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INTEGRODIFFERENTIAL EQUATIONS WITH STATE-DEPENDENT DELAY
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ABSTRACT. In this work, we study the existence of mild solutions and the approximate controllability
for nonautonomous integrodifferential equations with state-dependent delay. We assume the approximate
controllability of the linear part, then we use the resolvent operators theory to prove the approximate
controllability of the nonlinear case. An example of one-dimensional heat equation with memory is given
to illustrate our basic results.
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1. Introduction

-
(é)]

g Integrodifferential equations serve as powerful tools in modeling a wide array of natural occurrences,
= ranging from electromagnetic waves to mathematical epidemiology, optimal control in economics,
o and neural networks, among others. In [56], the author proposed a partial integrodifferential reaction-
o diffusion equation, expressing the dynamics of certain elastic materials:

o dz(0,1) t N

T 5 = Az(0,1) —I—/O o(t,5)Az(0,5)ds+ @(0,t), (0,1) e RxR",

22

o3 where, ¢ and ¢ represent suitable functions. Similarly, in [13] and [8], authors investigated the
o4 electric displacement field in Maxwell Hopkinson dielectric using this linear partial integrodifferential
o5 equation:

26 9%z(6,1)

% 1 N )
27 T - %AZ(O’Q +/0 %W(I S)AZ(G,S)CZS, (th) € QX [O,T),

?® where N, € € R and y represents a vector of scalar functions. The Rayleigh problem, also known as

?°_ the Stokes first problem of viscoelasticity, is represented by the following integrodifferential equation:
30

o dz(0,t !

81 Z(at’) 2/ Az(0,7)da(t)+h(0,t), (0,t) €[0,1] xR*.

32 0

33 where a : R™ — R is a function of bounded variation on each compact interval of Rt with a(0) = 0.
34 This problem is a typical example of one-dimensional problems in viscoelasticity, like torsion of a rod,
35 simple shearing motions and simple tension, see [43]. A simple control system of integrodifferential

36 equation is that of the electrical RLC circuit, see [10, Eq (2.2)]. In [39], the authors used some delayed
37 integrodifferential equations to study the dynamic of some epidemiological systems, see [39, page
ss 685, Eqs (11f)-(11g)]. Another motivation comes from biological sciences, physics and other domains,

39 such as elasticity, dynamics populations, forecasting human populations, torsion of a wire, radiation
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transport, Bernoulies problems, oscillating magnetic field, mortality of equipment problems, inverse
problems of reaction diffusion equations, among others, as explored in [36,43,46,57]. In general, this
class of equations is overly complicated because many methods used to study classical differential
equations do not remain valid for studying integrodifferential equations. Despite their complexity,
numerous studies have delved into understanding their solutions and behaviors, as referenced in
[4,14,17,21-24,28,38,41,44]. These equations, though intricate, remain a focal point of research
due to their varied applications. The complexity poses challenges, yet numerous studies continue to
explore their behaviors, solutions, and practical implications.

State-dependent delay differential equations offer a dynamic framework widely applied in describing
various phenomena, as evidenced by research in sources such as [2,3,7,31,33,40]. These equations
provide a more nuanced and realistic representation of systems where the delay is contingent upon
12 the system’s current state. Despite their applicability, it’s notable that in numerous studies, constant
13 time delay equations have been predominantly favored over state-dependent delay equations. This
14 prevalence might stem from the relative simplicity and ease of analysis associated with constant time
15 delay models. However, this inclination towards constant time delay equations restricts the scope
16 and depth of understanding certain natural phenomena, as state-dependent delays may offer a more
17 accurate portrayal of real-world dynamics in various systems. This tendency limits the comprehensive
18 exploration of systems where delays are contingent on the system’s state, potentially overlooking crucial
19 aspects of their behavior and leading to a more limited understanding of these complex phenomena.
20  Controllability is one of the most important fundamental concepts of mathematical control theory,
21 which plays an important role in deterministic and stochastic systems. Its history began with the
22 case of the finite dimension, its extension to the infinite dimension case has known a very important
23 development since the works of Hector Fattorini in 1971, David Russell in 1978 and Jacques-Louis
o4 Lions in the late 1970s, see [35,37]. In an abstract way, a given control system in a space of states
o5 functions X and a space of control functions U by the following differential equation:

jele|~[ofa]s]ofm]~

_._.
_.‘o

zg X (1) =F(t,x(t),u(t)), 0 <t < 7, and x(0) = xo,

2E is said to be controllable if it can be brought in a finite time 7 from an arbitrary initial state x( to a
29 prescribed final state x| under the action of a control function u : [0, 7] — U. If there exists a function u
30 such that x(7,xo,u) = x; (Where x(7,xo,u) is the state value of the system at time # = T corresponding to
31 the initial state xo and the control function u(-)), we say that the system is exactly controllable on [0, 7].
32 R. Triggiani [53,54] explained that the exact controllability is a stronger concept and rarely satisfied for
33 some hyperbolic systems and therefore it is more appropriate to look for a weaker concept in order to
34 study the controllability of these types of systems, what is called the approximate controllability. The
35 last guarantees that it is possible to control a movement from any point to an arbitrary neighborhood of
36 any other point although the trajectory typically never reaches the specified end point.

37 Recently, some work have studied the issue of the approximate controllability of dynamics systems
38 under different conditions. For instance, we refer to [11, 18-20,26,45,47,48, 58] and the references
39 therein. In [11], the authors studied the existence and the approximate controllability for a class of
40 nmonautonomous evolution parabolic equations with nonlocal conditions in Banach spaces by using
41 resolvent operator condition. In [26], the author used the theory of linear evolution operators to
42 discuss the approximate controllability of some semilinear nonautonomous evolution systems with
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1 state-dependent delay. In [18], the authors used the theory of resolvent operators instead of the theory
2 of semigroups to investigate the existence of mild solutions and the approximate controllability of some
‘3 nonlinear integrodifferential equations by assuming the approximate controllability of the linear part.
"4 Other methods are presented in [20,45,48,58] to study the approximate controllability of different types
5 of equations. In this paper, we use resolvent operators theory instead of semigroups theory to study
6 the existence of mild solutions and the approximate controllability of the following nonautonomous
7 integrodifferential equation:

)
° ) x(t) = +/ (t,5)x(s)ds + F (t,xp (1)) +Bu(t), t€][0,1],
2 x(r) = ¢( ), —o0,0],

11
12 where {—A(t): t € RT} and {G(t,s): 0<s5<t, 1€ R"} are families of closed unbounded linear
13 operators on X with a fixed domain D(A), F : [0, 7] X 5 — X is a nonlinear function, B: U — X is
14 a bounded linear operator, x; :] —o0,0] — X, x,(0) = x(¢ + 0) belongs to an abstract space .# that
15 will be specified later and p : [0, 7] X 7 —| — oo, 7] is a continuous function. Here, X is a separable
16 reflexive Banach space with an uniformly convex dual X*, U is a separable Hilbert space, 57y C
17 where .7 is a phase space that will be specified later. The main purpose of this work is to extend the
18 results obtained in [26] for integrodifferential equations with state depend delay in Banach space. We
19 are going to examine this issue by using fractional power operators theory, that is, we are looking to
20 restrict equation (1.1) in a Banach space X, C X. First, we establish the existence of the mild solution,
21 and then we prove the approximate controllability of our system. Also, an optimal control for equation
22 (1.1) will be established by employing some properties of duality mapping and resolvent operator
23 condition.

24 We stand by (-,-) the duality pairing between X and its topological dual X* and by (-,-) the
25 inner product on U. The spaces X, X* and U are endowed with the norms || - ||x, || - ||x+ and || - ||y
26 respectively. We denote by 2% ([u,n]; X) the space of functions y(-) defined from [u, 1] to X such
27 that y(-) is continuous at  # f € [t1, 7] and left continuous at r = f; and the right limit y(;") exists for

28 k=1,...,me N*. Space % ([u,n];X) is a Banach space endowed with the norm || - || 7 defined by
29

= Iylz¢ = sup [|y(t)llx for y € 2€([u,n};X).
:E telu,n]

— We denote by .Z(X,Y) the space of bounded linear operators defined from X to a linear normed space

— Y endowed with the norm || - || #(x y) defined by
33

3 1Tl 2xy) = sup{lITzlly : z€X, [lzllx = 1} for T € Z(X,Y).

SE It is denoted by Z(X) if ¥ = X.

36 The paper is organized as follows. In Section 2, we recall some useful properties on the theory of
37 resolvent operators, control systems, phase spaces, duality mapping, and the fractional power of A(z).
38 In Section 3, we study the controllability of the linear part corresponding to equation (1.1). Also, we
39 prove the existence of an optimal control for equation (1.1). In Section 4, we study the existence of a
40 mild solution of equation (1.1). In Section 5, assuming that the linear part is approximately controllable,
41 under sufficient conditions, we show the approximate controllability for the whole system. In Section
42 6, an example is presented to illustrate our results.
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2. Preliminaries

1
% 2.1. Resolvent operators.

Z Definition 2.1. [51, page: 93]. Let {—A(t) : # > 0} be a family of generators of Co-semigroups.
5 {—A(t) : t >0} is called stable if there are real constants M > 1 and 8 € R such that

o I(=A(se) =AD"~ (=Alsi—1) = A1)~ (=A(s1) = A1) ™| ey < M(A = B)~*

% for all A > B and for every finite sequence 0 < 51 <sp < --- <5, k€ N*.

E Let .# = BU(R";X) be the space of all bounded uniformly continuous functions defined from

10 R to X. We denote Y as the Banach space formed by D(A) equipped with the graph norm ||y|ly =
11 ||JA(0)y||x +|[y|lx fory € D(A). Let us define the linear operator G(t), t > 0, mapping from Y to .7 as
12 (G(t)y)(s) = G(t +s,t)y for s >0 and y € Y. Let D be the differentiation operator defined on .Z by
13 Dh = ' on a domain Dom(D) C .%. Then, D serves as the infinitesimal generator of the translation
14 semigroup (S(t));>o defined on .Z by

15 (S(t)h)(s) =h(t+s) forh € F and t,s > 0.

® " The following assumptions are needed throughout this work.

% (Ry) {—A(z) : t > 0} is a stable family of generators such that A(t)y is strongly continuously
o differentiable on R™ for each y € Y. In addition G(¢)y is strongly continuously differentiable
o on R* foreachy Y.

o (Rz) G(t) is continuous on R* into £ (Y, 7).

v (R3) G(1)Y C Dom(D) for each t > 0 and DG(r) is continuous on R™ into Z (Y, 7).

23 Remark 2.2. If A(t) = A and G(t,s) = G(t — 5), then G(r) € Z(Y,X) is constant, which ensures that
24 assumptions (Ry) and (R;) are satisfied if —A generates a Cp-semigroup.
25

. The author in [29], studied the existence of the resolvent operator of the following nonautonomous

— equation:
27 q

= , ;
28 X (1) = —A()x(t) + / G(t,5)x(s)ds, >0
29 (2.1) 0

i x(0) =xp € X.

31 In the next, we recall some useful properties on this theory.

= Definition 2.3. [29, Definition 2.2]. A resolvent operator of equation (2.1) is a bounded linear operator
o valued function R(z,s) with 0 < s <1, having the following properties:
35 1) R(t,s) is strongly continuous in s and ¢, R(s,s) = I, for s > 0 and ||R(t,s)|| #(x) < MePl=s),

v t>s>0,forM>1andf €R.

— 2) R(t,s)Y C Y and R(z,s) is strongly continuous in s and 7 on Y.

38 3) Foreachy €Y, R(t,s)y is strongly continuously differentiable in 7 and s. Moreover,
39 OR(t t

L HRUSD — ARG )+ [ Glo ARG )

40 ot s

41 IR(t !

- 0l — Rt )5y~ [ RGO s) e

i N s
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h dR(t,s)y

R
wit and OR(t,5)y

ot ds

Lemma 2.4. [29, Theorem 2.4]. IfA(t) = A and G(t,s) = G(t —s) fort > 0 and t > s > 0 respectively,
then R(t,s) = R(t —s) for eacht > s > 0.

are strongly continuous on 0 <5 <¢.

The following Theorem ensures the existence of the resolvent operator for equation (2.1).

Theorem 2.5. [29, Theorems 2.3 and 3.7]. Assume that (Ry)-(R3) hold. Then, equation (2.1) has a
unique resolvent operator.

In the whole of this work, we assume that (R;)-(R3) hold. We consider the following evolution
11 equation:

E(g@ xﬁ):—A@pay+AQXn@ﬂgw+¢ux >0
14 x(0) =xp € X,

-
[Bfefe|v]ofo]s]e]n]-

15
16 Where f €L} (RT;X).

loc

" Definition 2.6. [29] A function x : [0, +eo[— X is called a strict solution of equation (2.2) if x €
18 @1([0,400[;X)NE ([[0,+oo[;D(A)), and x satisfies equation (2.2).
19

20  The following Theorem guarantees the existence of a strict solution for equation (2.2).

% Theorem 2.7. [29, Corollary 3.8]. If xo € D(A) and f € €' (RT;X), then equation (2.1) has a unique
. strict solution.

ZZ Theorem 2.8. If x is a strict solution of equation (2.2), then x is given by the following variation of
25 constants formula

26 '

2 23) ﬂﬂ:R@mm+/Rmnﬂ®w,teRﬂ

— 0

28
2o Where {R(t,s) : 0 <s <t} is the resolvent operator of equation (2.1).

S0 Definition 2.9. A function x : [0, +-o[— X satisfying (2.3) is called a mild solution of equation (2.2).
31

32 We assume that.
33 (Cq) —A(2) is closed and the domain D(A(t)) = D(A) is independent of ¢ and is dense in X.
3 (Cy) Foreacht >0, the map R(A,—A(t)) = (A +A(t)) ! exists for each A € C with Re(1) <0

35 and there exists K; > 0 such that

36 K
R(AA(t g < .

p= IR(A A 2x) < A

% (Cj3) There exist constants K» > 0 and 0 < y < 1 such that

i% [(A(s1) —A(s2))A(s3) ! | 2x) < Kalsi —s2|" for 51> 0,52 >0and s3>0,

zz Lemma 2.10. [42, Chapter 5, Theorem 6.1]. Assume that (Cy)-(C3) hold. Then, there exists a unique
42 evolution system {U (t,s) : 0 <s <t} generated by the family {—A(t) : t > 0}.
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1 Lemma 2.11. []6, Lemma 2.10]. Assume that (Cy)-(C3) are satisfied. Let {U(t,s): 0 <s <t} be
o the unique evolution system generated by {—A(t) : t > 0} and {R(t,s) : 0 <s <t} be the unique
‘3 resolvent operator of equation (2.1). Then,

4 t

= 24 R(t,s)x = U(t,s)x+/ U(t,r)O(r,s)xdr, 0<s<t, x€X,
% where

E o(r,8)x=G(nr) /FR(v,s)xdv—/rC?Ga(:’v)/vR(w, s)xdwdv,

%for r>1s>0, and x € X. Moreover, {Q(r,s)x: r > s> 0} is uniformly bounded on bounded intervals
——and for each x € X, 0, )x e €(RT xRT; X).

E Lemma 2.12. Assume that (Cy)-(C3) are satisfied. Let {U(t,s) : 0 <s <t} be the unique evolution
13 system generated by {—A(t) : t > 0} and {R(t,s) : 0 <s <t} be the unique resolvent operator of
14 equation (2.1). Then,

15

3
16 U(t,s)x:R(t,s)x+/R(t,r)P(r,s)xdr, 0<s<t, x€eX,
N

17
18

19 P(r,s)x = —G(r, r)/ U (v, s)xdv+/
20 § §
o forr>s2>0, and x € X. Moreover, {P(r,s)x: r > s > 0} is uniformly bounded on bounded intervals

5 and for each x € X, P(-,-)x € €(RT x R";X).

. where

' 8Ga(r, ) /VU(W, s)xdwdyv,

23 Proof. Lety € X be fixed, and 0 < s < t. Consider the following evolution equation:
24

25 X()Z—A()

EE —I—/ (t,r)x dr—/Gtr
27 (2.5)
28 +/Gtr r)dr+L(t)

a x(s) =V,
31 where L(1) = —/ G(t,r)x(r)dr. If x(-) is a strict solution of equation (2.5), then
32 s

33
" x(1) tsy+/ (¢,r)L(r)dr for t >s>0.

35
—_ Moreover,

EZ V() = 8R§;S)y +§t ( / tR(t,r)L(r)dr)
iz = —A(t)R(z, S)y—l—/tG(t,r)R(r,s)ydr
:; —I—/ {—A )L(r)+/rtG(t,u)R(u,r)L(r)du} dr+ L(r)
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— A {R(t,s)er / tR(t,r)L(r)dr}

1

2

3 10t

0 +f { / G(t,u)R(u,r)L(r)du—I—G(t,r)R(r,s)y} dr+L(1).

h By Fubini Theorem, we obtain

6

N t

e K(t) = —A(t)x(t)+/ G(t,v) [ v, s y+/ v,r)L dr] dv+L(t)

8

2 = 1)+ / (t,v)x(v)dv+L(1).

10

11

E Note that x(1) = U (t,s)y. Let H(t)y = /S U (v,s)ydv, then

13 t

14 Ul(t,s)y = R(t,s)y+/ R(t,r)L(r)dr

e N

= 1

16 = R(t,s)y+/ R(t,r) / G(r,v)x dv] dr

17 -

8 = Rtsy—l—/Rtr /GrvU(vs)ydv}dr

19 .

z% = tsy+/ (t,r) /Grv ydv]dr

. i

- — R(t,s)y+ / R(t,r)P(r,s)ydr,

2 where

25 .

. Py = — [ Gl)H (vydv

— N

. rdG

3 =~ |60y - G- [ 25 )]
N

29

v rdG

3 — —G(rr)H(r)y+ / U2 b0y

31 K av

— r e v

%2 = —G(r,r)/ U(v,s)ydv+/ (r,v)/ U(w,s)ydwdv.

33 s s dv U

ez By making minor changes and employing similar reasoning as in [15, Lemma 2.8], we get that
35 {P(r,s)x: r > s > 0} is uniformly bounded on bounded intervals and for each x € X, P(-,")x €
3 G(RY xR*;X). O

3— Theorem 2.13. Assume that (Cy)-(C3) are satisfied. Let {U(t,s) : 0 <s <t} be the unique evolution
Lo System generated by {—A(t) : t > 0} and {R(t,s) : 0 <s <t} be the unique resolvent operator of
o equation (2.1). Then, U (t,s) is compact for t —s > 0 if and only if R(t,s) is compact fort —s > 0.

‘E Proof. Assume that U(z,s) is compact for r —s > 0. Let Q be a bounded set of X. We show that
42 R(t,s)Q is relatively compact whenever ¢ —s > 0. According to (2.4), it is sufficient to show that
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{/SZUU,r)Q(F,s)xdr: xe Q}’

is relatively compact in X. Let € > 0 be small enough. Note that
t t—& t
/ U(t,r)Q(r,s)xdr = U(t,t—¢) U(t—e,r)Q(r,s)xdr+ Ul(t,r)Q(r,s)xdr.
N N t—&
1—&
Since, x — U(t—e,r)Q(r,s)xdr = R(t — €,5)x — U (t — €,s)x is continuous. Then,

N

1—&

N

-
[Bfefe]~]ofoa]s]e]n]-

{U(t,t—s)

11 . . . .
— is relatively compact in X. Since,
12

U(t—e,r)Q(r,s)xdr: x € Q},

i t _

8 | U(t,r)Q(r,s)xdr|| < be, x€Q,
14 1—£

15 for some constant b > 0. Consequently, the set

6 '

17 { U(t,r)Q(r,s)xdr: xEQ},
T t—€

18
19 is totally bounded in X, and we deduce that

20

o {/YIU(t,r)Q(r,s)xdr: xEQ},

22
. is relatively compact in X. As a consequence, R(t,s) is compact for t —s > 0. Conversely, we use
r Lemma 2.12. U

25 2.2. Fractional powers of A(t).

26 If (Cy)-(C3) hold, then the following integral

27

on —-a 1 e a—1

= 20 A0 = g /0 91T (5)ds,

30 exists for each 0 < o < 1 and ¢ > 0, where (T;(s))s>0 is the analytic semigroup generated by —A(¢)
31 and I'(+) is the Gamma function. Note that conditions (Cj) and (C) are sufficient to get that —A(¢)
3o generates an analytic semigroup on X [42]. Furthermore, the linear map given by (2.6) is bounded and
33 satisfying

34 A %DAB() =A% B)(r) for t >0 and 0 < @ < B < 1 inwhich o+ < 1.

35 Thus, we can define A%(t) by A%(t) = (A=%(¢))~! which is a closed operator with a dense domain
36 D(A%(t)) in X. For more details, see [42, page: 69].

37 In the next, we denote by X (7) the Banach space formed by D(A%(¢)) equipped with the norm
38 |||/, defined by ||x||¢; = [|A%(r)x||x for each x € D(A%(¢)), and € := € ([0, T]; X (0)) the space of

39 continuous function from [0, 7] to X¢(#o) for a fixed # € [0, 7] endowed with the norm || - ||, defined
0 by:

. ¥l = sup x(5)llasys for x € o

42 s€[0,7]
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1 In the rest, we assume that (Cy)-(C3) are true.

- Lemma 2.14. There is Ng = Ny (7) > O such that | AP (0)R(t,5)| 2 x) <
7 0<B<L

5

& Proof. Let Ny = Ny

Np
(t—s)ﬁ

/

(t—s)B’

7 :
- Theorm 5.2.22]). According to Lemma 2.11, we can affirm that AB()R(1,5) € Z(X

— each x € D(AP (1)), we have

" IAP ()R (,9)xx < I\Aﬁ(I)U(ES)XIIXJrH/tAﬁ(t)U(hr)Q(r,S)xdrllx

for0<s<t<rt, and

N
(7) > 0 be such that ||AP OU,s)||.2x) < P for (s<t),t,s€[0,7] (see[l,

13
n < it [0l
O N oGz [
16 < X X+N sup ||Q(r,s 2 /
e (r— )ﬂ P ocsarer (t—r)P
e Ny : —
= ——||x|lx +Nz su 7, / —dr||x
;% ()P [x]lx ﬁogsgggHQ( Nz B [ x[|x
21 Nl/g / (f — S)liﬁ
— < —F—llxllx+Nsz su )| oo —————||x
2 (—s)P [1xllx Bogsgrr)ngQ< Nz y [xllx
23 ’
2y < (1 20 ?) gl
= < 4+ su rs T| —m||xl||x.
25 osree L) (=) —s)p
26 Since D(AP(t)) is dense in X, it follows that
27
2 1AP(OR(2,5) | 20x0) € 75>
29 X =1 —s)B
30 where /
il M= (14 s 00e)lw) 25
_ e Su I’,S .
32 B ogsglr)gr FRT) 1 B
33
34 ) )
55 Inthe next, we assume the following assumption.
35 (Hp) The operators A%(v) and R(z,s) commute for every 0 < o < 1, that is
3Z A%*(V)R(t,s)y =R(t,s)A%(v)y for v,t,s €[0,7] and y € D(A*(v)).
38 Moreover, there exists Cq g = Cy g(7) > 0 such that
i HAO‘(t)A*B(s)Hg(X) <Cqp for t,s€[0,7] and 0 < <f < 1.
e The following Theorem will play a crucial role in the rest of this work.

ﬁg Theorem 2.15. Assume that (Hy) hold. Then, there is Co g(€) = Cy (7, €) > 0 such that
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1 1A% (10) [R(1 + &,5) — R(t +&,0)R(t,5)]|| 2(x) < Cap (€)' P
%for every0 <& <tand0<s <t <1 Moreover, Cyp(€) = Cqp(0)>0ase—0".
%7qu?LaxEX}OgsgtgfamH%<8<LIWIﬁmmaZILwemwe
B ;
7 R(t+¢€,t)R(t,s)x = R(t+£,t)U(t,s)x—|—R(t+8,t)/ U(t,r)Q(r,s)xdr
° e
; — Ult+e,0)U(ts)x+ U(t+s,t)/ U(t,r)0(r 1)U (1, s)xdr
i t
10
_ 3
" +U(t+e,t)/ U (t,r)Q(r, s)xdr
2 e t
13 + U(H—S,r)Q(r,t)/ U(t,v)Q(v,s)xdvdr

t
" e
s = U(t+8,s)x+/ U(t+¢€,r)Q(rt)U(t,s)xdr
16 !
- t
7 + / U(t+¢e,r)Q(r,s)xdr
18 '
. St+e 4
— —|—/ U(H—s,r)Q(r,t)/ U(t,v)Q(v,s)xdvdr
20 1
o1 t+€ ’
. = R(t+€,5)x— U(t+e,r)Q(rt)xdr

t

o3 1+e
r + U(t+¢€,r)Q(r,t)U(t,s)xdr

t
25 rre ‘
2E + /z U(t—{—e,r)Q(r,t)/S U(t,v)Q(v,s)xdvdr.
27
28 Hence,
29
0 t+e
e R(t+¢€,t)R(t,s)x—R(t+€,5)x = U(t+e,r)Q(rt)[U(t,s)x —x]dr

t

3 t+€ t
5 + / U(t—l—s,r)Q(r,t)/ U(t,v)Q(v,s)xdvdr.
i t s
Si
35 ) ) 5 N
3E Let Ng = Nﬁ(’c) > 0 be such that [|[AP (1)U (#,5)]| #(x) < o for (s <t),t,s € [0,7]. Then,
37
38 |A% (1) [R(t + &,0)R(t,5) — R(t + €,5)]x||x
39 t+€
40 < ||Aa<t0)/t U(t—|—8,r)Q(r,t)[U(t,s)x—x]drHX
41 t+e t
- +14%0) [ Ul+enQ() [ U0 s)dvars
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t+¢€
< [ AU +e)Q(R) U 1 5)x ]

1
B
? t+€ o t
= [ 1A% U+ Q) [ U)Q0s)dvxdr
t s
s R )Us) — 1xlx
— < CypN, d
6 = b ﬁ/z (t+e—r)p d
7 t
o e 0G) [ U0 vl
o Cuo N . d
9 T Cap ﬁ/z (t+e—r)B ’
0 , e gy
< CyupgNg(C C P E—
" < Capyiaiten+ e ([ ey ) Il
5 _ CapNs(Ci(e. 1) +Ca(e,0) |
Z ) (1=P) C
— where
1o
7 Ci(e,7) =sup { (I0(n 1)l zx) U (2,5) =Ml 2(x)) [0 < s <t <r<t+e}
18
;o and
20

t
2 aten —sw{(I000lzm [0 2000 9lzmdr) [0<s<r<r<rre]

2
s Consequently,

24 IA%(10)[R(1 + &,1)R(t,5) = R(t +€,5)]|| 2(x) < Cap(e)e' P,

25

2?where

o i CopNy(Ci(e,7) + Co(e, 7))

28 Cop(€) = :

o (1-P5)

29

30 Note that

31 ) ) Cy gN:(C1(0,7)+C>(0,T

32 Cop(€e) = Cop(0) = Gl ﬁ( 0.7 ( ))20a58—>0+.
33 ’ ’ (1-B)

2 O

35
3 2-3. Phase space.
~  We recall some axioms for the phase space .7 introduced in [32]. In details, .77 is a linear space

37
55 of all functions defined from | — 0, 0] into X equiped with the norm || - || » satisfying the following
29 axioms:

20 (Ay) Ifx:]—oeo,u+ 0] — X, 6 >0, such that x,, € 7 and Xppro] € PE([u,u+0];X). Then,
4 for each r € [u, 1 + o], the following conditions are verified:

‘3 (l) X € I
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(i) [xi [l < K(r — p)sup{|lx(s)llx : p <5 <t}+M(t —p)llxulle, where K: R —
R* is a continous function, M : Rt — R¥ is locally bounded and both K and M are
independent of x(-).

A;) For a function x(-) in (Ay), the function r — x, € % is continuous on [i, U + C].

A3) The phase space ¢ is complete.

—~~

We consider the following assumption.
) A= %(ty)y € A for y € A, where function A~%(#) y is defined by
(A= %(to)y)(0) =A"%(19)y(0), for y € 5, and 6 <0.
We define the set 57 as follows
Hoy={yeH: y(0)e Xy(ty) for 8 <0and A*(ty)y € A},
12 where the function A%(#)y is defined by (A%(to)y)(0) = A%(1p)w(6) for 6 < 0. For any y € 5,
13 the norm || - || s, is defined by ||A%(#o)w(0)||x instead of || y(0)||x.

" Lemma 2.16. [9] Assume that (Hy) hold. If S satisfies axioms (Ay)-(A3), then the same follows for
15 -
I, (ie),

g (A}) Ifx:]—oo,u+0) — Xo(to), 0 >0, such that x, € 7, and x|, . . € PE (U, n+ 0l Xa(n)).

5 Then, for eacht € [, U + O], the following conditions are satisfied:

44
=[3]ele|~]ofa]a|e]|r]-~
=
.

g (l) X € %. _ _
0 (id) |||y < K(2 = p)sup{|l(s)llasy : <5 <t} +M(t = p1)xul 7
o where K and M are the same as defined earlier in (Ay).

. (A%) For a function x(-) in (AY}), the functiont — x; € Hy is continuous on L, L + C|.

s (A}) The phase space g is complete.

24 For any y € .y, the function y;, t < 0 defined as y;(0) = y(t + 6), 8 €] — o0,0]. For the function

25 p:0,7] x Sy —] — o, 7], we define

= Alp™) ={p(s,¥): p(s,¥) <0, (5,¥) € [0,7] x H4}.

e In the sequel, we need the following Lemma.

2E Lemma 2.17. Let x :] — oo, 7| — Xy (to) be a function such that xo = ¢ and X € P ([0,1]; Xa(10))-

80 Assume that function t — @, defined from A(p~) into Hy is well defined and there exists a continuous
31 bounded function @9 defined from A(p~) to R™ such that

% 1911z, < ©° ()9 |17

— Then,

- x5l e, < Hal| @] + Hasup{[|x(8) [losy = 6 € [0,max(0,5)], s € A(p™) U[0, 7]},
35 Where

a7 Hy= sup O%t)+ sup M(t) and Hy = sup K(t).

38 teA(p™) 1€(0,7] 1€(0,7]

3E Proof. The result follows from the fact that

40
o lxsllore = lsllr < ©%(9) 191l for s € A(p™),

42 and
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sl oz < K (s) sup{[|x(6) sy : 0< 6 <s}+M(s)[|]l, for s € [0,7].

2.4. Duality mapping.
In the sequel, we recall some useful properties on the duality mapping theory.

[or| & e o]~

° Definition 2.18. [12, Definition 2.1]. A normed linear space (E, || - ||) is called smooth if for every
" x € E with ||x||g = 1, there exists a unique x* € (E*, || -||g+) such that |[x*||z+ = 1 and {x,x*) = ||x||.
8

"5 Definition 2.19. [34] A normed linear space (E,| - ||g) is called strictly convex if ||x 4+ y||g =
1o |1x[lz + |[y||z implies that x = ¢ -y for some constant ¢ > 0 whenever x # 0 and y # 0.

" Example. [6, Part 3, Chap 1]. Let Q C R. The spaces (L”(Q), || - ||L»), 1 < p < 4o are strictly convex
2 and smooth.

13
" Lemma 2.20. /5, Corollary 1.102]. A reflexive normed space is smooth (strictly convex) if and only if

5 its dual is strictly convex (smooth).

E Lemma 2.21. [5, Theorem 1.105]. Let E be a reflexive Banach space. Then, there is an equivalent
17 norm on E, such that under this new norm, E and E* are strictly convex, that is E and E* are

E simultaneously smooth and strictly convex.

;% Let Z(X) be the collection of all subsets of X.

21 Definition 2.22. [5, Definition 1.99]. The map J : X — Z?(X*) defined by
22 J) = {x eX* 1 (xx) = |xlff = |1z}

ZE is called the duality mapping of X.
24

o= By Corollary 1.53 from [5], we can see that J (x) # 0, for each x € X, hence J is well defined.
o Furthermore, J(x) is a convex set of X* for every x € X. Since J(x) is bounded and weakly closed for

5, every x € X, it follows by Corollary 1.70 from [5], that J(x) is weakly compact for every x € X.

2E Theorem 2.23. [5, Remark 1.100]. The duality mapping J is a single-valued if and only if the normed
29 space X is smooth.

Z% Remark 2.24. If X is a real Hilbert space, then the duality mapping is exactly the canonical isomorphism
o given by the Riesz Theorem.

33 Lemma 2.25. [5] Assume that X and X* are simultaneously smooth and strictly convex, then J
34 is bijective, demicontinuous (i-e continuous from X with a strongly topology into X* with the weak
35 topology) and strictly monotonic. Moreover, J~' : X* — X is also a duality mapping.

% Without loss of generality, by Lemma 2.21, we can assume that X and X* are simultaneously smooth

%7 and strictly convex with the norms || - ||x and || - ||x+ respectively.

38
30 Definition 2.26. A function x :] — o, 7| — Xy (f9) is called a mild solution of equation (1.1) if
40 !

- X(0) = R.0)0(0)+ [ R(t,5)[Buls) + F(5.3p(5)lds, for € [0,

42 x(t):(p(t),fort 6]—0070].
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1 Definition 2.27. Equation (1.1) is called approximately controllable on [0, 7] if for every € > 0 and
> d € X, there exists ug(-) € L2(]0,7];U) such that

(7, ue) —dl| <e,
where x(7T,u.) is the state value of equation (1.1) at time t = T corresponding to the control function
I/lg ( ) .
Let

Me = sup{|R(t.5)|| #x) : 0<s <1<t} and Mg =Bl sx)-

3. Controllability results for the nonautonomous linear part

' To prove the approximate controllability of equation (1.1), we establish some controllability results

12 for the following linear equation:
13

i X () = —A()x +/ (1,5)x(s)ds + Bu(r), 1 €[0,7]
o x(0) =xp € X.

16

;7 Define the following operators:

E % o LA([0,7;U) — . X

19 u — / R(z,0)Bu(t)dr,
20 0

o1 Br o X' — . X

22 X e / R(7,t)BB*R(7,t)*x"dt,

23 0

r and

o5 R (A, PBr)x= (A +PB.J)"'x for A >0 for x€X,

26 provided that this inverse exits.
27 Our first step is to reformulate an optimal control for the linear equation (3.1) by minimizing the
2s following cost function:

T
2 G x,0) = [¥()) = d|F+2 [ ute) B,
30
5 Where x(-) is the mild solution of the linear control system (3.1) corresponding to the control function

5 u€L?([0,7];U) with d € X and 2 > 0. We recall that the admissible control set is given by
s? Uaa =17([0,7];U).

— Since B is a bounded linear operator, it follows by Definition 2.9 that the unique mild solution of
— equatlon (3.1) corresponding to a control function u € %4 is given by
36

37 x(t) = R(t,0) x0+/ R(t,s)Bu(s)ds for t € [0,1].

* The following set is called the admissible class of equation (3.1):
39

o g = {(x,u) : xis the unique mild solution of equation (1.1) corresponding to u € %,4}.

41

2 (3.2) min{#; (x,u) : (x,u) € Foq}-

Under the above definitions, the optimal control problem is formulated as follows:
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1 Definition 3.1. A solution of problem (3.2) is called an optimal solution of equation (3.1).
2 Definition 3.2. Let (x*,u*) be an optimal solution of (3.1). The control function u* is called an optimal

% control of equation (3.1).

4

& Let®:1L2([0,7];U) — €([0,7]:X), g — ®(g) be such that

- t

6 ®(g)(1) = / R(1,5)Bg(s)ds for g € L2([0,];U) and 7 € [0,1].
7 0

E Lemma 3.3. Assume that R(t,s) is compact for t —s > 0, then ® is compact.

% Proof. Let Q be a bounded set in IL?([0, 7];U). Since R(t,s) is compact for ¢ — s > 0, then we show

— that

1 ‘

2 ®(Q) (1) = { / R(t,5)Bg(s)ds; g € Q},

13 0

E is relatively compact for r > 0. Indeed, for r = 0, we have ®(Q)(0) = {0} is relatively compact. For
15 ¢ >0, we define @, : .2([0,7];U) — X by
16

17 D (g) :/OIR(t,s)Bg(s)ds for g € L*([0,7];U).

18
1o To show that @(Q)(t) is relatively compact for # > 0, it is sufficient to show that ®; is compact for all
oo 1> 0. Takes n € N* and put 5, = K for k=0,1,--- ,n. Define operators @, , € £ (L?([0,7];U); X) by

o ()= ¥ Rt B [ gls)ds for g € L2(0,7U)
k=1

22 Sk

% Since R(t,si) is compact, ®; , is compact as well. In the next, we show that liT P, , = b, with
24 ’ n——+oo 7

respect to the operator norm. Let € > 0, since R(¢,s) is norm-continuous for # — s > 0, there exists

25
o6 110 € N* such that ||[R(t,s) — R(t,sx—1)|| (x) < € for all s € [sg_1,5¢], k= 1,2, ,n whenever n > n.
o, Hence, for g € L2([0,7];U), we obtain that

2? n Sk

2 [P (g) = Pi(g)llx = |l Z/g [R(2,5) = R(t,50-1)1Bg(s)ds| x

- fe=1"Sk-1

:2 n Sk

" < Y [ IRGS) ~ Ritssi )IBlL o lg()lxds

32 k=1"Sk-1

- 3

33

o < elBllzwx [ ) lxds

3% 0

35 < &|Bllzwx) Villgllzo.q0)-

Z% Thus [|D;,,(g) — P (&)l 2 w2(0,7:0):x) < €4/t. This shows that operator ®; is compact. Consequently,
5 P(Q)(7) is relatively compact for # > 0. Now, let 0 <’ <#* < 7 and g € Q. Then,

" 9(6)6") - @)W < [ IR 5) ~R5) iy |Be(s) s
- + " IR(* 1 5)Bg(s) | xds.
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1 Since R(t,s) is norm continuous for z —s > 0, then lim ||®(g)(t*) — ®(g)(¢')||x = 0 uniformly for
— t*—t
2 g€ Q. Fort' =0, we have

t*

1B(e) (1) — () (0)[x < /0 IR(t*,5)Bg(s)| xds.

Hence, lirr%) |P(g)(r*) — P(g)(0)||x = 0 uniformly for g € Q. As a consequence ®(Q)(r) is equicon-
r*—

tinuous for r > 0. Using Arzela-Ascoli’s Theorem, we get that ® is compact. O

The following Theorem ensures the existence of an optimal solution for equation (3.1).

[efe|~]o]a]s]e

19 Theorem 3.4. Assume that map R(t,s) is compact for t —s > 0. Then, there is a unique pair (x*,u*) €
" of, g such that

2 min{¥) (x,u) : (x,u) € dpq} =9 (x*,u"),
13

14 Where x* is the unique mild solution of equation (3.1) corresponding to the control function u*.

S Proof. Let

6 S =min{¥ (x,u) : (x,u) € Ay}
17

. Then, there exists a sequence (x,, u,),>0 C 27,4 such that

;% ngl}rlmgl (Xp,ttn) = 5.

o1 Hence, there is r > 0 such that

2 0 <% (xn,un) <r for n>0.

22 In particular, there exists C > 0 such that

2 T 1/2

2% (3.3) (/ Hun(t)H%]dt> < Cforn>0.

27 0

28 Since,

7 t

29 Xn (1) :R(t,O)xo+/ R(t,s)Buy(s)ds for n>0,

30 0

31 it follows that for each 7 € [0, 7], we have

32 1

= (1) llx - < HR(%O)XO||X+/O IR(2,5)Bun(s)||xds

il T 1/2
s < [nxouxmm( [ o) ]
36

57 < M [||lxollx + CMp\/7T]|

il < oo,

39

40 Hence,

41 T )

. llizgo s = [ Ia(0) s <+
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i From the reflexivity of L?([0,7];X) ( since X is reflexive ), we can find a subsequence (x,, )x>0 of
(xn)n>0 such that

Xn, — x* weakly in L?([0,7];X) as k — oo,

From (3.3), we have (u,),>0 is a bounded sequence in I.?([0, 7]; U) which is a reflexive Banach space,
then by the Banach-Alaoglu Theorem, we can extract a subsequence (i, )k>0 of (u,)n>0 such that

Un, — u* weakly in L2([0,7];U) as k — -oo.

[efe|~|o|o]s]o]r]

Using Lemma 3.3, we obtain that

» lim sup H/ (t,5)Bluy, (s) —u”(s)|ds||x

— k=+eoic(0,1)

o = Jim_ sup [90un)(0) = @7) () =0

—_
o

© 64 e @) =" Ol =1 | R(t,5)Blung (5) — " (5)]dsllx —> O as k — -+,

t
2 Ww* (1) = R(1,0)x0 + / R(t,5)Bu’ (s)ds for 1 € [0,1],
0
21
- 1s the unique mild solution of equation (3.1) corresponding to the control u*.
»3  Using the fact that the weak limit of x,,_ is unique, it follows by (3.4) that w*(¢) = x*(¢) for each
o, t €1]0,7]. Moreover,

25
% lim sup |lx, (1) —x*(r)[[x = lim sup H/Rts (ttny (5) — 1" (s5))ds]|x =0,

ke ci0,7] k=rteorcio.7]

27
2g which implies that x,, (-) — x*(-) strongly in €’([0, 7];X) as k — +-co. Since x*(-) is a mild solution of
29 equation (3.1) with the control function u*, then (x*,u*) € o7 .

30  Weclaimthat . =% (x*,u"). Since ¥, (-,-) is convex and bounded, it follows by Proposition I1.4.5
31 from [49] that ¢ (-,-) is weakly lower semi-continuous. That is, for a sequence (x,, u,),>0 weakly
a2 convergent to (x*,u*) in L?([0, 7]; X ) x L2([0, 7];U), we have

33 % ..
2 G, (x*,u*) < ngl}rlwlnfgl(xn,un).

(ﬂ

35 Thus,

36

Qz I <G (x*u*) < gr}rlwmf%t(xn,un) < gl}rlm%k(xn,un) =.7.

— Consequently, I =9, (x*,u*). Using the fact that ¢4, (-,-) is convex, we can affirm that (x*,u*) is
— unlque O
40

41 In the next, we provide an explicit form to the optimal control u*. Firstly, we study the differentia-

zg bility of the following map:
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1
! P:X >R x— EHng(

2
5 It follows by [27, Proposition 4.8] and [55, Theorem 2.1] that if X* is strictly convex (uniformly
W convex), then W is Gateaux differentiable (respectively, Fréchet differentiable). In the both cases, we

: have

— _1d 2
0 @¥0.9 = 3 ey = 000.2)

— for z € X, where d,¥(x) denotes the Gateaux (or Fréchet) derivative of W at x € X. That is the Gateaux
o (or Fréchet) derivative of W is exactly the duality mapping J.

E Lemma 3.5. The optimal control u* is given by
" u*(t) =B*R(7,t)" J(Z(A,PB:)(d —R(1,0)x0)),

2 withd € X.
13

14 Proof. Let (x*,u*) be the optimal solution of (3.1). Then,

15 d .
E (3.5) %g(xu*—i-swu + 8v>|s:0 =0,
" Where v € IL2(]0,7];X) and x,+ ¢, is the mild solution of equation (3.1) corresponding to the control

8 )
— function u* + €v. We recall that
19

N t

20 Xuven(t) = R(2,0)x0 + / R(t,5)B[u* (s) + &v(s)|ds for 1 € [0,7).
21 0

oo By (3.5), we obtain that

23 d *

ZZ 0 = %g(xu*.l,—gv,u +8v)|£:0

Zi d 2 K * 2

o= W@ d [0 el

27 0 ‘5:0

o d T d
= 2 Ulasel®) ) (1) =) [0+ ), 5 () + v
29 de 0 de leo
20 T T

= — 2" (1) —d), / R(z,0)Bv(1)dr) + 2. / (u* (1), v(1))dt.

i 0 0

32 Hence,

33 T T

3 0 = /0 (J(x*(7) —d),R(T,t)Bv(t))dt+7L/O (u*(1),v(t))dt
35 T

- - /0 (B*R(1,6) T (x* (1) — d) + Au* (1), v(1))dt.

Z% We know that v € L2([0, 7];U) is an arbitrary element, then we can chose

39 v(t) = B*R(7,1)"J(x*(7) —d) + Au"(t).

40Tt follows that

41

2 (3.6) u'(t) = —lB*R(T,t)*J(x*(r) —d) fort € [0, 7]

A
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u*(-) is continuous, moreover
T1
(1) = R(’L’,O)xo—/ IR(T,S)BB*R(T,I)*J(X*(T) —d)ds
0

= R(7,0)xo— i%TJ(x*(T) —d).
Which implies that
x(1)—d=—-AZ(A,B:)(d—R(1,0)xp).
Combining the last equality with (3.6), we get that

w(t) = B*R(t,1)"J (B (A, Be)(d — R(t,0)x0)).

L
[R[=[3]e]e|~]ofals]e]|r]-

13

12 Theorem 3.6. The following are equivalent:

15 (i) Equation (3.1) is approximately controllable on [0, T].

16 (il) B satisfies (x*, Bcx*) > 0 for each nonzero x* € X*.

17 (iii) For every A > 0 and x € X, we have the following

18 IAZ (A, B )x||x < ||x||x and Ali}r& IAZ (A, % )x||x =0.

19

20 Proof. (i) = (ii). Assume that (3.1) is approximately controllable on [0,7]. Then, (.£7)*x* =
21 B*R(t,t)x* =0, for all 7 € [0, 7] implies that x* = 0. Let x* € X* with ||x*||x+ # 0, then
22

2 (", Box") = /T<x*,R(T,t)BB*R(T,t)*x*)dt
o 0

- _ / (B*R(t,1)"x", B*R(%,1)"x")d1
o 0

27 = |B*R(t,t)*x*||7,dt

28

29 = (L) |k >0.

:ﬁ (ii) = (iii). Assume that (ii) holds. Let x € X. Firstly, we prove that the following equation:
% (3.7) Az+ B (z) = Ax,

33 has a unique solution z € X. Since, the bijection of J, we transfer the equation (3.7) in X*. Let
34 z=J"1(z"), then we solve the equation AJ~!(z*) + %,z* = Ax in X*. We define &/ : X* — X by

. A (7*) = AJNZ") + B (z*) — Ax for 7% € X*.
36
37 Itisclear that 0 € Im(</) implies that there is Z € X such that A7+ %:J(Z) = Ax. We use the Minty-

3s Browder Theorem [50, Theorem 2.2] to prove that 0 € Im(<7). For that reason, it is sufficient to show
39 that o has the following properties:

40 (a) o7 is strictly monotonic.

41 (b) 7 is demicontinuous.

42 (c) There is 8 > 0 such that (x*, &/x*) > 0 for each x* € X* with ||x*||x+ > §.
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In fact, let x*, y* € X* with x* £ y*. Then,

1
2 W=y A=y = =y AT (W) + B () - AT () — B:())
. = Ay @) T ) Y B )
B > =y Bl —y))
6 > 0,
% which implies that condition (a) holds. Since J~! is demicontinuous and %, is bounded, then .27 is

—_ demicontinuous and then condition (b) is satisfied. For (¢), let x* € X*, then
9

o 0, x") = (AT () + B (xF) — Ax)
1 205 TN (o)) — A (x",x)
A - = el e -
o A e Il e = el )-
15 Let 8 = ||x||x, then (x*, &/x*) > 0 for each x* € X* with ||x*||x+ > &, which implies that condition (c)
E holds. Consequently, the Minty-Browder Theorem shows that 0 € Im(<7), that is there exists Z € X

17 which solve equation (3.7). Since, the strict monotonic of .7, 7 is unique.
18 Now, we prove that ||[AZ (A, %:)x||x < ||x||x. In fact, we have

>
12 2

13

o A} =A@ < AEIE@)+(B(2).1()
= = (Az+B.J(2),4(2)

27 = (AxJ() (+%)
2 < Aflxllxlzllx.

* Then, ||z|[x = |22 (A, %:)x||x < ||x||x. We prove that Alir& IAZ (A, % )x||x =0 for each x € X. Let
25 —

o5 24 = AZ (A, PBr)x, since |73 ||x < ||x]|x, we can extract a subsequence of (z; )¢ that we continue to
>, denote by the same index A > 0 which is weakly convergent to some z* € X* that is (J(z)),z) — (z*,2)
s as A — 0T for each z € X. Using the fact that J is bijective, we can find z € X such that J(z) = z*
-9 Then
29 s

X Az2a,J(2)) + (B2 (2),J(2)) = A (x,J (2)).

% Letting A — 07, we get that (%.J(z),J(z)) = 0 and consequently, J(z) = z* = 0. From (xx), we can
53 affirm that

& leallx < (d(z2)).

z% Since (x,J(z3)) — 0as A — 07, then

37 lzallx = A2 (A, PBe)x||x — 0t as A — 0.

32 (iii) = (i). Assume that (iii) holds. Let d € X. The mild solution x; () of equation (3.1) is given by
o 2 (£) = R(t,0)x0+ /O 'R(t,5)Buy (s)ds for 1 € [0,7],

42 for
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w (1) = BR(7,1)*J(Z (A, B:)(d — R(z,00x)), 1€ [0,1].

1
2

— Then,

3

- T

- (1) = R(T,0)x0+ /0 R(%,5)BBR(t,5)" J(Z (X, B:)(d — R(%,0)x0))ds

E = R(7,0)x0+ ABJ(Z(A,%:)(d—R(7,0)x0))

7 = d—ARZ(A,PB:)(d—R(7,0)xp).

8

E Hence,

% lx3.(7) —dllx < [|[AZ (A, PBr)(d —R(7,0)x0) | x.

E which implies that equation (3.1) is approximately controllable on [0, 7]. 0

13

" We assume the following assumptions.

15 (Ha) U(t,s) is compact for r —s > 0.
16 (Hz) i) Letx:]—oo, 7] — X4(29) be such that xo = ¢ and Xl € PEC o The functiont — F(t,xp(.x,))

17 is strongly measurable on [0, 7], # — F(s,x;) is continuous on A(p~) U0, 7] for every s € [0, 7]
18 and the function F (¢, -) : 5 — X is continuous.
19 ii) For every r > 0, there exists A,(-) € L™([0, 7];R™) such that
20 sup ||F(t,y)|lx < A(t) forae ¢ € 0,1,
21 vl sz <r
22 and
23 Moo &
r liminf‘ / =0 < Hoo.
r—>—+oo r

25  Consider the following set:
26

> Zy = {1 = o0,1] = Xalto), 0 =0, %), €%a},

28 with the norm ||x| %, = sup [x(¢)||es,- Then, (2, ] - || 2,) is a Banach space. Indeed, let (x),>0 be
oo t€[0,7]

29
5 4 Cauchy sequence in %, that is for every € > 0 there is Ny € N* such that if m > n > Ny, we have
31 X" — x| 2, <e.

32 Since x; = 0 and x"’[o ] € Gy, for each n > 0, then (x"),>0 is a Cauchy sequence in %y, that is for every
o . >

% &> 0 there is N| € N* ( may be N; = Ny ) such that if m > n > Ny, we have

34

v H)Cn —x™ Gy < E.

36 Using the fact that (¢4, || - ||, ) is a Banach space, we can affirm that there exists x € € such that
37 ||x" —x||%, — 0asn— oo

% Let z(-) be the function defined from | — o, 7] to X (t9) by

> ) :{ x(t), r€[0,7]

40
. 0, 1€]—0o0,0].

?
42 Then,z, €%y, 20 =0and ngToo [|x" —z|| ,, = 0. Hence, (Zq, || - || z,) is a Banach space.
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4. Existence of the mild solution of equation (1.1)

Let & : 24 — %4 such that 2 (x)(r) = 0 for t €] —e0,0] and

1
e@()C)(l‘) :/O R(I7S)[B”(S)+F(s7xp(s,xx+yx)+yp(s,xs+ys))]ds for 1 € [O,T],

R(1,006(0), 1€ [0,7]
1) =
) { o(1). 1] —o,0].
emark 4.1. If x is a fixed point of &2, then v = x+ y is a mild solution of equation (1.1). Indeed, let x
19 be a fixed point of 2. Then, v(t) = ¢(z) fort <0. For ¢ € [0, 7], we have

Slefe|[~]ofals]e]|r]-~
= £
=
a
&

1" ¢

E V([) = R(t70)¢<0)+/0 R(tas)[Bu(s)+F(S’xp(s,x_y+yx)+yp(s,xs+y‘v))]ds
13 t

" = R(1,0)$(0)+ /0 R(t,)[Bu(s) +F (8,2p(5.v5) +Yp(s.vy) )1

15

" = R0)0(0) + [ RO, [Bu(s) (s, 3p(0 s

17 0

1s Hence, v(-) is a mild solution of equation (1.1).
' The following Theorem is the main result in this section.

. Theorem 4.2. Let u(-) € L=([0,1];U). Assume that (Hy)-(H3) hold. If

22 _tl-B

ZE CaﬁNBHS,&q < 1,

?*_ then equation (1.1) has a mild solution on [0, 1.

25

o6 Proof. Let E, = {x € %y ||x|| %, <r} for r > 0. The proof is divided in three steps.

>7  Step (1): There is r > 0 such that & (E,) C E,. By contradiction, assume that for every r > 0 there

0g existz, € [0,7] and x, € E, such that r < || £ (x,)(t,)] #,. Then,

2 < 2@

0 z

o = | ROrs) Bu(s) & F (5.3 + It sl

% 2

5 < IR B+ F (5% +pissnn s

84 tr

55 < [ IA R BU) + (5. Xp(s 50 + Yptsn )] s
36

- ty

7 < 1A AP AP ()R (1, ) [Bu(s) + F (5305510 F Vptsn 1) s
38

7 < N /tr{HBM(S)||X+HF(vap(s,nyry.y)+yp(s,xs+ys))HX .
40 7 (tr—s)ﬁ (tr—s)ﬁ

AESince,

2 H'xp(s.,stryy)+yp(s,xs+ys)||jfa SHZH(Z)H%OC‘*’HSVZI’*,
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1 it follow that,
? tr B A,r*
B r<CN/||M||X ORI
s tr—s)B  (t,—s)P
4 ir||Bu(s)||x Ir 1

< Cy4gN / 7ds+C Ng| A, oo/ ——ds
B < Gl G —yyp @ CanMoliel J G5
= -1 -1
. < aﬁNBMB’MLx’ 1—B +CaBNﬁl | A | o
E Dividing by r > 0, we get that
o B
" Ca7ﬁNﬁMB’”|w71_ﬁ B | Ao

1 CygN °°—.

% < r tCap . B r r
12 Letting r — oo, we obtain that
15 1B
16 1<Cy BNBH36 B

17
5 which is a contradiction. Hence, there exists r > 0 such that Z(E,) C E,.

5 Step (2): The map Z is continuous. In fact, let (x),>1 C Zy be such that l_lg_l IIx" —x|| 2, =0
o0 for some x € Z. One side, we have

o ) r

oo ‘@<x )(t) - ‘@(x) (t) = /OR(tvs) [F(sayp(s,x§+ys) +xg(s,x§l+ys))_F(s7yp(s,xs+ys)+xp(s,xs+ys))]ds'

EE By Lemma 2.17, we have

- 1 =il < Hs sup [l (0) = x(0) s

25 1€[0,1]

- = sl =l

og Which implies that ngTw || X} — x|/, = 0 for each s € A(p~) U0, 7]. Since the continuity of p, we
29 get that

z% 1Yty = Vp(sactye) T X (o) (st 4 = 0, fora.e on [0,7].

32 Using the fact that F is continuous with respect to the second argument, we get that

33

67 ngIE HF(S yp(vx”+y;) + (Vx?ers)) a F(S’yp(svxs‘ﬂk) +XP(S«,X.v+ys))HX =0

35 for almost everywhere on [0, ]. On other hand, we have

36

- |2(x") () = 2 () ()| o

- t

= = / ||Aa(l‘0)R(t7s) [F(S’yp(svx.'v"f‘ys) +xg(57x?+)75)) o F(S’yp(svxs"‘ys) +xp(s,x3.+ys))] Hde
39

111 < Ot B B/ B || 55 Vp (s, ¥ +ys) +x;;(s,X¥+ys)) o F(S’yp(srxx"‘yS) +xp(s,xs+yx)) des'

g Lebesgue dominate convergence Theorem implies that
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lim [|[2(x") = 2 (x)[| 2, =0.

n—+-o0

o
2
3 Step (3): We use Arzela-Ascoli’s Theorem to show that map &7 is compact. Then, we show that
4 P(E,)(t) is relatively compact for every 7 € [0, 7] and & (E,) is equicontinuous.

5 Firstly, we prove that V(1) = Z(E,)(t) is relatively compact for every z € [0, 7. If t =0, V(0) = {0}
6 is relatively compact in X4 (f9). For 0 < & < &' < 1, the embedding D(A® (£y)) < D(A%(1o)) is
7 compact. Let of = &+l andt €]0, 7], then

8

_ I 1 i

% 1A% (1) () (1)llx < /O IA% (10)R(t,5)[Bu(s) + F (8, Xp(5,1,+v,) + Yp (s.x,03,)) ]| x s

1 ! " "
— < /0 IA% (20)A™% (1)A% (1)R(t,5)[Bu(s) + F (5,Xp(s,1,+v,) T Vp(s.xsy) ) xS

2

8 i
i S CO(”,OCIN(X”(MB|M|°°+’lr’m)l_ia”'
15

E Then, {A% (#o)V(r)} is bounded in X. Using the fact A%~ % (1y) : X — X (o) is compact (see [42]), we
17 show that V(z) is relatively compact for every ¢ € [0, 7].
18 In the next, we prove that & (E,) is equicontinuous.

19 Case 1. Let 0 <t < ¢* < 1. Then,
20

4 PWE) - PWE) = [ ROy s

22

- !/

5
Z% — /0 R(',s)[Bu(s) —{—F(s,xp(‘;?xﬁys) —}—yp(s,xﬁys))]ds
2? !

t
2? = /0 [R(t*vs) _R(t/vs)][Bu(S) +F(saxp(s,x5+y3) +Yp(s,xs+yx))]ds

27 t*
2? + R(t*,s) [B”(s) +F(saxp(s,xs+ys) +Yp(s,xs+ys))]ds’

— tl
29

— Hence,

30

31 * t/ *
?; H‘@(x)(t )_y(x)(t/)ua,to < H/O [R(t ’s)_R(t/vs)”B”(s)+F(vap(s,x5+ys)+)7p(s,x;+ys))]ds||067lo

33 t*
37 +/t’ HR(t*vs)[B”(s)+F(Saxp(s,x5+ys)+yp(s7xs+ys))]||a7lods'

35
4 1t follows by (Hp) and (H3) that

37 Co pNp [Mp|u]o + | Art |oo]

s NZ@E) = 2@ ) lay < A% (10)I (@ 1)]Ix + B (=) P,
39

Ewhere

dz Ik v * /

42 ‘](t )1 ):/0 [R(t 75)_R(t 7s)][BM(S)+F(vap(s,x5+ys)+yp(s,xs+ys))]ds'

2 Apr 2024 06:26:08 PDT
231219-Elghandouri Version 2 - Submitted to J. Integr. Eq. Appl.



Submitted to Journal of Integral Equations and Applications - NOT THE PUBLISHED VERSION

CONTROLLABILITY OF INTEGRODIFFERENTIAL EQUATIONS 25
LSince,
g A1)
“ < ||A°‘(t0)/0t [R(t*,s) — R(t*,t)R(t',s) + R(t*,{")R(¢',5) = R({',5)]
Z BU(8) - F6 1)+ ot il
- < [ IA R ) R R NBUE) + P55+ ptn s
‘ FIASGORE ) 1) [ R SBUS) + P55, + St sl

% By Theorem 2.15, we get that

8 12 (x) (1) — 2 () (1) | oy

i = * C N M I/too—|— Afr*oo * B

16 )

o 1

7 - ||[R(t*,t/)—1]A0‘(fO)/0 R(t',5)[Bu(s) + F (8, Xp(s.x01y0) + Yp(s.eiye) 18 x-
18

19 Thanks to the compactness of

20 7

21 {/0 R(t’,s) [Bu(s) +F(vap(s,xs+ys) +yp(s,xs+ys))]ds L Xe Er}

22

23 in X¢ (1) and assumption (Hy), we obtain that

Z% lim [|2(x) (1) — 2(x)(t") || a.sy = O uniformly for x € E;.
=t '

% Case2. Ift' = 0,let 0 < t* < t;, we get that
27

28 CopNp [Mp|ut|ow + | Ar+|oo]

28 * 9 *1—

2 |2()(1%) = 2(3)(0) sy < P i

5 B

%9 Hence

31

32 hm0 |2 (x)(t*) — Z(x)(0)]|a.g, = O uniformly for x € E,.

— t*—

33

52 BY Arzela-Ascoli’s Theorem, we conclude that &7 is compact. By Schauder’s Fixed Point Theorem,
55 We conclude that & has a fixed point. O
3 In the next, we assume the following assumptions.

37

e (Hg) Letx:] —oo, 7] — X4(2p) be such that xo = ¢ and X € P o The function t — F(t,Xp(; )
. is strongly measurable on [0, 7], # — F(s,x,) is continuous on A(p~)U[0, 7] for every s € [0, 7]

39
0 and the function F(z,-) : 7, — X is continuous. Moreover, there exists N > 0 such that
4 |F(t,y¥)|lx <N for y e andae t €0,1].

zg (Hs) The linear equation (3.1) is approximately controllable on [0, 7].
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5. Approximate controllability for equation (1.1)

To prove that equation (1.1) is approximately controllable, we need to show that for each A > 0 and
d € X, equation (1.1) has a mild solution using the following control function:

up (1) = B*R(7,1)"J (B(A, B2)p(x* (),

where

p(x*(1)) =d —R(7,0)9(0) — /()TR(T,S)F(S,xﬁ(&x%))dS,

_._.
=|3]ele|~lofa]s|e]|r]-~
o
=
o
=

A ] — 00, 7] = Xy (to) such that x% = ¢ and xﬁo | € Cu.
T

12
13 Theorem 5.1. Assume that (Hy)-(Hz), (Hy), (Hs) hold. Then, equation (1.1) is approximately

14 controllable on [0, 7).

15
16 Proof. Let &) the map defined on 2 by &) (x)(r) = 0if t €] — o0, 0] and
i
18

t
E yﬂt ()C)(Z) = /O R(Z,S) [Bu/l (S) +F(s’xp(s,xs+ys) +yp(s,xs+ys))]ds forz € [O7T]

21

21 where,

2i

Z% () = R(#,0)¢(0), forz e |0,1]
o5 Y= 0(1),  fore €] —o,0].
2

27 Tt follows by Remark 4.1, that if x*(-) is a fixed point of 27, then, x*(-) + y(-) is a mild solution of
28 _equation (1.1) with the control function u; ().

2% Since,

30

31

> lur@llv = |IB*R(7,1)"J(Z(A, PB)p(x(-))llu
33 < MpM:||Z(A, %) p(x(-))llx

67 MBM‘L'

“ < S pa()x

36 MM

z% < B/lT[Hdllx+Mr(||¢(0)||x+NT)]
38 < oo,

39

g for each x € 2, then uy (-) € L=([0,7];U) for each A > 0. It follows by assumption (Hy), that § = 0.
41 According to the proof of Theorem 4.2, we can show that for each 4 > 0, there exists 7 > 0 such that
42 Py (E,) C E,, where E, is the same as defined in the proof of Theorem 4.2.
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Next, we prove that & is continuous on Z5. Let (x"),>0 C Z be such that 1iT |X" —x||2, =0
- n——+oo

for some x € Z,. Since,

IP("(-)) —p( ()lx

H/ R T S (sx’”rys) +yp(sx +y\)) F(Saxp(s7x5+ys) +yp(s,xs+ys))]dsHX

< / (5,0 (s xrryy) T ¥p(54v0)) = F (83 Xp (s.x,490) F Vo (55w, xS

[efe|~]ofo]s]e]n]-
IN

< / ||F sx”+y +yp(sx +y;)) F(saxp(s7xs+ys)+yp(s,xs+y5))”de'
10

11 Using the fact that F (¢, -) is continuous, we deduce that

2 lim [p(x"(-)) = p(x(-))llx =0

13 n—r—+oo

14 Similarly, as in the proof of Theorem 4.2, we show that P, (-) is continuous for each A > 0. As in step
15 tree of the proof of Theorem 4.2, we can prove that &2, is compact for each A > 0. Consequently,
16 the Schauder’s Fixed Point Theorem shows that for each A > 0, equation (1.1) has a mild solution x;
17 corresponding to the control function uy (-). Finally, we prove that equation (1.1) is approximately
18 _controllable on [0, 7]. Let (x*); be a sequence of mild solutions of equation (1.1) with the following
19 sequence of control functions:

z% up (1) = B*R(7,1)" J(Z (A, Br)p(x*(-))).
22 It is easy seen that
23 M) =d— AR (A, B)p(x* ().

24
»5 By assumption (Hy), we get that

26 27
p— / ||st des<N

Z% which implies that (F (s, xl’} 2 xl))) 24>0 is a bounded sequence in IL%(]0, 7]; X ) which is a reflexive Banach

50 space (because of the reflexivity of X). By Banach-Alaoglu Theorem, we may extract a subsequence

5 of (F(s,x I}; s x/l))) 2>0 that we continue to denote by the same index A > 0 such that

32

il A . N . ; 2 .
= {s— F(s,xp(wé)) : A >0} — F(-) weakly in L=(]0, 7]; X),
34 for some F(-) € L?([0,7];X) as A — 0.

% Let

36

37 w*=d—R(7,0)¢ / R(7,5)F

38

4 Since the compactness of R(z,s) for t —s > 0, we obtain

T
w Ip(*) —willx < ||/ R(,8)[F(5,%5 a)) = F(5)]ds]x
41 0 p(s.x§)

42 —0 as A—0".
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On other hand, we have
I (2) —dl[x < [|A% (T, Be)w*[|x + || p(x*) — w*||x.
Combining assumption (Hs) with Theorem 3.6, we can affirm that
|x*(t) —d||x — 0as A — 0%,

Consequently, equation (1.1) is approximately controllable on [0, 7]. 0

jele|~]o]a]s]o]m]~

6. Application

—_
o

To illustrate our basic results, we propose the following one-dimensional delayed heat conduction
— system, which has numerous physical applications, specifically in the theory of heat conduction in ma-

"2 terials with memory (see [41,43]). The system is represented by the following partial integrodifferential
s equation:

14

5 (dy(1,6) _ 9%(1,8) )

15 yi,q) oy,

e = e .6+ [ ¢y agz E2 225+ Ly (E)V(2.)

17

18 ay 1—o(ly tvg 7&

" a6yt o (e, 8)).2), 2O 0.4 e fom

5 (6.1) s

20

o y(1.0)=x(t.m) =0, 1€(0.7]

22

o ¥(6,8) = ¢()(5), (1,5) €] —e=,0] x [0, 7],

zz where b(t) is Holder continuous with order 0 < k < 1, that is there exists a positive constant Cj, such
25 that

26 |b(t) — b(s)| < Cplt —s|* for t,s € RT.

?”_Moreover, b(-) is continuously differentiable and b(¢) < —1. The function C(-,-) € BU(RT x RT,R*),
21 where BU (R* x R*,R*) is the space of all defined bounded uniformly continuous functions from
* Rt xRT to R*. Moreover, t — atC (t,s) is bounded and continuous from R* to R. Function
3— v € L2(]0,7] x (0,7);R). Let X = U = L.?((0,7); R). Here, (A(t));>0 and {G(t,s) : 0 < s <t} are

fglvenby

- { ANE) =—f(E)—bt)f(E), 1>0, &e(0,m),
" for f € D(A(t)) = D(A) = H*(0,m) N H} (0, ),

gand

36 { (G(t.)f)(E)=C(t,5)f (&), t>5>0, E€(0,m),
57 for f € D(A(t)) = D(A) = H*(0,m) N Hy (0, ).

ss  In the sequel, we show that assumptions (R;) — (R3) and (C;) — (C3) are satisfied.
39 ® Assumptions : (Ry) — (R3).

g - Assumption (Ry): for each t > 0, —A(tr) = A+ b(¢)I (I is the identity map) generates a
4 strongly continuous semigroup on X. Moreover, —A(t)y = Ay + b(t)y is strongly continuously
42 differentiable on R™ for each y € D(A), due to the strong continuous differentiability of
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b(-). We known that A is an infinitesimal generator of a Cyp-semigroup of contraction on X.
Since b(r) < —1, it follows that A+ b(¢)I is an infinitesimal generator of a Cy-semigroup of

o

2

3 contraction on X. Thus, —A(r) = A+ b(¢)I is stable [42, page: 131]. Furthermore, we have
Z (G(1)y)(-) = C(t +-,t)Ay for each y € D(A). Since t — acg;,s) is continuously differentiable
5 from R* to R, then G(t)y is strongly continuously differentiable on R* for each y € Y.
6 Consequently, assumption (Ry) holds.

7 - Assumption (Ry): since C(-,-) is continuous, then G(¢) is continuous on R*. Moreover,

8 ~ ~

o 1GOyllz = sup [[(G(1)y)(s)lx

- seRT

2 = sup |C(t+s,0)[[|Ay[lx

m sERT

2 < sup [C(t+s,0)[([[Ay]lx + [I¥]x)-

13 seRT

4 Then, assumption (Rjz) holds.

15 d - 0 -

o - Assumption (R3): lety € Y, then d—(G(t)y) (s) = a—C(t +s,1)Ay, which implies that G(t)y €
© s s

17 Dom(D) and

18 . d

o (DG(t)y)(s) = 5 Clr +5,1)Ay.

20 Moreover, t — DG(t) is continuous on R* and

21 . 0

2 IDG()yll.7 < sup [5-Clr +s5,0)[(|Av][x + [lyllx)-

5 seRt+ 9§

n Hence, DG(t) € £ (Y,.7). Thus, assumption (R3) holds.

o5 © Assumptions : (C;) — (C3).

26 - The assumption (Cy) follows from assumption (Ry). The assumptions (Cz) and (C3) hold with
27 Ki=1,K= % and Y = k. Hence, there exists a unique evolution system {U (¢,s) : 0 <s <t}
28 generated by the family {—A(¢) : ¢+ > 0}, which is given by

:g Ul(t,s)x = n; exp (—n?(t—s) + [{ b(r)dr) (x,en)e, for t >s>0 and x € X,

31

32 where e, (&) = \/%sin(né) forn>1and§ € (0,7).

33
5, Proposition 6.1. Let 0 < o0 < 1. The fractional power A%(1) forty € [0, 7] is given by

35

> D(A%(1y)) = {weX: g(nz—b(to))o‘<w,en>e,, GX},
:% A%(to)w = z(nz —b(to))*(w,en)e, for we D(A%(1p)).

i% Proof. Let (T;,(s))s>0 be the analytic Co-semigroup generated by —A(#). We recall that

41 oo
s T,(s)w= Y e‘<n2_b(t0))5<w,en>en for we X.
n=1
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Let w € D(A%(1)). Then,

1
- A%)w = A(to)A™ "D (to)w
s 1 o )
= A JE— - T
B ) |mrgy T
? +oo 1 ~+oo 2
i — A - —a ,—(n"—b(1))s e,
7 (o) LZ’I F(l—oc)/o s Ve ds(w,e,)e
9 = - 2 _ —a ,—(n*=b(1p))s
10 ; [m_a)/o ("= blto))s e ds] (w;en)en.
E Let r = (n? — b(tp))s, it follows that s~% = (n> — b(ty))*r—*. Hence,
2 Yoo | .
B aow = F02 bl [ [T
e (to)w r;l(n b(1)) [F(l—a) A r %e dr} (w,en)e

15 too
16 The result follows the fact that I'l—o) = / r~%e~"dr (by the definition of Gamma function). [J
0

7 ! !

s Lemma6.2. [52]Ifwe D(A% (t0)), then w is absolutely continuous, w € X and |w ||x = ||A% (t0)w]|x-
E Let y> 0, and

20

o1 %:‘gy:{we‘g(]—w,O];X): lim e"%y(8) existsinX}

60— —co

%2 equipped with the following norm

o lwlle = supe?||w(6)]x for we 2.
24 6<0

25 7 is a phase space which satisfies axioms (A1)-(A3), see [32, Theorem 3.7].

26 Assumption (Hj) is satisfied. Let e%ﬁ% =7, L where
27 i

o8 %%% = {we A y(0) EX%(to) for 6 < OandA%(to)l/JG %”},

2E equipped with the following norm

30 1

=2 [Wilor, = supe® A% (o) y(8) x for w € 44,

31 2 6<0 2

82 By Lemma 2.16, we obtain that jf% is a phase space that satisfies axioms (A})-(Aj).

®  Now, we define the function x : [0, 7] — X by

Z% x(t)(&) =y(t,&) for t €[0,7] and & € [0, 7],
s themap B: X — X by
37 (Bu)(‘g) ZX]al,az[(é)u(é) for 6 S [0,717],

g the function F : [0, 7] x t%”% — X by
39 /
o F(t,y)(6) = h(1,¥(S), v (5)) for £ €[0,7], & € [0, 7] and y € 7],

40
41 the control u : [0, 7] — X by

42 u(t)(&) =v(t,&) for t €[0,7] and & €lay,as],
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1 and the state-dependent delay function p : [0, ] x %@ —] — o0, 7] by
% p(t,y) =1—o(|[y(0)lx) for z €[0,7] and y € 777,
‘4 where o(+) is a continuous function on R* and 4 : [0, 7] x R X R is a continuous function satisfying
5 1/2
E </ |h(t,y1(0)(&), 1//2(9)(5))|2d§) <M, Y,y E %”%, for some M;, > 0.
7
. Then, equation (6.1) takes the following form:
9 ) t
o x@):—AOMO}+A(Hn@ﬂﬂk+4%n%mm)+BMOfmteﬂlﬂ,
1 x(t) = ¢(t) for 1 €] —o0,0].
12
13 Next, we verifies that assumptions in Theorem 5.1 are satisfied.
12 ® Assumptions : (Hy), (Hy), (Hy), (Hs).
15 - Assumption (Hyp): let 0 < @ < B < 1. We have,
e AQOM::Z##—b@»“@x@alhrxeDQWO»,
o e
1 and
9 oo 1
20 AP (t)x = for x € D(A*
2T ( )'x ngl (Vlz _b(t))ﬁ <x €n>en or x ( ( ))
oo Then,
23 1/2
on & (2 —b(1))”
f HAa(I)A_ﬁ s)xllx < x,e0)|?
26 1/2
o _(§ e b)Y
28 = (02 =b(1))P (n>—b(s)P 7"
29 1/2
_ +oo 2 b ¢ ﬁ
o < (E(5202) 1menr
31 = \n*—b(s)
32 1/2
_ +oo 2 _ b ¢ B
=] < (E(520) e ) sineevts) < -1
34 =\ n+l
z% Thus, there exists Ca, B> 0 such that
a7 |A%(1)AP (5)|| g (x) < Cqp for 0<a < <1.
Z% In what follows, we show that A%(V)R(I,S) = R(t,s)A% (v) on D(A%(to)) for 0 <s <t, and
o veRT. LethD(A%(to)),by Lemma 2.11, we have

E>N
iy
—_

e R(t,s)A2(v)x = U(t,s)AZ(v)x+ /SZU(z,r)Q(r,s)A%(v)xdr,
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1 and
o t
% A? (VMR(t,8)x = A? (V)U(t,s))H—/ A? (WU(t,r)Q(r,s)xdr
N s
4 t
E = U(t,s)Aé(v))H—/S U(t,r)A%(v)Q(r,s)xdr.
° Hence,
7
- 3
8(62)  AS(WR(t,8)x — R(t,5)A% (v)x = / Ut,r) [A% (V)O(r,s)x — O(r,5)A? (v)x} dr.
9 N
E On other hand, we have
é Az (v)O(r,s)x
- r pre w
13 (6.3) :A%(V)G(}’, r) [ R(w, s)xdw—A%(v)/ a(:;w) / R(l,s)xdldw
" rot raG(Sr,w) wo
15 =G(rr) [ AZ(v)R(w,s)xdw — / I / AZ(V)R(L,s)xdldw,
%} and
5 1 r 1 rdG(r,w) [V 1
8 (6.4) Q(r,5)A2(v)x = G(r, r)/ R(w,s)AZ (v)xdw —/ 3 / R(l,5)AZ(v)xdldw.
19 N K s
2E Combining (6.2) with (6.3) and (6.4), we obtain the following
21
o A2(VR(t,5)x — R(t,5)A2 (v)x
23 (6.5) = / Ult,r) {G(r, r) [A% (v)R(w,s)x —R(w, s)A%(v)x} dw
24 s s
- e w
25 — / a(r, W) / [A%(v)R(l,s)x—R(l,s)A%(v)x} dldw} dr.
or s w s
26 ‘
% LetK(z,v,s) =A? (V)R(t,s)x—R(t, s)A% (v)x,and H(r,v,s) = A/ K(w,v,s)dw. Since G(t,s) =
29 C(t,s)A for 0 < s <t, by (6.3) and (6.4), we obtain that ’
30 1 1 1 1 rdC(rl)
a1 H(r,v,s) = cor) [A2 (v)Q(r,s)x—Q(r,s)A2 (v)x} + Clrr) /S 3 H(l,v,s)dwdl.
32
. Then, H(r,v,s) is the unique solution (in X) of the following equation:
34 1 1 1 1 rdC(n1l)
5 S58) = gy [AHDIQUI = QAR O] + s [ 5 S(a
36 -
37 with the unknown S(-,-). That is, A/ K(w,v,s)dw exists in X, i.e,
39 (6.6) / K(w,v,s)dw € D(A) for r > s > 0.
40 s
a1 LetK (1) :=K(t,v,s) = ||K(t,v,s)||x. From (6.5), using (6.6) and the fact that AU (z,s) € £ (X),
42 under the aboves conditions on C(+,-), we can show that there exist non-negatives continuous
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functions M (-,-) and My (-,-,-) such that

//M1 (t,r)K dwdr+/ / / My (t,r,w)K(l)dldwdr.

Asx e D(A% (t0)), K(t) is continuous in 7. It follows then from Fubini’s Theorem that

K(t) < /SZIZ(W)/V:Ml(t,r)drdw—k/st/Srk(l)/ler(t,r,w)dwdldr
< / "R (w) /Wt My (1, r)drdw + / k(1) /l t /l Mot w)dwdrdl.

Let a > 0, then

I
[a[=[a[s][=]3]e]e|~]o]a]s|e]|r]|-~

t
K(t) < /[M1a+M2a] (w)dw for 0 <s<t<a,
S

where

-
(o]

t ! r
Mi,= sup M (t,r)dr and M, = sup / My (t,r,1)dldr,
w

; o<w<t<aJsw o<w<t<aw
8 for a > 0. By Gronwall Lemma, we get that K (1) = 0 for 7 € [0,a]. Since a > 0 is arbitrary, we
9 obtain that K(r) = 0 for each t > 0, i.e, A? (VR(t,s) = R(t,s)A% (v) on D(A% (t9)) for0 < s <t,
20 and v € R". Thus, assumption (Hyp) holds.

- - Assumption (Hp): the maps R(A,—A(¢)), t > 0 are compact for each A > 0. By [25, Proposi-
= tion 2.1], we obtain that U (z,s) is compact whenever ¢ — s > 0. Then, (H;) holds.

s - Assumption (Hy): let x :] — o0, 7], X0 = ¢ and Xloq € @%g’%. By continuity of p, h and r — x;
Z% we can see that function t — F(t,x,(, ,)) is strongly measurable on [0, 7] and  — F (s,x;) is
. continuous on A(p~) U [0, 7] for every s € [0,7] and F(z,-) : ,%”% — X is continuous for a.e
p— t € [0, 7]. Moreover, ||F(t,y)||x <M}, foreach (1, y) € [0, 7] x ,%”% . Consequently, assumption
28 (Hy) is satisfied.

o9 - Assumption (Hs): we have B* = B, where B* is the adjoint operator of B. In fact, let u,v € X,
30 then

31

37 By = [ o EuEEE

33

w = [Tuemeae = / oy anl(EV(E)dE

. = (u,Bv).

36

37 Since A(1)* = A(r) and G(z,5)* = G(t,s) fort > s > 0 where A(z)* and G(z,s)* are the adjoint
38 operators of A(z) and G(t,s) respectively, with the same argument as in the proof of Theorem
39 3.10 from [30], we show that R(z,s)* = R(t,s) for t > s > 0. Therefore, B*R(t,s)*x* = 0 =
40 (R(t,5)x*)(&) =0 for & €]a;j,az[and 0 < s <t < 7. By Lemma 2.11, we have

t
e R(t,s)x" =U(t,s)x* +/ U(t,r)Q(r,s)x*dr for t > s> 0.
N
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Since (R(t,5)x*)(&) = 0 for £ €]a;,ax[ and 0 < s < < 7, it follows that Q(r,s)x* =0 on
lai,ax[ for 0 < s <r <t. Then, we obtain that (U(t,s)x*)(§) = (R(t,5)x*)(§) =0 for & €
lai,ax[ and 0 < s <t < 1. That is,

Eo exp (—nz(t —s5)+ ! b(r)dr) (x*,en)en (&) =0,

n=1

for & €laj,ax[and 0 < s <t < 7.

+oo
Since the function & — ¥ exp (—n*(t —s) + [ b(r)dr) (x*,en)e,(&) is analytic, it follows

n=1

jele[~]o]a]s]e]m]~

that

—_
o

’zexp (—nZ(z—s) +fstb(l’)dr) (¢ en)en(E) = 0,

for & € (0,7), and 0 < s <1 < 7. Hence, (x*,e,) =0 for n > 1, that is x* = 0. From Theorem
3.6, we show that (Z.x*,x*) > 0 for x* € X* — {0}. Thus, the linear part corresponding to
equation (6.1) is approximately controllable on [0, 7]. As a consequence, assumption (Hs) is
satisfied.

—_ | =
A

=
|2 o]

;-  Consequently, by applying Theorem 5.1, we get the following result.

'®_ Proposition 6.3. Equation (6.1) is approximately controllable on [0, 7).
19
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