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Abstract

This paper is to study the uniqueness of solutions to a new nonlinear Hilfer integro-
differential equation with an initial condition and arbitrary numbers of the Riemann-
Liouville fractional integral operators. Our investigation is based on an equivalent
implicit integral equation in series obtained from Babenko’s approach, the multivariate
Mittag-Leffler function as well as Banach’s contractive principle in a new Banach
space. The technique used clearly opens up new directions for studying other types
of initial or boundary value problems with different fractional derivatives and variable
coefficients. An illustrative example is also provided to demonstrate applications of
the key theorem.
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1 Introduction

Let —co<a<b< 4ooand \; € R for i =1,2,--- ,m. We shall consider the following
nonlinear integro-differential equation with an initial condition:

+u +Z)\Iﬁ’ ﬂg(wu(az)),0<a<1,0§5<1,5i25a

a

(1.1)
Ii+7u(a) =u, €R, y=a+5—ap,

where z € (a,b] and DZ‘J’P is the Hilfer fractional derivative of order av and type 3 [1, 2],
which is an interpolation between the Riemann-Liouville and Caputo fractional derivatives.
The operator I f  is the Riemann-Liouville fractional integral of the order 3;, the nonlinear
term g : (a,b]x R — R is a function satisfying certain conditions. In 2000, Hilfer introduced
the Hilfer fractional derivative which combines Caputo and Riemann-Liouville fractional
derivatives, and can be used in the theoretical simulation of dielectric relaxation in glass
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forming materials [3, 4]. Sandev et al. [5] derived the existence results of the fractional
diffusion equation with the Hilfer fractional derivative which attained in terms of the
Mittag Leffler functions. In 2015, Gu and Trujillo [6] studied the existence results of the
fractional differential equations with the Hilfer derivative based on noncompact measure
method.

Clearly, the parameter v satisfies

0 <max{a,f} <y<1l, 1—-9<1-p(1-a).

The two-parameter fractional derivative Dg’f generates more types of stationary states
and gives an extra degree of freedom on the initial condition with applications in physics
[3,4, 7]. In 2012, Furati et al. [8] studied the following nonlinear Hilfer differential equation
with an initial condition:

' u(@)=u, € R, v=a+8—ap.

a

{ f;’fu(x):g(x,u(x)), 0<a<l1l,0<pB<1,x€(ab)],
+
a

They proved the existence and uniqueness of global solutions in a space of weighted con-
tinuous functions using Banach’s fixed point theorem. More generally, Wang and Zhang
[9] considered the existence of solutions to the following nonlocal initial value problem in
2015:

D:’fu(x) =g(z,u(z)), 0<a<l1l,0<B<1,z¢€ (a,b,

Ii;wu(cﬁ) = Z \iu(ti), y=a+B-—af, 7€ (a,bl.
i=1

The remainder of this paper is organized as follows. Section 2 introduces some basic
concepts, a Banach space Ci_,[a,b] with v = a4+ — af3, 8 < 1, a subspace W, [a,b] C
Ci—+[a,b], the multivariate Mittag-Leffler function and Babenko’s approach. In addi-
tion, we convert Equation (1.1) to an equivalent implicit integral equation in series using
Babenko’s technique. Then we obtain sufficient conditions for the uniqueness of solutions
with the help of Banach’s contractive principle in the Banach space W, [a,b], and further
demonstrate applications of the main result by an example in Section 3. At the end, we
summarize the entire work in Section 4.

2 Preliminaries

The Riemann-Liouville fractional integral of the order s > 0 of function u(x) is defined by

[10] L
Tzn)(@) = 75 / (@ =t u(t)dt, =>a,
and
1Y u(z) = u(z),
from [11].
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The Riemann-Liouville fractional derivative of order o € [n — 1,n), for n € N, of
function u(x) is defined by [2]

(Dﬁm()zrl<i)nlﬂx—w%%%@ma r>a.

(n —a)

The Hilfer fractional derivative of order 0 < o < 1 and 0 < 8 < 1 of function u(z) is
defined by [3]
a, l1-«a 1-8)(1—«
Dafu(:z:) = (IfJ(r )DIC(L+ A) )) u(x),
d

here D = —.
where .

It follows from [3] that the operator Df:jrﬂ can also be written as
1-
Da+ — IB( a)DZ‘H

. . . . . . .0
where a < vy = a+3—af. Clearly, the Riemann-Liouville fractional derivative DS = D%}

and the Caputo fractional derivative D% = Dg‘f.
For any 0 <y < 1, we define the Banach space C1_,]a,b] as

Ci—yla,b) = {u: (a,b] = R: (z —a) 7 u(z) € Cla,b]},

with the norm

lulle, ., = mﬁg]!(m—a)l Tu(z)]

Clearly, Cla,b] C C1—4[a,b] for any 0 <~ < 1. Further, a subspace Cllfw[a, bl C C1—+[a,b]
is defined as

Clvab {ue Cla,b] : v € C1_4[a,b]},
with the norm

lully = lullo + [[o]l,_

Evidently, Cll_w[a, b] is a Banach space. Finally, the Banach space W, [a,b] is defined as

Wﬂmﬂz{ueCkﬁmM:QﬂueCLﬂmﬂ}chﬂmm

1—
W ot
Ciy

Lemma 1. (see [8]) Let 0 <a<landy=a+pf—-af with0 < < 1. If u e Ci_,|a,b]
and I;:ﬁ%‘ﬁu € C]_,[a,b], then Dg‘;ﬁlgﬂru exists in (a,b] and

with the norm

a

i,

e

Da;ﬁ Sru=u,

for all x € (a,b|.
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The following lemma can be found in [2].

Lemma 2. (see [2]) Let 0 <t < 1land 0 < s < 1. If u € Csla,b] and I;Itu € Cl{a,b],
then

I'tu(a
14 Dllie) = o) — - ),
for all = € (a,b].
It follows from ¢t =« and s = 1 — « that
I u(a)

I. D) u(z) = u(z) — 2

for all x € (a,b] and u € W, [a, b].
The multivariate Mittag-Leffler function [12] is defined as follows

klzfnm

k z
E.. .. (21, y2m) = E E < ) 1
(0617 7Oém)a/3 1 ) e Ce ’
e k1, vkm ) D(aiks + -+ + amkm + 8)

where o;, 6 >0 fori=1,2,--- ,m and

k R
koo k) Kl k!

3 Main results

One of the powerful methods for solving differential equations with initial conditions, as
well as integral equations is Babenko’s approach [13]. This method is generally the same
as the Laplace transform, while dealing with equations with constant coefficients. How-
ever, this technique can be applied for differential and integral equations with continuous
variable coefficients and boundary value problems [14, 15]. In the following, to show
the applications of this approach, we will deduce an implicit integral equation which is
equivalent to Equation (1.1) in the space W, a, b].

Theorem 3. Let g : (a,b] x R — R be a continuous and bounded function. Then Equation
(1.1) is equivalent to the following implicit integral equation

_ Mo X~k k Fiyks . \km
U(x) B F(F}/) Z( 1) Z k<k17k27"'7km>)\1 >\2 )\m

k=0 k1t+kot++km=
% [(‘i+51)k1+"'+(a+6m)km(x _ a)7_1
a

= k

+ ) (-1)F > APIASE - A

( ) <k17k2)”'7km> 12 "
k=0 ki+kat-tkm=k

x [Pk ot Bmbm o (0 (), (3.1)

in the space W[a,b].
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Proof. Clearly for vy = a+ 8 — af with 8 < 1,

;
o DY u(e) = I I D) u(a) = 17, D) u() = u(@) — < ——(r —a)’™",

for all x € (a,b] and u € W, [a, b].
Applying the operator I% to both sides of Equation

+ZA 1’ 12, g(z, u(x)),
we come to

u(e) = gy e =0 4 NI () = 1 gt u(a),
=1

using the initial condition

Ii+7u(a) = Ug.

This implies that

(1 D NI ‘*’) u(w) = r@fw (& —a) =+ 1% P g (@, u(x)).
=1

m
Treating the factor <1 + Z A Igj p 1) as a variable, we derive that by Babenko’s approach
i=1

m -1
ulr) = o+Bi z—a) ! ath T, ulx
@) <1+;AI ) (5@ = o+ 129G ulo)))

- i(_mk( AIO‘+51> <
k=0 1=1

oo

= k ki ykm platB0ki e (o Bim ) om
B Z Z (k1, ko, - 7km) AL A Ia+ X
k=0 kitko+ - +km=k

Ly Py, u(x»)

(1)

(;gj‘y) (& — a4 1% g(a, u<x>>)

Ugq > k 1) /2 m
N F(w)z(_l)k 2 <k1,k2,---,km>Alf SR

k=0 k1+ko+-+km=k
« I(i+ﬁ1)k1+~~~+(a+ﬁm)km(x . a)fy—l
a

= k

~1 k )\k:l)\k‘Q . )\km

EEDE Y (ot
k=0 ki+kot+-+km=Fk

% IjjﬁJF(aJrﬁl)k1+"'+(a+5m)kmg($’ u(x))
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Next, we are going to show that u € W, [a,b]. Clearly,

JlatBUkt+(atBm ) km (z — a)?

at
= F(V) (.’13 — a)(a+51)k1+"'+(O‘+Bm)km+’771
P((a+ Bi)kr+ -+ (a+ Bm)km +7) 7
and
- k
_ o) < |ug )\kl_.,)\mkm
P CeC R C ) DD Y (ot o Sl
= 1 2 m=
(b _ a)(a’+,31)k1+"'+(04+6m)km
X
F((Oé + Bl)kl + -+ (Oé + 5m)km + 7)
— k
_ g)ites kv, km
SR DIND DI (R (P
k=0 ki1+ko+-+km=Ek
y (b — a)(@tBkit (ot fm)km sup |g(e, u(@)|
T((a+ B)ka+ -+ (@ + Bk + 0+ B+ 1) agian
= |ua|E(oc+61,~~~ ,a4Bm), v (|)‘1|(b - a)a-i-ﬁl’ R p‘m‘(b - a)oﬁ-ﬂm)
(0= )P Bagpy o asgarsit (M6 =) A (b — ) o)
x sup |g(z,u(x))| < 4o0.
z€(a,b]
Using
(@ —ayt =T(),
we get

e = i 2 <k:1k2k ,/gm)'All'“ AP

k=0 k1+ko+-+km=Fk
(b _ a)(a+ﬂ1)k‘1+“~+(a+ﬁm)km

“TWat Bk + -+ (@t Bm)bom + 1)

> k
+Z Z <k1,k2,.-- ,km>‘)‘1‘kl""/\m‘km

k=0 k1+ka+--+km=k
(b _ a)1+a,8+(a+,31)k1+~“+(04+5m)km

Tt Bk + -+ (@ + Bk + 2 + af) x?(lfb] l9(z, u(x))|

= |talE(atpy, atfim), 1 (|/\1!(b —a)* P Al (b - “)a+ﬁm>
+(b — a)l-i-aBE(a_,_Bl’... a+Bm), 24+af (‘)\1‘([) — a)a"rﬁl, e ‘)\m’(b o a)a-i-ﬁm)
x sup |g(x,u(z))| < +oo.
z€(a,b]
6
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Finally, we consider the norm

1—
o

- — ) DI ’
Cry xrg[%}‘(év @) at

< 1.,.. m
= |ua‘ k<k1,k2,"' 7km>|)\1| |)\m|

k=1ki+ko+4-+km=
(b — a)(a+ﬁ1)k1+"'+(a+ﬂm)km—’7

Tt Bkt + -+ (@t Bo)bom)

o k ,
+Ho—a) Ty Y (k1 Ky K )Allkl“'lkml’“m

k=0 ki1+ko++km=Ek
(b — a)(a""ﬂl)kl""“""(a'i‘ﬁm)km

C((a+ Br)ki + -+ (o + Bk + af + 1)

< 400,

by noting that
(a4 Br)ki + -+ (a4 Bm)km —v >0,

for k1 +--- 4+ kp =k > 1, since ; > g forall i =1,2,--- ,m. In summary, u € W,[a, b].
Conversely, if v is given by Equation (3.1) in the space W, [a,b] then

Ii:vu(a) = Uq.
Indeed,
u(e) = —s(a—a) ot i(—l)k > <k " ) By )A’FA’SQ L
(’7) (7) k=1 Ky +hoot etk =k 1, h2, 700 m
% Iéi+51)k1+"'+(a+ﬁm)km T — a)’y—l
= k
-1 k )\k‘l)\kg'”Akm
+Z( ) Z <k17k27"'7km> L2 "
k=0 ki+ko+-+km=k
% Igjﬂ+(a+51)k1+~--+(Ot+/3m)kmg(x’ u(x)) _ Ijé?y) (x B a)'y—l + ul(:):)
Using

I (@—ay ™t =T(),

a

and noting that

Ii;vul(x)

=0,

r=a

we have Iifyu(a) = Ug.

Furthermore, applying the operator D:’f to

(1 + D NI Bi) u(e) = pi e =+ L gl ute)),
=1
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which is equivalent to Equation (3.1), we obtain

Uu
ou(a ZA DI P uw) = 5 Dl — a4 DR g, u(e),

ll

Clearly,
D (a—ay ™ = IITN(D]) (x —a) ) = 110 =0,

for 0 < v < 1, and
DI iy = DYPIS 10w = 174,

by Lemma 1 due to the fact that
I%ue C_ya,b], and 1IN0y e ol fa,b).

Similarly,
DI g, ulw)) = 12, 9o, ulw).

Hence, u satisfies Equation (1.1). This completes the proof of Theorem 3. O

We are now ready to present the following theorem about the uniqueness of solutions
to Equation (1.1).

Theorem 4. Let g : (a,b] X R — R be a continuous and bounded function satisfying

lg(x,y1) — 9(x,92)| < Llyr — 2|, y1,92 € R,

for a nonnegative constant L. Furthermore, assume

= L(b_a)a-i_ﬁr(’}/)E(OH‘ﬁl,“' a+Bm), 2(a+B)—af <|/\1|(b - a)a+617 Ty ’)‘m|(b - a)a+/8m) <L
Then Equation (1.1) has a unique solution in the space W |a,b].

Proof. For u € C1_,]a,b], we define a nonlinear mapping 1" over the space Ci_+[a,b] by

o0

Ugq k
(Tu)(z) = F( ] Z(—l)k Z (k P >)\71€1)\]2f2 . )‘Smm
=0 ker kot tkm=k N 12 » vm

% Ic(lti+51)k1+m+(a+ﬁm)k‘m (.ZC _ a)'y—l

s k

+ ) (-1 > APIAR? - A

( ) <k17k27"'akm> ! 2 mn
k=0 ki+ka+-Akm=k

% Iaofj’5+(a+51)k1+"'+(0‘+5m)kmg($’ U(CC))
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It follows from the proof of Theorem 3 that Tu € Ci_-[a,b]. We further show that T is
contractive. In fact, we get for u,v €€ C1_[a, b]

[Tu — TUHcl,7

e k
S CETid S D DR R (AR Y
k:O ) Y ) m

z€|a,b
[a.0] key+hgt -tk =F

o a k [e% m km
)

oo k
< —q)*tP ki km
sso-artrny X (ot

k=0 k1+ka+-+km=Fk
(b — a)(a+/81)k1+"'+(a+ﬁm)km

“T2(a+B) —aB+ (at Bkt + -+ (@ + Bon)km)

=qllu=vlle,

[Ju— U||cl_v

using
g(z,u) = g(z,v) = (z — )" [(z — @) T (g(z,u) - g(z,v))],
and

JotBt(atB)kit+(atBm)km (x — a)7—1

at

_ I'(v)
DNa+B8+v+ (a+ L)k + -+ (a+ Bm)km)

a+B+(a+B1)ki++(a+Bm)km+v—1

_ L'(y)
CTQa+pB)—aB+ (a+ Bk + -+ (a+ Bm)km)
01+5+(a+,81)kl+“'+(a+BM)km+7*1‘

x (x —a)

x (r—a)

Since ¢ < 1, the mapping T" has a unique fixed point in the space Ci_4[a,b]. Moreover, if
u € W,[a,b] then T'u € W, [a,b]. Therefore, T" has a unique fixed point in W, [a,b] in the
sense of the topology in C1_,[a, b]. This implies that Equation (1.1) has a unique solution
in W[a,b]. This completes the proof of Theorem 4. O

Example 5. The following nonlinear Hilfer integro-differential equation with an initial
condition:

1
Dgf’0'4u(:c) + 2 I8tu(x) — 2 I0Pu(z) = — I sinu(z),

23
1824u(0) = —4
has a unique solution in the space Wy 76[0, 1].

1
Proof. Clearly, g(z,u(z)) = 23 sinu(x) and

1
l9(z, u(z)) = g(z,v(2))| < F5lu(z) - v(z)],
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and

1
q=551(0.76)E(1,1.1), 1.76(2, 2)

23
2k12k2
-gromy. > (5 )

520 bt o ki, ko k‘l + 1.1ky + 1. 76)

Applying
> (i) =2

by ek \F1 R2

and

2k12k2 2k
<
(k1 + 1.1k + 1.76) — I'(k + 1.76)°

we imply that

oo
22 8418
q < —F 0.76) <1
kzo I( k: + 1.76) 23 ’
since - i
4
I'(0.76 — _ ~22.8418
( ) kZ:O I'(k+ 1.76) ’

by the online calculator on the site https://www.wolframalpha.com/. From Theorem 4,
the above equation has a unique solution in the space Wy 76[0,1]. This completes the
proof. O

Remark 6. From the proof of Theorem 3, we imply that

u(z) = ta (x—a)?™ 1 =) "N\ I::f‘d u(x )—&—Iafﬁg(l u(z)),

=1

which can be used in finding an approximate solution by the following recursion:

m

u
up () = F(f;) r—a)l Z)\ I(Hd Up—1(x) + Iajdg(x Up—1(x)),
forn =1,2,---, and an initial function wug(z).

4 Conclusion

We have investigated the uniqueness of solutions to the new nonlinear Hilfer integro-
differential equation with an initial condition, based on its equivalent implicit integral
equation in series derived from Babenko’s approach, the multivariate Mittag-Lefller func-
tion as well as Banach’s contractive principle, with an illustrative example demonstrating
applications of the key theorem at the end.

10
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