b) If (ACy) holds, then the metrics ®*g and g. are uniformly equiv-
alent on Ey for any b > a, and, for all € > 0, there exists b > a
such that, for (r,o) € Ey,

(A1) (I—¢€)|lr =0l <7p(r,o) < (1+€)|r—10,

where Ty(x) = do+g(x, 0E).
(c) If (AC3) holds, then for any b > a, there exists a constant K =
K(b,gs) > 0 such that

(A2) sup (7} (x) + 1) R (@°9) () < K

Proof. The proof of (a) is a direct application of the identity

VI (A?p32%g)

= sup )\k‘vgz) (®*g)
9e  Exp\Eaxp

sup
Ey\Eg

)

Jdc
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valid for any k£, A > 1, and b > a. The uniform equivalence assertion in
(b) follows immediately from (a).

To prove the estimate (A.1) in (b), first we invoke (a) to obtain b >
a + 1 such that

(A.3) (1—€)2g. < D*g < (1+¢)%g.
on Ej_1. Suppose z = (r,0) € Ey. Any curve v in Ej, joining x to a
point y = (b, 5) € OE;, will satisfy that
(1 —€)length, [7] <lengthg.,[y] < (1 + €)length, [4],
and so it follows from dg, (z,0E,) = r — b that
(L—e)|r —0b| <mp(x) < (1+¢€)|r—b|.

Finally, for the curvature estimate in (A.2), fix any b > a and note
that, according to (a) and the uniform equivalence of ®*¢ and g. in Ep,
we have

sup (r2 4 1) Rm(®*g)
(r,0)eEy
for some K depending on b and the curvature of gy. On the other
hand, by (A.1), there exists &’ > 0 (independent of b) such that for any
x = (r,0) € Ey, after possibly enlarging K,

fb(a:) < fb/(x) + diam@g(Eb \ Eb/) < K(‘T - b,‘ + 1).
Thus, for a still larger K,

sup (75 (x) + 1)| Rm(®*g) oy (z) < K,
rELy

<I>*g(T7U) < Ka

completing the proof. q.e.d.

A.2. Reparametrizing an asymptotically conical soliton. In the
next lemma, we will show that a shrinking soliton asymptotic to a cone
along some end admits a reparametrization on that end in which the
level sets of the potential function coincide with those of the radial
coordinate. We include the details since the ends we are working on
are incomplete (complete with boundary), but we note that there are
very precise estimates (see, e.g., [17]) on the growth of f on arbitrary
complete shrinking gradient solitons. Here our situation is far simpler,
owing to the decay of the curvature tensor, and an elementary argument
in the spirit of the first portion of Lemma 1.2 of [48] suffices.

Lemma A.2. Suppose (ERr, g, f) is a shrinking soliton satisfying
(A4) (7F(x) + 1)|Rm(g)| < K

for some K, where 7(x) = dg(x,0E2R), and lim,, o 7(r5,0;) — 00
for all sequences (r;,0;) € Egr with r; — oo as i — oo. Then there
exists S > 0, a closed (n — 1)-dimensional manifold ¥, and a map
®: Es — Egr, where Es = (S,00) x X, with the following properties:



RIGIDITY OF ASYMPTOTICALLY CONICAL SHRINKING SOLITONS 99

(1) @ is a diffeomorphism onto its image, and ®(Es) is an end of the
closure of Fogr.
(2) For all (s,0) € Es,

(3) There exists a constant N > 0 such that, for all (s,5) € Ess,
N7 Ys—1)<5(s,6) < N(s+1) and (s*+1)|Rm(g)|;(s,5) < N.
Here, f = fo®, g = ®*g, and 5(z) = dj(z,0Fss).

Proof. For any x € Eag, if v : [0,]] — Ear is a unit speed geodesic
with v(0) = g € 0F2r, Y(I) = z, and | = 7(x), then v([0,1]) C Eaor
and, by (1.1) and the assumed quadratic curvature decay, we have

E_L/<d_2(fo )(t)<l—|—L/
2 2+l azV TV e T e
for all ¢t € [0,!] for some K’ = K'(n, K). So

() ()

(A.5) — N'(F(x)+1) < f(z) < + N'(F(z) + 1)

4 4
for some constant N’ depending on K’ and supypg,, (If| + |[Vf]). In
particular, by the second equation in (1.1) (and the boundedness of R),
it follows that f is proper and Vf # 0 on Exs for R’ > 2R sufficiently
large.

Let U, = {z € Ear | f > a}. Then there is b such that Uy C Ex/ for
all ¥’ > b, and a diffeomorphism ¢ : (b,c0) x ¥ — Uj, for some smooth
compact (n — 1)-dimensional manifold 3. diffeomorphic to the level sets
{x € Ear |f = b} for ¥ > b. This diffeomorphism may be taken to
satisfy

0 \Y
ftwo) =u md G2 = (T Yo

Observe that ¥ must be connected since we assume ¥ to be. For, suppose
that 3 = U™, 3, for some disjoint closed 3;. Equation (A.5) implies that
Exrn C Uy for some R” > 0, and so cpb_l(ERn) C (b,00) x %, for some i,
since Ern is connected. But, again in view of (A.5), Erv Np((b, 00) X
¥;) # @ for all i. Thus ¥ = 3;, and is connected. Note also that Eqor \U,
is a closed subset of Esg /o \ Err, hence compact. So, taking S = 2v/b,
and defining ® : (S,00) x & — Er by ®(s,5) = ¢p(s%/4,5), we obtain
® satisfying (1) and (2).

For the first inequality in (3), note that, for any = = (s,5) € Eg, it
follows from (A.5) that

N~ (s = 1) < 5(x) = dg(®(x),0Us) < N(s + 1)
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for some N depending on N’ and d,(0E2r,0Us). The second inequality
in (3) follows directly from (A.4) and (A.5) after suitably enlarging N.
q.e.d.

A.3. Uniqueness of asymptotically conical models. Next we wish
to determine conditions under which the two cones (Ey, gc) and (Eg, je)
must be isometric if (M, g) is asymptotic to them both along some com-
mon end V C M. We will argue broadly as follows: if g is asymptotic
to (Fo,g.) and (EO,QC) along V', then g. will be asymptotic to §. along
some end of Ej in the sense of Definition 1.1. But then, the asymptotic
cones of (C,d¢) and (é,dé) (defined in the pointed Gromov-Hausdorff
sense) must be isometric, and these are separately isometric to the orig-
inal cones. The following lemma gives the precise (and somewhat more
general) statement.

Lemma A.3. Suppose that @ : an — V' is a diffeomorphism onto
some end V C (Ey,, g), and

A72p3g = ge in CRo(Eo, ge) and A"2p39%g — e in C.(Eo, ge)
as A — oo. Then (Ey, g.) and (Fo, §.) are isometric.
Proof. By part (a) of Lemma A.1, we have
(A.6) Jim flg = gellco(m, g = Hm 1979 = Gell o s, 4.y = 0

and we claim that lim, . ||®*g. — QCHCO(EE 5 = 0 also. By the first
portion of Lemma A.1 (b), there is a constant N such that

[®*ge — QCH(,*O(EWQC) < N[|®*(ge — 9)‘|CO(EG7<1>*g) +[|[@*g — QCHCO(EE,{]C)
< NHQc - QHCO(@(EG),Q) + ||(I)*9 - QCHCO(EW?]C))
so in view of (A.6), we only need to verify that, for all b > 0, there

exists a sufficiently large such that @(Ea) C Ey. If not, then there exists
b1 > by and a sequence of points &; = (7,6;) € E‘gao such that 7; — oo
while ®(2;) € V' \ Ej, for all j. Then, by the second portion of Lemma
A1 (b),

dg(®(25), ®(0F2aq)) = da+ (&5, 0F2q,) — 00
as j — oo, which gives a contradiction.

In fact, by Lemma A.1 (a), we know A~2p3®*g. — g, in C&C(EO,QC)
as A — oo, and this is equivalent to the assertion that ®Yg. — g. in
CIO(JC(E'O,QC) where @) = py—1 0 ® o py. We write ®)(2) = (rr(Z),0x(2))
for z € EA')\AGO.

Now, applying the second assertion of Lemma A.1 (b) to ®*g. and g,
for some sufficiently large b, we claim that we have Ey, C V = CIJ(EGO).
To see this, observe that, since V is an end of E—bo, V' is the unique
unbounded connected component of Ep, \ 2 for some compact €. Thus,



RIGIDITY OF ASYMPTOTICALLY CONICAL SHRINKING SOLITONS 101

there exists by such that Eyp, N} = &, and since Ey, is connected and
unbounded, we must have Ey,, C V.
Next, observe that, by Lemma A.1 (b), for all ¢ > 0, there exists

(b)
a = a(€) > ag such that whenever & = (#,6) € E,, the inequality
(1 - E)W - CL’ < dgc(q)(fa &)7 q)(aEa)) < (1 + 6) ‘f - a‘

holds. Using that A™1d,, (z,y) = dg (pr-1(z), px-1(y)) for A > 0, we
then have

(1—¢)

for all A > 1 and (#,6) € E\-1,. By the compactness of ®(9F,), we have
de((py-1 0 ®)(OE,),0) < CA~! for some constant C independent of
and it follows that ry(7,5)/7 = dc(®x(7,5),0)/ converges uniformly
to1las A\ — oo on Ey for any fixed @’ > 0. In particular, there is
ap > ag and \g > 0 such that ®)(7,-) € E;jp \ Ea whenever A > Xg
and 7 > aj /.

With this and the local uniform convergence of ®3g. to g., we can
then find a sequence {\;}32; such that @y, (7,:) € Ej/p \ Ez; and

No
)

P — %‘ < dgc(q))\(f7 6-)7 (p)\fl © q))(aEa)) 1 + 6

-3

|dg. (21, 22) — dg, (Pr, (1), P, (22))] < —

on B /43 \ Ey; for some Ny depending only on the diameters of (2, gs;)
and (2,92). We define a sequence of maps Fj : (Bé(@,i),dé) — (C,de)
by
P ®y, on -l?l/iA\ E;
O on C\Ey;

Using the F; in conjunction with the convergence of ry,(7,d) to 7 and
the distance comparison above, the constant sequence {(C, dé,O) 21
can be seen to converge to (C,d¢,O) in the pointed Gromov-Hausdorff
sense, and it follows (see, e.g., Theorem 8.1.7 in [10]) that there exists
a pointed isometry ¢ : (é ydgs O) — (C,dc, O). The classical theorem of
Calabi-Hartman [11] then gives that the restriction of ¢ to Ey must in
fact be a smooth isometry between (E'O,QC) and (Ey, g¢)- q.e.d.

Appendix B. Existence of shrinking ends of revolution

In this appendix, we construct (incomplete) rotationally symmetric
gradient Ricci solitons on topological half-cylinders asymptotic to pre-
scribed rotationally symmetric cones. Our construction is based on the
analysis of a system of ODE which has been carefully treated, particu-
larly in the steady and expanding cases, in the unpublished notes [9] of
Bryant; the argument we present below is heavily indebted to his.
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Let ggn—1 be the standard round metric on the sphere S"~! of con-
stant sectional curvature 1 and, for 0 < R < ﬁ, consider the warped
product metric g = dr2+a(r)2ggn—1 on the annulus A(R,R) = (R, R) x
S7~1. The Ricci curvature tensor of g is given by

Re(g) = —(n — 1)%d7’2 + [(n—2) —ad” — (n - 2)(d')?] ggn-1,

and the hessian of an arbitrary radial function f = f(r) relative to g
has the form

VVf = f"dr?® + ad f'ggn-1,
where the prime denotes differentiation with respect to r. Thus, the
triple (A(R,R), g, f) satisfies (1.1) if and only if a and f satisfy the
system

1

(B.1) 2f" =1+2(n—-1)%
' 2ad/ f' =a*—2[(n—2)—ad” — (n—2)(d)?]

with a(r) > 0 for 7 € (R, R).
Given a € (0,1) U (1,00), we seek to find solutions of the system

(B.1) with R > 0 and R = oo that satisfy a(r) > 0 and the asymptotic
conditions

(B.2) a(:) — v, and 4];(27*) —1 as r— oo.

We will be working exclusively in the region where a’ > 0, and there
(following [9]) it is convenient to change the radial coordinate from r to
a(r). In terms of a, g assumes the form

da? 9
g= w(a?) +a“ggn-1,
where d'(r) = \/w(a?(r)), and (B.1) becomes

_ 1o 7 / 7
(B.3) { 1+2(n—1w swf’ +dwf + 4sw'f

dswf’ =s—2[n—2)—sw —(n—2)w],

where s = a? and the prime now represents differentiation with respect
to s. We can now substitute the second equation in (B.3) into the first
to eliminate f and obtain a single second-order equation for w:

(BA4) 4s*ww” — [2sw' + 5 —2(n—2)] sw' +2(n —2)(1 — w)w = 0.

Proposition B.1. Given o € (0,1) U (1,00) and n > 2, there exists
S = 8(n,a) > 0 and a positive solution w of the equation (B.4) on the
interval s > S such that lims_, oo w(s) = «. In fact, w has the asymptotic
expansion
2(n —2)a(l — a)

w(s) =a— .

+ ¢(s),
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where @(s) = O(s72), ¢'(s) = O(s73), and ©"(s) = O(s™3). Further-
more, up to an additive constant, the function f satisfies the expansion

J() = 4o+ (),
where (s) = O(s71), ¢¥/'(s) = O(s72), and ¢ (s) = O(s73).

Remark B.2. The case n = 2 was proven in Section 5 of [50]; see
also [4].

Proof. Through the rest of the proof, we fix o € (0,1) U (1,00) and
suppose n > 3. Our strategy is to seek to obtain solutions of (B.4) with
the desired asymptotic behavior as limits of sequences of solutions to
(B.4) on finite intervals satisfying appropriate initial conditions.

Given Sg > 1, the local theory of ODE implies that there is S&; €
[0,Sp) and a unique solution, ws,(s), of (B.4) on (Si,Sy] with initial
conditions ws,(So) = « and w§, (So) = 0, such that (S1,So] is the
maximal subinterval of (0, Sp] on which ws, exists and is positive. Note
that, if 0 < o < 1, wg (So) < 0 by (B.4) so ws, is increasing in some
interval (Sp — d,Sp). Moreover, by the strong maximum principle, there
are no local minimum points in the strip {0 < ws,(s) < 1, s > 0}.
Thus wg, is increasing in the interval (S1,Sp) for o € (0,1). A similar
argument gives that wgs, is decreasing in the interval (S1,Sp) for a €
(1,00).

Next we define So = inf{s € (S1,S0) : @/2 < ws,(s) < 2a}. It follows
from the monotonicity of ws, that /2 < wg,(s) < 2a for Sy < s < Sp,
and so the equation (B.4) implies that

w10 (] 5 T B ) "0

_n_—2w s)—Lexp | — Swigo(p) : o
= 5 (wss(s) — 1) p( / 2w, (p) A, (0) 2pwso<p>dp>

on (S2,80). Assume that Sy > 4(n — 2). Integrating the above equation
with respect to s, we have that if max{4(n — 2),S2} < s < Sp, then

sy (5) g/f”‘? 90(5) 11 _ g, (o)
([ ) wm)

(n —2)(1 + 2a) /50 o—s
< — .
< 2 i exp T6a do

Hence there exists N = N(n,«) > 0 such that
(B.5) |ws, (s)] < Ns=2 for max{4(n —2),S} < 5 < Sp.
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Furthermore, we may obtain a uniform upper bound for S, indepen-
dent of Sp: if S > 4(n — 2), integrating (B.5) from Sy to Sy implies
that

So) — S| <N 11
[ws(S0) = wsy (S2) < N | o= 5 ) -
Note that either ws,(S2) = a/2 if a € (0,1) or ws,(S2) = 2a if a €
(1,00). Otherwise, we have S = S > 4(n — 2) > 0, which, in view of
(B.5), violates the maximality of the interval (S1,Sp). Since ws,(So) =
a, we see that either way we have Sy < 2N/a, and hence that Sy <
min{4(n — 2),2N/a}. Thus, letting Sy — oo, we obtain subsequential
convergence of wg, to a positive solution w of (B.4) in (S, c0) satisfying
lim w(s) = o, w(s) —a=0(s"1), w'(s)=0(s72), w'(s)=0(s?).

S5—00

Here S is defined to be min{4(n — 2),2N/a}.
Next, define a function ¢(s) by

2(n —2)a(l — a)

+ p(s).

The second term in this equation is chosen after formally expanding w(s)
in a power series in terms of s~* and solving for the coefficient of the
57! term. On one hand, the asymptotics of w imply that ¢(s) = O(s™1),
¢'(s) = O(s72), and ¢"(s) = O(s72). On the other hand, using (B.4),
we see that the function ¢ satisfies the equation

) 2L = ),

where Q(s) = O(s7?). Thus we have
do) =i [ Qo)
so ¢'(5) = O(s73), and hence also p(s) = O(s72) and ¢"(s) = O(s73).

It remains to derive the asymptotic expansion of the function f. From
the second equation in (B.3), we have

w(s) =a—

(1) =) = 252 L [0 2)(1— ws)) - su/(s)]

n—2)(n—-1a(l —« n—2)p(s s '(s
_(n=2)n= Dol =) (n=2)ets) _vls) £
Sere)

Since a/2 < w(s) < 2a for s > S, it follows that 9'(s) = O(s7?) and
Y"(s) = O(s73). Moreover, we may assume that lim_,o ¢(s) = 0 and
so achieve that 1(s) = O(s™1). q.e.d.

Again invoking the results of [4] and [50] for the case n = 2, Proposition
B.1 can be restated to yield the following existence theorem.
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Proposition B.3. For each o € (0,1)U(1,00) andn > 2, there exists
a rotationally symmetric shrinking gradient Ricci soliton asymptotic to
the rotationally symmetric cone ((0,00) x 8" dr? + ar?ggn-1) in the
sense of Definition 1.1.

By Theorem 1.2, the maximal extensions of the metrics constructed
above are the unique rotationally symmetric examples asymptotic to
the given cone; however, according to the classification in [39], none of
these extensions yield complete metrics on R™ or R x S7~1,
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