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Abstract

In this paper, a new generalized American Options under )—Caputo Fractional-Order
Derivative Heston (AOyCFDH) model was investigated. Moreover, a new Numerical Implicit
Scheme Method NISM has been developed for solving the AOyCFDH model. Also, we have
analyzed the stability and convergence of the NISM. Finally, two numerical examples are
proposed in order to show the robustness and the efficiency of both the model AO¥CFDH
and the NISM.

Keywords. The y¥—Riemann-Liouville fractional derivative, The —Caputo fractional
derivative, American Options, Heston model, Numerical method, Stability, Convergence.
AMS Subject Classification. 65M15, 65N12, 66M22, 65M06, 26A33.

1 Introduction

The recent period has seen a major revolution in the fields of scientific research concerned with
the study and analysis of partial differential equations. Particularly, the interest focused, not
so long ago, on the study of Partial Differential Equations with Fractional Derivative (PDEFD)
[12, 13, 19, 22, 24, 28, 30, 32, 33, 35, 38, 39]. The PDEFD has been studied and applied in various
scientific fields such as medicine [11, 17, 21, 23, 27], engineering, pure and applied mathematics,
physics [2, 3, 5, 6, 7, 8, 9, 10, 21, 25, 29, 36], Stochastic [4, 26] and other fields. In the literature
there are several types of fractional derivatives. We list the most frequently used, for example,
Riemann-Liouville derivative, Caputo derivative, Caputo-Hadamard derivative [1, 15, 20, 37],
Atangana-Baleanu fractional derivative [3, 9, 34] and Caputo-Fabrizio fractional derivative [10].

The application of PDEFD in the mathematical modeling of many natural and realistic
phenomena in the economic and financial fields is still very weak compared to other fields [2, 14,
25, 36, 40]. In [36, 2015], the authors investigated the time-fractional Black-Scholes equations.
The Black-Scholes option pricing equations have been studied with Caputo generalized fractional
derivative in [2, 2019]. In [25, 2022], by using a modified right Riemann-Liouville fractional
derivative and Caputo fractional derivative with ¢ (¢) = t, we studied the Mittag-Leffler stability
and the numerical resolution of a pricing European options under time-fractional Vasicek model.
For this reason, our interest was focused when we realized the importance of this proposition in

the development of fractal modeling in the economic and financial fields.
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In [31, 2020], the authors studied the American options under integer-order derivative Heston
Model. In this work, we investigated a new generalized American options under —Caputo
Fractional-Order Derivative Heston Model AOyCFDH described by an evolution advection-
diffusion-reaction PDE posed in a fixed two dimensional domain. Moreover, we proposed a new
numerical implicit scheme method NISM for solving the AOy¥CFDH model. First, we analyzed
the stability and convergence of the NISM. Then, some examples are proposed with numerical
simulations in order to show the robustness and the efficiency of both the model AOy¥CFDH
and the NISM.

Let’s summarize the novelties of this work. In fact, we have developed several goals which

are as follows:

- Propose and validate a new generalized American options under ©»—Caputo Fractional-

Order Derivative Heston model, (Section 2).

- Adaptation of the splitting method to avoid the undesirable numerical effects of the cross-
derivative term in the PDE, (Section 3).

- Propose a new Numerical Implicit Scheme Method NISM for solving the generalized
AOyCFDH model, (Section 3).

- Analyze the stability and convergence of the NISM, (Sections 4, 5).
- Numerical implementation of the NISM, (Section 6).

The paper is structured as follows. In Section 2, we presented the new generalized American
options under y—Caputo Fractional-Order Derivative Heston model. The new numerical implicit
scheme method with the splitting method was given in Section 3. In Section 4, we studied the
stability of the NISM and the convergence of the NISM has been investigated in Section 5.
Finally, the numerical implementation of the NISM and the interpretation of the numerical

results have been given in Section 6.

2 The yp—Caputo fractional derivative model

Consider the new generalized American options under modified right )—Riemann-Liouville
fractional-order derivative Heston model described by an evolution advection-diffusion-reaction

(PDE) posed in a fixed two dimensional domain:

2 2 2
mTDQ’wT(X,f) + 0_5252m —i—pnsz _;'_0_57]22% +

052 850z 02°
oY (x, oY1 (x,
rS(%f) +a(b— z)gzg) —rY(x,§) + f(K,S,T)=0, (2.1)

where the variable x = (S, z) and (x,&) € (0,00) x (0,00) x By, Br = (0,T). The parameters

K

K+¢
variance, < is a positive constant [18]. In fact, the term a(b — z) is the risk-neutral drift rate.

n is the volatility, a = k + ¢ and b = 0, x is the mean reversion rate, 8 is the long-run

The correlation coefficient p € (—1,1), r is the interest rate, z is the volatility of the interest
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rate, S is the asset price, K is the strike price and f(K,S,T) = Ymax{K — S — 1,0} is a
penalty function, where ¥ is a positive penalty parameter, ¥ tends to oo, (see [16]).

The initial condition at T is given by:
Y (x,7T) = max(0, K — 5). (2.2)

The boundary conditions are defined by:

lim Y(S,2,{) =K, lim Y(S,z¢) =0, (2.3)
S—0 S—ro0

lim Y(S,z2,&) = lim Y(S,z2,¢) =max(0,K —5). (2.4)
z—0 200

The term ™ D&¥Y(x, &) is the Modified Right 1)—Riemann-Liouville Fractional Derivative
(MRYRLFED) defined as follows [30]:

1

D) = 1,

T
(tge) | O — v o) - Yo Dldr, - (25)

where ¢ € CY(Br) is a positive and strictly increasing function on the bounded interval Br.
Moreover, 1 satisfies ¢'(h) # 0 for all h € Brp.
Let ( =T — &. Then, (2.5) can be rewritten as:

mrpeYY (x, T — () =

T
= (v =g /}_g YT = (T = O 0 7) = T, T))dr. (26)

Let ¢ =T — 7. Then, the equation (2.6) becomes:

_ ¢
i () [ - - e - e s
[T(x,T —q) — Y(x,T)] dgq. (2.7)

mrpeYY (x, T — () =

Let v(x,() = T(x,T — {). Then, the equation (2.7) can be rewritten as follows:

¢
ot = g (Grr—gag) ) VT T 0T -0

[v(x,q) — v(x,0)]dqg. (2.8)

Lemma 2.1. Suppose that v(-, () is an absolutely continuous differentiable function with respect
to ¢ on [0,T]. Then, the MRYRLFD given in relation (2.8) satisfies:

mTDQ’wU(X, () = —CD9’¢U(X, <),

where € D2Vv(x, () is the ¥ CFD of order o € (0,1) defined by:

C ,TZJU x — 1 ¢ _ . . —gav(xv Q)
D0 0) = = [ T =) = o = e
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Proof. Let us assume that v(+, ) is an absolutely continuous differentiable function with respect
to ¢ on the interval By. Then, from the MRY¥RLFD defined in equation (2.8), we get:

_ ¢
DG = () | YT T - )~ o = O] o) da -
v(x — ¢
F((l ’_02)) <¢/(T1_ ¢) ddg) /0 w/(T - Q>[¢(T —q) — T/}<T - C)]ig dq,
1 -1 dy [C, o
- =g (G | @ -0 -0 T - O v da-
v(x,0) 1 dyrp 1 .
F(l _ Q) <7/’/(T _ C) IC) [EW(T) - Tb(T - C)] 1 )
1 -1 dy [C, o
- i (G ) [ VT owE -0 —eT O v o+
P (1) - w(T - O
. _; ¢ N B _Qav(x,q)
— =g [ 0 e - gy
= _CDQ71/)U(X7C)7

where the operator ©D2%u(-,-) is the ¢)—Caputo Fractional Derivative (CFD) of order o €
(0,1). O

Thus, from system (2.1)-(2.4) and Lemma 2.1, we get the new generalized AOyYCFDH model
described by the following system:

0?v(x, () 0?v(x, () 0?v(x, ()
C Q,qp — 2 9 9 2 9
D?%vu(x,() 0.5z8 55z + ,07725’78582 + 0.5 e +
du(x,¢) dv(x, ¢)
rS 59 +a(b—=2) 5, ru(x,() + f(K,S,v). (2.9)
The initial condition at t = 0 is given by:
v(x,0) = max(0, K — 9). (2.10)
The boundary conditions are defined by:
lim v(S,2,{) =K, lim v(S,2,() =0, (2.11)
S—0 S—o0
lim v(S,2,¢) = lim v(S,z2,()=max(0,K —95). (2.12)
20 2500

As mentioned above, the new »yCFD model (2.9)-(2.12) has never been studied before. It
is for this reason that we have proposed a new numerical scheme for solving numerically this
problem. Moreover, we adapted the well-known splitting technique as a relaxation method in

solving this problem.
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3 Three-steps splitting method and discretization

Remark that the system (2.9)-(2.12) is posed on an infinite domain (0, co)

(x,t) = (S5, 2,t) € D= (ls,ks) x (£,,k,) x Bp, where /{g,0,,kg, k, >0,

x (0,00) x Br. So,
for the numerical study we need to consider a truncated bounded domain D as follows:

where the values g and ¢, are chosen very close to 0, and those of kg and k, are very large.

Thus, the considered system on the bounded domain D is given by:

0%vu(x,t 0%vu(x,t
v(x )Jr v(x

Cpevyxt) = 055200000 L g

052 050> 7 022
ovu(x,t) Jvu(x,t)
rS 55 +a(b—2) Ep ru(x,t) + f(x,1),

v(x,0) = h(x),
( ) XO( ) U(k5'7z7t) :Xl(zvt)a
v

S, Ez,t) Fo(S,t), v(S k. t)=F1(S,t),

for all ¢ € [0,T], where the parameters v and ¢ are given by:

v=pn, =057

Recall that the ¥ CFD is defined by:

1 t
D) = s /0 [T — g) — (T — )]/ (x,q) dg, vt € [0,7],
where v'(x,q) = %’;q).

Let us divide the time domain By into A/ equal subintervals as follows:

N-—-1

[OaT] = U [tp’tp+1]a

p=0

where the N + 1 equidistant points ¢P are given by:
tp:p]/, p:07"'7-/\/7

where the time step v is defined by:

V=TN- =t P Yp=0,--- N

3.1 Three-steps splitting method

3.13
3.14
3.15
3.16

~ o~ o~ o~
— — ~— ~—

(3.17)

(3.18)

Remark that the equation (3.13) contains two different types of differential operators; an elliptic

operator and a hyperbolic operator. Moreover, the equation contains a mixed differential term

which is difficult to manipulate numerically. Thus, we proposed to apply the well-known splitting

method in the following way:
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e Step:1— On the time interval [t?, t?71/3], we solve the hyperbolic system:

0?v(x,t)
C o — ’
De t) =~vz8S—=. 3.19
e Step:2— On the time interval [tPT1/3 tP2/3] we solve the elliptic system:
0?v(x,t ou(x,t

Cpety(x,t) = 0.5252 gg; ) 1 Ug;’ — (3.20)

e Step:3— On the time interval [tPT2/3 tP*1], we solve the elliptic system:
O*v(x,t ou(x,t
CDe¥u(x,t) = 5,21(;(;’) +a(b—2) U(a):’ ) + f(x,1). (3.21)

We solve the problems (3.19), (3.20) and (3.21) simultaneously on each interval [tP,#P*1]: the
solution v(x, tP+1/3) to (3.19) is used as the initial condition to (3.20), the solution v (x, t**2/3) to
(3.20) is used as the initial condition to (3.21) and on the interval [tP+!, tP+4/3] we solve again the
problem (3.19) using the solution v(x,#?™!) to the problem (3.21) as an initial condition and so
on until the final stage T'. In this way each operator deals with the appropriate numerical scheme.
The bibliographic research shows that this technique is very effective for this type of problem.
Here we started in the first step of the splitting method by solving the hyperbolic problem defined
v(x,t)

by the mixed derivative A 559.~ because this term has known numerical drawbacks [31]. On the

other hand, the elliptic operator in (3.20) and (3.21) is numerically more stable. Therefore, the
fact of starting with the hyperbolic then the elliptic is a way of relaxation of the disturbances

preventing from the hyperbolic part.

3.2 Discretization

For the spacial discretization, we divide every interval [(g,kg]| and [¢, k] into M > 3 and K > 3

equal subintervals, respectively. So, we get:

M-1 K—1
€S> ]kS U va Serl [gza kz] = U [Zna Zn+1]7
m=0 n=0

where the equidistant points .S, and z, are defined by:

Sm = €S+m(5, (5:(]1&5—65)_/\/[_1’ m:()’...’./\/l’
2 = L+n\, A=(k, —0)KY, n=0,--- K.

First, we begin by the approximation of the y—Caputo operator. At the point (X, ") =
(Sm, zn, t?), we have:
c 1 tp
DOV (Xpn, 7)) = / [(T = q) = (T — )] 72V (Xn, q) da,
T(l - 0)
tJJrl

B 1 —0) Z/t — (T — 7)) 7%V (X, q) dg.  (3.22)
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Recall that the left rectangular rule for approximating the integral of a function ) € C' on the
interval [¢, (] is given by:

¢
/5 QUr)dr = (= )Q(E) + Bx(Q), where Ex(Q) = (¢~ &)? g{g}(i@’(s)!)

So, on the interval [t/,#/+1], we have:
ti+1 ‘
Q(r)dr = vQ(t)) + O(1?), (3.23)

tJ

where v is defined by (3.18). Consequently, by using the rule (3.23) in the equation (3.22), we

get:
- )
CDOY (X, 1) = 1_0 JZOV T — t9) — (T — )] (xym, #9) + O(12),
1 | |
- R ) I ) 002

Let us consider the following approximation:

, 1 . ,
o G ) = (00, 751) = 0 ) + O).
Then, we get:
p—1
DO s ) = gy 2 VP2 (0, 71) = 0, 7)) + OW).
7=0

By considering the following notations:

¢j = w(tj)a Vj:()a"'vNa
’U%,n = U(an>tj):U(Smazn>tj)a vj:()v"'vNa mZO?"'aMa n:()a"'aK:a

we obtain:
p—1
C DOV (%, 1) T Z (U,z,j; - ugw)c,,,j +OW), (3.24)
7=0
where:

o A A FE SRS

Lemma 3.1. The coefficients ¢, j = [1/JN iy N = Plme Vj=0,---,p—1,p=1,--- N satisfy
the following identities:

1. There exists two constants a, b, (a, b > 0), such that: a=¢ < ¢,; < b9, for all j =
Oa"' ap_]-;p:L"' 7N-
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2. 0<cpj <cpjy1, forallj=0,---,p—2.

E] 1(CPJ Cpj—1) + Cpo = Cpp-1, for allp > 2.

4. There exists a positive constant My > 0 such that:

p—1
Z(cpd Cpj—1)C jjl 1 < M. (3.25)

j=1
Proof. 1. Recall that ¢, ;, for every p, j, is defined by the function v that is strictly increasing
and belongs to C' on the bounded interval Br. Since 1) is bounded on Bz, then Cp,j 18
also bounded on Br, for every p,j. Moreover, since 1 is strictly increasing on B, then
we have 1/JN P < wN —J for all j < p, and consequently cp,j > 0. Thus, there exists two
constants a, b > 0, such that: a=2 <¢,; <b ¢ foralj=0,---,p—1,p=1,--- | N.
2. The sequence (cp,;); is increasing. Indeed:
% % - YN =7 — N =(+D) =0
Cpj+1 = Cp,j (¢Nf(j+1) _ ¢pr)(w./\/fj _ ¢./\/—7p) ’

fOI’ all ,7 == 07 P — 2. Then7 we get: cp,j < Cp7j+1-

3. With simple calculation, we can prove the result.

4. Since we have a finite sum and the function ¢ € C!(Br), then there exists a positive
constant My such that the identity (3.25) holds.
O

Now, we give the approximation of each spacial differential term in the different steps in the

three-steps splitting method. At the point (Xmn,t?) = (Sm, 2zn, t?), we have:
5 V(X ) 0.52,52,

052 S 052 o 62 (UZH'L” o 21}5”7" + UTP;Z—I,n) + 0(52)7 (326)
8 U(an, tp) ’yanm

VonSm 050z TS (U%anﬂ o Ug”b-i-l,n—l - Ufn—l,n-ﬁ-l + ’ng—l,n—l> +0(5°)%),
62 mnvtp n

6%“%22) = %(Uﬁ,nﬂ — 208, 4 uh )+ O, (3.27)
a mn» tp Sm

TSy, U(Xas )_r S (U0 — Vi) + O(0), (3.28)

aU erwtp a b_Zn

a(b — zn) ( 5 ) _ o N )<U7€1,n+1 — vl )+ O(N), (3.29)

JOE Sy 0(Xinn, 1) = [ s (3.30)

r0 (X, 1) = TU, ;- (3.31)

e Step:1- The total discretization of the equation (3.19) is obtained as follows:

p—1

< ERp )C C_ %=Sm (Up P
1_@ — m,n | ~D.J 45\ m—+1,n+1 m—+1,n—1

<.

A U%_Ln_l) T O8N +v). (3.32)
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The equation (3.32) can also be written in the form:

p—1

E J+1 R P _ P
(Um,n Um,n) Cpj = wmnum—i-l,n-i—l wmnvm—&-l,n—l
j=0

- Wmnvgqflerl + Wan%,Ln,l + 0(52)\2 +v), (3.33)
where the coefficient w;,,,, in the equation (3.33) is given by:

dyznSm
d=T(l1-p), w 5

— For p = 1. Then, from equation (3.33), we get:
1.0 _ 1 _ 1
Unn = Umn €0 = WmnUpilintl — WnUmiin—1
1 1 2412
- wmnvm—l,n—i—l + wmnvm—l,n—l + 0(5 A"+ V)7

or equivalently:

0 1 1 1
—CL0Umpn = TCLOUmp + WmnUm41,n+1 — WnnUm+41n—1
1 1 2412
— WnnUm—1n41 T WmnUm—14-1 + O(6°A" +v). (3.34)

— For p > 2. Then, from equation (3.33), we get:
p—1

Lo o 0 - _ D P _ D
E (Cp,y—l Cp,])vm,n p0Vmn = “Cpp-1Umapn T WmnVp 1 ng1 — WmnVUpgt p—1
Jj=1

p P 242
= WmnUp_1p41 + WmnUpm—1n—1 + 0(6 AT+ V)?

with boundary conditions:

P _ omp D mp
Yoo = Xo 0 Ymn=X1 >
p _ pmp  p _ pmp
Uno = Fo™s Upx=F17"-

Let @%,n be an approximation to U%m. Then, we get the following system:

~0 _ ~1 ~1 ~1
—C1,0Um,n = —CL0Umn + WmnUm41n+1 = WmnUmtin—1
~1 ~1
- C")m’flvm—l,n—i-l + wmnvm—l,n—l? (335)
p—1
§ L N ~0 - _ =P =P _ =P
(CP:]*1 CP:J>Um,n Cp,0Ummn — Cpp—1Umn + wanerl,nJrl wmnvm+1,n71
Jj=1
~p ~p
—WmnUpm—1n+1 T WnnUp 1 n—1s Vp > 2, (3.36)

with boundary conditions:

Uom = X0 Uhn =X175 (3.37)
Umo = Fo¥y Upx=F1" (3.38)
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e Step:2— The total discretization of the equation (3.20) is obtained as follows:

-1
1 L - 4 0.52,52
e 2 (U )i = o (Vg = W+ V)
I'(l-0) =
rSm p P p
+ 5 (Um-l—l,n - Um,n) —TUmn + 0(6 + V)'

This equation can also be written in the form:

p—1
Z <U¥n+7ll - U7Jnn> Cpj = amnvfm-{—l,n — BmnVin + ’Ymnvgz—m + 06 +v), (3.39)
j=0

where the coefficients in the equation (3.39) are given by:

 0.52,dS2, L drSm _ 0.52,d52, 5, — 2ndS2, g dESm
amn - 52 5 I ’Ymn - 52 9 mn — 52 r 5 .

— For p = 1. Then, from equation (3.39), we get:
1 0 _ 1 1 1
<Um,n - Um,n) C1,0 = OCmnUmy1n — anvm,n + YmnUm—1n + 0(5 + V)?
or equivalently:
_Cl,ovgw,n = amnv}n—l—l,n - (ﬁmn + Cl,O)U}n,n + ’Ymn'u’rln—l,n + 0(5 + V)(340)

— For p > 2. Then, from equation (3.39), we get:

p—1

E ' R 0 — P _ P
(CpJ*l Cp»]) Ummn = ,0Vmpn = amnvarl,n (ﬁmn + vapfl)vm,n
Jj=1

T YmnVp_1, + OO +v).

Let ©h, » be an approximation to vh, . Then, we get the following system:

~0 ~1 ~1 ~1
_C].,O’Um,n = O[mnvm-',-Ln - (an + Cl,O)Um,n + ’Ymnvm_l’n, (341)
p—1
§ . ] ~0 _ ~P =P
(CPJ—I - CP’J)Um,n —Cp0Umn = OmnUpyin — (5”7”1 + Cpap—l)vm,n
Jj=1
~p
+ YmnUm_1ne VD 2> 2. (3.42)

e Step:3— The total discretization of the equation (3.21) is obtained as follows:

1 =

j j EZ
da(b— z
" (A")@fnw —vb )+ dff, + O+ ). (3.43)
10
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The equation (3.43) can also be rewritten in the form:

p—1

GHL g o P _ P P
E (vm’n vm’n) Cpj = TnUppil — Ump + AnVp, 1 +
Jj=0

dfh, ., + O\ +v), (3.44)
where the coefficients in the equation (3.44) are given by:

dez, d dezp
(b— z), rn:%—i—;(b—zn), ay = oon

_ 2dezp n @

— For p = 1. Then, from equation (3.44), we get:
(U}nm — U?n,n> clo = rnvrln’nﬂ - qnv,lnm + anU}n’nfl + df}n’n + O\ +v),
or equivalently:
—cl,ovg%n = rnvrln,nH — (qn + Cl,O)U}n,n + anvrln,n—l + df}mn +OAN+v). (3.45)

— For p > 2. Then, from equation (3.44), we get:

p—1

L Noy 0 — D _ D
§ : (cp,J—l CPJ)Um,n Cp,0Umn = TnUpntl (qn + Cpp—1)Vh
i=1

+anvp, g +dfh O+ o).

Let @%,n be an approximation to Ufmn. Then, we get the following system:

~0 ~1 ~1 ~1

—C1,0Umn = ™nUmnt+1  — <Qn + 6170)Um,n + AnVUm n—1, (346)

p—1
. ] ~0 — P ~P
(Cp,Jfl - CP,J>Um,n —Cp0Umn = TnUppt1 — (qn + Cp,pfl)vm,n
=1
~p
+  anUp, g+ dffyns VD 2> 2. (3.47)

The stability of the NISM and the convergence of the NISM are studied in Section 4 and

Section 5, respectively.

4 Stability analysis of the NISM

Let us denote by @gm the numerical approximation to the solution @%n It’s obvious that the
states @%’n and 5%771 have the same boundary conditions, since they are the solutions of the
same system.

Let /D, ,, be the state defined by:

pr :rvpy _67’ m:O)"'7M7 n:07"‘5K7 p:077N

11
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Consequently, we can deduce that the state /b, ,, has zero boundary conditions, since the states

Q’J\%m and 'ﬁﬁhn have the same boundary conditions. Therefore, we have:

ES, = Eh, =0, (4.48)
EP, = B =0 (4.49)

Consider the grid function &P, for p = 0,--- , N, defined by:

EP(S, z) =
{fEﬁw, (S,Z)E(Smié,5m+%]><(zn 1 1], m=1,--- M, n=1,---,K,

1,%2
—3 n+1

0, (8:2)¢€ ([EsakS] X [fz,kz]) \ Z[fs + %,ks - %] X [0, + %)kz _ %]) (4.50)

Taking into account conditions (4.48)-(4.49) and (4.50), we can make a periodic extension for
ED, . on [0,Lg] x [0,L,], where Lg = kg — £g and L, =k, — £,. Then, the function &P can be
expanded into double Fourier series as follows:
i mS | nz
EP<572> — Z v%,nezzw(ﬁs—i_ﬁz), (22: _1)
mneZ

where:

Ls L . mS | nz
Upn = £1£ / / EP(S, 2)e sV ED) g4,
Stz Jo 0

From Parseval identity, we deduce that:

2 Ls rLe 2 2
wnp:/o /0 BP(S,2)2dedS = LsLe 3 bl

m,nEL

Define the following norm:

M-1K-1
IBP2 =" Y oAED, .
m=1 n=1
We conclude that:
M-1K-1
HPEPHQ = Z Z 5A‘}E£’L,n‘2 =LsL, Z ‘vgl,n’27 Vp=0,--- aN' (451)
m=1 n=1 mne”

Thus, let us assume that the solution }Ei’n,n can be written as follows:

. 2 2

EP = cppe’(ASSm"'AZz"), Ag = —ﬂ-, A, = il (4.52)
’ Ls L,

With the above new expression of &}, ,, given by (4.52), we get:

e Step:1- By substituting (4.52) in the system (3.35)-(3.36), we obtain:

_cl,osDO = ( —C1,0 + wmnez(A56+Az/\) wmnez(As(S_AzA)
— e ((AsIAN) wmneﬂ(/\samzx))@a
p—1
' 0 i(Agd+ AN (AgS—ALN
Z (Cp}jf]_ - CpJ)(pJ — CP,OQO = <7 Cp,pfl +wmnel( SO+, ) . wmnel( S o )
Jj=1

i(Ass-AN)

—Wmn€ wmne_i(A56+AZ)\)>90p7 Vp > 2.
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Which is equivalent to:

[01,0 + 4wy, sin(27 /M) sin(27r/lC)} o' = c10¢°, (4.53)
p—1
[Cp,p—l + 4wy sin(27 /M) sin(ZW/lC)} o = Z (Cp,j - cp7j_1)80j + cpop, Vp > 2.
j=1
(4.54)

Let us notice that we have:
sin(2r/ M) sin(2r/K) >0, YM >3, VK >3.
Lemma 4.1. We have |¢P| < |¢°|, for all p > 1.
Proof. For p=1. From equation (4.53), we have:
le1,0 + 4w sin(2m /M) sin(27/K)| > 10,

then:
C1,0

lc1,0 + 4wy sin(2m /M) sin(27 /K

!l = T %1 < 1¢°].
Suppose that we have |pP| < |¢°|, for 2 < p < k. From equation (4.54) and Lemma 3.1,
we have:
p .
Cp+1,p + 4w sin(2m/ M) Sin(2ﬂ/’C)”¢pH| < > <Cp+1,j - Cp+1,j—1> &7 + epr1,0¢°),
j=1

= [Z (cp“’f B CP+1J—1> + Cp+1,0} 1£°),
j=1
We deduce that:
0|
’¢p+1| < Cp+lpl¥ < |<,00|-
Cp+lp + dwmn SiH(ZTF/M) Sin(27T/IC)
Thus: [P < 0. -

Theorem 4.1. The numerical implicit scheme (3.35)-(3.36) is unconditional stable.

Proof. By using the relation (4.51) and the Lemma 4.1 we deduce that:
17 < &, p=1,- N

Thus, the implicit scheme (3.35)-(3.36) is unconditional stable. O
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e Step:2— By substituting (4.52) in the system (3.41)-(3.42), we obtain:

0 iNgd —iAgd 1
—CL0p = (0‘mneZ 5% — (6mn+cl,0) + Ymne s )‘P )
p—1
) N 0 _
Z (Cm—l - Cp,])@ - O =
Jj=1

(OZmneiAS(S - (an + Cp,p—l) + 7mne_iAS6) Sppa Vp > 2.

Which is equivalent to:

Lo = [cw + dr + 2(2ymn + D) sin?(Agd/2)
— 2Dy, cos(Agd/2) sin(Asa/z)} oL, (4.55)
p—1
Z (Cp,j — cp,j_1><p] + cp70g00 = [cm,_l 4 dr + 2(2Ymn + D) sin?(Agd/2)
j=1
— 12Dy, cos(Agd/2) sin(Asé/Q)} ol Vp>2, (4.56)
where D,,, = %.

Lemma 4.2. We have |¢P| < |¢°|, for all p > 1.

Proof. For p=1. From equation (4.55), we have:

‘CLO - dr + 2(29mn + Din) sin®(Agd/2) — 12Dy, cos(Ag/2) sin(A55/2)’ > c1o,

1‘ _ 0170’900’

< |¢°.
e1.0 + d + 2(2mn + D) sin?(A50/2) = 12D cos(As3/2) sin(As5/2)

Suppose that we have |¢P| < |¢°|, for 2 < p < k. From equation (4.56) and Lemma 3.1,

we have:

)c,,+1,p 4 dr 4 2(29mn + D) sin?(Agd/2) — 2Dy, cos(Agd/2) sin(Agd/2) ‘ Py

< > (Cp+1,j - Cp+1,j—1> 07| + cpr1,0l¢°),

|

> Cp+1,p’</70|-

<

IN

0
(Cp+1,j - Cp+1,j—1) + cp-l—l,O} le"],
1

1
P
]:

A

Knowing that:
Cpitp + A + 2(29mn + D) sin®(Agd/2) — 12Dy, cos(Agd /2) sin(A55/2)’ > Cprip,
we deduce that: [Pt < [0]. O
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Theorem 4.2. The numerical implicit scheme (3.41)-(3.42) is unconditional stable.

Proof. By using the relation (4.51) and the Lemma 4.2 we deduce that:
1B < 1B, p=1,- N
Thus, the implicit scheme (3.41)-(3.42) is unconditional stable. O

e Step:3— By substituting (4.52) in the system (3.46)-(3.47), we obtain:
_01,04;00 = <rnemz}\ - (Qn + CLO) + ane ~iAs A)‘P )
1

(Cp,jfl - Cp,j)sﬁj — o’ = (TnemzA —(qn + cpp-1) + anﬁ‘“‘“) o, Vp>2.
1

3

<.
Il

Which is equivalent to:

cro0° = (CLO +2(2ap + Vi) sin?(As)/2) — 12V, cos(A.)/2) sin(AZ)\/2) oL, (4.57)

p—1

Z <cp,j — cp,j,l)goj + cp70g00 = (cpm,l +2(2a, + V) sin?(A ) /2)

j=1

—12V,, cos(A\/2) sin(AZ/\/2)>g0p, Vp > 2, (4.58)

where V,, = 9(b — z,,).

Lemma 4.3. If the following identity holds:

772

A< : (4.59)
K+<
then |oP| < ||, for all p > 1.
Proof. We have:
dezn,
2a,+ Ve = A5+ 7( ~ Z),
da d 25
= a9
da d n?
. - .
\ + - Y\ on (>\ (k+9))

Consequently, under the condition (4.59), we get:
20, +V, >0, Yn=0,---,K.
For p = 1. From equation (4.57) and Lemma 3.1, we have:

1.0+ 2(2a5 4 Vi) sin?(A \/2) — 2V}, cos(A N /2) sin(A N /2)| > ¢10,
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then:

c10/¢”]
c1,0 + 2(2ap, + Vi) sin?(A,N/2) — i2V}, cos(A,A/2) sin(A)\/2)

o'l = ’ ’ < l¢°).

Suppose that we have |¢P| < |¢°|, for 2 < p < k. From equation (4.58) and Lemma 3.1,

we have:

ot +22an + Vo) sin(A:0/2)  — i2V; cos(A:A/2) sin(AA/2) |6

<> (Cp+1,j - Cp+1,j—1) 7| + cpr10l¢’),
7=1
< [Z (Cp+1,j - Cp+1,j—1> + Cp+1,0] 17,
j=1
< Cp+17p|%00|~

Knowing that:
Cpr1p + 2(2ay + Vi) sin? (AN /2) — 02V, cos(A N /2) sin(A N /2)| > cpi1p,

we deduce that: Pt < [0]. O

Theorem 4.3. If the identity (4.59) holds, then the numerical implicit scheme (3.46)-
(3.47) is stable.
Proof. By using the relation (4.51) and the Lemma 4.3 we deduce that:
1] < IB%l, p=1,-- N
Thus, the implicit scheme (3.46)-(3.47) is stable. O

Theorem 4.4. If the identity (4.59) holds, then the global numerical implicit scheme used for
the problem (3.13)-(3.16) is stable.

Proof. By using Theorem 4.1, Theorem 4.2 and Theorem 4.3, we deduce that the global numer-
ical implicit scheme associated to problem (3.13)-(3.16) is conditionally stable about the initial
condition under the condition (4.59). O
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5 GGlobal convergence of the NISM

In this section, we consider the global scheme for the problem (3.13)-(3.16). Using the approxi-
mations given in (3.24) and in the system (3.26)-(3.31), we get:

1

b~ 2
1 ; ; 0.52,5,
J+1 J . TenPmogp P P
F(l _ Q) <Um,n - Um,n) Cpj = 52 (Um—i—l,n B 2Um,n + Um—l,n)
Jj=0
VnSm [ p p p P
+ 45\ Um+1n+1 ~ Um+in—1 — YUm—1n+1 + Um—1,n—1
EZn D D rSm P
+ 2 (Um,n+1 - 2U£1,n + Um,nfl) + 5 (Uerl,n o Uﬁl,n)
alb—zn), p
p p P
+ f(vm,n—y—l - Um,n) “TUnn + fm,n + O((S +A+ V)‘
p—1
j+1 j — p p p
(Ugn,n - Uin,n) Cpj = amnvm+l,n - (ﬁmn + qn)vfn,n + ’anvm—l,n + rnvm,n—i—l
Jj=0

p p p p
T Uy, 1 T WmnUpy i1 p1 — WmnVUpgi p—1 — WmnUpy 1 pt1
+ WUy g g +dff o, + O+ A+ v).

e For p =1. We have:

0 _ 1 1 1 1
“UmnCl0 = OmnUpnylp — (01,0 + Bmn + qn)vm,n + YmnUm—1n + "nUm nt1

1 1 1 1
T nVUpp 1 T WnnVUniinel = WmnVUnmiin—1 — WmnUn_1n+t1
+ WonUmoimo1 + Ay + O+ A+ ). (5.60)

e For p > 2. We have:

p—1

§ : L Ny _ 0 _ D _ D
(Cpaj—l CP7J>Um,n vaovm,n - O“nnvm—i-l,n (cpap_l + 677”1 + qn)vm,n
Jj=1

p p P
+ 'Ymn'Um_Ln + rnvm,n—s—l + a”Um,n—l

D P P
+ wmnvm+1,n+1 - wmnvarl,nfl - wmnvmfl,nJrl
D
+ WUy 11 T dfpn + OO0 +A+v). (5.61)
The boundary conditions:
0
Ummn = hmﬂ’
P TP P _ P
Yon = Xo » Ymm = X1 o (5.62)
P _ pmp P _ pmp
Um,O - FO ’ Um,IC_Fl :
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Let b, , be the approximate solution to the solution v}, ,, of the system (5.60)-(5.61)-(5.62).

Then, we have:

_Tjgn,ncl,() = amn7-111n+1,n — (1,0 + Bimn + Qn)a}n,n + f}/mn@/?lnfl,n + Tngrln,rwl
+ ang}n,n—l + wmna%@+1,n+1 - Wmngrlnﬂ,n—l - Wmnﬁ}n—l,nﬂ
+ wmnarln—l,n—l + df71n,n7 (563)
p—1
Z <Cp,j71 - pr]'){jgn,n - Cp701721,n = amngfnﬂ,n — (pp—1+ Bmn + qnﬁ%,n
j=1

P P P
+ ’Ymnvm_lm + rnvm,n—i—l + anvm,n—l

_l’_

P =P =P
wmnvm—‘rl,n—l—l - wmnvm+1,n—1 - anTbvm—Ln—&—l
5P D
+ wmnvm—l,n—l + dfm,n' (5.64)

The boundary conditions:

Um,n = ﬁmﬂ“

~p — n,p ~p — WP

UO,n - XO ) U/\/Ln = X1 > (565)
~p _ m,p ~p _ mp

Um,O - FO ’ Um,IC - ’L_l :

Let us denote by vP = (Uhn)mn and 0P = (08, n)m.n. We introduce the error state EP =

(Efon)m,n defined by:
BP =P — P, Vp=0,-- N

or equivalently:

Eﬁ%nzvfn,n_gp vm=0,---, M, Vn=0,--- K, Vp:O,,N

m,n’

Then, we deduce that E}, , is a solution to the following system:

_Egn,ncl,o = am?’bE}n+1,n — (c1,0 + Bmn + QH)E}n,n + ’YmnE}n—l,n + TnE}n,nJrl

+ anE}n,n—l + wmnE}nH,nH - wmnE}nH,n—l - wmnE}n—l,nH

+ WmnE}n_Ln_l + R71717n' (5.66)
p—1
Z (Cp,jfl - CP7J>E¥;1,n - Cp,OEgm,n = amnEan,n — (cpp—1+ Bmn + qn)Ega,n
j=1

+ ’Ym"Eg’L—l,n + rnEgz,n—i—l + CL”llﬂj’fn,n—l

+ wm”Efn-i—l,n—I—l - wmnE:fn-{-l,n—l - wm”Efn—l,n—l—l

+ WmnEﬁl_l’n_l + an,n (567)

where:

RE . =006+X+v), Ym=0,---, M, ¥Yn=0,---,K, Vp=0,--- N.

m,n
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The initial boundary are given by:

Enn = 0,
Ey, = 0, ER, =0, (5.68)
Efn,o = Efm,C:O,

Let EP and R? be two grid functions defined as follows:

Elfn,n) (S7Z)€(Sm—%7sm+%]x(zn7 7Z l:la mzl,"',M, TL:1,-~'7
EP(S,z) =
(5:2) 0, (S.2)€ ([fs,ﬂ«ss} X [Kz,kz}) \ z[£g+ $ ks — 3 x [l + 5, k. — 3]).

R%LTM (Suz)e(smfla m+l} X (Zn7l7zn+l]) m:]-7 7M) n:17 7’C7
RP(S,z) = ’ y ’ ’ 5 5 N A
0, (S,2)€ ([és,ks] X [fz,ﬂ«z]) \ ([€s + S, ks — 3] x [€. + &,k — 5]).
The functions EP(S, z) and RP(S, z) have the following double Fourier series:
. mS | nz
EP(S,2) = ) Bl e 5 TE),
m,ne’
; mS | nz
RP(S’ Z) — Z an’ne’LQTr £S+£z ,
m,ne’
where (i = —1) and E}, ,,, R}, are defined as follows:
1 Ls Lz _iQW(LS+M)
EP, ., = / / EP(S, 2)e £s L2 dzdS,
’ »CS»CZ 0 0 ( )
1 Ls k= —iom(mS 4 nz
R = t/ RE(S, 2)e "™ T E) a8,
’ Esﬁz 0 0

From Parseval identity, we deduce that:

Ls L
3= [ [ S )R deds = LsL. Y Rl
0 0

mneZ
Ls L.
IRP|)Z = / / IRP(S, 2)|?dzdS = LsL. Y |RE, ,[°
0 0 m,ne”
We define the following two norms by:
M-1K-1 M-1K-1
P> = >0 > OAER 1P IRPIP= D] D ARSI (5.69)
m=1 n=1 m=1 n=1
We conclude, as in the previous section, that: Vp =0,--- , A/
M—-1K-1
IEP(? =D > OAIEL P =LsL: Y [ER .7 (5.70)
m=1 n=1 m,nEL
M-1K-1
IRPIP =" > oNRh WP = LsLe Y [RE, LI (5.71)
m=1 n=1 mne”
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Thus, let us assume that Efn,n and an,n can be written as follows:

B, = 0Pei(hsSmthszn), (5.72)

Rgmn — Sopei(ASSm‘f'Azzn)? (573)

where Ag = [2:—7;, A, = % By substituting (5.72) and (5.73) in (5.66)-(5.67) and under the
conditions (5.68), we get:

—p! = [ammﬁwé—010+5mn+q0%~%mé”Mﬁ+whéMA

bogpe i gy GASTALN) L Gi(AsOAN) ) oi(Asi—AL)

+ wppe (st HAN gL (5.74)
p—1
Z (de'—l - Cp,j)'gj = [amnemsé — (epp—1+ Bmn + an)
j=1

F e A0 o A L ik

4w el ASTHAN) _y iAsS-ALN) _,  —i(As0—As))

+ wppe (AsOFAN g L P, (5.75)

Using the fact that:
e — 24 e = —4sin*(¢/2),

the system (5.74)-(5.75) can be rewritten as follows:

[CI,O + Wm,n - iPm,n] 61 = 901; (576)
p—1

(o1 + Wnn = P00 = " (e = cpjr )0 + ¢, (5.77)
j=1

where:

Winn = 2(2Vmn + Dm)sin?(Agd/2) + 2(2a,, + Vi) sin? (A \/2) + dr.
Pun = 2V, cos?(A,N/2)sin?(A,\/2) + 2D,, cos*(Agd/2) sin®(Agd/2).

Notice that if the identity (4.59) holds, then W, , > 0.

Proposition 5.1. Assume that 6P verifies the system (5.74)-(5.75). Then, under the condition

(4.59), there exists a positive constant ko:

167 < koc,p_qlo'|, Vp=1,--- N

Proof. Knowing that:

R%’nzo(5+)\+y)’ Vm:O’...’M’ \v/n:()’...’l(:’ v/l):O’...’_/\[7
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then there exists a positive constant ki:
RE | <ki(G+A+v), Ym=0,-- M, ¥Yn=0,--- K, Vp=0,-- N
By using the relation (5.71), we deduce that:
|RP|| < ki/LsLo(6 + N+ v). (5.78)

Also, from relation (5.71), the series in the right converges. Thus, the term |R}, | tends to zero

when m,n tens to co. Consequently: there exists a positive constant k3 such that:
1 1
0P| = [RE, | < ks|RL .| = Kalel|, Vp=2,-- N

From equation (5.76), we have:

1
|91’ — |§0 | < ’90
‘01,0 + Wm,n - iPm,n

Assume that 67| < ksc;  |@!|. Then, from equation (5.77), we have:

p.p—1
Py (Cerl,j - Cp+1,jfl> |67 p
Can E— + L ,
1

> (Cp+1,j - Cp+1’j*1)k4cj,'—l‘301‘ | kale']

N Cp+1p Cotip
p
—1 —1
S <k5‘3p+1,p’¢’1’> (Z (Cp+1vj - CPHJ—I)CJ'J—I T 1)'
=1

Using Lemma 3.1, we obtain:
0P < (ks ity plot (Mo +1) = kocy iy |-

O]

Theorem 5.1. Under the condition (4.59), the implicit scheme (5.63)-(5.65) converges. More-

over, we have the following identity:
[0P = 0P| < ga®(6 + A +v), Vp=1,--- N,
where q s a positive constant and a is given Lemma 3.1.
Proof. From Proposition 5.1, we have:
-1 1
’917’ Skocp,p—l‘so ‘7 vp:lv 7N-

Using Lemma 3.1, we get:
|9P| Skoa~9|801|7 VP:L 7N'

Now, by using the relations (5.70)-(5.71), (5.72)-(5.73) and (5.78), we obtain:
|EP|| < koal||RP|| < (kokiv/ LsL:)a(0 + A+ v) =qa’(d+ A+ v),
where ¢ = kok1v/LsL,. O
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6 Numerical simulation

In Example 6.1, we validate both our AOyYCFDH model and NISM proposed in this work. We
consider an exact solution and thanks to a very detailed study of the relative and absolute errors,
we show the efficiency of our proposed numerical scheme.

In Example 6.2, we apply our numerical scheme for an American Options problem under
1y—Caputo Fractional-Order Derivative Heston Model. By comparison with the results obtained
n [31], we note that our results obtained in this work are very satisfactory and in excellent
agreement with those of [31].

Example 6.1. The considered system is given by:

0%v(x,1) 0%v(x,1) 0%v(x,1t)
2 ) )
25 g T ge, T T a2 T

v (x,t) du(x,t)

CD@’wv(x, t) =

rS 55 +a(b—2) 5 ru(x,t) + f(x,t), (6.79)
v(x,0) = (S — S?)(z — 2%) + 0.8, (6.80)
v(ls, 2,t) = 0.8(1+ 1), w(kg,zt) =0.8(1+1t)% (6.81)
v(S, 0, 1) = 0.8(1+ )%, wv(S k., t) = 0.8(1 +1)? (6.82)

where x = (S, z) and the parameters v = pn, € = 0.57, a = k+¢ and b = %9. In this experience

the ezact solution of the problem (6.79)-(6.82) is given by v(x,t) = [(S—S5?)(z—22) +0.8](1+1)?

and the function ¥ (t) =t. Consequently, the source term is as the following form:

— 52 (z — 22 . 2-e
2l(S Sp)((g_g))+08][1 Q+2t_ ] (1+t)2[z(z—z2)82—

728(1 — 22)(1 — 28) + 2e2(S — S?) — rS(1 — 29) (2 — 2%) —
alb — 2)(1 — 22)(S — 82) + (S — S (2 — 22) + 0.8)].

fx;1)

The data of the simulation are as follows:

T=1 M=K =20, [¢s,ks| =[l.,k.] =[0,1], 0=10.9,
p=001, n=11, r=0.1, Kk =5.1, § =0.1, ¢ =0.3.

The initial condition, (the solution at t = 0), was plotted in Figure 1. In Figure 2, we
have plotted the exact solution and the numerical solution. In Table 1, the relative error, the
absolute error and the order of convergence are calculated. Recall that the relative error E, and
the absolute error E, are given by:

E, = max (w), E, = max (]Ue - va|>,

|vel

where v, is the exact solution and v, is an approximation of ve. In general, the order of

convergence is determined by:

Error(Ay) ) 7

Order = lOg Al (m
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Figure 2: (a) Exact solution, (b) numerical solution.

where A;, © = 1,2, are the temporal steps size. Table 1 clearly shows that the order of
convergence in time of the scheme is equal 1. In fact, this result was predicted from Theorem
5.1. From Figure 2, Figure 3 and Table 1, it is clear that the numerical solution obtained by the

numerical implicit scheme is in excellent consistency with the analytical solution.

Example 6.2. The considered system is an American Options problem under 1— Caputo Fractional-

At E. Order E, Order

1/80 11.80 x 1073 3.77 x 1072

1/100  9.30 x 1072 1.066 2.98 x 1072 1.053
1/130  7.00 x 1072 1.082 2.25x 1072 1.071
1/140  6.47 x 107*  1.062 2.08 x 10~2  1.060
1/160 5.60 x 1072 1.116 1.79 x 1072  1.124

Table 1: Relative error, absolute error and order of convergence in time.
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Figure 3: The errors plotted against At on a log-log scale.

Order Derivative Heston Model given by:

“Delu(x,t) = 0.5z 528 gg; 2 +725828Uég;) +£z822(:;’t) +
rs® (gs : +afb - Z>8U§2’” —ru(x,t) + Xf (K, S, v), (6.83)
v(x,0) = max(0, K — S), (6.84)
v(ls,z,t) = K, v(ks,2,t) =0, (6.85)
(S, £z, t) = v(S, ks, t) = max(0, K — 5, (6.86)

where x = (S, z) and the parameters vy = pn, € = 0.5n%, a = k+¢ and b = %9. In this experience,
the source term is as the following form:

f(K,S,v) =max(K — S —v,0).
The data of the simulation are as follows:

T =0.25, N =150, M =K =24, [(5,kg] = [0.25,40], [(.,k.] = [0.002,1.2], o = 0.9,
p=09,7n=09 r=09 k=5 0=35 ¢=0.3, =100

Let us notice that in Figure 4 the numerical solution is unstable because the stability condition
(4.59) is violated. Indeed, for n = 0.1 and k = 0.2, we have A = 0.0499 £ J—jg = 0.02.

In all Figures 5-10, the stability condition (4.59) is satisfied. Indeed, we have X = 0.0499 <
e = 0.1528, (forn=0.9 and k =5).

We can study and interpret the numerical solution from the first order partial derivatives given
by the terms A = g—g and V = ‘?—Z whose curves are plotted in Figures 6, 8 and 10. For S << K,
A is very close to (—1). When S > K, A grows rapidly towards 0 and stays there. Moreover,
V tends to zero for S > K. It appears clearly that when the price of the asset is high, the price

of the put option turns to zero, in fact, this behavior was expected.
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S Volatility

Figure 4: Unstable numerical solution for ¢(t) = ¢, n = 0.1 and x = 0.2. The stability condition (4.59)
2
is not satisfied: A = 0.0499 £ 21— = 0.02.

Volatility

Figure 5: Numerical solution for ¢(t) = ¢ and correlation: (a) p = 0.9, (b) p = 0.1.

7 Conclusion

The American options under ¥»—Caputo time-fractional derivative Heston model is a general-
ization of the classical American options under Heston model. The study of AOy¥CFDH model
represents major difficulties compared to the classical model. Indeed, the study of the stability,
the convergence and the numerical implementation of the associated numerical method NISM
is more difficult than the integer-order model. In this paper, first we transformed the modified
right ¢—Riemann-Liouville time-fractional derivative to the 1»—Caputo time-fractional deriva-
tive, (see Lemma 2.1). Then, a new numerical implicit scheme method has been developed for
solving the AOyYCFDH model. Also, we have analyzed the stability (Theorem 4.4) and conver-
gence (Theorem 5.1) of the NISM. Thanks to the proposed numerical methods, we were able
to reach a correlation coefficient p = 0.9, knowing that in the literature the widely considered
values of this coefficient are p = 0.1, 0.7, (see [31]). Finally, two numerical examples are proposed
in order to show the robustness and the efficiency of both the model AOy¥CFDH and the NISM.
In a future work, we will extend the application of the new numerical methods proposed in this

paper to solve models with generalized time-fractional derivatives such as Vasiceik model and
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Nabla value

Delta value

Figure 6: (a) Delta A = 2% of the option and (b) Nabla V = 2 of the option for ¢ (¢) = t and correlation
p=0.9.

Figure 7: Numerical solution for ¢(t) = log(t + 1) and correlation p = 0.9.

Black-scholes model.
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