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THE ANSWER TO AN OPEN QUESTION IN R”-b-METRIC SPACES
AND APPLICATION TO INTEGRAL EQUATIONS
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ABSTRACT. In this paper, we give an affirmative answer to an open question in R”-b-metric spaces by
using the subordinate property of the matrix norm to the /*-norm on K. As applications, we get Perov’s
fixed point theorem and Matkowski’s fixed point theorem in R"-b-metric spaces. We also show that the
fixed point theorem in R™-b-metric spaces can be applied to prove the existence and uniqueness of the
solution to an integral equation but fixed point theorems in metric spaces may not be.
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1. Introduction and preliminaries

-
(o]

17 Many authors have established generalised metric spaces and studied fixed point theorems on such
18 spaces, see [2], [10], [19], [24]. In 1964, Perov [30] defined a R™-metric space by replacing R, by
19 R’! in the definition of a metric space. In 1971, Coifman and Guzman [14] defined a quasi-metric
20 space by replacing the triangle inequality by

21

° d(x,y) <sld(x,z) +d(z,y)]

>3 where s > 1. This notion was then reintroduced by the name b-metric space in [6], [15], [16]. For
o4 the developments in fixed point theory on b-metric spaces, the reader may refer to [9], [13], and
o5 [36]. There are several types of integral equations have been solved by using fixed point theorems in
o6 b-metric spaces, see [3, Theorem 4.1], [20, Example 2.3], [22, Theorem 6], [25, Theorem 5.1], [29,
>7 Theorem 5.1], [34, Theorem 4.1], [33, Theorem 3.1], [35, Theorem 3.1] and many others. However, as
og on [36, page 47], these integral equations may be solved by certain fixed point result in metric spaces
o9 instead of that in h-metric spaces. Then, the problem of finding an application of fixed point theorems
30 in b-metric spaces but not in metric spaces is still open.

31 In 2009, Boriceanu [11] extended b-metric spaces to R™-b-metric spaces and presented some fixed
3> point results for generalised single-valued and multi-valued contractions in such spaces. In 2017,
33 Miculescu and Mihail [28] indicated a way to generalise a series of fixed point results in the framework
34 of b-metric. In 2023, Bota et al. [12] proved the existence and stability results for cyclic graphical
35 contractions in complete b-metric spaces are given. An application to a coupled fixed point problem
36 1S also derived. Bota et al. also asked to prove a similar result to [28, Lemma 2.2] for the case of
37 R™-b-metric spaces, see Question 1.16 below.

sg  First, we recall the following definitions and properties which will be used latter.
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Definition 1.1. (1) Let M, »(K) be the set of all matrices of size m x n with entries belonging to

1
2 K(XK=RorK=C)andA = (a;;) € M, »(K). Then |A| = (|a;j|), where |a;;]| is the modulus
? of aij.

4 (2) Let M, ,(R) be the set of all matrices of size m x n with entries belonging to R and
5 A,Be M, ,(R;). Then

6 (a) The matrix ® < A if all 0 < g;;, where A = (a;;) € M »(R1), and O € M, (R, ) is the
3 Zero matrix.

o (b) A<Bif® < B—A.

9 (3) The norm ||.|| is called monotone with respect to the partial ordering < in M, 1 (R.) if for all
10 X,y € M1 (Ry),x Xy, then [|x|| < lyl].

% In M, ,(K), we consider the following norms for all A = (a;;) € My, (K).

- m n

13 (1) The Frobenius (or Schur or Euclidean) norm ||A||f = (Z Z |a,-j|2)%.

14 i=1,j=1

g m n 1 !

T @ metrom il = (LY al)' " rorp 1

7 (3) The {*-norm ||A||c. =  max |aijl.

18 i=1,...m,j=1,..n

19 The above norms are monotone concerning the partial ordering < in Definition 1.1 in the case
>0 K =Ry. In several papers, the vector spaces I, 1 (K) and K™ are identical.

2! Definition 1.2 ([5], Definition 3.1.2). Let |||.||| : 9% (K) — R be a map such that for all A,B €
22 Mym(K), A €K.

(1 [|JAlll=0if and only if A =0,
= @ lAA[l[=[A]llAll]-
O IA+B[I[ < [[|Al[[+[IBI]]-

> @ [llAB[[| < [lA[]-l[BI]I-

s Then |||.||| is called a matrix norm on M, ,,(K).

2 Definition 1.3 ([5], Definition 3.1.3). Let ||.|| be a norm on M, ; (K) and for all A € My, ,(K),

. Jax]
o X
S (L) llalll = -
32 x€M,, 1 (K) 14O [ ]
% Then |||.||| is a matrix norm on Mynm(K) and is called subordinate to the norm ||.||.
34
g Remark 1.4. (1) On My, 1 (K), P-norm and £*-norm are matrix norms and there exists a norm
36 on M, »,»(K) which is not a matrix norm, for example ||A|| = max |a;;| [5, Example 3.1.2].
- SLjsm
¥ (2) For the matrix norm |[||.||| on 90, ,,(K) which is subordinate to the norm ||.|| on K", then
% [|Ax|| < [||A]]].||x|| for all A € M, (K) and x € M, 1 (K).
o @) Let {A,} be a sequence of the matrices in M, ,» (R ), where agl) is the entry in row i and
o column j of the matrix A,. Then the sequence of the matrices {A,} is called convergent to a
o matrix A = (a;;), written that lim A, = A, if lim a\") = a;; forall i, j=1,...,m.

n—o0 n—soo L
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1 Moreover, let the matrix norm |||.||| be subordinate to the norm ||.|| in 9%, 1 (R, ). Then
2 lim A, = A if and only if lim |||A,, — Al||| = 0 [37, page 12].
— n—oo n—oo

3
~ The following theorems present the relation between a matrix norm and a norm.
E Theorem 1.5 ([5], Proposition 3.1.1). Assume that the matrix norm |||.||| on My, (K) is subordinate
6 to the norm ||.|| on M, 1 (K). Then we have
T (1) Forall A € My ,u(K) and x € My, 1 (K),

8
o (1.2) l|A][[ = sup [[Ax[| = sup [|Ax].
o [Ixl=1 IxlI<1
1 (2) There exists x4 € My, 1 (K), x4 # O satisfying
2 [ Axa
C g = el

[lxal

i In particular, sup can be replaced by max in (1.1) and (1.2).
(3) Forall A,B € M, n(K), we have

17 [HABI[| < [[|AT[[- 1Bl

E Theorem 1.6 ([5], Proposition 3.1.2). Assume that for all A = (a;j) € My m(K). Then

(1) The matrix norm [||-[||1 defined by
20

m
21

21 Al = !
g il = s ) e

23 is subordinate to the ¢*-norm on My 1 (K).

2 (2) The matrix norm |||.|||- defined by

25
— m

26 Alll. = .
> [[A]]] g&jﬂlaz]!

28 is subordinate to the £*-norm on M, 1 (K).

29
30 Definition 1.7 ([18], page 149). Let A € 9, ,,(R). Then

st (1) A € Csatisfies det(A — AI) = 0 is called an eigenvalue of A, where [ is the identity matrix in
?i fmmm (R+)

33 (2) 0(A) = {A : A is the eigenvalue of A} is called the spectrum of A.

3¢ (3) r(A) =max{|A]: A € 6(A)} is called the spectral radius of A.
z% The following lemma gives properties related to matrices that are convergent to zero.

BZ Lemma 1.8 ([32], Lemma 2). Assume that A € M, ,(Ry). Then the following statements are equiva-

38 lent.

39 (1) A is convergent to zero, that is, lim A" = O, where A" =A.A...A,
40 n—oo ——
- n times
41 (2) r(A) < 1.

42 (3) I— A is non-singular and (I — A)~' has non-negative elements.
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i The following lemma gives bounds on the size of the entries of the matrix A* for all k € N.

° Lemma 1.9 ([21], Corollary 5.6.13). Assume that A € My, ,n(C) and € > 0. Then there exists a

— constant ¢ = c(A, €) such that forallk e Nand all i,j=1,...,m
[(A")ij| < e(r(a) +e)*
where |(A);;| is the module of the entry in row i and column j of the matrix A*.
Definition 1.10. Let X be a non-empty set, s > 1 and amap d : X x X — R satisfy for all x,y,z € X,
9 (1) d(x,y) = 0if and only if x = y.
(@) dxy) =d(yx).
T (3) dx,y) <s(d(x,2) +d(z,y)).
12
-~ Then we have

(1) d is called a b-metric and (X,d,s) is called a b-metric space [16].

14
— (2) If the condition (1) is replaced by d(x,x) = 0, then d is called a pseudo-b-metric [1].

15

6 Perov in [30] established a fixed point theorem in R”-metric spaces by replacing the contraction

17 constant in [0, 1) in the Banach contraction principle by a matrix with the spectral radius in [0, 1).

18
1o Theorem 1.11 ([30], Perov’s fixed point theorem in R™-metric spaces). Assume that

20 (1) (X,d) is a complete R™-metric space and [ : X — X is a map.
21 (2) There exists a matrix A € My, m(Ry) such that

2 (@) r(A) < 1.

23 (b) Forall x,y € X,

2 d(fx, fy) 2 Ad(x,y).

2 Then f has a unique fixed point x* € X and for all x € X ,x* = 1i_r>n fx.
26 e

2z Definition 1.12 ([11], Definition 2.1). Let X be a non-empty set, s > 1 andamap d : X x X —
28 My, 1 (R ) satisty for all x,y,z € X,

2 (1) d(x,y) = ©if and only if x = y.

O @) dxy) =d(y,x).

L (3) d(x,y) 2 s(d(x,z) +d(z.y)).

% Then d is called a R"-b-metric and (X,d,s) is called a R"-b-metric space.

34 Remark 1.13. (1) A R™-b-metric space is also called a generalised b-metric space |7, Definition
35 2.2].

36 (2) If we replace the coefficient s > 1 by the matrix S € M, ,,(R;),I < S in the definition of
37 the R™-b-metric space, then it is called a generalised b-metric space [31, Definition 2.1]
38 or a Czerwik generalised metric space [4, Definition 2.1] with the additional condition “S
39 is a diagonal matrix”. Moreover, in [13, page 140], the authors introduced the notion of a
40 generalised b-metric, where the generalised b-metric may take the value oo,

a1 (3) For m = 1, R-b-metric space (X,d,s) is a b-metric space in the sense of Czerwik [16].

42 (4) For s = 1, R™-b-metric space (X,d, 1) is a R™-metric space in the sense of Perov [30].
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1 (5) The convergence, Cauchy sequence and completeness in R”-b-metric spaces are defined
2 similarly as in b-metric spaces.
3 (6) {d1,...,dn} is a separating family of pseudo b-metrics if for all i = 1,...,m, d; is pseudo
4 b-metric and for all x # y € X, then d;(x,y) > 0 for some i =1,...,m.

° Lemma 1.14 ([12], Lemma 2.5). Let (X,d,s) be a R™-b-metric space and {x,} be a sequence in X.

6
— Then we have
m—1

d(x0,xm) 25" Y d(xi,xiq1)
i=0

[o |~

10 forallneNandm=1,...,2"

—_ | =
SRS

Bazine et al. [8] established the conditions so that a sequence {x, } in R”-b-metric spaces is Cauchy.

a5 However, these conditions required the matrix sA to be convergent to zero.

E Lemma 1.15 ([8], Lemma 2). Assume that

5 (1) (X,d,s) is a R™-b-metric space and {x,} is a sequence in X.
1 (2) There exists A € M, ,u(R.) such that

17 .
- (a) sA is convergent to zero.

18 (b) For everyn € N,

19
20 d(xnv-x}’H—l) jAd(xn—lyxn)-

o1 Then the sequence {x,} is Cauchy in (X,d,s).

2 An open problem was raised in [12] by Bota et al. as follows.

>

zz Question 1.16 ([12], Conjecture on page 92). Is the condition “the matrix sA is convergent to zero’
25 replaced by the condition “the matrix A is convergent to zero” in Lemma 1.15?

26

,, Inthis paper, we give an affirmative answer to an open question in R"-b-metric spaces by using

o the subordinate property of the matrix norm to the £*-norm on K”. As applications, we get Perov’s

oo fixed point theorem and Matkowski’s fixed point theorem in R™-b-metric spaces. We also show that

5o the fixed point theorem in R™-b-metric spaces is applicable to prove the existence and uniqueness of

5 the solution to an integral equation but fixed point theorems in metric spaces may be not.

32

v 2. Main results

34 Firstly, we prove the following theorem to give an affirmative answer to Question 1.16. The following
35 theorem only needs the condition “the matrix A is convergent to zero”, that means “r(A) < 17, while
% Lemma 1.15 needs the condition “r(A) < %”. The novel technique here is to use the subordinate

87 property of the matrix norm to the ¢*-norm on K” mentioned in Theorem 1.6.
38
39 Theorem 2.1. Assume that

40 (1) (X,d,s) is a R™-b-metric space and {x,} is a sequence in X.
4 (2) There exists A € My, m(Ry) such that
42 (a) A is convergent to zero.
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(b) For everyn € N,

?(21) d(xnaxn+l) jAd(xnflyxn)-

* Then the sequence {x,} is Cauchy in (X,d,s).

5

© Proof. Since r(A) < 1, we can choose € = 1%('4) > 0. Putting y = r(A) + ¢, then y < 1. From
" Lemma 1.9, we have any entry of the matrix A" is less than or equal cy" for all n € N. Therefore,
8 we have

2

10 (2.2) A" <cy'B

m

2 1 1 ... 1

13 1 ... 1

° where B€ M, n(Ry), B=

14 DY DY .. ...

- 1 1 ... 1

s From (2.1), we have for all n € N,

% (2.3) (X, Xy 1) < A (x0,x1).

' Forall [,k € N, we denote p = [log, k] which is the integer part of log, k. We get
20

21 2o p+1

» 24 dapx) =Y, 8" d (X g, 2000) 5P d (e, x04k)
f =1

23 !

on P

?* where Y, §"d(x;,pn-1,X1120) is assumed to be @ if p = 0.

25 n—

o6 Note that k < 27*!, From (2.4) and Lemma 1.14, we obtain

z% P J42n=1_1 I+k—2P—1

2? d(XH_l ,X[+k) = Z s2n Z d(x2n71+i,x2n71+i+1) + SZ(p—i—l) Z d(X2P+j,X2P+i+1)
- n=1 i=l i=l

30 p 1+2-11 [+2P -1

31 < Z s Z d(xanl_i_i,xanl_;'_H_l) +S2(p+1) Z d(x2p1i,X004i41)
33 ptl ) [+2n1-1

34 (25) = Z s Z d(.xanl+i,X2n71+i+l).

5 n=1 i=l

3E From (2.2), (2.3), and (2.5), we get

37

:g p+1 2 2”*1—1 1 2n—1 .

:g d(x1+1,x1+k) = ZS " Z A+ +’d(xo,x1)

- n=l1 i=0

40

4T P+1 2’17171 n—1_:

—(2.6) < c Z 52 Z Y2 B (xo,x1).

42 n=1 i=0
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1 By Theorem 1.6, we have the matrix norm |||.|||c on 9%, (R ) is subordinate to the norm ||.||o on
2 My 1 (Ry). It follows from (2.6) and Remark 1.4 that
3 p+1 ) -l o
h ld@rsna)lle < fle Y s Y 7 T Bd(xo,x)] ]
5 n=1 i=0
6 p+l 2l .
7 < e}, s Y 7 |Bd(xo,x) e
8 n=1 i=0
E N 2 r +207
0 < ey sy 7 1B loo|1dl (x0, x1) [|o»
— n=1 i=0
11
12 ptl1 ) i
3 = em o)l Y7y
13 n=1 i=0
14 +1
— [ld(x0, x1)[leo 5~ 2,201

< cmy ——7""—"
15 < cmy Ty ;s a
16 n=
" 10,31 oo K 0121,
s 27 = cm)/lfy 24172 rs,
© —

19
o0 We find that li_r)n (2" 4 2nlog, s —n) = co. Then there exists ng € N such that for all n > n,
Nn—roo

21 -1 Lo onl i

- 2"~'4-2nlog,s—n>1. Then y?' T F2nlogys < it Therefore the series Y y?' +2mlogys is convergent.
— n=1

23 Combining with (2.7), we have
24

il d(x0,x1)]|e
25 (2.8) | (611, %114) oo < C-m-?’]H(l)HS
—-Y
26
% forall [,k e Nand § = yz’HHn 102y5 L etting the limit as [ — oo in (2.8), we have
= =1
29 " .
3 }ggd(xlﬂ,xuk) = 0.
°" This proves that {x,} is Cauchy in (X,d,s). O
32

33 From Theorem 2.1, we deduce Perov’s fixed point theorem in R”-b-metric spaces as follows.

34
- Corollary 2.2 (Perov’s fixed point theorem in R"-b-metric spaces). Assume that
w (1) (X,d,s) is a complete R™-b-metric space and f : X — X is a map.

37 (2) There exists a matrix A € My, n(R) such that

s (a) r(A) < 1.
39 (b) Forall x,y € X,
0 (2.9 d(fx, fy) 2 Ad(x,y).

41
4o Then f has a unique fixed point x* € X and for all x € X ,x* = r}glolof”x
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1 Proof. Letxg € X and x,, = f"xg = fx,— for all n € N. We get

i (210) d(xnaxn-i-l) = d(fxn—lyfxn) = Ad(xn—lvxn)'

3
~, From (2.10), by Lemma 1.8 and Theorem 2.1, we infer {x,} is Cauchy. Since (X,d,s) is complete,
 there exists x* € X such that

6 (2.11) lim x, = x*.

7 n—yoo

" By (2.9), we also have

E d(fx",x") = s(d(fx", foan) +d (o)

0 = s(d(fx*, fxn) +d(Xn11,X7))

11

L 212 =< s(Ad(x",x,) +d(xp41,x7)).

- m

'3 By putting g = [max Y. a;j with A = (g;;) and using Remark 1.4, we have

14 S j=1

15 (2.13) 1A (™, xn) [[oo < [JA[[[oo- 1 (x", 2) oo < gl (X, n) oo
- Tt follows from (2.12) and (2.13) that

18 [d(fx"x e < lIs(Ad(x", xn) +d(xn11, X)) ||eo
9 < s Ad(x" xn)[loo + [|5.d (g 1,57) oo
a4 < sqlld () ot sl Cn1,2)) e

22
23 Taking the limit as n — e in (2.14) and using (2.11), we have ||d(fx*,x*)|l~ = 0. That means

s d(fx*,x*) = @. Therefore fx* = x*, that is, x* is a fixed point of f.
o5 Now, we show that x* is a unique fixed point of f. Indeed, let z* be also a fixed point of f. We have

s X =fx* = f2x* =... = f'x*and 7" = fz* = f?¢" = ... = f"z* for all n € N. Hence, we obtain

2Z A7) = d(f'x*, f'7)

Z% < Ad(fn—lx*,fn—lz*)

30

3t (2.15) =< A"d(x",7%).

%2 Since r(A) < 1, by Remark 1.4.(3), we have

L (2.16) Tim [[]A") .. = 0.

BE Taking the norm ||. || in (2.15) and then taking the limit as n — oo and using (2.16), we have

23 0 <[ld(x",2")[| < lim [[JA%[[]o][d(x", 27) [|ee = O.[]d (", 27) || = O.

*® Then ||d(x*,z*)||. = 0, that is, x* = z*. Therefore, x* is a unique fixed point of f. Moreover, since xg
i% is arbitrary, by (2.11), we have x* = ’}i_r}olof”x forallx € X. O
‘E Next, by using the definitions directly, we give the following lemma to characterise a R"™-b-metric

42 by a separating family of pseudo b-metrics.
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1 Lemma 2.3. Assume that
2 (1) X is a non-empty setand d; : X x X — R foralli=1,...,m are given functions.
S (2) Afunctiond : X x X — M, 1(R,) is defined by d = (d,...,dp).
4

Then d is a R™-b-metric on X if and only if {dy,...,dy} is a separating family of pseudo b-metrics
—onX.
In particular, dy, . ..,d, are called pseudo b-metrics associated with d.

The next lemma shows the equivalence of convergence, Cauchy sequence, and completeness between
the R™-b-metric d and pseudo b-metrics dy, . ..,d,, associated with d.

10
1; Lemma 2.4. Assume that

E (1) (X,d,s) is a R™-b-metric space.

13 (2) di,...,dy are pseudo b-metrics associated with d.

% Then the following statements hold.

% (1) ,}Lr{}od(x"’x) = O if and only yf}ijlr}odi(xn,x) =0foralli=1,...,m.

17 (2) n};jfwd(x”’xk) = O if and only ifn}kigmdi(xn,xk) =O0foralli=1,...,m.

8 (3) (X,d,s) is complete if and only if (X ,d;,s) is complete foralli =1,...,m.
19

20 Remark 2.5. Assume that
21 (1) (X,d,s) is a R™-b-metric space.

22 (2) dV(x,y) = ||d(x,y)|; forall x,y € X and [ = 1,2, o

23
— Then we have

24
o5 (1) dV,d® d*) are b-metrics associated with d.

2 (2) If one of the spaces (X,d,s), (X,d"),s) is complete for [ = 1,2, 00, then all of them are
o7 complete.

28

—  Matkowski’s theorem for self-maps of the Cartesian product of metric spaces was proved in [27].
29 After that, Jachymski and Klima [23] showed the relation between this theorem and Perov’s fixed point
%% theorem in R™-metric spaces. Next, we use Corollary 2.2 to prove Matkowski’s fixed point theorem
31 . .

— for self-maps on the Cartesian product of b-metric spaces.

32

PE Corollary 2.6 (Matkowski’s fixed point theorem). Assume that m € N and foralli=1,...,m,

il (1) (X;,di,s;) are complete b-metric spaces and X = X1 X ... X Xp,.

s (2) fi: X — X; are given maps and f = (fi,...,fm)-
% (3) There exists a matrix A = (a;;) € Mpm(Ry) with r(A) < 1.

87 (4) Forall x = (x1,...,xn),y = (V1,---,Ym) € X,

38

- m

39

E (217) di(ﬁ(xly---7xm),fi(y17'--7ym>) § Zal]d](x]’y])
20 i=1

41

1> Then f has a unique fixed point x* = (xi,...,x},) € X and for all x € X, nlgrolof"x =x"*.
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1 Proof. Forall x = (x1,...,%n),y= (¥1,...,ym) € X,and i = 1,...,m, we denote
% (2.18) D;(x,y) = di(x;, i)

4 and

i D(x,y):(Dl(x,y),...,Dm(x,y)).

i Then {D;,...,Dy} is a separating family of pseudo b-metrics on X. By Lemma 2.3, (X,D,s) is a

s R"™-b-metric space, where s = max s;. By putting p(x,y) = Z di(x;,y;) for all x,y € X and using
.,m

i=1,.

9 Remark 2.5, we infer that (X, p,s) is a b-metric space. Since (X,,d,,s,) is complete forall i =1,...,m,
0 (X,p,s) is complete. Using Remark 2.5 and since (X, p,s) is complete for all i = 1,...,m, we 1nfer
1 that (X,D,s) is complete. Combining (2.17) with (2.18), we obtain
12
E Dl(fx7fy) = '(fl'(xlvxb xm)aﬁ(ylay%'"?ym))

14

1 < Zal i(xj,37)
15 J I

16

17 (2.19) = Z a;;iD;j(x,y)

18 j=1

E By (2.19), we have

“ D(fx, fy) 2 AD(x,y).

z% So, the assumptions of Corollary 2.2 are satisfied. Then f has a unique fixed pointx* = (x7,...,x;,) € X
gandforallxeX,r}i_r&f”x:x*. O

?* " There are several types of integral equations have been solved by using fixed point theorems in

% p-metric spaces, see [3, Theorem 4.1], [20, Example 2.3], [22, Theorem 6], [25, Theorem 5.1], [29,
*® Theorem 5 1], [34, Theorem 4.1], [33, Theorem 3.1], [35, Theorem 3.1] and many others. However, as
" on [36, page 47], these integral equations may be solved just using a certain fixed point result in metric
— spaces, and without using any fixed point results in b-metric spaces.

29 Now, we apply Corollary 2.2 to prove the existence and the uniqueness of an integral equation which
%0 may not be solved by using fixed point theorems in metric spaces as mentioned on [36, page 47].

% Indeed, in the following proof we have

33 l £

37 (Tx)(6) — (Ty)(1)|7 < L z/tl J|7ds.
B

%6 It is equivalent to

37 p
. (X))~ (Ty)(1)| < Lz/ y(s)7ds)"
fﬁ i1

39 However, we can not take the power p under the integral sign to get

40

il "

41

e [(Tx)(1) = (Ty)(x |<L"Z (s)|ds.

42 i
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Then the integral equation (2.21) may not be solved by using fixed point theorems in the metric space
C[0, 1] as mentioned on [36, page 47].

1

2

3

4 Theorem 2.7. Assume that f : [0,1] x R — R is a function such that for all x € C|0,1], for some L >0
5 and 0 < p <1,

6

7 1

= 0) F(t)— @) < L7
9

Efor any t € [0,1] and u,v € R, and f(s,x(s)) is integrable with respect to s on [0,1] for any x € C[0, 1].

"I Then the equation
12

13
1

E (2.21) xr(t) = /Otf(s,x(s))ds, t€[0,1]

15

16
17 has a unique solution x* € C[0,1].

18
E Proof. We put
20

21

o 00 = ([ 7(s.2(5))ds)”

23

2Zfor all r € [0,1] and x € C[0,1]. Then there exist m € N and #; € [0,1], j =0,1,...,m such that
2% 0=ty<t) <...<tp=1and

26
& p
28 (2.22) lrgrljgg(m(tj _tj—l) < Z
29
o .
o Forall j=1,...,mand x,y € C[0, 1], we define
32
1
© (223 dj(x,y) = max |x(t)=y(1)[7.
34 i1 <t<t;
®
% Then d ; is a pseudo b-metric in C[0,1]. Therefore, {di,...,d,} is a separating family of pseudo
%7 p-metrics in C[0,1]. Putd = (d,,...,d,). By Lemma 2.3, d is a R”-b-metric in C[0,A] coefficient
38 1
o 5= 27!, By Remark 2.5, we find that d*) defined by (=) (x,y) = ||d(x, )|l for all x,y € C[0,1] is a

1 1
20 b-metric in C[0, 1] with coefficient s = 27 ~'. By Remark 2.5 and since (C[0,1],d,27 ') is complete,
- 1
41_we have (C[0, 1],d,27 ") is complete.
42 Now, foreach j=1,...,m,x,y € C[0,1], 1 € [tj_y,t;], by (2.20), (2.22), we get
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1

2 1 t r t P %
B 0=l = |( [ feawias) - ([ )
4 0 0

= < [ UG = Fls.y(6))lds
© 0

. < [ (s) = £ls () lds
9 oo

o = X[ 176 = £lsy(5)ds
? i=174-1

i J t;

<1y / [x(s) = y(s)|ds

il j

15 < LY dilxy)(ti—ti1)

E i=1

17 J

. < pY di(x,y)

. i=1

19

QE By (2.23), we infer that

21 J

22 dj(Tx,Ty) < pZdi(x,y).

23 i=l

ZZFori,j: 1,...,m, we put

2 ) p ifi<y

= Yo i

27

28 and define A = (aj;). Then d(Tx,Ty) < Ad(x,y) and A is a triangular matrix with p on the diagonal.
29 Since p is the only eigenvalue of A, we get r(A) = p < 1.

30 By the above arguments and using Corollary 2.2, T has a unique fixed point x, € C[0, 1]. That is, for
31 allt € [0, 1], we have

32

5 ( /0 t f(s,x*(s))ds> " o)

34
35 Itis equivalent to

36 1 t

o (0= [ flox(o)ds

87 0

B 1t implies that the equation (2.21) has a unique solution x, € C[0,1]. O
39

40
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