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9
0 Abstract. In this work, we investigate the existence of positive solutions for a fourth-order
o beam equation
12 W (x) = A" (x) = ph(x) f(u(x)), x € [0,1],
. u(0) =u"(0) = u(1) = 0,6u"(1) —u" () + 2u'(§) =0,
1 with sign-changing Green’s function. Combine a priori estimates of Green’s function, we
. apply the Leray-Schauder fixed point theorem to obtain the existence of positive solutions.
° Moreover, we give the Ulam-Hyers stability result of the solution for the equation.
16
17
18 1. Introduction

—

(i Prior to the early 20th century, it appears that most suspension bridges were constructed

20 primarily on the basis of rules of thumb without any theoretical support. As a result, they
21

— were prone to a wide range of oscillations, including torsional and purely vertical oscillations.
*’ This led to the general modeling of the beam equations
23

24 mug + Eltgon + 0wy = —ku™ +W (x) +ef(x,1),

n

> where E and I are physical constants associated with the beam, Young’s modulus and the
26 o )

~_ second moment of inertia, respectively, see [3, 10, 17].

2; Suppose that u represents an elastic beam of length L =1, which is fixed at x =0 (i.e., no
?i displacement or rotation) and has no displacement at x =1, but may have a support that can
%i slide or rotate. Along the direction of the beam, a varying load g(x) = uh(x)f(u(x)) is applied
.‘ﬁ to the beam, the magnitude and direction of this load is determined by the functions f(u(x))
iji and h(x) (see Fig.(a)). Now, let EI =1, then from above remarks we can get the following

” boundary value problem(BVP)

" u® (x) = wh(x) f(u(x)), x € [0.1],
35 u(0) =u"(0) =u(1) =0,
" §u(1) = u"(£) + Al (£) = 0.

37 .
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1 This model may be used to simulate girder and bridge design in structural engineering, espe-
5 cially in girders where nonlinear loading effects are considered, such as in the presence of large
5 deflections, prestressing, dynamic loading, or with specific boundary conditions. Solving this
4 equation can help in designing and predicting the performance of a structure under actual

operating conditions, including strength, stability and vibration characteristics.

wt

6

7

- z=0 q z=1

8
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9 7

10

11 (a) q(x) = ph(x)f(u(x)) is arbitrary load
o form that may change sign, which im-
— plies that the wind direction is variable.
3 At x =1, the linear displacement at that
14 point must be zero, allowing for angular
15 displacement, that is, the point is a fixed
16 hinge constraint.

17

18

With the application of the beam equation in engineering mechanics, the suitability of
o solutions for fourth-order boundary value problems has been extensively studied, see [1, 14,
. 15]. In recent years, the existence of solutions for fourth-order nonlinear boundary value
v problems has received extensive attention from many authors. For example, Yan et al. in [21]
o investigated the global structure of positive solutions for fourth-order problem with clamped
— beam boundary conditions. In [11], Li investigated the existence of positive solutions for
24
fourth-order BVP

H
© ‘

25

u® + B’ — Su = f(t,u),1 € (0,1),

o7 under the boundary conditions

(L) u(0) = (1) = '(0) = /(1) =0,

29

50 where B < 272, % + % <1land 6> —BTZ. In addition, in [24], by the Leray-Schauder’s fixed
37 point theorem, Zhang and Chen studied the existence of positive solutions for fourth-order
35 differential equation

33 u® () + c(t)u(t) = La(t) f (u),

34 under the boundary conditions (1.1), where a(t) is continuous with a(z) # 0, and there exists

35 K > 0 such that ) 1
0 | Gs)a9ds =K [ Gle.s)a(s)as.
0 0

37
38 The above researches are based on the non-negativity of Green’s function. For similar results,

30 please refer to [2, 8, 12, 13, 22, 23] and the references therein.
40 The existence of positive solutions of differential equations for which the Green’s function
41 is nonpositive has also been extensively studied. For example, in [4, 19, 20], in the case

42 where the Green’s function is sign-changing, the authors studied the third-order three-point
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1 BVP and they obtained the existence of at least 2m — 1 positive solutions[20], existence and
» incrementality[19], existence, nonexistence and multiplicity[4] of positive solutions.

5 On the other hand, some scholars focused on the existence, uniqueness and multiplicity
4 of positive solutions for fourth-order boundary value problems with changing-sign Green’s
5 functions (see [7, 18, 25]). In addition, Ma[16] studied the existence and nonexistence of
positive solutions for the periodic boundary value problem

{ u' (1) +a(t)u(r)
u(0) =u(T), u

Ab(t)f(u), a.e. t €1[0,T],
0) =

/(0) = (T),

[o]e]~]=

10
11 where the positive part of Green’s function is greater than the negative part. In particular,
12 Gao, Zhang and Ma in [9] considered the existence of positive solutions of the above equation
15 with a(t) = (3 +€)? (€ € (0,%)) and T = 27 by the Leray-Schauder’s fixed point theorem.
14 In [5], Chen showed the existence of positive solutions for the semi-linear elliptic system.
15 Moreover, Zhang and An[26] used the fixed point index theory, combined with the properties
16 of the positive and negative parts of Green’s function, to obtain the existence of positive
17 solutions for second-order differential equation.

18 Based on the inspiration of the above research, we will study the existence of positive
19 solution for the following fourth-order three-point BVP

21 u® (x) — Au" (x) = ph(x) f(u(x)), x € [0,1],
22 (1.2) u(0) =u"(0) =u(1) =0,
Su"(1) —u" (§) + 2 (§) =0,

24
25 where A > —&2, u >0, 8§ €[0,1) and { € (0,1); & is a Lebesgue integrable function on [0, 1];
26 f:]0,4+e) — R is continuous. The proof is based on the Leray-Schauder fixed point theorem.
27 The key of this paper is the calculation of the Green’s function. The innovation of this paper
28 is the existence of positive solutions for the equation when the positive part of the Green’s
29 function (or the product of the Green’s function and the weight function) is greater than the

30 negative part.
31

32
33 Remark 1.1. The third-order derivative of deflection is one of the critical indicators in civil
34 engineering and architecture. The third-order derivative of deflection can be used to pre-
35 dict the deformation and fatigue damage of structures under different loads, and thus guide
36 maintenance and repair work.

37

:g The following arrangement of the article is as follows: In the second section, we will
30 calculate the expression of Green’s function and consider some of its properties. In the third
40 and fourth sections, we will give the main results (the existence of positive solutions and the
41 Ulam-Hyers stability) of this paper. In the fifth section, we will give practical examples to
42 support our main results.
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2. Preliminaries

z Firstly, we consider the corresponding linear BVP
- ) () = A" (x) = w(x), x € [0,1],
5 (2.1 wm_u() u(1) =0,

6u//( ) ///(C) A’ (C)

where 8 € [0,1), { € (0,1), w € L[0,1] and A > —7°.

ﬁ Lemma 2.1. Let ¥ = /|A|. The equation (2.1) has the unique solution

11 1
7 ux) = [ Glrywiy)ay,
13
11 where (i) if A =0,
15 5 .
e y(3x— ) (1—x)+ £ (1 —2), y < min{x,C},
16 5
17 1) xp(1-y)(3~ y)+y2—X]+ (=), x<y<{,
— Glx,y)=¢ > 3y 11
18 6 | —y(1—x)(* —3x) — 25—, E<y<x,
_ 2
— S (1 y)?, max{x,(} < :
21 (ii) if A >0,
22
— ((6—1-6x)y  sinhdysinh &(1—x) ysinh 9x :
23 32(6-1) 5o T 926-nsmhg VS min{x, {},
24
25 (6—1-6y)x  sinhPdxsinh¥(1—y) ysinh 9x
” ST6-1)  o%smho T o%—nsmho> FTSVS &
- G(x,y) =
— Sy(1—x)+x—y  sinhdysinh®(1—x)  (1—y)sinhdx
2 52(6-1) 53 sinh 0 26— 1)sinh E<y<x
29
30 Ox(1—y) _ sinhdxsinhd(1—y)  (1—y)sinhdx .
- B2(6-1) B3 sinh 0 D2(6—1)sinh 0’ max{x,{} <y;
(i) if —w% <A <0,
33
34 ( (6—1-0x)y | sindysin®(1—x)  ysindx .
” 6= T 9dsno S5-nsmp: ¥ S min{x,C},
36
o _ (6—-1=6y)x | sindxsin®¥(1—y)  ysin®dx
37 6= T osmo T6-Dsmg> FTSYS ¢,
38 G(x,y) =
39 _6s(1—x)+x—y | sindysind¥(1—x) (1—y)sin¥x
s 26-1) T smd T 92@-1)sind’ E<y<w
ol Sx(1-y) | sindxsind(1—y) , (1—y)sind
— x(1—y sinYxsin ¥ (1—y —y)sin ¥x
2 ("6 T~ osme T 9206-1)sind° max{x,{} <.
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Proof. Integrating the equation u® (x) — Au”(x) = w(x) from 0 to x, we get
u” (x) — A (x) = /Oxw(y)dy +c.
Now, combining u(0) = «”(0) =0, and integrating the above equation from 0 to x, we can get
()= 2) = [ ey +ox
From éu” (1) —u""(§) + A/ (§) = 0, it follows that

1 ¢
c= %[6/0 (l—y)w(y)dy—/0 w(y)dyl,

1
2
3

4

wt

[o]e]~]=

=
o

% which yields that

— X X 1 ¢

e ' (0) = Aulx) = [y = 5[5 [ (1w~ [Ty,
14 0 o—1""Jo 0

15 Combining u(1) = 0 and using the method of comparing coefficients, we obtain that
16 1

i ux) = [ Glrywiy)ay,

18
1o where Green’s function G(x,y) is divided into the following three cases:

20 Case 1. When A =0, if y< ¢, y<x,

21

: Glxy) — (l_x)(;__ll_sy)/Oyrzd1+(1—x)y/yx’c(l—66_71)41’6

- —I—xy/xl(l _ o)1 —%)dr

26 _ (6-1=8y)(1—x)y  (1—x)y §(1—x)y

27 - 3(6—1) 3 (xz_yz)_3(6—1)(x3_y3)
(287 +)cy(l—)c)z_(‘Sxy(l—xz) Sxy(1—x3)

% 2 2(6—1) 3(6—1)

;; = %(Sx—yz)(l—x)+6(15iy6)(1—x2);

3 ify<{,y>x,

o Glny) - (l_x)f__ll“s”/Oxfzdf+x(1_%)/xy(1—r)m

0 ! 87

a +xy/y (1-0)(1 - 5—)dr

20 (6-1-8y)(1—x)x* (6—1-6y)x (6—1—0y)x
o - o0 ey V) ey )
a1 +xy(1—y)2_3xy(1—y2) Sxy(1-y%)

a2 2 206—1) ' 3(6-1)
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1 _ X _ _ 2_ .2 dxy 2.

Sify>g y<x,

4 X _ —

5 Gx,y) = M/Z%wu-@/ ray(l ks Yar

N 1 _ _

o +x/ (1—17)6)}(1 ki Yar

8 x o—1

9 S(1-y(1-x)y* (I-x)y 5 o (By-D1-x), 35 5  x(-x?
0 - 3(8—1) 5 YTy WY T
o C(By—Dx 5 (By—Dx - 3

2 RS AT B A

3 o y(1-00?=3x)  (dy—Dx(1-2%)

o B 6 6(6—-1) °

16 ify>8, y>x,

1 _ (1 -x)(1-y) /x 2, 0x(1—y) /y B

s G(x,y) = 51 A T°dT+ 51 x(l T)tdT

19 1 _ _

o +x/ (I_T)5y(l T)+7T Y 10

21

- S(1—y)(1—x)x® dx(1-y) 5 5 Sx(1-y) 3 3

22 — — - 77 —

o 3(6-1) oY ) 3o 0 )
21 xy(1-y? (By—Dx,. 5 (Sy—Dx = 4

5 T 26—y )Ty )

%6 o Sx(l—y)(1—x%) x4 )

28

5 Case 2. When A >0, if y < {, y<ux,

30 B (5—1—5y)sinh19(l—x)/y - ysinh ¥ (1 —x) /x e
£G(x,y) = (5= 1)osinho A Tsinh dtdt+ (65— 1) sinh o )y (6 —1—971)sinhdtdr
32 .

2 ysinh 9x Lo , B

33 +(6_1>m ; (5 1 5T)Slnhl9(1 T)dT

34 . . .

- _ (5—1—6y)s1nbﬁ(1—x) (ycoshﬂy_smhﬁy) ys1nh19(1.—x) (6—1—6xc0sh19x
o (6 — 1) sinh ¥ 0 92 (6 — 1)¥sinh & 0
o 0—1-—0y O0sinhdx  Jdsinhdy

37 _ .

o 5 coshdy+ 52 57 )

39 ysinh ¥x 1 6-1-6x _ ., 6sinhd(1—x)

o +(6—1)195inh19(19+ g coshd(l—x) o2 )

a1 (6 —1—06x)y sinhdysinhd(1 —x) ysinh ¥x

22 61 57 sinh © 52(5 — 1)sinh ®’
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1 ify<,y>x,
2 . .
= (6 —1—0y)sinh (1 —x) /X , (6 —1—20y)sinhdx ¥ .
, = h hd(1—
jG(x,y) (5= 1)osinho A Tsinhdtdt+ G—T)osnho /. tsinh ¥ (1 — 7)dt
ysinh ¥x 1 .
5 o YOO s 1 - §1)sinh o (1 — 1)dt
5 (6 —1)%sinh® J,
s (6 —1—06y)sinh (1 —x) <xcosh19x_sinh19x> (6 —1—3dy)sinhdx
8 B (6 —1)¥sinh ¥ ) V2 (8§ — 1) sinh ®
9 X y | .
g Ecoshﬁ(l—x)—gcoshﬁ(l—y)—m(smhﬁ(l—y)—31nh19(1—x)))
1 ysinh 9x 1 6—1-—0y dsinh ¥ (1 —y)
n o Desmg (5 e Rl - )
15 _ (6—=1-6y)x sinhdxsinh¥(1—y) ysinhdx
M T 92(8-1) 9¥3sinh ¥2(8 — 1)sinh ¥’
15
6 ify>¢ y<x,
1 (1 —y)sinhd(1—x) ¥ _ .
s Glxy) = ((5i)1)0sin(hﬁ )/0 Tsinh®tdt
19
— sinhd(1—x) (¥ )
‘ ——— [ [6y(1— — hdtd
i% +(5—1)19sinh19/y [6y(1 —T)+ 7T —y|sinhd1dT
- sinh ¥x 15 ,
il e 1— — hd(1—1)d
. +(3—1)19sinh19 | [6y(1 —T)+T—y|sinh (1 —7)dT
24 B 5(1—y)sinhz9(1—x)(ycoshﬁy_sinhﬁy) sinh ¥ (1 —x) y
2 = T (5-1)0sinho o 52 (6 —1)0sinh o
26 dy(1— — oy(1— 1-48
oy (y( );)—i—x ycoshﬁx—%cosbﬁy—Ty(sinhﬁx—sinhﬁy)>
QE sinh ¥x l—y Oy(l—x)4+x—y 1-0y .
20 - h¥(1 —x) — ———=sinhd(1 —
2 +(5—1)05inh19( K X cosh B (1 —x) = —55= sinh B x))
f% ~ Sy(l-x)+x—y sinhOysinhd(1-x) (1-y)sinhdx
o B ¥2(5—1) 9¥3sinh ¥ ¥2(8 —1)sinh®’
5 ify>{ y>ux,
34
0(1—y)sinhd(1—x) [* . O0(1—y)sinhdx (¥ |
35 = h h 1-—
;?G(x,y) 5= 1)9sinho /o tsinh drdt+ 5-1)0sinho Jx tsinh ¥ (1 — 7)dt
- sinh ¥x /1 5 ,
o —_— 1— - hd(1—-1)d
. +(5—1)19sinh19 | [0y(1 —T)+T—y]|sinh (1 —1)dT
39 O0(1—y)sinh (1 —x) sxcoshdx sinhddx\ &(1—y)sinhdx y
39 _ _ — Y cosh (1 —
w0 (6 —1)9sinh© ( Y 52 > (5—1)19sinh19( g cosh Bl =)
4 X sinh®(1 —y) sinhd(1 —x)
2 +5cosh19(1—x)— 52 + 52 )
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sinh ¥9x I—y oy(l—y)
+(5—1)19sinh19< 5 T o
6x(1—y) sinhdxsinhd(1—y) (1 —y)sinhdx
92(6—1) ¥3sinh ¥ ¥2(6 —1)sinh "

Case 3. When —m2 <A <0,ify<{,y<ux,

1—0ox .
coshd(1—y)+ 57 sinh (1 —y))

6
7 (6—1—38y)sind(1—x) [¥ . ysind®(1—x) [* )
. — 11—
iG(x,y) G- 1)osmo /0 Tsin¥1dT + (6—1)193in19/y (6 07)sind1dt
o v
0 + islmﬁs)inﬁ/ (6 —1—67)sind(1 — 7)dt
11
— (5—1—5y)s1n19(1— x) / ycos¥y sindy ysin® (1 —x) 0—1—06x
; — — — (s
= 6 1)0sin® ( X ﬁ2>+{5—nﬁgnﬁ< 5 U
o 0—1—0y Osindx  dsindy
14 —
- + 5 cos vy 52 + 57 >
6 ysin ¥x 1 o0-1-0x osind(1 —x)
16 YUY o 0T O s (1 — ) 22RO
17 +(5—1)19sin19( Y 5 (I—x)+ 52 )
15 ~ (6-1-06x)y sindysind(l—x)  ysindx
19 B 92(6—1) ¥ sin 92(86 —1)sin®’
%fﬁy<QyZL
> (5—1—5y)sin19(1—x)/x ) (6—1—3y)sindx (¥ .
- 1—
. = G(x,y) 5= 1)dsinv A Tsin¥tdt+ G-Dosno ) Tsind (1 —7)dt
24 ysin 9x ! .
05 +m g (5—1—5T>Slnl9(1—'f)df
20 (6—1—35y)sind(1—x) / xcosP¥x sindx\ (6 —1—3y)sindx
_ _ Y cos (1 —
7 (6— 1)Osind ( 5 ) (6—1)0sino (ﬂC“ (1=5)
28
= 1
29 —%cosﬁ(l—x)+m(sinz9(l—y)—sinﬁ(l—x)))
30
— ysin¥x 1 6—-1-09y Osind(1—y)
: - (= 1— _ 77
— +(5—1)19sim9( B g cost—+—; )
- _ _(6—1-6y)x sinOxsind(l—y)  ysindx
34 B2(6—1) B3sin ¥ B2(6—1)sin®¥’

P ify> g, y<x,
36

— O(l—y)sind(l—x) [¥ . sind(1—x) (¥ _

31 G vtd —_ oy(l— — vtd
= (x,) 1) osmnd /0 Tsin 7T T+(5—1)19sin19/y [6y(1 —7T)+T—y]sind1dT
59 sin ¥x ! ,

= —— oy(1— — ¥(1—1)d

e _ 5(1—y)sm19‘(1—x)(_ycos19y+51n19y)+ smz?(l—.x) y

42 (6 —1)9sin®d 0, 92 (6 —1)Ysind
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- - - -
% (_5)’( );9)"‘)5 ycosﬁx+wcosﬁy—f—%(sinﬁx—ﬂnﬁ)ﬁ)
Y sin¥x I—y Oy(l—x)+x—y 1-6y .
3 - 81 —x) — (1 —
y +(5—1)ﬁsin19< K} 0 cos (1 —x) = —gz=sin & x)>
5 COoy(l—x)+x—y sindysind(l—x) (1—y)sindx
0 925 —1) 53 sin O 52(56 —1)sin®’
7
s ify>§y>x,
9
0 5(1—y)sin19(1—x)/x , 6(1—y)sindx ¥ .
— G = Mtdt+ (1 —1)d
n (%,3) GoDosns b MO G psme J, PO T)dT
12 sin 9x !
T —_— oy(1— —y]sin¥(1 —7)d
5 +(5—1)19$in19/y [6y(1—1)+T—y|sind(l —1)dT
14 . . .
0(1—y)sind(l —x) / xcosPx sindx\ (1l —y)sindx/y
- _ - 2 cos (1 —
= (6 —1)Osin® ( 5 192> (5—1)0sm19(19cos( Y)
- X os (1 — sind(1—y) sind(1—x)
- 5 €08 (1—x)+ 52 52 )
o sin Yx 1—y dy(1—y) - _1-6y . |
o +(5—1)19sin19( Y g cosBl—y) - —g=sind( y>>
21 __6x(1—y)  sindxsind(l—y) (1—y)sindy
2 98 -1) ¥3sin ¥2(8 —1)sin®’
23
5. Therefore, we complete the proof. O
jé Lemma 2.2. Green’s function G(x,y) satisfies:
z% G(x,y) >0 for 0<y <,
— G(x,y) <0 for { <y <.

29

. Proof. From Lemma 2.1, when A =0, if 0 <y < {,
31

— (1—x)(1— 2 g Pde+ (1 —x)y [F1(1 - &%)t
34

35 —{—xyfxl(l—f)(l—%)d’r, 0<y<x<l1
5 G(xy) =

37 _ _ Sy x g2 _ Sy -

o (1=x)(1—=52) o todt+x(1 — 575) [ (1 = T)TdT
= +xy [J(1=1) 1= 2)dr, 0<x<y<lI
40 \ Yy 5-1/47, Sxsys L

41
g from & € [0,1), we get 1 — % >0and 1— % >0, which means G(x,y) >0 for y <.
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v Ify> ¢,

2

% (8(1—x)(1—y) J§ dt+ (1 —x) [Fo(8y(1 - 1)+ T~ y)dT
6 1 —i—xfxl(l—r)(ﬁy(l—‘L’)—i—‘v—y)dr, OSySXS la
s G('xay)zﬁ

8 §(1—x)(1—y) fFe2dt+6x(1—y) [*(1—7)7dT

9

o | [ 0-0@(1-ntToydr,  0<x<y<l,

12
13 from 0 € [0,1), we get ﬁ < 0, which means G(x,y) <0 for y > {.
" When A >0,if y<¢,

15

- 5—1—8y)sinh ¥ (1— ho(1—x) (x ,
17 (LS 0= ¥ £ sinh 9 ed't + 2RO Y5 1 — §t)sinh 9 tdT
5
= 1 +y1;::hﬁg (6 —1—487)sinhd(1 —7)dr, 0<y<x<l,
20
6—1-6 hd(1—x) 6—1—38y)sinh ¥x
2 ( ﬁys)nilt?zs‘ Jot Slnhﬁfdf+(19+}fg1fy Tsinh (1 — 1)d7
24 { +yl,f';ri’fhﬁg y1(5—1—61:)sinh19(1—r)d1:, 0<x<y<l,
25
26
;from 0 €[0,1), we get ﬁ <0,0—1-06y<0and § —1— 9571 <0, which means G(x,y) >0
QE for y<{¢.
2 Ifs>¢,
l&
% B yﬁssﬁllg_l ~fo rsmhﬁrdr—k%fy [6y(1 — 1)+ T—y]sinh¥1dT
33
” | om0y [ [8y(1—7)+T—y]sich®(1—7)dr,  0<y<x<l,
55 Glx,y) = 5—1
36 %ﬁ) Tsinhdtdt + —(lﬁzmsifgwx [JTsinh ¥ (1 —1)dt
37
= ( i [1[5y(1— 1)+ T —y]sinh (1 — 7)dT, 0<x<y<lI,

39
10
41 from 6 € [0,1), we get ﬁ <0 and dy(l —7)+7—y >0 for T >y, which means G(x,y) <0

gfory>§.
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When -2 < A <0, if y <,

1

=z O—18nsind1x) 13 7 gin B ed T+ %[;(6 —1—-387)sindtdt

3

4 .

; | 20 (15— 1 - 87)sin (1 - 1)dr, 0<y<x<l

6 Glxy)= 51

7 (6-1- ?s)lilgﬂ (1=x) Iy Tsin®tdr 4 O=L-0))sindx 1193;1“'9)“ [Yrsind(1—1)drt

8

= IO 1§ 1 - §7)sind(1 — T)d, 0<x<y<l,

E from & € [0,1), we get 5_51:1‘” >0 and % > 0, which means G(x,y) >0 for y <.

2 Ifs>(,

13

" (9U=y)sind(1=x) 3 ’ﬂ:ﬁg (1=x Jg TsindtdT+ —S”gssfrllﬂx) S 18y(1—1) +7—y]sindtdr

15

16 | 305 PHSy(1— 1)+ 7 —y]sind(1 — 7)dr, 0<y<x<lI,
TGy =5

18 B S(1—y)sind(1 8(1 s

o %ﬁ) ‘L’smﬁrd‘t—k%ﬁfsmﬁ(l—r)d‘c

20

21 +30e [1Sy(1— 1)+ T —y]sind(1 - T)dT, 0<x<y<l,

2 from & € [0,1), we get ﬂ <0and 6y(1 —7)+7—y>0 for 7>y, which means G(x,y) <0
> fory>¢. O
24

55 For the general function @(x), we define the positive and negative parts of @(x) by

2i (p+(x) — (P(X), (P(x) > 07 (Pi (X) _ —QD(X), @(X) < 07

% 0, k) <0, 0, o(x) > 0.

29 3. Existence of positive solution

30

31 In this section, we will use the properties of Green’s function and Leray-Schauder fixed

32 point theorem to study the existence of positive solutions of BVP (1.2).
33 Before proving the main result, we give the following Lemmas.

. (see [6]) Let T : E — E be a completely continuous operator, where E is a Banach
, such that each solution (x,v) € E x [0, 1]

3() f
i x=vTx,vel0,1],x€E

38
o satisfies ||x||g < K. Then T has a fixed point.
47 Theorem 3.1. Suppose that:

41 (H1) his a Lebesgue integrable function on [0, 1] and A(x) maybe change sign;
42 (H2) there exists a constant L > 1 such that Jo (G(x,y)h(y)) Tdy > LfOI(G(x,y)h(y))*dy;
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1 (H3) f:]0,400) = R is a continuous function with f(0) > 0.

5 Then there exists uo such that for u € (0, up), the problem (1.2) has a positive solution

3 1

T = [ GO (ul))dy.

Z Before proving Theorem 3.1, we need the following lemma:

7 Lemma 3.2. Assume that (H1) and (H3) hold. Let r € (0,1), then there exists i > 0 such
8 that for e (0,@), TTu=u [y (G(x,y)h(y))* f(u(y))dy has a fixed point u* with [|u*|| — 0 as
9 u— 0, satisfying

=
o

u(x) > urf(0)g(x) for x € [0, 1],

% where g(x) = Jy (G(x,y)h(y)) " dy.

I

13 Proof. Firstly, one can readily observe T" : E — E is completely continuous. According to
11 the continuity of f, let f(x) > rf(0) hold, for 0 < x <y, where y > 0. Since

15

. 9 =1 [ () Fu)ay,

17 we can get

18

m ) 2 1rf(0) [ (G )h) dy = r(0)g()
20 Suppose that

21 14

L U < —————, where A(x) = max f(s

: 2TelIAT) = By

23 then for 0 < x <,

24 A 1 A 0

o5 ) < and () > rf(0) — 4ooas x — 0.
z v S aulel M Tk T

;% We know from the continuity of f that there exists £, € (0,7) such that
28 Ally) 1

w G 2ulgl

. Let ucE and 0 € (0,1) such that u = 6T u=0u [y (G(x,y)h(y))* f(u(y))dy. Then
31

5 Alful) 1

5 I —rl

31 which means that ||ul| # €,. Note that £, — 0 as u — 0. We know from Lemma 3.1 that T
35 has a fixed point u* with [ju*|| < ¢, <. Consequently, u*(x) > urf(0)g(x) for x € [0,1]. O

?7) Proof of Theorem 3.1. Let w(x) = [y (G(x,y)h(y))~dy. By (H2) and Lemma 3.1, there exist
;T two numbers aj,a; € (0,1) such that

3 (3.1) Y)If )] < a2g(x)f(0), for y € [0,a1], x € [0,1].

40 Tn fact,
41

) VIO = [ (G dy- 1)) < L0 < asg()7(0),
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where a, satisfying 1|f(y)| < a2 f(0) for y € [0,a1].

1
> Fixre(ap1) and let gy > 0 such that
% (3.2) [l +urf0)llgll < ar for p < o,
- where u* is given by Lemma 3.2, and for x,y € [~aj,a1],
r—ajn
—(33) F) = fO)] < —5—(0),
s with [x—y| < porf(0)]lg]l.
9 Now, assume that g < go. We seek a solution u of (1.2) in the form of u* +v*. Thus, v*

0 satisfies

=

11

m 9=t [ Gy vy~ [ (G )y, ve 0.1]

'3 For each w € E, let v=A® be the solution of

14 1 1

V) =1 [ GO +@)dy = [ (Glry)()) Sy

16

17 Then A : E — E is completely continuous. Let v € E and 6 € (0,1) such that v = 0Av. Thus,
18 1 1

m () = 0 | Gley)hO)S (" +)dy— 6y | (Gl y)h(3)* F(u)dy

2. Now, we show that ||v|| # urf(0)||g||. Suppose on the contrary that ||v|| = urf(0)|/g||. Then,

L we can obtain from (3.2) and (3.3) that
22

5 4] < [+ ] < a

24 and .

: (" +v) = ()] < =5 £(0),

- which together with (3.1) implies that

28 1 1

W MWL = 18m [ GO +v)dy= 6 | (Gl S(u )y

30 1 1

0 < | (GEry)h()) (£ +) = Fu)dy|+ i | (Glxyh()) Sy
" < U2 10)g(0) + e (0)s(0),

w (34) @) < CEDR r0)e) for xe 0,1,

2
37
38 In particular, [[v|| < r+“2 2R £0)||gll < urf(0)||g|l, which is a contradiction. Thus, A has a

39 fixed point v* with |[v*|] § urf(0)| gll, by the Leray-Schauder fixed point theorem. Moreover,
10 v* satisfies (3.4) and we know from Lemma 3.2 that

2@ - ) = prf0)se) — TR o)) = T o)),
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1 which means that u is a positive solution of (1.2). O

— Corollary 3.1. Suppose that (H3) hold. Replace (H1) and (H2) respectively by:

(Hl ) h is a Lebesgue integrable function on [0, 1] with 2> 0 if 2 >0 for a.e. 1 € [0, 1];
— (H?2') there exists a constant & > 0 such that [y Gt (x,y)dy > (1+€) fy G (x,y)dy.

— Then there exists u* such that for u € (0,u*), the problem (1.2) has a positive solution.

[SAN N

4. Stability analysis

In this section, we discuss the stability of solution (perturbation) u for the beam equation
0 (1.2).

[o]e]~]=

>—A>—A
—

o Definition 4.1. Equation (1.2) is said to be Ulam-Hyers stable, if there exists a real number
. M > 0 such that, for Ve > 0 and each solution v € C*[0,1] of the inequality

1 (4.1) W () = 2" (x) = ph(x) f(v(x)| < &, x€[0,1],

15

— Wlth boundary conditions v(0) =v"(0) =v(1) =0 and v’ (1) —v"(n)+AV'(n) =0, then there
— exists a solution u € C*[0, 1] of problem (1.2) such that

17

18 lu(x) —v(x)| < Me, x € [0,1].

" Theorem 4.1. Assume that (H1) and (H3) hold. In addition, there exists a real number K >0

?i such that
= () = F(0)| < Klu—v],¥ u,v € C[0, 1].

22
>3 Then the problem (1.2) is Ulam-Hyers stable if uKG*[|h[|;1 <1, where G* = max,c[p 1 |G(x,y)|.

24

= v®(x) — 2V (x), then by Lemma 2.1, it yields that L is an invertible operator.
(x) € C[0,1], by

26
~_ Lemma 2.2, we have
27

s L) = | / (e )h(y)dy| < GllAll,
29

30 which implies that ||[L™!]| < G*.

31 So, if v € C*[0,1] is the solution of (4.1), we have

32

33 u/ (% )h()f(v(v))dy]
= =Bl WSO

% = L (L= k() f ()]

i <L Ly — ph() ()|

38 < G'e.

39
10 From Theorem 3.1, it concludes that the problem(1.2) has a solution u(x) satisfying

41 1
o u(x) =1 [ Gl (u()dy:
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Then for ¢ € [0, 1],

S —ul = )~ [ Gl r)a

< )~ [ GLHO) SO0+ [ Gy at) 7))
Z < G*8+MK/01IG(x,y)h(y)(u(y)—V(y))ldy

. < Ger kG [0 uty) ~ vy

v < Gre+uKG llux) —v(x)),

2 which yields
13

14

G*e
| <
1= uKG A,

[v(x) — u(x) =Me, x€0,1].

15

" Therefore, the problem (1.2) is Ulam-Hyers stable. O
17
. 5. Examples

E In this part, we will give examples to illustrate the rationality of condition and the existence

20 of positive solutions.
21

5, Example 5.1. If A =0, we consider the following simply supported beam

23 u® (x) = 1007 (cos(47x) — sin(47x)), x € [0,1],
u(0) =u"(0) =u(1) =0, Lu"(1)—u"(1)=0.

25

) Wiz
o Let f(u)=1,6=C= 1 and h(x) = 1007(cos(47x) — sin(47x)), where h(x) is sign-changing
o7 (see Fig. (b)). Then the function image of the integral fol G(x,y)h(y)dy is shown in Fig. (c).

23

24

28

29

30

x) = 10077(cos(47x) - sin(4 X

31

32

33

34

35

36
37

38

39

40

41

42

h(

400

h(
%)
200
02

( )
04 0

)
/\ ”
0 10

—-200

-400|-

.
6

(b) h(x) is the gust load, which is variable sign

and corresponds to a change in wind direction.
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Integral value
3.0F

25F

-&‘w‘w‘w

20F

wt
o

02 0z 06 08 10
(c) Integral of G(x,y)h(y) over s from 0 to 1.
Deflection map when u =1, i.e., image of the

e
|G ]e]e]~]e

solution u(x).

13

% Remark 5.1. Since the solution u(x) = ,ufol G(x,y)h(y)dy of the equation in Example 5.1,

o

. u(x) >0 can be obtained from Fig. (c).

E Example 5.2. If A =0, the following BVP is taken into consideration:
18

o { u® (x) = u(sinu+1), t €0, 1],
u(0) =u"(0) = u(1) =0,1u" (1) —u"(3) = 0.
]

2ZLet f(u)=sinu+1, 5 =¢ =1 and h(x) =1, then for x € [0, 1],

22

20

2 1 1

23 /G+(x,y)dy—(1+€)/ G~ (x,y)dy

24 0 0

2 L 2 2

| = <| [ (sGx= 10401 -2)dy

20 6|.Jo

r 1

o [ (=933 =P y(1 =) )y

29 X

30 I

. +(1—|—8)x% (—(1—y)(l—x2)+y3—3y2+3y—1)dy]
o 2

32

3: - — | 1— 221,

= |7 G 16

35 Let ﬁ(x):t3—|-(§—l)x2+ —?—g,xe[o,%],then

il ) 9¢ €
37 B'(x) = (3x+¢€—2)x, ﬁ(O):1_1_6 and [3(1):1_%.
% If € > 1 ie. €< 3, then B(x) is increasing on [0, 3], so B(x) > B(0) =1—% > 0.
o On the other hand, for x € (3,1],

"

1 1
2 / G (x,y)dy—(1+¢€) / G (x,y)dy
0 0
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L 1 2 ) )

B = % [/0 (y(3x—y J(1—x) +xy(1 —x ))dy

3

N +/ )07 =30+ (0~ 2x(1 - 2) )y

. 1 2y 322

7 +(1+8)X/ (—(l—y)(l—x )+y =3y +3y—1)dy
R X

8

= x

9 = 24[)6 —X +1—8(x —6x° +8x— 3)}

% Let B(x) =x> — 22 +1—¢g(x* —6x> +8x—3), x € (},1], then

g B'(x) =3x* —2x+ €(4x® — 12x+8), and B”(x) = 12ex> 4 6x— 2(1+68)

— If [3”(;) >0 and f'(1 )>0 then B(x) is increasing on (1,1], i.e. B(x) > B(1) = ) Since
5 ﬁ ( ) =1—9¢ and B’ ( )= loi L so when 11—0 <e< % B(x) > 0 is established. Therefore,
16 there exists € € [{5, 3] such that

17

1 1
s /0 G+(x,y)dy2(1—|—8)/0 G (x,y)dy for xe][0,1],

" which means that the equation has a positive solution.
20

21 Example 5.3. If A > 0, the following BVP is taken into consideration:

22 { u® (x) — A’ (x) = p(sinu+1), x € [0, 1]
u(0) =u"(0) = u(1) =0, 5" (1) —u"(3) + 2/ (5) = 0.

25 Let f(u) =sinu+1, 8 =¢ =4 and h(x) = 1, then for x € [0, 1],

26 1 1

27 /0 G*(x,y)dy—(1+8)/0 G~ (x,y)dy

. B /x ((1 +x)y  sinhdysinhd(1 —x) 2ysinh19x)

— /Y 3 sinh © #2sinh &

. +/ 1 +y _ sinhdxsinhd(1—y) 2ysinh19x>

4 ¥3sinh ¥ ®2sinh ¥

2 1 : . .

33 x(I—y) sinhdxsinhd(1—y) 2(1—y)sinhdx
3 I (- = : : )
34 * +8)/§ 92 ¥3sinh ¥ ¥2sinh

35 1 x? L +sinh19x+sinh19(1—x) (_ X sinh ¥x
56 N B4 2092 292 ¥4 sinh ¥ 892  ¥4sinh ¥

T sinh ¥xcosh 2 | _sinhd¥x )
— ®4sinh ¥ 492 sinh ¥

1 1
o / G (x,y)dy— (1+¢) / G (x,y)dy
0 0
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1 ¥ r(I+x)y sinhdysinhd(1—x) 2ysinhdx

B} B /0 ( 92 O%simo 192sinh19>

3 7 (1=x)y+2(x—y) sinhdysinhd(l—x) 2(1—y)sinhdx

4 +/; (_ 2 B ®3sinh ¥ ®2sinh ¥ )

° L/ x(1—y) sinhdxsinh®(1—y) 2(1—y)sinhdx

o +(1+8)/x (- (192 - 193sinh1§ ) (ﬁzsznhﬁ )ar

% R & sinhdx+sinh (1) 8(_x(1—x)2 sinh 9x
- 9% 292 202 ®*sinh © 202 9*sinhd
o _ sinhdxcosh®(1—x) (1 —x)*sinh 0x>

" ¥4 sinh ¥ 4192 sinh ¥

15  Let

13 1 ¥ x  sinhdx+sinh®(1 —x) x sinh ¥x
n s = —HiTam Tt B%sinh 0 <_8192+194sinh19
15 sinh ®xcosh % sinh Yx 1

16 T H4sinh® 4192sinh19>’xe[0’§]

" and

— RS B +sinh19x—|—sinh19(1—x)+8<_x(1—x)2+ sinh dx
o 94 2092 292 ¥4sinh ® 292 D4 sinh ¥
o sinhdxcosh® (1 —x) (1 —x)?sinhdx 1

Y T O%sinho 40 sinh © )’xe<§’”‘

ZEThen choose ¥ = 10, € = 4

29

24 m(x) >0 for x € (%, 1], namely

25

26

27

28

29

30

31

32

33

34

35

36
37

38

39

40

41

42

1 I
/ G (x,y)dy > (1 +£)/ G (x,y)dy when A > 0.
0 0

%10

L o a4 N o w & a o N ® ©

0 0.2

0.4 0.6

0.8

(d) g(x) is green and m(x) is red.

we can see from the Fig. (d) that g(x) >0 for x € [0,3] and
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Example 5.4. If —w2 < A < 0, the following BVP is taken into consideration:

{ u® (x) — 2u" (x) = u(sinu+1), x € [0,1],
u(0) = u"(0) = u(1) =0, 1u" (1) —u" (1) + 2/ (3) = 0.

-&‘w‘w‘w

wt

Let f(u) =sinu+1,86=7¢ :% and h(x) =1, then for x € [0,%],

6

— 1 1

= | 6 wyay=(+e) [ G (xy)ay

9 X 1+x)y sindysind(l—x) 2ysindx

0 N /0 <_( 192) " 193sin59 )+192$in19>dy

o 3 (I+y)x sindxsind(1—y) 2ysindx

12 +/x (- 33sin 0 S7sins)

B L/x(1—y) sindxsin®d(l—y) 2(1—y)sindx

= +<1+8)/; (5 ovmme—~ orsms )M
6 1 x? x  sindx+sind (1 —x) X sin 9x
— = ——+ — + - 8( + :

17 94 2092 292 ¥4sin ¥ 892  Y¥4sindd
18 sindxcos¥  sindx

19 © d4sin® +4ﬁzsin19>’

2 Let

% 1 x? x  sindx+sind (1 —x)

o V) = —gat g Tag T D¥sin©

24 +8< x sin ¥x _sinﬂxcos%_i_ sin 9x ) ce o
25 892  V4sind®d H4sin ¥ 492sin9/’ 27
%6 then

zgi X 1 costdx—cosd(l—x) 1 cosdx(l—cosy)  cosdx
. YW m 33sin 0 T T T Ssne  4vsing”
30

31 V/,(x>zi_sin19x+sin19(1—x)_g(sinﬁx(l—cos%) sin0x>
32 92 ¥2sin ¥ ¥2sind 4sind”’
33 and

o m, \ _ cosBx—cos¥(l—x) cosﬁx(l—cos%) ¥ cos ¥x

= Vi) = 3 sin® T s asng ) S0
5 so y'(x) > y”(1) and y”(0) > 0.

s I y"(3) >0, then

= 1—cos®d 1 1—cos2 1

= V2 V0 =555 =557 T8 5ins T avsns) 20

41
12 So y(x) is increasing on [0, 3], namely y(x) > y(0) = 0.
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If y”(3) <0, then there exists 6y € (0,3) such that y’(x) is increasing on [0, 6], and

1
E decreasing on (6p,3]. Since

3

2 1 (02 (5 v

4: l;/’(z):m[ﬁsinﬁ%—MCOSE(l—cos§)+4192c035]>0,

; and y'(0) > 0, we have y'(x) >0 for x € [0,4], namely y(x) > y(0) =0. Therefore there
. exists € > 0 such that

e 1 1 1

% / G (x,y)dy > (1+8)/ G (x,y)dy for x€|0, E]

o 0 0

=
o

—  On the other hand, for x € (%, 1],

1o 1 1

= /()G+(x,y)dy—(1+8)/0 G~ (x,y)dy

14 B /5( (I+x)y +sin19ysin19(l—x) +2ysin19x>

o B v? ¥ sin ¥ ¥2sin ¥

1 y(1—x) +2(x y) sindysin®(1—x) 2(1—y)sindx

17 —|—/ T — 3 )dy
— ¥ sin ¥ U-sin ¥

18

. 1—y) sindxsind(l—y) 2(1—y)sindx

: oy ISy

o * +8)/ 2 T osno 32sin 0

01 | x  sin®x+sind(1—x x(1—x)*>  sindx
= = ~wit537 552 T 4 ( )+8(( 2)+ 4
22 v 2094 29 v sin ¢ 20 Uv*sin ¥
23 sin®xcos¥(1 —x) (1 —x)?sin 19x)

24 B4sin ¥ ¥2sin ¥ '

% Let

z% ) = — 1 N x? X +sinﬁx—i—sinﬁ(l—x) (x(l—x)2

o PR = "5 T o2 T 292 5 sin 0 202

— sindx  sindxcos (1 —x) (1—x)?sindx 1
29 + - — " - . )7 X € (_71]'
f ¥4 sin ¥ ¥4 sin ¥ ¥2sin ¥ 2

30
51 Taking ¥ =3, € = 4, we can see from the Fig. (e) that p(x) > 0 for x € (1, 1].Therefore
32

1 1
33 / G (x,y)dy > (1 +£)/ G (x,y)dy when — 7> <A <O0.
0 0

34
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