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Abstract

In this article, we study two semi-analytical methods: the successive approximation
method, i.e., the Picard method (PM), the Adomian decomposition method (ADM),
and one numerical technique (NT) method for finding the approximate solution of Gen-
eralized Nonlinear Functional Integral Equations (GNFIE). The existence and unique-
ness results are proved by applying Banach’s contraction theorem. In some cases, it
is difficult to find the integral when we use the ADM to find the approximate solu-
tion of certain nonlinear integral equations. To overcome this problem, some numerical
techniques are applied based on GNFIE. Our existence results contain many functional
integral equations as a special case. Finally, we discuss some examples and compare the
methods along with the error analysis.
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1 Introduction

Generalized Nonlinear Functional Integral Equations (GNFIE) have numerous applications
in various fields, including the theory of neutron transport, the theory of radiative transfer,

the kinetic theory of gases, and traffic theory. Numerous papers, monographs, and ap-

2Corresponding author.
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plications frequently involve the GNFIE. For more details, see ([9]-[11], [12]-[14], [21]-]23],
[25],]126],[28]-[31], and references therein).

In 1987, R. Rach [39] and N. Bellomo and D. Sarafyan [19] compared ADM with the
Picard method (PM) on several examples. In 1999, Golberg [33] investigated whether the
Adomian method for linear differential equations is equivalent to the traditional method of
successive approximations (PM). But this is not true in general for all nonlinear differential
equations. In 2010, El-Sayed et al. [31] studied the existence and uniqueness of solutions

for the following quadratic integral equation (QIE):

2(pu) = s(p) + h(p, 2( /fUZ

where h(u,z(p)) and f(v, z(v)) are bounded functions and compared their results with
ADM and Picard method.

In 2013, E.A.A. Ziada [43] proved the existence and uniqueness of a solution for the
following QIE:

() = s + ([ Katm s znav) ([ el vigtors)av )

and applied ADM and the repeated trapizoidal rule to solve the above equation with com-
parisons.

In this article, we prove the existence and uniqueness of the following GNFIE:

<(0) = 500+ 1020 [ Ko fonsonae ) ([ atuvigtostopan) . )

and apply ADM, the Picard method, and one numerical technique to solve the above equa-
tion. To solve the numerical examples, we use MATLAB 2021a software. Apart from this,

a detailed comparison of these methods, including the error analysis, is discussed.

2 Main results

In this section, we investigate the existence and uniqueness of the solution to the following

GNFIE:

() = 500+ 1s20) [ Ko o) o0 ) ([ atuvigtostopav). @)
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Using the subsequent presumption:

(i) s : Z — Ry is a continuous function on Z, where Z= [0, 1] and R+ =[0,+0o0];

(ii) h, fand g : T x Q@ C Ry — Ry are continuous and P= sup {|h(x,0)|: n € [0, 1]},
0= sup {|(1,0)] < j € [0, 1]}, S= sup {lg(1, 0)| - 1 € [0, 1]} and! |=(u)|< H ;

(iii) K1,K9 : Z x T — R are continuous such that K;= /513%)% |ICi(p, )], 1=1,2;

(iv) h, f, and g satisfy the Lipschitz condition with Lips7chitz constants Cq, Co and Cs such

that

|h(p, 2) — h(p,y)| = Cilz =yl

| f(1,2) = f(1,9)|

174N

C2|Z_y|7

lg(p, z) —g(p,y)| = Cslz —yl.

Assuming C = C(Z) to be the space of all real-valued functions that are continuous on Z.

Consider the operator M as,

(M2) (1) = s(p0)+h(p, = </ K1 (1, 0) f(v z(v))dv> (/Ouig(ﬂ,v) g(v,z(v))dv> V zec.

Theorem 2.1. Let s(u) € C(Z) and the presumptions (i)-(iv) be satisfied.
If K = K1 K3[Cy (CoH + Q) (C3H + S) +Co (C1H + P) (CsH + S)+C5 (C1H + P) (CoH + Q)]
and K <1, then the GNFIE has a unique positive solution z € C.

Proof. Clearly, the operator M maps C into C.
Define D as a subset of C,

D={zeC:|z—s(u)| <M} where M=K Ky (CiH+P)(CoH+ Q) (CsH+S)>0.

So, the operator M maps D into D. For z € D, we have

(M) () — )] £ (s =(w) ( / " ) |f<v,z<v>>|dv) ( / " [Ka(u ) |g<v,z<v>>rdv)
< K1K2<|h<u,z<u>>—h<u,o>|+\h<u,o>r>(/ (1w, 2(0)) — F(0,0)| + £ (v, >r>dv)
( [ at0,0)) = 90,0) +190020) dv)
0
<

K1 K5 (Ci|z(p)] + P) (Colz(v)| + Q) (C3[2(v)| + S) (/jdu) </ >

29 Feb 2024 23:24:37 PST 3
230309-Deepmala Version 4 - Submitted to J. Integr. Eq. Appl.



=K1K (Cil2(1)] + P) (Cal2(v)| + Q) (C3|2(v)| + S)

A

K1 Ky (CiH + P) (CoH + Q) (C3H + S) pi?

IA

KKy (CiH +P) (CoH + Q) (C3H + S)

Also, one can easily verify that D is a closed subset of C. Now we prove that M is a

contraction. For z, y € D, we get

(Mz)(p) = (My)(p) = h(p, 2(1))

G 90) ([ a0 £ ) ([ atuo) lato,0) - gt aolav

(M=) () — (M) ()] < B =) — Bl (/ a0 10, 2(0))ldv (/ (s, 0)] Lo, 2( ))dv)
A (s (/ 1 s 0)] 1 (0 2(0 o) ([ et o) loto. =(0)a
A (o (/ g 0)] 1 (0,50 |dv) (/ Kalp, )] Lo, 20) - 0Dl

LM Myl = max (M=) — (My) 1)

[IA

K1K2C1 (CQH + Q) (CgH + S) ||Z — y||u + KlKQCQ (617'[ + 73) (037'[ + S) ||Z — y||u2

K1KCs (C1H + P) (CoH + Q) ||z — yl|p?

A

K1 K5[Ch (CoH + Q) (C3H +S) +Co (C1H +P) (CsH + S)
+C3 (C1H +P) (CoH + Q)] |1z — vl
= Kx|z—yl,
where K = K1K3[Cq (CoH + Q) (CsH +8) +Co (CirH +P) (C3H + S) + C3 (C1H + P) (CoH + Q)].

If K < 1, the operator M is a contraction. By Banach contraction theorem, M has a fixed point

which is unique in D. Hence, GNFIE has a unique solution. O
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3 Applications

Our proposed GNFIE contains several nonlinear integral equations as a special case.
o If h(u,2(un)) =1, Eq. becomes the subsequent nonlinear QIE, which was studied by
E.A.A. Ziada in [43].

) =50 + ([ Katm o z@nav) ([ et vt s)av )

o If we put Ky(p,v) = Ko(pt,v) =1 in Eq. (1], we get the following nonlinear GNFIE:

(1) = (i) + hp, 2 (/ Fv, 2(v dv) (/ g(U,Z(U))dU).

o If we put K1 (p, v) = Ka(p, v) = K(p,v) and f(v, z2(v))= g(v, 2(v)) in Eq. (1)), we get the

following nonlinear GNFIE:

() = 50+ o) ([ G0 vz())dv)

o If we put h(p, 2(1)) = 1;K1(p,v) = Ka(pt,v) = 1in Eq. (], we get the following nonlinear

) =560+ ([ #tw a0 [ atw.s0na).

o If g(v, 2(v)) = 1 and Ka(u,v) =1, Eq. transforms to the subsequent nonlinear GNFIE

QIE:

studied by E.A.A. Ziada [42].

(0 = 00+ a0 ([ K)o 20

o If g(v,z(v)) = 1 and Ky(p,v) = Ko(u,v) = 1, Eq. transforms to the following
nonlinear QIE studied by A.M.A El-Sayed et al.

(1) = (1) + b (1, 2 (/fvz )iv). 3)

Also, if hi (g, 2(p)) = 1 in Eq. (3]), we get the following nonlinear Volterra integral equation

) = st + [ s,

o If g(v,2(v)) =1, s(u) = 0 and Ky(p,v) = Ka(p,v) = 1, Eq. transforms to the

24]

subsequent nonlinear QIE studied by Maleknejad et al. [3§].
"
<) = o) [ fonstoe).
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4 Picard method (PM)

Applying PM to GNFIE , the solution occurs by the sequence

2o(p) = s(p),
o) = st 1) [ K 10z )0 ) 5
( [ et g(v,zn_1<v>>dv); nz1 (1)

where z,(u) are continuous functions and we can write z,, as a sum of successive differences:

n—ZO+§ Zzl

This implies that the convergence of the sequence {z,} is equivalent to the convergence of
the infinite series ) .~ (2; — z;—1) and the solution will be the limit of the sequence {z,},

ie.,

z(p) = lim z,(p).

n—oo
If the series > (z; — zj—1) convergent, then the sequence {z,(x)} is uniformly converges to

z(p). To show uniform convergence of {z,(u)}, we consider the series

o0

D (k) = za1(p)].

n=1

For n=1 in Eq. , we get
n
() — ) = bzl ( [ st 560 Zo(v))dv) ( [ el g(v,ZO(v»dv)
and |z1(p) — 20(p)] £ K1 Ko (CtH 4 P) (CoH + Q) (CsH + S) p? = M p2. (5)

Now, to find an estimation for (z, — z,—1), n =2

=zt = B (0) ([ K0 50z oae) ([ Kalu) a0,z

i w

0
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ot = [t 2t (1)) — B 2na(1))] X ( [ o) 00 an(U))dU>
n
T h(i, z2() ( [ Kat0) 50,2020 - 10 zn_2<v>>1dv)
X /OM Ka(p,v) g(v,znl(v))dv>
0 z0-200) ([ Katn0) $0, 20

([ Kol a0 201(0) = 9020 a0)
K1 KsCq (CQH + Q) (C3H + S) M2 Hzn—l - Zn—QH

[IA

Zn — Zn—l’

LK Gy (CrH + P) (C3H + S) /0 Y et (1) — 2aa(0)|dv
UKL (CH+ P (CH+ Q[ Jzna(0) = zna(odv. (6)
Putting n=2 in Eq. (6]) and using Eq. (), we get
|20 — 21| £ K1K2Ci (CoH + Q) (C3H +S) i |21 — 20|
+ K1K2C2 (CLH + P) (CsH + S) H/Ou |z1(v) — 20(v)| dv
K KoCs (CH +P) (CoH + Q) i /O "1 (0) = 20(0)] do.

1
MEKoCy (CoH + Q) (C3H + S) ,M4 + MK KoCy (CiH + P) (C3H + S) 5/1,4

[IA

1
MEKoCs (CrH + P) (CH + Q) gt
1 1
= MK{Ky |C (CQH + Q) (Cg'H + S) + gCQ (CgH + S (C{H + 'P)) + §C3 (ClH + P) (CZH + Q) M4~
Putting n=3 in Eq. @ and using Eq. , we get

23 — 22| £ K1KoCi (CoH + Q) (CsH +S) p? [|z2 — 21

m
+ K1 K2Cy (CiH +P) (CsH + S) u/ |z2(v) — 21 (V)| dv
0

m
+K1K2C3 (CiH +P) (CoH + Q) M/ |z2(v) — z1(v)] dv.
0

[IA

MK K5)? |:Cl (CoH+ Q) (CsH+S) + %Cz (C3H+S(C1H+P)) + %Cg (CtH+ P) (CoH + Q)]

« [cl (CoH + Q) (CsH + ) + %cz (CsH+ S (CH+P)) + %cg (C1H + P) (CoH + Q)] 4.
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By continuing the same procedure, we get
1 1
|Zn — Z71,—1| é M(KlKQ)nil |:Cl (CQH + Q) (637‘[ + S) + gCg (Cg% + S) (C{H + 7)) + 503 (617'[ + 73) (CQH + Q):|
1 1
xPMQH+QM@H+&+5@@&Hﬁﬂ@%+m+5@wm+PM@H+Qﬂxmx

1 162 (CsH+S)(C1H+P)+ Cr—

M(K1K2)" HC1 (CoH + Q) (CsH +S) + Co (CsH +S) (C1H + P) + C5 (C1H + P) (CoH + Q)] x

[Cl (CoH + Q) (C3H +S) + C3 (CiH +P) (CoH + Q)] p’

A

Ci(CoH+ Q) (CsH+S)+Co(CsH+S) (CiH+P) +C3 (CrH +P) (CoH + Q)]

MK K2 {Cy (CoM + Q) (CsH +S) +Co (CsH+S) (CLH+P) +C5 (CLH+P) (CoH + Q)" !

SiIlCG, K= [KlKQ {Cl (CQH + Q) (CgH + S) + CQ (CgH + S) (ClH + P) + Cg (C1H + P) (CQH + Q)}]
and K < 1 also M > 0, so the convergence of the series

[e.9]

> [en(p) = 201 ()]

i=1
is uniform. Hence, z,(u) is uniformly convergent.

Since h(u, z), f(u, z) and g(u, z) are continuous at z, so
2(p) = s(p)+ hm Rty zn (10 (/ Ki(p,v) f(v Zn(v))du) (/O“ Ko, v) g(v,zn(v))dv)

— s(u) + h(p, 2 (/ K, 0) f(v z(v))dv) (/Ouzcg(#,u) g(v,z(v))dv).

Therefore, the solution exists.
Now to show the uniqueness of the solution, assume xz1(u) is another solution of Eq.

which is continuous. Thus,

) = )+ 1o () [ Koo s ) ([ Kot stvma(oiav) v e 1] 0

and

) =2 = w0 ([ Katue vwl(v))dv) ([ 1600) st ma(eyan

B, 21 (/ Kn(,v) F( zn_l(v))dv) (/Oﬂ@(u,v) g(v,zn_l(v))dv>

29 Feb 2024 23:24:37 PST 8
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= tlea) [ Kaleo) swnoaw) ([ Kaio) gt w)a
= 1) ([ K00 S0 zor00aw) ([ atuvdgton o)
1 zn10) ([ KaG0) 0z ) ([ Kal) gt

= a0 ([ a0 s zma(onae) ([ atu) glv.ztein).
K1 K>Cq (CQH + Q) (C3H + S) MZ H'Zl - Zn*1||

A

21 (1) = 2n ()]
+ K1 KoCoy (CiH +P) (CsH+S) /0“ |z1(v) — zp—1(v)|dv

+K1KoC3 (ClH +P) (CoH+ Q) /0# |21 (V) — zp—1(v)|dv. (8)

From Eq. , we obtain
21 () — s(p)] £ K1Ko (ClH + P) (CoH + Q) (CsH + S) pi = M p* < M. (9)

From Eq. and @D, we get
|21(1) = 20 ()] £ M [K1K3 {C1 (CoH + Q) (CsH +S) + Ca (CsH + S) (CrH + P) + Cs (CrH + P) (CoH + Q)" "

Hence,

lim 2, (1) = @1(p) = 2(p). O

n— oo

5 Adomian’s Decomposition Method (ADM)

The ADM was first introduced and developed by George Adomian [I] in the 1970s and 1990s. It
is a semi-analytical method for solving a wide class of linear and nonlinear ODEs, PDEs, integral
equations, functional equations, integro-differential equations, and differential delay equations. For
more details, refer to ([I]-[6] and references therein). ADM is a type of algorithm based on the
decomposition technique to build approximate solutions and numerical simulations for real-world
problems in applied sciences and engineering without restrictive assumptions such as those required
by linearization, perturbation, temporary assumptions, guessing the initial terms or a set of basis
functions, and so forth. For details, one may refer ([IJ-[6],[22],[23], and references therein). It
provides the solution as an infinite series that converges faster towards accurate solutions. In 1989,
Cherruault [22] provided the first proof of convergence for the ADM using fixed point theorems for
abstract functional equations. After that, Abbaoui and Cherruault ([5],[7]), Himoun et al. ([34],[35]),
Hosseini and Nasabzadeh [36] have further explored the convergence of the ADM. Additionally,
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Babolian and Biazar [16] introduced the order of convergence, while Boumenir and Gordon [20]
discussed the rate of convergence, and El-Kalla [32] presented another perspective on error analysis.
In 2011, Abdelrazae and Pelinovsky [§] provided a rigorous proof of convergence for the ADM,
utilizing the Cauchy-Kovalevskaya theorem for initial value problems. In references ([I6]-[I8],[40]),
application and convergence of ADM to several forms of integral equations were examined.

In this section, our main objective is to construct an algorithm using ADM (motivated by the work

of Fu et al. [41]) to find the solution of our proposed GNFIE:

2(8) = () + (g 2(1) ( / ”/clw,v)f(v,z(v))dv) ( I /@(w)g(v,z(v))dv) o)

where the functions s, h, f, g and kernel Ky, Ky satisfies the condition [(i) — (iv)] defined in section

The ADM representing the solution z(u) into a series form

2(p) = Zzz-(u% (11)

1=0

and the nonlinear functions h(u, z(p)), f(v, z(v)) and g(v, z(v)) decomposed as follows:

B 2(0) = Ui, F(0,2(0)) = 3Vilw), and glo,2(0)) = 3 W) (12)
=0 =0 =0

Here U; (1), depending on zo(u), 21 (), ..., 2; (1) is the Adomian’s polynomial of h(u, z(u)) defined as
follows

La
2 dX

U(p) =

h (Ma Z AnZn(H))] , 120. (13)
n=0

A=0

Similarly we can define V;(v) and W;(v). Thus the nonlinear term in Eq. is decomposed into

N (=(1)) = h(ye, (1)) ( [ ks z<v>>dv) ( | Kaluworate z(v))dv) =3B, (9
where the Adomian polynomials are

Bi(y) = iiwu) ([ i) ([ Ko o). as)

§=0 n=0

Therefore, the Adomian recurrence scheme for the solution of Eq. is

zo(p) = s(w), (16)

zixi(p) = Bi(p), i=20. (17)
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6 Numerical Technique (NT)

Sometimes the evaluation of integrals in ADM is very difficult or impossible to calculate. For that
reason, finding the series solution terms of the ADM is challenging for the researchers. So this
numerical technique will be helpful to overcome this problem. In 2005, E. Babolian [I5] applied
this method to the second kind of linear Volterra integral equations. In this section, we apply this

numerical technique to solve the GNFIE (2). Applying ADM to Eq. (2), we get

zo(p) = s(p),
i) = bl ([ Ki0) sz ) ([ Katun) glvzatopan). )

Now to approximate the integral terms in , we will use the numerical technique discussed in [27].

We take a regular mesh in p and setting p = u; = ih,, where h, is the step size = % Hence, the

integral in can be approximated as,

" KCa (i, v) 9(U>Zn(v))dv) = | b Y ey Ky vg) f(vg, 2 (v;))

Jj=0

( OM Ki(pi;v) f(“’Z"(U))dU) (

0
i
X h* Zaw ICQ(/J‘i7Uj) g('UJ,Zn(’UJ)) y
§=0
where p; =v;, 1 =0,1,2,...n.

So we have

20(pi) = s(pi),

gt (i) = A, 20 (i) | e Y iy Ky vg) Fo,zn(0) | | B D i Kol ;) 9(vg, 20 () | 5 (19)
=0 3=0

i=0,1,2 ... and n=0,1,2... .
We can choose suitable weights «;; for each i and j = 0, 1, .., which represent the weights for (i +1)
points quadrature rules of Newton-Cotes type for the interval [0, ih.].

Now we apply the above three methods to solve the following examples.

7 Numerical Examples

Example 7.1. Consider following GNFIE

2n) = (,ﬂ - 1‘;;7()) + 2 () (/0” UzQ(U)dU) (/0“ ;};z?’(v)dv> , (20)
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and z(p) = p? is the exact solution of this equation.

Applying successive approximation method (PM) to the Eq. , we get
#2 _ '
1350/’
' " Bog,2
) = (= o)+ 2t ([Toaeia) ([M st aan) . =12

and the solution is

20(p)

z(p) = lim z,(p).

n— oo

Applying Adomian decomposition method (ADM) to the Eq. , we get

2 MU

zig1(n) = Bi(p), 120,

where

Bi() = izj:znw ([ oaratorae) ([ ;);Dz'j(v)dv>

j=0 n=0

1s the Adomian polynomial of the nonlinear term

n Eq. and

k ko
Ap(0) = zi(V)ze—i(v), Di(v) =Y ) zi(v)zj-i(v)2k—; (v),
0

i= §=0i=0
are the Adomian polynomial of 2% and 2> respectively.
The approzimate solution upto (p + 1) terms by ADM is
P
2(m) =Y z(w).
i=0

If we apply the discussed Numerical Technique (NT) to Eq. , we get

o M
zo(ps) = <Hi - 1350> )

7 7 2
V4
Zopr () 2 za() | B Y g vy 2 (v) | [ e D %Zi(vj) :
=0 =0

where p; = v; fori=20,1,2,..n.
Table compares the absolute error of the ADM, PM, and NT methods. Figure shows the

exact solution and the approximate solution of these three methods, along with an absolute error

graph.
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# | |Zezact — 2Picard| | |2ezact — 2aDM| | |Zezact — 2N
0.1 2.8536e-74 9.0405e-74 9.2592e-20
0.2 1.3159e-55 4.1692e-55 2.5379¢e-15
0.3 1.0887e-44 3.4492e-44 1.0109e-12
0.4 6.0689e-37 1.9227e-36 7.2382e-11
0.5 6.1877e-31 1.9604e-30 2.0105e-09
0.6 5.0207e-26 1.5906e-25 3.0570e-08
0.7 7.1034e-22 2.2504e-21 3.0612e-07
0.8 2.7987e-18 8.8660e-18 2.2548e-06
0.9 4.1530e-15 1.3151e-14 1.3084e-05
1.0 2.8516e-12 9.0126e-12 6.1778e-05

Table 1: Comparison of absolute error for ADM, PM and NT methods

Example 7.2. Consider following GNFIE

) ([l o) ([ ow). o

and z(p) = p? is the exact solution of this equation. Applying Picard method (PM) to the Eq. ,

25

I
= (- 4

we get

25

0
zo(p) = (#3 ~ 1760
25

1
) = (v

and the solution is

B M26
2200 /)’

) ([osn o) ([

z(p)

Applying ADM to the Eq. (21)), we get

where

zo(p) =

zip1(p) =

= lim z,(p).

n— oo

e 12 - 1126
1760 2200

).

Bi(y) = izj}ln(u) ([ smatorte) ([ 205w
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1s the Adomian polynomial of the nonlinear term

N) =20 ([0 ) (5 [ o 2ean)

m Fq. and

kg
Ap(0) = zi()ze—i(v), Di(v) =Y > zi(v)zj-i(v)2k—; (v),

k
i=0 Jj=0 =0
are the Adomian polynomial of 2% and 2> respectively.

The approzimate solution upto (p + 1) terms by ADM is

P

2(p) =Y zi(p).
i=0
Applying NT method to the Eq. , we get
25 26
N 3_ M
2o(u:) (’“‘1 1760 2200) ’

10

~ Hi
Znpa(ps) 2 TRzl () | By (0 1) 2a(vy) | | s (Bef4) D iy w520 (v5)
=0

Jj=0

where w; = v; fori=20,1,2,..n.

Table compares the absolute error of the ADM, PM, and NT methods. Figure shows the

exact solution and the approximate solution with these three methods, along with an absolute error

graph.

Example 7.3. Consider following GNFIE

2(p) = <M — ‘2‘%(1 +p— 6“)) + @ (/OH(U — 1) 62<v>dv> (/OH v? Z(v)dv> , (22)

and z(u) = w is the exact solution of this equation.

Applying PM to Eq. , we get

zo(p) = (u—gﬁ(lJru—e“))v

i = () E0 ([ o) ([

and the solution is

2(p) = lim 2, ().
Applying ADM to Eq. , we get
16
20(p) = (M —5g(ltae= e“)) ;

zi(p) = —Bi(p), 20,
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(v)dv) , n=1,2,..,



# | |Zezact — 2Picard| | |2ezact — 2aDM| | |Zezact — 2N
0.1 2.9814e-103 6.8526e-76 4.4205e-28
0.2 9.8204e-76 4.8603e-55 1.0978e-21
0.3 1.3557e-59 8.1636e-43 1.1138e-16
0.4 4.0743e-48 4.0115e-34 1.9898e-13
0.5 3.3960e-39 2.2749e-27 6.1306e-11
0.6 6.8062e-32 7.6553e-22 6.4826¢e-09
0.7 1.0385e-25 3.6620e-17 3.3135e-07
0.8 2.4015e-20 4.1948e-13 9.9875e-06
0.9 1.3121e-15 1.6063e-09 0.00020154
1.0 2.2928¢-11 2.5114¢-06 0.00297882

Table 2: Comparison of absolute error for ADM, PM and NT methods

where

Bify) = izj}tn(m ([ w=msiiar) ([ o)

j=0 n=0

s the Adomian polynomial of the nonlinear term

N =20 ([ ea0) ([ s(wia).

mn Fq. and
Ap(w) =Y zi(v)z—i(v),

k
=0

is the Adomian polynomial of z%. Also the Adomian polynomials for f(v,z(v)) = e*(*) are

By(v) = e*),
Bi(v) = z(v)e*®,
1
By(v) = §Zf(v)620(”) + 22(v)e™ ™),

The approzimate solution upto (p+ 1)*" terms by ADM is

2(1) =Y z(p).
=0

K2
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Applying NT to Eq. , we get

y
2o(pi) = <u¢26(1+m6”)>,
i) = = he iy (v — i) €D | B> agy viza(vy) |
7=0 =0

where p; = v; fori=0,1,2,..n.
Table compares the absolute error of the ADM, PM, and NT methods. Figure shows the

exact solution and the approximate solution with these three methods, along with an absolute error

graph.

| |zezact = 2Picard| | |Zexact — 2aDM| | |Zezact — 2NT|
0.1 9.0827e-27 1.2073e-26 2.4145e-10
0.2 4.2235e-20 5.6167e-20 1.5718e-08
0.3 3.5097e-16 4.6696e-16 1.8003e-07
0.4 2.1894e-13 2.9145e-13 1.0161e-06
0.5 3.3082e-11 4.4072e-11 3.9392e-06
0.6 2.0408e-09 2.7221e-09 1.2674e-05
0.7 6.7922e-08 9.0825e-08 4.1146e-05
0.8 1.4416e-06 1.9378e-06 1.6049e-04
0.9 2.1756e-05 2.9564e-05 7.3709e-04
1.0 2.5178e-04 3.4983e-04 0.0035

Table 3: Comparison of absolute error for ADM, PM and NT methods

8 Conclusion

In this article, we discussed the solvability of a generalized nonlinear functional integral equation.
Some examples are provided and solved by two semi-analytical methods and one numerical technique
(NT) method. A detailed comparison of these three methods is also provided, along with three
different examples. We have shown that all three methods give a solution that is almost close to the
exact solution, but based on the absolute error graph, we conclude that the Picard method (PM)
provides a more accurate solution compared to the ADM and NT methods, respectively. In the
future, one may compare our results with some other methods to find more accurate solutions.
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