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MULTIGRADED MODULES OF NESTED TYPE
HOSSEIN SABZROU AND MASSOUD TOUSI

ABSTRACT. Extending the notion of monomial ideals of
nested type, we introduce multigraded modules of nested
type. We characterize them algebraically, resulting in the ex-
plicit construction of their dimension filtration. We compute
several important invariants, including their Castelnuovo-
Mumford regularity and projective dimension without using
the construction of their minimal graded free resolution.
We show that they are pretty clean and hence sequentially
Cohen-Macaulay.

1. Introduction. Throughout this paper, R := k[zo,...,z,] de-
notes the polynomial ring in n 4+ 1 indeterminates over an arbitrary
field k. Let M be a finitely generated graded, i.e., Z-graded, R-module.
The problem of computing the Castelnuovo-Mumford regularity of M,
reg(M), avoiding the construction of a minimal graded free resolution of
M, has been examined by a number of authors (cf., [4, 5, 7, 8, 22]) in
recent years in computational commutative algebra, starting in earnest
with the influential paper of Bayer and Stillman [4]. In that paper,
the authors showed that, if M is a homogeneous ideal in R, then
reg(M) = reg(gin(M)) where gin(M) is the generic initial ideal of M
with respect to the reverse lexicographic order (cf., [4, Theorem 2.4]).
They also used the strong stability of gin(M) in characteristic zero to
show that reg(gin(M)), and hence, reg(M) is equal to the highest de-
gree of a minimal generator of gin(M) (cf., [4, Proposition 3.9]). This
procedure has several notorious defects (cf., [5]).

To correct these defects, Bermejo and Gimenez [5] presented a
method by which one can reduce the computation of the Castelnuovo-
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Mumford regularity of a general homogeneous ideal M to the compu-
tation of the regularity of a monomial ideal N (M) which is of nested
type. Monomial ideals of nested type are defined as the monomial ideals
whose associated primes are all of the form (z,...,z;) for various i.
Like the ideals M and gin(M), the ideals M and N(M) share the
same values for some other important invariants, but monomial ideals
of nested type have several nice combinatorial properties that make the
computation of their invariants easy. Monomial ideals of nested type
are known in the literature under different names, for example they are
called Borel-type [15], quasi-stable [22] and weakly stable [7].

The purpose of this paper is to explore multigraded, i.e., Z"t!-
graded, module analogues of some results in the theory of monomial
ideals of nested type. The key observation is that the associated primes
of a multigraded module are generated by variables, and hence the
notion can be extended to multigraded modules (cf., Definition 2.1).
Our main reference is the paper of Bermejo and Gimenez [5], which
is a distinctive work on the subject of monomial ideals of nested
type. Most of the arguments given there do not work verbatim here
because we will not restrict ourselves to finitely generated graded free
modules and their monomial submodules. Almost all of our results
deal with a general finitely generated (multi)graded R-module M and
a (multi)graded submodule N of M.

Beginning in Section 2, we characterize multigraded modules of
nested type algebraically (cf., Theorem 2.9) and explicitly compute
their projective dimension via their set of associated primes (cf., Corol-
lary 2.13).

In Section 3, we use the theory of idealization of modules to give
another algebraic characterization for multigraded modules of nested
type. In fact, we prove in Theorem 3.12 that the multigraded module
M/N with d = dim(M/N) is of nested type if and only if M/N is
torsion, and @y, ..., Tp_g+1 is a filter regular sequence on M/N.

In Section 4, we show that, when M /N is of nested type, a filtration
constructed in Theorem 2.9, gives the dimension filtration of M/N
and, using this fact, we show that M/N is pretty clean, and hence
sequentially Cohen-Macaulay (cf., Theorem 4.8 and Corollary 4.11).

In Section 5, first we define the satiety of N with respect to M,
satpr(N), which is an integer and has an essential role in the compu-
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tation of reg(M/N). We show that saty (N) can be computed via the
submodule (N :3; m) of M (cf., Lemma 5.1 and Proposition 5.3). Then
we present some methods to compute the regularity of the multigraded
module M/N in the case that it is of nested type (cf., Theorem 5.12
and Theorem 5.17). Our methods are not involved in the construction
of a minimal free resolution of M/N. However, in the case that the
regularity is attained in the last step of a minimal graded free resolu-
tion of M /N, we give an explicit formula for it, based on a satiety (cf.,
Theorem 5.10).

2. Multigraded modules of nested type. In this section, we
study basic properties of multigraded modules of nested type and
characterize them algebraically.

Definition 2.1. A finitely generated multigraded R-module M is said
to be of nested type if, for any prime ideal p C R associated to M, there
exists ¢ € {0,...,n} such that p = (zo,...,2;).

Remark 2.2. If M is a multigraded module of nested type, then,
by definition, (0) ¢ Assgr(M). This condition is equivalent to saying
that the module M is torsion, i.e., M = tor(M) where tor(M) is the
submodule of M which consists of all elements g € M for which there
exists some nonzero element g € R such that gg = 0.

Example 2.3.

(i) Let I € J C R be two monomial ideals, and let I be of nested
type. Then the R-modules R/I and J/I are multigraded modules
of nested type.

(ii) If M is an R-module of nested type, then, for any finitely gen-
erated multigraded R-module L, the R-module Hom(L, M) is of
nested type, because we have Ass(Hompg(L,M)) = Supp(L) N
Ass(M).

(iii) If M is an R-module of nested type, then for any finitely generated
multigraded flat R-module L, the R-module L ® g M is of nested
type, because in this case we have

Ass(L ®p M) = Upeassar) Ass(L/pL),
and if L # pL, then Ass(L/pL) = {p} (cf., [18, Theorem 23.2]).
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(iv) Let M be an R-module of nested type, and let I be a monomial
ideal in R. Then, by Remark 2.5 below, I';(M) where 'y is the
I-torsion functor, is of nested type. Furthermore, since by [6,
Exercises 2.1.12, 6.2.6], we have

Ass(M/T1(M)) = Ass(M) \ Var(I),

then M/T';(M) is also of nested type.

Remark 2.4. Let F be a finitely generated graded free R-module,
and let U C F be a graded submodule. Let gin(U) be the generic
initial module of U with respect to the degree reverse lexicographic term
order and U'* the lexicographic submodule of F' such that dimy U; =
dimy (U'eX); for all integers i (cf., [19] for definitions). It follows from
[19, Lemma 3.4] that these modules satisfy Theorem 2.9 (ii) below,
and hence F/gin(U) and F/U'* are multigraded modules of nested

type.

Remark 2.5. Let
00— M — M — My —0

be a short exact sequence of finitely generated multigraded modules.
If M is (respectively My and My are) of nested type, then M (respec-
tively M) is of nested type. Consequently, the direct sum of finitely
many modules of nested type is of nested type. Furthermore, if M is of
nested type, and N; and N, are multigraded submodules of M, then
M/(Ny N Ny) is of nested type.

Proposition 2.6. Let M be a finitely generated multigraded R-module,
N a multigraded submodule of M such that M/N is of nested type and
d :=dim(M/N). Then Ming(M/N) = Ming(N :p M) = {p}, where

p=(0,...,2n—q)R=rad(N :gp M).
In particular, T,y (M/N) = M/N for eachi € {0,...,n —d}.
Proof. The first equality holds because (N :g M) is the annihilator

of the R-module M/N. Since M/N is of nested type, Ming(M/N)
must contain only the prime p, and p = (xq, ..., x;) for some ¢. On the
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other hand, we have
t+1=codim(p) = dim(R) — dim(R/p) = (n+ 1) — d,
which shows that t = n — d. O

Remark 2.7. For a submodule N of an R-module M and an ideal I
of R, we set
Ny I o= [ J(N g T,
i>0
Let Ny,..., Ny be submodules of M, and let I,..., I be ideals of R.
Then one can see easily that the following equalities hold.

(i) (MG=1N;) e 1%° = OG-y (NG 2ag 1%°).
(11) (NMIOO) ]\/[I:NMIOO
(111) ﬂ‘;zl(N M I]oo) =N M (Z;’:l IJ)OO

Lemma 2.8. Let QQ be a p-primary submodule of a finitely generated
R-module M, and let I be an ideal of R. If I C p, then Q :py I° = M;

otherwise, Q :p I%° = Q. In particular, if Q is a (xo, . .., x;)R-primary
submodule of M, then, for each i > 0, we have
Q v (Toy -5 2)™ = Q ipr ().

Proof. Let I C p. Since @ is p-primary, we have p” C (Q :r M),
which implies that @ :p; I*° = M. Now let I € p. For an arbitrary
element f € @Q :p I°°, there exists an integer r > 0 such that
I"f C Q. Since I € p = rad(Q :g M), then f € @, which shows
that Q = Q :p I°°. O

Theorem 2.9 (cf., [5, Proposition 3.2]). Let M be a finitely generated
multigraded R-module, N a multigraded submodule of M and d :=
dim(M/N). The following conditions are equivalent.

(i) M/N is of nested type.
(ii) M/N is torsion, and N :pr () = N 1 (20,...,2;)% fori=0,
N8
(iii) (a) M/N is torsion,
(b) for all i € {0,...,n — d}, there exists k; > 1 such that
a¥ € (N :g M), and
(C) N ‘M (mn)oo - N ‘M (xn—l)oo c.--C N ‘M (zn—d+1)oo-
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Proof.
(i) = (ii). Let

be a minimal primary decomposition of N. Since M/N is of nested
type, then each Q; is (2o, ...,2;)R-primary for some j. Therefore, by
Remark 2.7 and Lemma 2.8, we can see that N :p; (2;)®° = N
(Jio, NN ,l‘i)oo

(ii) = (i). Let p be an associated prime of M/N. Then p=N g g
for some g € M. Let x; € p for some i € {0,...,n}. Then z;9 € N,
and hence

g€ N :p (z;) TN ipg ()™
:NtM (xo,...,xi)"o QNM (xj)oo,

where z; is any variable with 0 < j < 4. It follows that zfg € N for
some integer s > 1. Therefore, z; € N :p g = p, which implies z; € p.

(ii) = (iii). Part (b) follows from Proposition 2.6. To prove (c), we
note that, for each j, we have

N M (acj)‘x’ =N M (xo,...,xj)oo C N M ({,ijl)oo.
(iii) = (ii). Since

Ny (l,n)oo C---CN:y (xn—d-',-l)oo

C Ny (Xp—g)®==N:y(x9)* =M,
then, for each j < i, we have
N :pr () C N iy (z5)°.
Therefore, for each i € {0,...,n}, we have
N oiar (23) CNj<iN i (25)° = N iy (2o, .-, 24).
The proof of the reverse inclusion is obvious. O
Remark 2.10. Theorem 2.9 can be rephrased as follows. The following
conditions are equivalent.

(i) M/N is of nested type.
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(ii) M/N is torsion, and I'(;,)(M/N) = D'y, . 2,)(M/N) for each
i€40,...,n}.
(iii) (a) M/N is torsion,
(b) I'z,)(M/N) = M/N for each i € {0,...,n —d}, and
(C) F(xn)(M/N) - F(In—l)(M/N) c.---C F(zn—d+1)(M/N)'
Remark 2.11 (cf., [5, Remark 3.3]). Let M be a finitely generated
multigraded R-module, N a multigraded submodule of M and d :=
dim(M/N). Assume M/N is of nested type, and

t
N=[Q
i=1
is a minimal primary decomposition of N in which Q; is p;-primary.
Then, in view of Lemma 2.8, for each i € {n —d +1,...,n}, we have

N ‘M (xz)oo = ﬁpjg(a:o STi—1) RQJ ﬁdlm (R/pj)>n— 7.+1Qj

In particular, N :p; (2p—g+1)° is the unique (zg, ..., T,—q)-primary
component of N. Moreover, (N :p M) is a monomial ideal of nested
type.

Theorem 2.12. Let M be a finitely generated multigraded R-module,
and let {x;y,...,x;,} be a set of variables. If x;,,...,x;, is a regular
sequence on M, then

Assp(M/(ziy, ..., x) M) ={(p,ziy, .-, 2i,) | p € Assp(M)}.
Proof. Let
=R/(xiy,..., xR,
and
M := M/(zi,,...,z:,)M.

Note that R’ is a polynomial ring over k whose set of variables is

{zoy .. yen} \ {&iy, .-, 24, )
First, we show that Assg (M’) = Assg/(M). Since
M @p R (M®RR/) Rr R= M,



438 HOSSEIN SABZROU AND MASSOUD TOUSI

we have

Assp/ (M) = Assp/ (M’ @ R).
On the other hand,
Assp/(M'@p R) ={qNR' | q€ Assp(M' @r' R)}
={q4N R |9 € Upcas,, ) Assp(R/pR)}
= Assp/ (M),

where the second and third equality are by [18, Theorem 23.2 (i), (ii)].
Note that we have

R/pR= R (R'[p) # 0,

for each p € Spec(R’) because the inclusion map R’ — R is faithfully
flat.

Now, we prove that
{pR |p € Assp/ (M)} C Assg(M).
Let p € Assp/ (M) be an arbitrary element. Since
Assp/(M)={qN R’ | q€ Assg(M)},

there exists a q € Assg(M) such that qN R’ = p. We have q = (0 :g m)
for some nonzero element m € M. Since q is generated by a set of
variables and R = R'[x;,,. .., 2;,], we have

q :pR+ (yjl?"‘?yjs)R7

where {y;,,...,y;,} is a subset of {z;,,...,x;,}. Therefore, q = (0
m) = pR because y;,,...,y;, is a regular sequence on M.

Finally, we prove the equality of the result. Let p € Assr(M’) be
given. Then p’ € Assp/ (M') where p’ := p N R’. Since

{p'R|p" € Assp/(M")} C Assg(M),

then p = (p’, x4y, ..., ;) is of the desired form. The reverse inclusion
follows from [25, Proposition 3.1.8]. |

Corollary 2.13. Let M be a multigraded module of nested type, and
let p be the minimum of the values j where x; & p for allp € Assp(M).
Then xp,...,x, is a reqular sequence on M, and p = pdg (M) where
pdg (M) denotes the projective dimension of M.
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Proof. Since M is of nested type, zp, ..., z, is a regular sequence on
M by Theorem 2.12. We have

We also have
m € Assp(M/(2p, ..., 2n)M),

by definition of p and Theorem 2.12. Therefore,
depth(M/(zp, ..., zn)M) =0,

and hence,
p=(n+1)—depth M = pdg(M). O

3. Another characterization. The main result in this section is
Theorem 3.12, which extends [5, Proposition 3.2 (3)] to multigraded
modules. Our method is based on the theory of idealization of modules,
for which we refer the reader to [1] and [17, page 123]. The reason for
choosing this strategy is that we have not been able to use the direct
method here.

Definition 3.1. Let M be a graded R-module, and let N be a graded
submodule of M. Then the graded submodule N%3¥ := N :3; m® of
M, where m := (zg,...,2,) is called the saturation of N with respect
to M. The submodule N is called saturated with respect to M if
Nsatm = N,

Proposition 3.2. Let M be a finitely generated multigraded R-module,
N a multigraded submodule of M, L := M/N and d := dim L. Then
the following conditions are equivalent.

(i) zp is not a zero divisor on M /N _and, for all i withn—d+1 <
i <mn, x; is not a zero divisor on M/(N + (xy, ..., xip1) M )5

(il) Tpy Tr—1y- -+, Tn_dr1 18 a “filter reqular sequence” on L, i.e., x, ¢
p for all p € Assg(L) \ {m}, and for all i withn —d+1<i<n,
x; & p for all

p € Asspr(L/(zpn, ..., 2xiq41)L) \ {m}.

(iil) Zp,Tn—1y.--,Tn—dt1 18 an “almost reqular sequence” on L, i.e.,
(0:1, &) is of finite length, and, for all i withn —d+1<1i<n,
(0:L/(zn,....wiz1)L Ti) are of finite length.
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(iv) The multiplication maps L; = Lj11, and

(L/({,En, I ,$¢+1)L)j i) (L/(LL'»,“ e 7$2‘+1)L)j+1,

are injective, for all 7 >0, and all i withn —d+1<1i <mn.

Proof.

(i) & (ii). Let P; := N + (zp,...,2i+1)M where n — d + 1
i < n, and P, = N. Then the result follows because M /P
(M/P;)/Tw(M/P;), and hence,

IR IA

Assp(M/P;*™) = Assp((M/P;) /T(M/P;))
= Assg(M/P;) \ {m}.
(ii) < (iii). We use the fact that, for a finitely generated graded
R-module P, being of finite length is equivalent to Supp(P) C {m}.

Let (ii) hold. For a given i, we consider a prime ideal p in the set
Supp(0 :1/(z,,.....ws1)L Ti) Which is equal to

Supp([(zny - - s @iv1)L ip @]/ (Tny -y 2i41)L).
Then there exists a prime ideal q C p such that
q € Ass([(zn, ... @ix1)L :p )/ (T, ..y 2ig1)L)
C Ass(L/(zn,...,xiy1)L).
Since z; € q, then ¢ = m, and hence p = m.
Conversely, let
p e ASSR(L/(xn, e ,$i+1)L) \ {m}

be given. Then
p=((Tn,..., 1)L R ),

for some £ € L\ (zp,...,xi41)L.

Suppose the contrary, that x; € p. Then £ € (zy,...,2:41)L 1 p x4,
and hence, we have

p e Ass([(xny. -y xir1) L ip ]/ (@ny oy xi41)L).

This implies that p = m, which is a contradiction.
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(iii) < (iv). Since
(0: xp) = EB(O ‘L; Tn)s
JEL
we have (0 :p x,) is of finite length if and only if (0 :z, =,) = 0

for j > 0, or equivalently L; Ay Lj1 is injective for 7 > 0. The
remainder of the proof is similar. (]

Remark 3.3. The notion of filter regular sequences was implicitly
introduced by Serre in an appendix to [12], and was reintroduced
in [21]. To the best of our knowledge, its first usage under the name
of almost regular sequence has been in [2].

Definition 3.4. For an R-module M, the product set R x M can be
equipped with two operations: the addition

r,m) 4+ (r',m') = (r+r,m+m),
(r,m) + (
and the multiplication,

(r,m)(r',m) = (rr',rm/ +1'm)

for r,7’ € R and m,m’ € M. The set R x M becomes a commutative
ring (and in fact an R-algebra) with the identity element (1,0). It is
called the idealization of M and is denoted by R x M.

Proposition 3.5. Let M be an R-module, and let R x M be the
idealization of M. Then:

(i) for any ideal I of R, and any submodule N of M, we have I x N
is an ideal of R x M if and only if IM C N.
(ii) Let F be a free R-module with the basis {e1,...,ey,}, and let {y1,
.y Ym} be a set of indeterminates over R. Then there exists a
natural R-algebra isomorphism,

P Rx F — R[y17"'>ym]/(y1a"'7y’m)27
defined as

@((T,imei>) = (T+iriyi> + (Y1, Ym)>

i=1 =1
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(iii) Spec(Rx M) = {p x M | p € Spec(R)}.
(iv) If N is a p-primary submodule of M, then (N :g M) x N is a
p X M-primary ideal of R x M.

Proof. See [1, Proposition 2.2 and Theorems 3.1, 3.2, 3.6]. O

Remark 3.6. Let the notation be as in part (ii) of Proposition 3.5,
and let U be a submodule of F. Assume (U g F) x U) =
Iv/(y1, - .., ym)?, where Iy is an ideal of Ryy, ...,y containing the
ideal (y1,...,Ym)?. Then we have an induced R-algebra isomorphism

¢: (Rx F)/((U:r F)xU) — Rly1, ..., ym]/1u,
defined as @(a+ (U :g F)xU) = B+1Iy where p(a) = B+ (Y1, - Ym)>.
Remark 3.7. Let I' be a monoid, R I'-graded and M a I'-graded R-

module. Then R x M is a I'-graded ring via (R x M), = Ry x M, for
ally eI

Proposition 3.8. Let F' be a multigraded free R-module with the basis
{e1,...,em}, {Y1,..-,ym} a set of indeterminates over R, and let U
be a multigraded submodule of F. Then the ideal Iy introduced in
Remark 3.6 is a monomial ideal.

Proof. We identify the polynomial ring R[y1, ..., Y| with the ring,
K[Y1, -« Yms Toy -« -, T
Since F' is multigraded, we may assume that
dege; :=a;, € 2" fori=1,...,m.

We define a Z™*"* 1 graded structure on the polynomial rings R and
R[y1,...,Ym| as well as the free module F by setting

degZWL+W,+1 (Z’Z) = (0, e 7O, 1, 0... ,0),
where 1 is the (m + i + 1)th component of the vector, and
deggm+nt1 (ez) = degymint1 (yz) = (0, ...,0,1,0,...,0, ai),

where 1 is the ith component of the vector. The most important
property of this grading is that no two distinct monomials can have
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the same degree. Consequently, an ideal in R[yi, ...,y is ZmT+L
graded if and only if it is a monomial ideal. On the other hand, it is
easy to see that the homomorphism ¢ introduced in Proposition 3.5 (ii)
is a Z™*t" 1 graded homomorphism so that the ideal Iy is a monomial
ideal. (]

Lemma 3.9. Let F' be a free R-module with the basis {e1,...,en},

{Y1,..-,Ym} a set of indeterminates over R and U a submodule of F.
Then,

ASSR[yl,.wym](R[yh R ym]/IU) = {p+ (y17 v ayWL) | pe ASSR(F/U)}

Proof. Let
t
U= m Qi
i=1

be a minimal primary decomposition of U where each @Q); is a p;-primary
submodule of F. Then, by Proposition 3.5, (U :g F) x U is an ideal of
R x F, and

amei=((fye) ur) ()

t

= (@(Qi :RF>) x (QQ)

N((anr)-e)

is a minimal primary decomposition of it, where (Q; :gr F) x Q; is a
p; X F-primary ideal of R x F. Therefore,

Asspur (RX F)/ (U:r F)xU))={px F|p € Assg(F/U)}.
The set

ASSRIyy oy / (1o (BLY1s - - Y]/ TU)

is equal to

@(ASSRKF ((U?f;)FMJ» ={o(p x F) | p € Assp(F/U)},
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by Remark 3.6. Since

PP X F)=(p+ Wi, ym))/ (W1, ym),
we get the result. |
Lemma 3.10. Let F be a finitely generated free R-module with the
basis {e1,...,en}, and let U be a submodule of F. Then the set,

AssR[yh“_,ym](R[yl, cesUml/((@iys ooy ) R[Y1, - - -y ym] + IU)),
consists of all prime ideals p + (y1, ..., Ym), where p belongs to the set
Assp(F/((ziy, ...,z ) F +1)).

Proof. By Lemma 3.9, we need only show that
o(((ziy, ...,z ) F+U) :gp F)x U)
is equal to
(Iv + iy 2Ryt - ym))/ Y1y - - ym) >
But this is equal to
o(((@iyy - 2 )R+ (U g F)) x U).
Since
((@iyyeo oy )F+U) g F=(x4,...,2;, ) R+ (U :g F),

we get the result. |

Lemma 3.11. Let F' be a finitely generated multigraded free R-module,
and let U be a multigraded submodule of F'. Then F/U is of nested type
if and only if (y1,...,Ym) is not in

Assgiy,,..ym] (BlY1s - Um] /),
and Rly1,...,ym]/Iu is of nested type.

Proof. This is a direct consequence of Lemma 3.9 and Remark 2.2.
Note that the polynomial ring Ry, ..., ym] is identified with the ring

k[yla”'aymawa'wxn]' U
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Theorem 3.12. Let M be a finitely generated multigraded R-module,
N a multigraded submodule of M and d := dim(M/N). Then M/N is
of nested type if and only if M/N is torsion, and Tp, ..., Tn_qs1 1S a
filter regular sequence on M/N.

Proof. There exists a finitely generated free multigraded submodule
U of F such that, as multigraded modules, we have an isomorphism
¥ : M/N — F/U. The dimension of R[y,...,¥ym]/Iv is the maximum
of the values

dim(Ry1, - yml/ (0 + (Y15 9m))),
where p varies in Ass(F/U). But this is equal to

max{dim(R/p) | p € Ass(F/U)} = dim(F/U) = dim(M/N) = d.

On the other hand, M/N is of nested type if and only if F/U is of
nested type, and this is by Lemma 3.11 equivalent to the fact that
(y1,--.,Ym) does not belong to

ASSR[yl,...,ym](R[yla cee 7ym]/IU)v

and Rly1,...,Ym)/Iu is of nested type. Note that, by Lemma 3.9,
(Y1, -, Ym) does not belong to Assgyy,,..y.](Ry1,. ., Ym]/Iv) if and
only if M/N is torsion.

Now, assume that R[yi,...,ym]/lu is of nested type. Since we
have yf,...,y2, € Iy and dim(R[yi,...,ym]/Iv) = d, for each i €
{0,...,n — d}, there exists an integer k; such that xf € Iy by
Theorem 2.9. This by [5, Proposition 3.2] and Proposition 3.2 shows

that @, ..., Tn—q+1 18 a filter sequence on Ry, ..., ym]/Iu, and hence
by Lemma 3.10, a filter sequence on F'/U. Since v is an isomorphism,
Ty -y Tn_qy1 18 a filter sequence on M/N.

Conversely, if z,,, ..., zp_q+1 is a filter sequence on M /N, and hence
on F/U, then z,,...,z,_q+1 is a filter sequence on R[y1,...,ym|/Iu
by Lemma 3.10. This by [5, Proposition 3.2] and Proposition 3.2 shows
that Rlyi,...,ym]/Iu is of nested type, as requested. O

4. Sequential Cohen-Macaulayness. In this section, we describe
the dimension filtration of multigraded modules of nested type explic-
itly, and use it to show that these modules are pretty clean and hence
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sequentially Cohen-Macaulay. This fact was also proved in [8] inde-
pendently with a different argument.

A prime filtration,
F:(O):MQCM1C"'CMT_1 CM,=M,

of a graded R-module M is called graded if, for each i, M; is a graded
submodule of M, and as graded R-modules we have M;/M; ; =
R/p;(a;), where a; is an integer and p; is a graded prime ideal. Tt
is well known that any graded module admits a graded prime filtration
(cf., [13, Proposition 7.4]). The support of F is the set of prime ideals
Suppg(F) := {p1,...,p,}. By [13, Proposition 7.4], we have

Ming(M) C Assgp(M) C Suppg(F) C Suppr(M).

Definition 4.1 ([9]). A (graded) prime filtration F of a non-zero
finitely generated (graded) R-module M is called clean if Suppg(F) C
Ming(M). The (graded) R-module M is called clean if it has a clean
filtration.

Remark 4.2. A graded prime filtration ' of a non-zero finitely gen-
erated graded R-module M is clean if and only if, for all ¢, j for which
p; C pj, it follows that p; = p; (cf., [14, Lemma 3.1]).

Lemma 4.3. Let M be a finitely generated multigraded R-module, and
let N be a multigraded submodule of M. If N is a primary submodule
of M, then M/N s clean.

Proof. Since N is a primary submodule of M, Assg(M/N) contains
only one element, say p, which is generated by a set of variables. For
simplicity, we assume that p = (zq,...,2,)R. Let

R :=K[zg,...,x,] and p':=pNR.

Then Assp/(M/N) = {p’}. Since p’ is a maximal ideal of R’, we have
Suppp/ (M/N) = {p’}, and hence

Supp g (M/[N + (741, .., 2n) M]) = {p'}.

This shows that the R’-module M/[N + (Z;41,...,2,)M] is clean
because the support of its prime filtration is contained in its support.



MULTIGRADED MODULES OF NESTED TYPE 447

Now, let
(0)CLoC---CLs—1 CLg:=M/IN+ (Trg1,-..,2n)M]
be a (graded) prime filtration of M/[N + (2,41, ..., x,)M], in which
Li/Li—1 = (R'/p')(as),

where a; is an integer. Then

0O)CcLy®p RC---CLi1®r RCL;®p R
is a prime filtration of the R-module M/N because we have

(Li ®p R)/(Li-1 ®r R) = (R/p)(a;)

and L, ® pr R = M/N. This shows that M/N is clean, as required. 0

Definition 4.4 ([20]). Let M be an R-module of dimension d. The
filtration

(0) € Do(M) C Di(M) C--- C Dg1(M) C Dy(M) = M,

which is defined by the property that D;(M) is the largest submodule

of M with dim D;(M) < i is called the dimension filtration of M.

Remark 4.5. A filtration,
F:(0)CMyCM C---C Mgy CMg=M,

of an R-module M, is the dimension filtration of M if and only if
Ass(M;/M;—1) ={p € Ass(M) | dim R/p = i},

fori=1,...,d (cf., [14, Proposition 1.1]).

Definition 4.6 ([14]). A (graded) prime filtration,
F:(0CMyCM C---C M1 CM, =M,

of a non-zero finitely generated (graded) R-module M with M;/M;_, =
R/pi(a;) is called pretty clean if, for all i < j with p; C pj, it follows
that p; = p;. The module M is called pretty clean if it has a pretty
clean filtration.
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Remark 4.7. For an R-module M, if the non-zero factors of the
dimension filtration of M are clean, then M is pretty clean (cf., [14,
Corollary 4.2]).

Theorem 4.8 (cf. [8, Theorem 1.14]). Let M be a finitely generated
multigraded R-module, N a multigraded submodule of M and d :=
dim M/N. If M/N is of nested type, then the filtration

(O) g N M (a:n)oo/N g N ‘M (xn_l)oo/N
C---C Ny (Zp—g+1)*/N C M/N,

given in Theorem 2.9, is the dimension filtration of M /N whose nonzero
factors are clean. Consequently, if M/N is of nested type, then it is
pretty clean.

Proof. We set

D4(M/N) := M/N,

and
D,_i(M/N):=N :p (2;)*°/N fori=n—d+1,...,n.
Let 4 with 1 <i < d — 1 be given. By Remark 2.11, either we have
D;—1(M/N) = D;(M/N)NQ,
where @ is a p-primary component of M/N with dim R/p = i, or
Di(M/N) = D;—1(M/N).
In the first case, we have
Di(M/N)/D;—1(M/N) = (D;(M/N) + Q)/Q.

Hence, Assp(D;(M/N)/D;_1(M/N)) = {p}, because we can embed
(Di(M/N)+ Q)/Q into the R-module (M/N)/Q. We also have

Assp(Da(M/N)/Da 1 (M/N)) = {(z0, .. 20_a)},
because, by Remark 2.11, N :ps (25— g41)° is the unique (zq, ..., Zn—d)-
primary component of V.

The above argument, together with Remark 4.5, [18, Theorem 6.6]
and Lemma 4.3, shows that the given filtration is the dimension filtra-
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tion of M/N whose nonzero factors are clean. Hence, by Remark 4.7,
M/N is pretty clean. O

Definition 4.9 ([23]). Let M be a finitely generated graded R-module.
We say that M is sequentially Cohen-Macaulay if there exists a finite
filtration (called Cohen-Macaulay filtration)

O=MycCcM,C---CM.=M
of M by graded submodules M;, satisfying the two conditions:

(i) Each quotient M;/M,;_; is Cohen-Macaulay.
(ii) dim(M;/My) < dim(My/M;) < --- < dim(M,./M,_1), where dim
denotes Krull dimension.

Remark 4.10. Let M be an R-module with a pretty clean filtration
F such that R/p is Cohen-Macaulay for all p € Supp(F'). Then M is
sequentially Cohen-Macaulay (cf., [14, Theorem 4.1]).

Corollary 4.11 (cf., [19, Lemma 3.4] and [8, Theorem 1.11]). Let M
be a finitely generated multigraded R-module, and let N be a multigraded
submodule of M. If M/N is of nested type, then it is sequentially
Cohen-Macaulay.

Proof. By Theorem 4.8, we may assume that M /N has a pretty clean
filtration F. By [14, Corollary 3.4], we have Supp(F) = Ass(M/N).
Since M/N is multigraded, then each prime in Ass(M/N) is generated
by a set of variables. Therefore, by Remark 4.10, we conclude the
result. |

Remark 4.12. Corollary 4.11 was proved in the monomial ideal setting
in [15]. It was proved in [19, Lemma 3.4], with a different argument,
for monomial submodules of free graded modules which are of Borel-
type, i.e., it satisfies Theorem 2.9 (ii). Regardless of the fact that we
work with the submodules of general multigraded modules, our result
is more general because it is well known that a multigraded submodule
of a free module need not be monomial.

5. The satiety and regularity. In this section, we provide some
methods for computing the Castelnuovo-Mumford regularity of multi-
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graded modules of nested type, avoiding their minimal graded free res-
olutions.

Let M be a finitely generated graded R-module, and let N be a
graded submodule of M. The value end(I'w(M/N)) + 1, where m is
as in Definition 3.1 and end(—) is the largest non-vanishing degree, is
called the satiety or saturation degree of N with respect to M, and is
denoted by satf, (N) or satp(N). Since

N /N =T (M/N),

satpr(IV) is the smallest integer s with the property that, for each
s > sg, the sth graded piece of N5 is equal to the sth graded piece
of N, i.e., (N3m) = N,. It is clear that the module N is saturated
with respect to M if and only if saty (N) = —cc.

Lemma 5.1. Let M be a finitely generated graded R-module, and let
N be a graded submodule of M. If sqg is the smallest integer such that,
for each s > sg, we have Ny = (N :py m), then satp(N) = sg.

Proof. We have so < satp(N) because N C N 3y m C Nsatum,

Suppose to the contrary that sg < satas(N). Then so < satp(N) — 1,
o

NsatM(N)—l = (N ‘M m)satM(N)—l~

Let ¢ € N5 be an arbitrary homogeneous element of degree
satpr (V) — 1. Then, for each ¢ with 0 < i < n, we have

zig € (N*) e (v) = Naatar (N)-
Therefore, mg C N, which implies that
9 € (N :p M)gar ()1 = Naatp (N)—1-
Since g is an arbitrary element, we conclude that
Naatar(N)—1 = (N Gt (N)—1
which is a contradiction. ]
Corollary 5.2. Let M be a finitely generated graded R-module, and

let N be a graded submodule of M. Then the following conditions are
equivalent.
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(i) N is saturated with respect to M.
(ii) N = (N :py m).
(iii) depth(M/N) > 0.

Proof.

(i) = (ii). Tt follows from the equality Ns2t»(N) = N and the chain
of modules N C (N :py m) C Nsatar,

(ii) = (i). It is a direct consequence of Lemma 5.1.
(i) & (iii).

N = N%*M s [0 (M/N) = 0 <= depth(M/N) > 0. O

Proposition 5.3. Let M be a finitely generated graded R-module, and
let N be a graded submodule of M. If N is not saturated with respect
to M, and {g1,...,9-} is a homogeneous minimal generating set of
(N :pp m), then

saty (N) = max {deg(g;) | 9 ¢ N} + 1.

Proof. An adaptation of [5, Proposition 2.1], using Lemma 5.1 and
Corollary 5.2. O

Remark 5.4. To compute the satiety of N with respect to M using
Proposition 5.3, one should compute the colon module N :3; m. In
practice, the module M should be free, and in this case, there are
some computational methods for this purpose (cf., for example, [10,
Exercise 15.41] and [16, page 169]). Some of these methods have been
implemented in computer algebra systems. In the next example, we
will compute a colon module using the software Macaulay?2 [11].

Example 5.5. Let R = Q[a,b,¢], M = R3, and let N be the graded
submodule of M generated by the columns of the matrix

a2 0 0 vV 0 0 ¢ 0 0
0 a2 0 0 ¥ 0 0 ¢ 0
0 0 a> 0 0 b 0 0
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Then computations with the software Macaulay2 show that N :p; m is
the graded submodule of M generated by the columns of the matrix

a®> 0 0 b 0 0 ¢ 0 0
0 a2 0 0 V¥ 0 0 ¢ 0 0 abe O
0 0 a2 0 0 » 0 0 ¢ 0 0 abc

Hence, by Proposition 5.3, we have saty (V) = 4.

Let M be a finitely generated graded R-module, and let 5;;(M) be
the ith Betti number of M in degree j. Let b;(M) denote the maximum
of the values j for which ;;(M) # 0. Then

reg(M) := max{b;(M) —i|i=0,...,s}

is called the Castelnuovo-Mumford regularity of M. It can be shown
that
reg(M) = max{a;(M) +1i|i >0},

where a;(M) := end(HE (M)). Given an integer ¢ > 0, the partial
regularity of M is defined as

reg, (M) := max{b;(M) —i|i>(n+1)—t}.
It can also be shown that
reg, (M) = max{a;(M) +i|i <t}
(cf., [24]).
Proposition 5.6. Let M be a finitely generated graded R-module, and

let N be a graded submodule of M. Then reg(M/N) = max{saty (N)—
1,reg(M/N33tm )},

Proof. If N is saturated with respect to M, then the result is obvious.
Otherwise, we consider the short exact sequence,

0 r M M M 0
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of R-modules and R-homomorphisms, which induces the long exact
sequence,

. M . M
RNy (NSM) S H (Fm (N)>

i M 4 M
—>Hm(N> —>Hm<NsatM> — e,

of cohomologies. For each ¢ > 1, we have

Hy (P (M/N)) =0,

and hence, for each ¢ > 1, we have
HL(M/N) ~ H: (M/N%),
On the other hand, by Corollary 5.2, we have HQ(M/N3%¥m) = ()

because N%¥'M is saturated with respect to M. Therefore, the result
follows from the well-known formula,

reg(L) = max{end(H: (L)) 4+ | i > 0},
where L is any finitely generated graded R-module. Note that
satp (N) = end(HO (M/N)) + 1. O
Lemma 5.7. We have
bpagan (M) = Aaepn e (M) =1 + 1,

where M is a finitely generated graded R-module.

Proof. Let t := depth M. Since
reg, (M) = max{b;(M) —i|i>n+1-—t},

we have
reg, (M) = bde<M>(M) — pdg (M).

Also,
reg, (M) = max{a;(M) +i|i <t}

implies that
regy (M) = Qgepth M (M) + depth M.

Therefore, the result follows. O
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Remark 5.8. Let M be a finitely generated graded R-module with
dim(M) = d. Then there exist a polynomial ¢/ (t) € Z[t] of degree d—1
and an integer j such that, for each i > j, we have H(M,1i) = @ (i),
where H(M,i) is the Hilbert function of M. The smallest integer j
with this property is called the reqularity of the Hilbert function of M,
and is denoted by H(M). By [25, Corollary B.4.1], we have

H(M) <reg(M) — depth(M) + 1,

and the equality holds if reg(M) is attained in the last step of the
graded minimal free resolution of M, and in particular, if M is Cohen-
Macaulay.

Lemma 5.9. Let M be a finitely generated graded R-module. If
Yi,---,Yp 5 a homogeneous mazimal regular sequence of degree 1 on
M, then

end(HE (M) + p = end(Hy (M/ (y1, .-, yp) M)).

Proof. A proof can be given by induction on p, using the long exact
sequence,

) : M
. Hl—l M Hz—l
— 1y ( )—> m <y1M

)—>HL<M(—1»£>H;<M>—>

induced by

— 0. O

0— M(-1) L M —
( ) M

Theorem 5.10. Let M be a finitely generated multigraded R-module,
N a multigraded submodule of M, and p = pdg(M/N). If M/N is of
nested type, then

bpag vy (M/N) = pdr(M/N) = satpy (N + (zp,...,x,) M) — 1.

In particular, if the regularity of M /N is attained in the last step of the
minimal free resolution of M/N, then

reg(M/N) =saty (N + (zp, ..., xn)M) —1,

and
H(M/N) =saty (N + (zp, ..., xn)M) —n+p—1.
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Proof. Using Corollary 2.13, we have
satar (N + (2p, ..., 20) M) = end(HA(M /(N + (zp, ..., ,)M))) + 1
=end(HL P (M/N))+n—p+2
= byag /iy (M/N) —p + 1,

where the first equality is by definition of satiety, the second is by
Lemma 5.9 and the third is by Lemma 5.7. Therefore,

bpag /) (M/N) — pdg (M /N) = satar (N + (2p, ..., 2n)M) — 1.

The last part of the theorem follows from Remark 5.8. O

Lemma 5.11. Let M be a finitely generated multigraded module. If
M is a graded pretty clean module whose graded pretty clean filtration
has the factors M;/M;_1 = R/p;(—a;) fori=1,...,r, then reg(M) =
max{a; |[i=1,...,r}.

Proof. This was proved in [14, Corollary 6.3] in the monomial
ideal setting. The exact same proof remains valid for multigraded
modules. (]

Theorem 5.12. Let M be a finitely generated multigraded R-module,
N a multigraded submodule of M and d = dim M/N. If M/N is
of nested type, then the regularity of M/N is the mazimum of the
regularity of the nonzero factors of the dimension filtration of M /N
given in Theorem 4.8.

Proof. According to Theorem 4.8, the dimension filtration of M /N

c
C Dy—1(M/N) C Dg(M/N) = M/N,
where

D, i(M/N):=N :p (2;)°/N fori=n—d+1,...,n.

If Di(M/N) # Di—1(M/N), then Ass(D;(M/N)/D;—1(M/N)) = {p:}
by Remark 2.11, where dim(R/p;) = 4. As we have seen in the
proof of Lemma 4.3, for ¢ = 1,...,d, there is a clean filtration for
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D;(M/N)/D;_1(M/N) as follows:
F,; : Difl(M/N> = Li,O C Li,l c---C Li,si = Dz(M/N),

where L; ;/L; j—1 = R/p;(—a; ;) for j =1,...,s;. We can refine the
dimension filtration F to a pretty clean filtration of M /N by inserting
the filtration F; in it for s = 1,...,d. Now the result follows because

reg(M/N) =max{a;; |1 <i<d, 1<j<s;},
and
reg(Di(M/N)/D;—1(M/N)) = max{a;; | 1 <j < s;},
by Lemma 5.11. O

Lemma 5.13. Let M be a finitely generated graded R-module and
Rq :=k[zo,...,2n_a]. Then regp(M ®r, R) = regp, (M).

Proof. Let F be a minimal graded free resolution of M as a graded
Rg4-module with length s and with terms

Fj = @ Rd(—aﬁ).

The ring homomorphism Rq — R is faithfully flat, and hence, R®pr, F
is a minimal graded free resolution of R ®r, M as a graded R-module
(ct., [3, Corollary 1.2.4]). Since, for each j =0,...,s, we have

R®R, (®iRa(—aji)) = ©iR(—aji),

we conclude the result. O

Proposition 5.14. Let

R :=R/(zp,...,z,)R,
and

M = M/(zp,...,zn)M,

where M is a finitely generated graded R-module. Then regp(M) =
regp (M').
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Proof. We may assume that R’ = Kk[zg,...,zp—1]. Then, by
Lemma 5.13, we have regp, (M') = regr(M’' ® g R). Since

MI@R/ R=M®g (R/(:cp,,scn)R) RQr R=MQ®g (R/®R/ R) =M,
we get the result. O
Remark 5.15. Let M be a multigraded R-module of nested type such
that Ass(M) = {(zo,...,zp—1)R}. Let

R :=R/(zp,...,z,)R,

and
M' = M/(zp,...,z,)M.
Then, by Theorem 2.12; we have
Assp(M/(xp, ..., zn)M) = {(z0,...,zn)R},

and hence,
ASSR/(M/) = {(.’IZ‘(J, . ,.’I}p_l)R/}.

Therefore, M’ has a finite length as an R’-module, and, by Proposi-
tion 5.14, we have regp(M) = endp/(M’). This fact can be used in
computation of the regularity of nonzero factors in Theorem 5.12.

Lemma 5.16. Let M be a finitely generated graded R-module and
Ry = Kklzxo,...,xn_1]. If 2, is reqular on M, then regp (M) =
regp(M).

Proof. By Lemma 5.13, we have regg (M) = regp(M ®g, R). Since
Zp, is a nonzero divisor on M, and hence on M ®p, R, we have

M ®pg, R
regR(M ®R1 R) = regR <3;(M§11%R)>
n 1
Since
]\4@31 R ~
.’En(M QR R) o
we get the result. (]

Theorem 5.17 (cf., [5, Theorem 3.7]). Let M be a finitely generated
multigraded R-module, N a multigraded submodule of M and d :=
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dim(M/N). If M/N is of nested type, then reg(M/N) is the mazimum
of the values
satho (N) —1,satTH (N iar (£2)%) = 1, sat i (N iy (@n-a41)™®) — 1,

where R; :=Kkl[zg,...,xn_;] fori=0,1,...,d.

Proof. By Theorem 2.9, we have N :pr (2,—4)° = M. We claim
that regr (M /N) is the maximum of the values

satho (N) — 1,sath (N :ap (2,)°) —1,.. ., satﬁj (N v (p—j11)™) -1,

and regp (M/(N :m (25-5)>)) for j = 0,...,d. Assuming the claim
is true for 7 > 0, we prove it for 57 + 1. Note that, for j = 0, the claim
is obvious by Proposition 5.6 and Theorem 2.9 (ii). Since

M M/N )

<<N:M (mnj>°°>> A <P<zn]»><M/N>
= Assg,,,(M/N)\ Var(z,;),

Assg

Zn—j is regular on M /(N :ar (£n—;)°°). Therefore, by Lemma 5.16, we
have

regp; (M) = Te8R,; ., ((NJ\MAfn—JW)

By Proposition 5.6, we have regp (M/(N :m (25,-;)%)) is the
maximum of the values

satlj\i["“(N v (2n—)) — 1,

and

=)
regp. X .
j+1 (N v (xn,j)oo)satfjﬂ
Applying Theorem 2.9 again, we have:

Ry

(N tar () = (N iag (@n3)™) i (@0, 0 j1)™
=N ‘M ((E07 s 7mn7j71)oo

=Ny (Tp—j—1)>,

which proves our claim, as desired. O
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Remark 5.18 (Further steps). From an algorithmic point of view
one should consider graded free modules and their graded submodules.
Given a graded free module F' and a graded submodule U of F, is
there any multigraded module associated with U, say N(U), such that
F/N(U) is a multigraded module of nested type and F/U and F/N(U)
share the same values for important invariants? Corollary 20.21 in [10]
shows that F'/gin(U) has this remarkable property. But, as in the case
of ideals, its construction is not optimal. Based on the analysis of
results and arguments in [5], we expect that [5, Theorems 4.4 and
4.11] can be generalized to the case of modules.
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