NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS OF
SMOOTH SURFACES IN P3

TARO HAYASHI

ABSTRACT. Let X be a smooth hypersurface of degree d > 3 in the projective
space P 1. If (n,d) # (1,3), (2,4) then a finite group G acts on X faithfully is
a subgroup of the Projective linear group PGL(n + 2, C). Sufficient conditions
are known for G to be lifted to a subgroup of the general linear group GL(n +
2, C). In this paper, we assume that G is a finite abelian subgroup of PGL(4, C)
such that G can not be lifted to GL(4,C). We determine G by using the
action of G on linear subspaces of P3. As an application, we determine non-
liftable abelian groups of PGL(4, C) acting faithfully on smooth hypersurfaces
of degree d in P3. We give examples of a smooth hypersurface X C P? and a
non-liftable abelian group G such that G acts on X faithfully.

1. INTRODUCTION

In this paper, we work over C. For n > 1, let GL(n,C) be the general linear
group of C", and let I,, be the identity matrix of size n. We set Z(C") := {A €
GL(n,C)| A = al, for some a € C*} where C* = C\{0}. The projective linear
group PGL(n,C) is the quotient group GL(n,C)/Z(C"). Let p,: GL(n,C) —
PGL(n,C) be the quotient map. For a matrix A € GL(n,C), we write p,(A)
as [A]. Let a,8 € PGL(n,C) be elements. We say that « is conjugate to g if
B = yay~! for some v € PGL(n,C). Let G, H be subgroups of PGL(n, C). We say
that G is conjugate to H if H = vyG~~! for some v € PGL(n, C).

Definition 1.1. Let G be a subgroup of PGL(m,C) for m > 2. We call G liftable
(resp. mon-liftable) if there is (resp. is not) a subgroup G’ of GL(m,C) such that
Pmicr: G' — G is isomorphic.

Let X be a smooth hypersurface of degree d in P**1 and let Lin(X) be the
subgroup of Aut(X) counsisting of the elements induced by PGL(n + 2,C) where
n > 1 and 3 > 4. By [10, Theorem 1 and Theorem 2], Lin(X) is a finite group for
n > 2and d > 3, and Aut(X) = Lin(X) for d > 3 except for the case where (n,d) =
(2,4). For a fixed integer d > 4, the list of groups that appear as automorphism
groups of smooth hypersurface of degree d in P"*! is unknown except for a finite
number of n and d pairs ([1,8,9,12,13,14]). Smooth hypersurfaces in P"*! and their
automorphism groups are studied by abelian subgroups of automorphism groups.
The case where an abelian subgroup is a cyclic group are studied in [2,3,4,6], and
the case where an abelian subgroup is Z/Z®™ is studied in [7].
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2 TARO HAYASHI

Let G be a finite abelian subgroup of PGL(n + 2, C) such that G acts faithfully
on a smooth hypersurface of degree d in P"t!. If G is lifted to a subgroup of
GL(n+2,C) and there exists an element g € G such that G/(g) has order coprime
to d — 1, then all possible G are determined ([15, Theorem 4.3]). In this paper, we
determine non-liftable finite abelian subgroups of PGL(4, C).

Theorem 1.2. Let G C PGL(4,C) be a non-liftable finite abelian group. Then G
is one of the following:

(i) G = 7Z/27%2 and G is conjugate to an abelian group G' C PGL(4,C)

generated by
—I, 0 0 C
l( 0 b)} and <C—1 0>]

where C € GL(2,C).
(ii) G =2 Z/2Z%3 and G is conjugate to an abelian group G' C PGL(4,C)
generated by

-1

-, 0 0
0 I’ 0
0
such that
a 0 0 a
2= 8) = (0 0)
where a,b € C*.

(iti) G =2 Z/2Z%* and G is conjugate to an abelian group G' C PGL(4,C)
generated by

OO = O
=)
AR

_— O O O
| IS
®
=]

a

0 0 a0 0 = 0 0
—I, 0 0O 0 0 b 20 0 0
[(0 12)]’[a—1 0 00]’[ 0 0 0 y]’and

0 b1 00 0 0 y' o0

-1 0 0 0

0 1 0 0

0 0 -1 0

0 0 0 1

such that bx = ay where a,b,z,y € C.
(iv) G2 Z/2Z%2®Z/IZ and G is conjugate to an abelian group G’ C PGL(4,C)
generated by

10 0 0 0 a 0 0
erly 0 0 1 0 0 4 llet 0o 0 o
0 L) 0 0 -1 off 0 0 0 b
0 0 0 1 0 0 b 0

where a,b € C*.
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NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 3

(v) GEZ/)2Z®Z/2Z and G is conjugate to an abelian group G' C PGL(4,C)
generated by

—egy 0 0 0O a 0 O
0 ey 0 0 a0 0 0
0 0 -1 0 1 and l 0 0 0 b 1
0 0 0 1 0 0 b 0

where a,b € C*.

Theorem 1.2 is followed by Theorem 3.2, Theorem 3.5, Theorem 3.7, Theorem
3.9, and Theorem 3.11. In addition, we determine non-liftable abelian groups of
PGL(4,C) acting faithfully on a smooth hypersurface of degree d in P3. Let d be
an even integer. For the each case (i), (i7), and (ii7) of Theorem 1.2, there is a
non-liftable abelian group G C PGL(4,C) and a smooth hypersurface X C P3 of
degree d such that G acts on X faithfully (Examples 3.8, 3.10, and 3.12). Let
H c PGL(4, C) be a non-liftable abelian group. If H is the case (iv) (resp. (v)) of
Theorem 3.6 and H acts on Y C P?3 faithfully where Y is a smooth hypersurface of
degree d, then [ divides d —2 or d (resp. [ divides 2(d — 1)) (Theorem 4.2, Example
4.3, Example 4.4, and Example 4.5). In Section 2 we introduce some preliminary
results and notations. Especially, we give sufficient conditions for abelian subgroups
of PGL(4,C) to lift to GL(4,C). In Section 3, we study non-liftable finite abelian
subgroups of PGL(4,C) by using linear subspaces of P? and the sufficient condi-
tions. In section 4, we complete the determination of non-liftable abelian groups of
PGL(4,C) acting faithfully on smooth hypersurfaces of degree d in P3. The classi-
fication is accomplished by Theorems 3.7, 3.9, 3.11, and 4.2, as well as Examples
3.8, 3.10, 3.12, 4.3, 4.4, and 4.5. Finally, please note that the proof methods for the
results presented in this paper rely on matrix computations. Therefore, the results
hold for any algebraically closed field of characteristic zero.

2. PRELIMINARY

We prepare a little. Let G be a subgroup of PGL(n+2,C) for n > 1. We call G
F-liftable if there are a subgroup G’ of GL(n+2, C) and a homogeneous polynomial
F such that Prt2|gr G’ — @ is isomorphic, the hypersurface X C P**+! defined by
F =0 is smooth, and A*F = F for A € G'.

Theorem 2.1. ([5, Proposition1.15]). Forn > 1 and d > 3, the automorphism
group of every smooth hypersurface of degree d in P*+1 is F-liftable if and only if
d and n + 2 are relatively prime.

Let G C PGL(4,C) be a non-liftable finite abelian group such that G acts on
a smooth hypersurface of degree d in P3 faithfully. By Theorem 2.1, d is an even
number.

There are sufficient conditions for finite subgroups of PGL(n + 2,C) to lift to
GL(n +2,C) ([12, Theorem 4.8],[5, Proposition 4.7]). The following Lemma 2.2 is a
sufficient condition for an abelian subgroup of PGL(n+2, C) to lift to GL(n+2,C).

Lemma 2.2. ([7, Lemma3.1]). Let G C PGL(n 4 2,C) be a finite abelian group
where n. > 1. If there is an element g = [A] € G such that A is conjugate to

aq 0
0 aolpt
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4 TARO HAYASHI

where a1,as € C* are distinct complexr numbers, then G is liftable.

In Lemma 2.3, we give a new sufficient condition for n = 2. After that, we
study group structures of non-liftable abelian finite subgroups of PGL(4,C) by
using linear subspaces of P? and the fact that they does not satisfy Lemma 2.2 and
Lemma 2.3.

Lemma 2.3. Let G C PGL(4,C) be a non-liftable finite abelian group. If there is
an element g = [A] € G such that A is conjugate to

aq 0 0
0 a9 0
0 0 Cl3[2

where a1, as,as3 € C* are pairwise distinct complex numbers, then G is liftable.

Proof. We assume that there is an element g = [A] € G such that

a1 0 0
A= 0 a9 0
0 0 a3]2

where a1,a2,a3 € C* such that a; # a; for 1 <i < j < 3. Let W; C C* be the
eigenspace of A associated with a; for ¢ = 1,2,3. Note that

Wy ={(z,y,2,w) €C*|ly=2=w=0},
Wy = {(z,y,2,w) €C*|lz =2=w=0}, and
Wi = {(z,y,z,w) €C* |z =y =0}.
We take an element h = [B] € G where B € GL(4,C). Since gh = hg, AB =tBA
for some t € C*. Then for i =1,2,3,

BWl S {W17W2,W3}.
Since dimW; =1 for ¢ = 1,2, and dimW3 = 2,
{BWl,BWQ} = {W1,W2} and BW3 = Wg.

(5 9

where C, D € GL(2,C). We set C = (c¢;j)i,j=1,2. Since AB =tBA,

As a result,

aici1 aiciz 0 taici1  tascia 0
agC21 Q2C22 0 = ta1021 tQQCQQ 0
0 0 asD 0 0 tasD
Since D € GL(2,C) and a3 # 0, t = 1. Since a1 # ag, ¢c12 = ¢a1 = 0. As a result,
C11 0 0
B = 0 C29 0
0 0 D
Therefore, for a generating set g1, . . ., gr of G, there are complex numbers a;, b; € C*
a; 0 0
and matrices D; € GL(4,C) such that g; = [ 0 b O 1 fori =1,...,k.
0 0 D

Since g;9; = 9;9i, DiD; = D;D; for 1 < i < j < k. Therefore, there is a matrix
M € GL(2,C) such that M D;M~" is a diagonal matrix for each i = 1,...,k. Since
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NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 5

G is conjugate to a subgroup of PGL(4,C) generated by diagonal matrices, G is
liftable. ([

Let G be a group. For an element g € G, let ord(g) be the order of g. By Lemma
2.2 and Lemma 2.3, we have the following.

Lemma 2.4. Let G be a non-liftable finite abelian subgroup of PGL(4,C). We take
an element g = [A] € G\{e}. Then the matriz A is conjugate to

ag 0 0 O

0,1_[2 0 or 0 a9 0 0
0 a2]2 0 0 as 0
0 0 0 ay

where ay,as,as,aqs € C* are pairwise distinct complex numbers.

Let G be a finite subgroup of PGL(4,C). We set e := [I4] € PGL(4,C). For
g = [A] € G\{e}, we write r(g) as the number of different eigenvalues of the
matrix A. Let A’ € GL(4,C) be a matrix such that g = [A’]. Since A = tA’ for
some ¢t € C*, the number r(g) does not depend on a matrix representing g. Let
d := ord(g). Then r(g) < min{d,4}. We set r := r(g). Let A1,..., A\, be distinct
eigenvalues of A, and let W; C C* be the eigenspace of A associated with \; for
i=1,...,7. We take an element h = [B] € G. Since gh = hg, AB = tBA for some
teC*. Foreachi=1,...,r

BW,; € {W1, .. .,WT.}.

Let j be an integer such that BW,; = W;. Since B € GL(4,C), dimW; = dimW;.
Let P(W;) C P? be the projective subspace associated with W; for i = 1,...,r. For
1=1,...,7,

hP(W;) € {(B(Wh), .., P(W,.)}.
There is the group homomorphism ¥, : G — S, such that forh € Gandi=1,...,7r
h(B(W3)) = P(Wy, (m)(s))-

Here, S, is the symmetric group of degree r.
Since the order of g is finite, the matrix A is diagonalizable. We may assume

that
AL,
A _ )\ZImz
ArLm,
Then for h = [B] € Ker U, there is a matrix B; € GL(m,,C) for i = 1,...,r such
that
B
By
B =
B,
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6 TARO HAYASHI

3. CLASSIFICATION OF NONLIFTABLE ABELIAN SUBGROUPS OF PGL(4,C)

Lemma 3.1. Let G C PGL(4,C) be a non-liftable finite abelian group. If G does
not contain an element g = [A] € G such that A is conjugate to

(J,IQ 0
0 bl
where a,b € C* are distinct complex numbers, then |G| is an odd number.

Proof. If |G| is an even number, then there is an element k € G such that ord(k) = 2.
Let C € GL(4,C) be a matrix such that k = [C]. Then C? = ul, for some
u € C*. This implies that the eigenvalues of C are y/u or —/u. By Lemma 2.4,
this contradicts that G is non-liftable. O

For a positive integer [ > 2, let e; be a primitive [-th root of unity.

Theorem 3.2. Let G C PGL(4,C) be a non-liftable finite abelian group. Then
there is an element g = [A] € G such that A is conjugate to

aI2 0
0 ol
where a,b € C* are distinct complex numbers.

Proof. We assume that G does not contain an element g = [A] € G such that A is

conjugate to aéz bg where a,b € C* are distinct complex numbers. We take
2
an element h = [B] € G\{e}. By Lemma 2.4, we may assume that
bp 0 0 O
10 b 0 O
B= 0 0 b O
0 0 0 by

where by, ba, b3, bs € C* such that b; #b; for 1 <i < j <4,

Let Up: G — Sy be the group homomorphism defined by h. Let k € G\{e}.
Since the dimension of the eigenspace of B associated with b; is one for 1 < ¢ < 4,
if k € Ker Uy, then k is defined by a diagonal matrix. Then Ker ¥, € PGL(4,C)
is liftable. Since G is non-liftable, G # Ker ¥,. In particular, Im ¥, is not trivial.
We take an element k € G\Ker ¥;. By Lemma 3.1, |G| is an odd number, and
hence ord(k) is an odd number. Since Im ¥, C Sy, k* € Ker ¥;. Then we may
assume that there is a matrix C' € GL(4, C) such that

0 a 00
00 b O
k=[C] and C = 00 0
0 0 0 1

where a,b,c € C*. Since G is non-liftable, Lemma 2.3, and

3 (abcls 0
=)

we get that ord(k) = 3, and hence C3 = I,. Then the eigenvalues of C are 1, e3, or
e3. By Lemma 2.2, Lemma 2.3, and Lemma 2.4, this contradicts the assumption
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NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 7

of G. Therefore, G contains an element g = [A] € G such that A is conjugate to

(aéQ b(; > where a,b € C* are distinct complex numbers. (I
2

Let G be a group, and let S C G be a subset. Let (S) C G be the subgroup of
G generated by S. If (S) = G, then S is called a generating set of G.

Let G € PGL(4,C) be a non-liftable finite abelian group. Let g = [4] € G
61012 IO> where [ := ord(g). Let Wy, W, C C*

2

be the eigenspace of A associated with e; and 1, respectively. Note that W; =
{(z,y,z,w) €C*|z=w =0} and Wy = {(z,y, z,w) € C* |2 =y =0}. Let P(W;)
be the projective subspace associated with W; for ¢ = 1,2. Since dimW, = 2,
P(W;) 2 P! for i = 1,2. Let h € G be an element. If h € Ker ¥, then h(P(W;)) =
P(W;) for i = 1,2. In addition, if A(P(W7)) = P(W7) or h(P(W3)) = P(Ws), then
h € Ker¥,.

be an element such that A = <

Lemma 3.3. In the above setting, for h € G, if hjpaw,) = idpw,) then hpawy,) =
idp(w,) -

Proof. We assume that hpay,) = idpwy,). Then h € Ker ¥, and there is a matrix
Ags € GL(2,C) such that

B (L 0
h =[A] and A(O A22>'

Since G is a finite group, the order of g is finite. Then A is a diagonalize, and
a 0
0 b) Ot aly where
a,b € C* are distinct complex numbers. Since G is non-liftable, Lemma 2.2, and
Lemma 2.3, we get that Ao is conjugate to als, and hence Az = als. As a result,

hipws) = idp(wy)- O
We take h € Ker W,. There are matrices A1, A2e € GL(2,C) such that h =

All 0
0 A

and

hence As, is a diagonalize. The matrix Ass is conjugate to

. Then

©p1: Ker \I/g Sh+— [Alﬂ S PGL(?,C),

p2: Ker W, 5 h — [Ag] € PGL(2,C)
are group homomorphisms. By Lemma 3.3, Ker ¢p; = Ker 5. We set
I, :=Keryy CG.
If h € I, then Ay = aly and Ay = bl for a,b € C*. Then I, is a cyclic group

(B

Lemma 3.4. In the above setting, we get that Imyp; = Impy. In particular, let
g1, .-, 9k € Ker U, be elements such that v1(g1), ..., v1(g9x) are a generating set of
Impy. Then ©3(g1),-..,92(gk) are a generating set of Im pq.

where [ := |I,].
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8 TARO HAYASHI

Proof. Since Ker ¢ = Ker (o,
Im; = Ker U, /Ker ¢ = Ker ¥, /Ker ¢y = Im ¢s.

In particular, since the isomorphism Im ¢; = Ker ¥, /Ker ¢; of groups given by ¢;
and for ¢ = 1,2, we get that for elements g¢1,...,gx € Ker U, if ©1(g1),...,91(g%)
are a generating set of Im 1, then pa(g1), ..., p2(gr) are a generating set of Im po.

O

A finite subgroup of PGL(2, C) is isomorphic to one of a cyclic group, a dihedral
group D; of order 2I, the tetrahedral group Ay, the octahedral group Sy, and the
icosahedral group As ([11, Chapter X]). Since Im ¢; C PGL(2,C) is a finite abelian
subgroup, Im o1 = Z/2Z%% or Z/kZ where k € N. Let G’ be an abelian subgrop of

PGL(2,C). If G’ = Z/kZ, then G’ is conjugate to (eo’“ (1)

then G’ is conjugate to < [(_01 ?)1 , [(2 8)] > where a,b € C*.

Theorem 3.5. Let G C PGL(4,C) be a non-liftable finite abelian group. We
assume that there is an element g = [A] € G such that

) I G~ 7/2792,

0

where a,b € C* are distinct complex numbers. We set | := |I,|. Then we have the
following:
(i) GXZ/22%2 & Z)IZ or Z/27 & Z/21Z.
(ii) If | = max{ord(h)}neq, then G = Z/27%? & Z/IZ and G is conjugate to
an abelian group G' C PGL(4,C) generated by

A= (a[2 b? ) and ImV, is trivial
2

10 0 0 0 a 0 0
erly 0 0 1 0 0 d et o 00
0 L) 0 0 -1 off ™ 0 0 0 b

0 0 0 1 0 0 b 0

where a,b € C*.
(#it) If I < max{ord(h)}nreq, then G 2 Z/27 $ 7 /27 and G is conjugate to an
abelian group G' C PGL(4,C) generated by

—eyy 0 0 0 0 a 0 0
0 ey 0 0 a0 0 0

l 0 0 -1 0 1 and l 0 0 0 b 1
o 0 0 1 0 0 b 0

where a,b € C*.

Proof. Since Im W, is trivial, Ker ¥, = G, and hence there is a short exact sequence:
0—=1I; =G —Imp; — 0.

Since Im ¢ is a finite abelian subgroup of PGL(2,C), Im ¢; is isomorphic to Z/kZ

61[2 0

0 I

First, we show that Im; = Z/2Z%2. We assume that Im ¢ = Z/kZ where

k € N. By Lemma 3.4, Imys = Z/kZ. Let h € G be an element such that

or Z/27%? where k € N. Let ¢’ := l( >‘| where [ := |I;|. Then I, = (¢').

2 Jul 2024 20:52:50 PDT
240119-Hayashi Version 2 - Submitted to J. Comm. Alg.



NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 9

p1(h)) = Im ;. Since Ker p; = ker po, G = (¢’, h). Since Ker ¥, = G, there are
g

matrices Ay, Ay € GL(2,C) such that h = <A1 0 ) . Since (p;(h)) = Z/kZ,

0 A,

aier 0

A; is conjugate to 0 a

> where a; € C* for i = 1,2. Let M; € GL(2,C) be a
matrix such that

MAM = (G O
Ea - 0 a;

My 0 Mt 0 _
0 M2 g 0 M2—1 =g,
aier, 0O 0 0

e et (75 1)

0 0 0 a

for i = 1,2. Then

and

Since G = (¢’,h) and G is conjugate to a subgroup of PGL(4,C) generated by
diagonal matrices, we get that G is liftable. This is a contradiction. Therefore,
Im ¥1 = Z/2Z@2

Let h, k € G be elements such that ¢;(h), p;(k) are a generating set of Im ¢; for
i=1,2. Then G = (¢, h, k). Since Im ¢y = Z/2Z%%, we get that max{ord(¢”)}cc
is an even number, and ord(h) and ord(k) are even numbers. We set 2u := ord(h)
and 2v := ord(k) where u,v € N.

We assume that [ = max{ord(¢”)} 4 cq. Since G is an abelian group, 2u divides
l. We set | = 2ul’ where I’ € N. Since Im ¢ = Z/2Z%2, h% € I,. Since ord(h?) = u,
there is an integer ¢ € Z such that

W =g
We set
h = h(g’)_“l_
Then
o1(h) = p1(h') and ord(h') = 2.

In the same way, we see that there is an element k' € G such that ¢1(h) = p1(k)
and ord(k’) = 2. Then

G=I{g,N,K)=2ZL)IZLS L2752,

Let By, Bs,C1,Cy € GL(2,C) be matrices such that A’ = and

B 0
0 B

- <COI C(')> . Since <90i(h/),<pi(k’)> o~ Z/QZ@Q’ <[Bz],[cl]> is conjugate
2

to <[(‘01 ‘f)

, [(a(_)l Cg>1> where a; € C* for ¢ = 1,2. Since ord(h') =
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10 TARO HAYASHI

ord(k’) = 2, we may assume that

10 0 0 0 a 0 0
, o 1 0 o , et 0 0 0
h_[0010]andk_[ 0 0 0 b

0 0 0 1 0 0 b' 0

where a,b € C*.
We assume that | < max{ord(¢g”)}geq. Since Impy = Z/2Z% and 1, = Z/IZ,

20 = max{ord(¢”) }yrec-

Since I, = Z/IZ, we may assume that ord(h) = 2I. Then I, = (h?). Since G is
an abelian group, ord(k) = 2v divides 2I. We set 2l = 2vl’ where I’ € N. Since
Im g X 7Z/27%2, k? € I,,. Since ord(k?) = v, there is an integer i € Z such that

k2 = (hQ)“l.
We put
k= kR
Then
p1(k) = p1(k") and ord(k’) = 2.
Therefore,

G=(hK)xZ/2Z & 7/27.
As like the above, since (p;(h), p;(k')) = Z/2Z%% and ord(h') = 2l, we may assume

that
—eq O 0 O 0 a 0 O
_ 0 ey 0 0 ;| [at 0 0 0
h= 0 0 -1 0 ] and k= [ 0 0 0 b
0 0 0 1 0 0 bt 0
where a,b € C*. a

In Section 4, we study a non-liftable finite abelian group G C PGL(4, C) such
that G acts on a smooth hypersurface Y C IP3 of degree d faithfully, and G contains
an element g = [A] such that

. alg 0 . ..
A= ( 0 blg) and Im W, is trivial

where a,b € C* are distinct complex numbers.
Lemma 3.6. Let G C PGL(4,C) be a non-liftable finite abelian group. We assume
that there is an element g = [A] € G such that A = (aIZ 0 ) and Im ¥, is not

0 bl
trivial where a,b € C* are distinct complex numbers. Then I, = (g) = Z/2Z.

Proof. Let W; C C* be the eigenspace of A associated with a; for i = 1,2. Note
that Wy = {(z,y,2,w) € C* |z =w =0} and Wy = {(z,y,2,w) € C* |z =y =0}.
Since Im ¥, is not trivial, there is an element h = [B] € G such that h(P(W7)) =
P(W5) and h(P(W3)) = P(W;). Then

(0 B
5= (o 0)
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NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 11

where B2, B21 € GL(2,C). We take an element k € I;\{e}. Then there is a
complex number ¢ € C* such that

o o CIQ 0
k=[C] and C’_<0 12).

Since hk = kh, there is a complex number ¢t € C* such that BC = tCB, i.e.
0 B2\ [ 0 tcByo
CB21 0 - tBQl O ’
Since Bia, Ba; € GL(2,C), we get that t = ¢ and t¢c = 1. Then ¢ = 1, i..
ord(k) = 2. Therefore, I, = (g9) = Z/2Z. O
Theorem 3.7. Let G C PGL(4,C) be a non-liftable finite abelian group. We
assume that there is an element g = [A] € G such that

o (ZIQ 0 . P
A= ( bIg) and Im V¥, is not trivial

where a,b € C* are distinct complex numbers. If Im ¢y is trivial, then G = 7,/27%?
and G is conjugate to an abelian group G' C PGL(4,C) generated by

—I, 0 d 0 C
0 L) ™ [\t oo
where C' € GL(2,C).

Proof. Since Im ¢, is trivial, Ker ¥, = I,. Then G/I, = Z/27Z. By Lemma 3.6,
I, = {g) & Z/2Z. As a result, G = Z/4Z or Z/2Z%2. Since G is non-liftable,
G 2 7/2Z%%. We take an element h € G\I,. Since G = Z/2Z%%, G = (g, h). Since
h & I, = Ker ¥, there are matrices C, D € GL(2,C) such that

(5 %)

Since h? = e, we may assume that D = C~ L.

b=

(]

Example 3.8. Let d € Z be an even number. Let X C P? be a smooth surface of
degree d defined by

X+ X{+x§+x§=0.
Let G € PGL(4, C) be a non-liftable finite abelian group generated by

0010
—I, 0 0001
Ko 12)]3““1[1000]
0100

Then G = Z/2Z%% and G acts on X faithfully.

Theorem 3.9. Let G C PGL(4,C) be a non-liftable finite abelian group. We
assume that there is an element g = [A] € G such that

- CLIQ 0 . P
A= < 0 b[2> and Im VW, is not trivial
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where a,b € C* are distinct complex numbers. If Im oy = Z/uZ where u € Z and
u > 2, then we have the following:

(i) G 2 Z/2Z%3 or there is an element h € G such that Im Uy, is trivial where
Uy, G — Sy is the group homomorphism defined by h.
(i) If G = ZJ27%3, then G is conjugate to an abelian group G' C PGL(4,C)

generated by
0 B
] s and (Bl 0 )

0 (5« (3

Proof. By Lemma 3.6, I, = (9) = Z/2Z. Let h € G be an element such that
h & Ker ¥ ,. Then there is a matrix B € GL(4, C) such that

B (0 By
h =[B] and B—(321 O)

-1 0
I, 0 0 1 0
(o I2>’ 0 0 -1
0 0

such that

_— o O O

where a,b € C*.

where Bia, Ba1 € GL(2,C). Since Im ¥, = Z /27, h* € Ker ¥,,. Since

B19Bg; 0
0 B21 B12

and BisBs; and BaiBio have the same eigenvalue, we get that h2 #g. Let k €
Ker ¥, be an element such that Im ¢ = (p1(k)). Since Im; = Z/uZ, as like the
proof of Theorem 3.5, we may assume that

h?* = [B? =

b

eqa 0 0 O

0 a 0 O

k=][C] and C = 0 0 e 0
0 0 0 1

where a € C*. Since Im ¢ = (p1(k)), Ker U, = (g, k). In particular, Ker ¥, is
generated by diagonal matrices. Since In ¥, = (¥4(h)), G = (g, h, k).

We assume that uw = 2. Then |G| = 8, |[Ker¥,| = 4, and a* = 1. If 8 =
max{ord(g”)}¢ ec, then G is cyclic. This contradicts that G is non-liftable. We
assume that 4 = max{ord(¢”)}s cq. By replacing h with hk’ where k' € Ker ¥,
such that ord(k’) = 4 if necessary, we may assume that ord(h) = 4. Since h? # g,
h? € Ker ¥, and |Ker U | = 4, we get that Ker U, = (g, h?) and G = (g, h). Since
Ker W, is generated by diagonal matrices, the group homomorphism ¥2: G — Sy
defined by h? is trivial. We assume that 2 = max{ord(h)}neq. Since |G| =8, G =

-1 0 0 0
Z)27%3. Since ord(k) = 2, a®> = 1. We may assume that C' = 8 (1) _01 8
0 0 0 1

Since ord(h) = 2, we may assume that BijsBa1 = B Bia = Is. Since hk = kh,
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BC = tCB for some t € C*. Then B2 <_01 (1)> = <_Ot (t)) Bis. We set By =

(bi;). By the above equation,

<—b11 b12> _ <—tb11 —tblz)

—ba1 b2 thor  thay )

Since Bis € GL(2,C), if t = 1 then bjs = byy = 0 and if ¢ # 1 then t = —1 and
We assume that v > 3. By replacing h with hk’ where k' € Ker ¥, such that

ord(k’) > 2 if necessary, we may assume that ord(h) > 2. Since Im ¥, = Z/2Z,

h? € Ker ¥,. Since G = (h,Ker ;) and Ker ¥, is generated by diagonal matrices,
we get that the group homomorphism ¥,2: G — S, defined by A2 is trivial. O

Example 3.10. Let d € Z be an even number. Let X C P3 be a smooth surface
of degree d defined by

X+ X+ x§+x§=0.
Let G C PGL(4,C) be a non-liftable finite abelian group generated by

-1 0 0 0 00 10
~I, 0 0 1 0 0 1 00 1
(05)’ o 0 -1 o> ™ l1 00 off

0 0 0 1 0100

Then G = Z/2Z%3 and G acts on X faithfully.
Theorem 3.11. Let G C PGL(4,C) be a non-liftable finite abelian group. We
assume that there is an element g = [A] € G such that

. CLIQ 0 . ..
A= < 0 bIg) and Im ¥, is not trivial

where a,b € C* are distinct compler numbers. If Tm 7)27%2%, then G =

7./27%% and G is conjugate to an abelian group G' C PGL(4,

C) generated by
0 0 a O 0O « 0 O
-, 0 0 0 0 b zH 0 0 0 and
0 L))" |lat o ool [ o o o yl||
0 ' 0 0 0 0 y' 0
-1 0 0 O
0 1 0 O
0O 0 -1 0
0O 0 0 1

such that bx = ay where a,b,z,y € C.

Proof. By Lemma 3.6, I, = (9) = Z/2Z. We take an element h € G\Ker ¥,. As
like proof of Theorem 3.11, h? # g. We set

B (0 By
h =[B] and B—(321 0)

B3B8y 0
0 By1 By

is finite, we get that BjoBa; and Bgy Bio are diagonalizable. Let S,T € GL(2,C)

where Bia, Ba; € GL(2,C). Since h? = [B?] = ( ) and ord(h?)
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14 TARO HAYASHI

be matrices such that SB12B21S~! and T By B12T ! are diagonal matrices. We

S 0 0 Blg S 1 0 0 SBlgT 1
[ —
set BT (O T) <B21 0 ) ( 0 T 1) (TBle L 0 - Then

SB12By S™! 0
ne 12821
(B) o < 0 TBQlBlgT_1> ’

Therefore, we may assume that Bi3Bs; and Bs;Bys are diagonal matrices. By
multiplying B by a constant if necessary, we may assume that

« 0
B12Bay = By Bia = <60 1)

where u € Z such that ord(h) = 2u. Since Im¢, = Z/2Z%? and 1, = Z/27Z, we
get that |Ker Uy = 8. Since Im V¥, = Z/2Z, |G| = 16. If 16 = max{ord(¢9"”)}¢ca,
then G is cyclic. This contradicts that G is non-liftable. We assume that 8 =
max{ord(g”)}¢ ec. By replacing h with hk’ where k" € Ker ¥, such that ord(k") =
8 if necessary, we may assume that ord(h) = 8. As like proof of Theorem 3.11,
ht # g for 1 < i < 8. Since h? € Ker ¥, and ord(h) = 8, {¢1(h?)) = Z/4Z. This
contradicts that Im ¢ & Z/2Z%2. Therefore, 4 > max{ord(¢")}, cc-

We assume that 4 = max{ord(¢”)}¢ cc. By replacing h with hk’ where k' €
Ker ¥, such that ord(k’) = 4 if necessary, we may assume that ord(h) = 4. Since
h? € Ker U, \I, and Imp; = Z/27Z%2, there is an element k € Ker ¥, such that
Imp; = (p1(h?),p1(k)). Let C € GL(4,C) be a matrix such that k = [C]. Since

es 0 0 O
9 0 1 0 O 9 ~ @2
B* = 0 0 e O and PGL(2,C) D Im¢y = (p1(h?), p1(k)) = Z/2Z%*, we
4
0 0 0 1
0z 0 O
y 0 0 0 *
get that C' = 00 0 = where x,y, z,w € C*. We assume that ord(k) = 4.
0 0 w O
Sine C? = wylz 0 and Lemma 3.6, k* = g. By multiplying C by a
0 zwly
constant if necessary, we may assume that We may assume that xy = —1 and
0 z 0 0
-z 0 0 0 . .
zw = 1. As a result, C' = 0 0o o | By Lemma 2.4, C is conjugate
0 0 z7t o0
es O 0 0
0 —€4 0 0 . 2 ~ o2
toly o -1 ol Since PGL(2,C) D Im ¢y = (p1(h?),¢1(k)) = Z/2Z%2,
0 0 0 1
h? = [B?] and k = [C], we get that B2C # CB?. As a result, Im V¥, & Z/4Z

where ¥y: G — Sy is the group homomorphism defined by k. Since |G| =

es O 0 O 01 0 O
o 0 —es 0 0 [0 0 a0

16, G is conjugate to < [ 0 0 -1 0 ],[D]> where D is 00 0 bl
0 0 0 1 c 0 0 O
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NON-LIFTABLE ABELIAN AUTOMORPHISM GROUPS 15

01 00 0 010
8 8 2 8 , OT 8 8 8 2 where a, b, c € C*. However, there is not a com-
c 0 0 O 0 ¢c 00
eq O 0 O es 0 0 O
. 0 —es 0 O B 0 —es 0 O
plex number ¢t € C* such that 0 0 -1 0 D =1tD 0 0 -1 0
0 0 0 1 0 0 0 1

This contradicts that G is an abelian group. Therefore, ord(k) = 2. Then G =
(h,g,k) = 7/27%? ® Z/AZ. Since hk = kh, BC = tCB for t € C*. We set
B2 = (bij). By the above equation,

(ylbu ybu) _ ( txboy tabay >

y a2 ybor ) \—txTl'by —taTlbip)”

Then yb11 = tl‘bgg, —tybn = Ibgg, yb12 = txyb21, and —tblg = l‘ybgl. Since B12 S
GL(2,C), t = —t. This contradicts that ¢t € C*. Therefore, 2 = max{ord(¢g"”)}4 cc.
Since |G| = 16, G = Z/27Z°P!*s*. Let ki,ko € Ker¥, be elements such that
Imy; = (pi(k1),pi(k2)) for i = 1,2. Since PGL(2,C) D Imy; = Z/2Z%? for
i = 1,2, there are matrices C1,Csy € GL(4,C) such that k; = [C;] for i = 1,2,

10 0 0 0 a 0 0
01 0 0 a0 0 0
=109 o0 -1 of ™ C=("H o o 4
0 0 0 1 0 0 bl 0

Note that G = <g,h,k1, ]{)2> We set Blg = (blj) and Bgl = (d”) Since hk‘l = klh,
BC5 = tCy B for some t € C*, i.e.

—bi1 b1 _ —tbi1  —thi2 and —di1 dia _ —tdy1  —tdio
—ba1 b2 tba1 thoo —da1  daa tday tdy |-

Then t> = 1. We assume that ¢ = 1. Then b1y = be; = dia = do; = 0. Since

h? = e, we may assume that di; = b1_11 and doy = 62_21. We assume that t = —1.
Then b11 = b22 = d11 = d22 =0 and b12b21 = dlgdgl. Since G = <g7 h, klv hk2> and
0 0 blgy_l 0
B 0 0 0 bary . . _
hko = [ dip—! 0 0 0 . This results in the case t = 1. (]
0 d21.’£ 0 0

Example 3.12. Let d € Z be an even number. Let X C P? be a smooth surface
of degree d defined by

X§+ X+ X3+ X¢=0.
Let G € PGL(4,C) be a non-liftable finite abelian group generated by

0010 0100 10 0 0
I, 0 000 1 1000 Ao 1 oo
o L)1 o0 of]”lo oo 1|]®™ 0 0 -1 0
0100 00 10 0 0 0 1

Then G = Z/27Z%* and G acts on X faithfully.
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4. COMPLETE CLASSIFICATION OF NONLIFTABLE ABELIAN AUTOMORPHISM
GROUPS

We study a non-liftable finite abelian group G C PGL(4, C) such that G acts on
a smooth hypersurface X C P? of degree d faithfully, and G contains an element
g = [4] such that

A= (aéz b? ) and Im W, is trivial
2

where a,b € C* are distinct complex numbers.
Lemma 4.1. Let X be a smooth hypersurface of degree d > 5 in P3, and g = [A]

be an automorphism of X where A € GL(4,C) such that A = (61012 IO> where
2

I :=ord(g). Let Wy C C* be the eigenspace of A associated with e;, and let Wo C C*
be the eigenspace of A associated with 1. Then we have the following.
(1) POW;) ¢ X fori=1,2 if and only if | divides d.
(#3) Only one of P(W7) and P(Ws) is included in X if and only if | divides d—1.
(i7) P(W;) C X fori=1,2 if and only if | divides d — 2.

Proof. Let
F(Xo, X1, X5, X3) = Y F; (X2, X3)X(X]
0<i+j<d

where F; ;(Xs2, X3) € C[X2, X3] is a homogeneous polynomial of degree d— (i+j) if
F; j(X2,X3) #0 for 0 <i+j <d. Note that Wy = {(z,9,2z,w) € C*|z=w=0}
and Wy = {(z,y,2,w) € C* |z =y =0}.

We assume that P(W;) ¢ X for i = 1,2. Since P(W1) ¢ X, F; 4—i(X2,X3) #0
for some 0 < ¢ <d. Since P(Ws) ¢ X, Fp0(X2,X3) # 0. Since

A*Fy g i(Xa, X3) X X = e Fy g i(Xa, X3) Xi X471
and
A*Fy0(X2,X3) = Fo,0(X2, X3),

we get that (e;)¢ = 1, and hence [ divides d.

In what follows, we assume that P(W5) C X. Then Fy (X2, X3) =0, and [0 :
0:1:0[,[0:0:0:1] € X. Since X is smooth at [0:0:1:0] and [0:0:0: 1], and
FOyO(X27X3) = 0, we get that FlyO(XQ,X:g) 7é 0 or Fo’l(XQ, Xg) # 0. For 51mphc1ty,
we assume that Fy (X2, X3) # 0. If P(W2) ¢ X, then F; 4_;(X2, X3) # 0 for some
0 <4 <d. Since

A*Fy g i(Xo, X3) XX T = el Fy 4 i(Xo, X3) X X171

and

A" F1 o(X2, X3) X0 = e/ F1 0(X2, X3)Xo,
we get that (e;)? = e;, and hence [ divides d—1. If P(W5) C X, then F} 4_; (X2, X3) =
0 for 0 <4 < d. Since X is smooth at [1:0:0:0], Fy_1,0(X2,X3) # 0. Since

A*Fy1,0(Xo, X3) X! = e Fy g 0(Xo, X3) X571

and

A"Fy 0(X2, X3) X0 = e F1 o(X2, X3) X,

we get that (e;)9~! = ¢;, and hence [ divides d — 2. O
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Theorem 4.2. Let d be an even number. Let G C PGL(4,C) be a non-liftable
finite abelian group such that G acts on a smooth hypersurface X C P3 of degree d
faithfully. We assume that there is an element g = [A] € G such that

o aIQ 0 . ..
A= < b12> and Im W, is trivial

where a,b € C* are distinct complec numbers. Then G = Z/27% & Z/kZ, or
7)27 ® 7/2lZ where i =1 or 2, k divides d — 2 or d, and l divides d — 1.

Proof. For simplicity, we assume that ord(g) = l. By Theorem 2.1, d is an even
number. By Lemma 4.1, [ divides d — 2, d — 1, or d. Since d — 1 is an odd number,
if I divides d — 1 then ! < max{ord(h)}req, and hence 2 divides 2(d — 1).

We only show that if I < max{ord(h)}req and [ divides d — 2 (resp. d) then 2]
divides d — 2 (resp. d). We assume that | < max{ord(h)}req. By Theorem 3.5,
G = Z/2Z & 7Z/IZ, and we may assume that G = (g := [a], h := [5]) where

ey 00 0 0 a 0 0
[0 exw 0 0 et 0 0 o0
a=| 9 o -1 0o ™B=Y o o
0 0 0 1 0 0 b' 0

and a,b € C*. Let W1 = {(z,y,2z,w) € C*'|z =w =0} and Wy = {(z,y, 2,w) €
C*lz =y =0}. Let F(Xo, X1, X2, X3) be the defining equation of X.

We assume that [ divides d — 2. By Lemma 4.1, P(W;) C X for i = 1,2.
Then [1:0:0:0,0:1:0:0,0:0:1:0],0:0:0:1] € X. Since X
is smooth at 1 : 0: 0:0[,[0:1:0:0,/0:0:1:0],and [0:0:0 : 1],
F(X07X1,X27X3) has (aiXo—i-bin)Xid_l and (CjX2+ij3)XJ(»i_1 terms for ¢ = 2, 3
and j = 0,1 where either a; or b; is not 0 for ¢ = 2,3 and either ¢; or d; is
not 0 for j = 0,1. Since f*Xo X' = a 1! 74X, X7 and [8] € Aut(X), if
F(Xo, X1, X2, X3) has a X X3~ term then F(Xo, X1, X2, X3) has a X; X7 term.
Then (—eg;) x (—1)?! = ey, and hence egfl = eq9;. As a result, 2! divides d — 2.
Since f* X1 X3! = ab' !X, X! and [f] € Aut(X), if F(Xo, X1, X2, X3) has a
XlXé#l term then F(Xg, X1, X5, X3) has a Xngfl term. Then ey x (—1)%7! =
—eg, and hence egfl = eg9;. As a result, 2[ divides d — 2.

We assume that [ divides d. Let

F(XOaX17X27X3) = Z Fi,j(XQ,Xg)XéX{

0<i+j<d

where F; (X2, X3) € C[X2, X3] is a homogeneous polynomial of degree d — (i +
j) if F; ;(X2,X3) # 0for 0 < i+ j < d. By Lemma 4.1, P(W;) ¢ X for
i = 1,2. Then F;4_;(X2,X3) # 0 for some 0 < ¢ < d. and Fyo(X2, X3) #
0. Since B*X{X] = a '/ X]X{ and [8] € Aut(X), Fji(Xa, X3) # 0. Since
Fi7d_,’(X2,X3), Fd_iﬂ‘(Xg,Xg,) € C* and [oz} S Aut(X), we get that (—1)i(621)d_i =
(—=1)%(ey)". As a result, e% % = 1, i.e. 2l divides d — 2i for some 0 < i < d.
Since [ divides d, 2l divides d. O

Example 4.3. Let d be an even number. Let X C P2 be a smooth surface of
degree d defined by

X X + XX + XoX$+ X X$ =0,
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Let G C PGL(4, C) be a non-liftable finite abelian group generated by

-1 0 0 0 01 0 0

eqi—2I2 0 0 1 0 O and 10 0 O
0 Iy )|’ 0 0 -1 01}’ 00 0 1]}

0 0 0 1 0 010

Then G = Z/27%% & Z/(d — 2)Z and G acts on X faithfully.
Let H C PGL(4,C) be a non-liftable finite abelian group generated by

—egs 0 0 0 0100
0 e4s 0 0 100 0
0 0—10]’6‘“‘1[0001]‘
0 0o 0 1 0010

Then H 2 Z/2Z ®Z/(d — 2)Z and G acts on X faithfully.

Example 4.4. Let d be an even number. Let X C P? be a smooth surface of
degree d defined by

X X + X X+ X9+ XS =0.
Let G C PGL(4,C) be a non-liftable finite abelian group generated by

—eqr 0 0 0 0100
0 e, 0 0 100 0
0 0—10]’”‘1[0001]'
0 0o 0 1 0010

Then G 2 Z/27 ® Z/2(d — 1)Z and G acts on X faithfully.

Example 4.5. Let d be an even number. Let X C P3? be a smooth surface of
degree d defined by

X§+ X8+ X8+ X¢=0.
Let G C PGL(4,C) be a non-liftable finite abelian group generated by

-1 0 0 O 1 00

eqla 0 0 1 0 O and 10 0 0
0 L))’ 0 0 -1 0]/ 0 0 01
0 0 0 1 0 01 0

Then G =2 Z/27%°? @ Z/dZ and G acts on X faithfully.
Let H C PGL(4,C) be a non-liftable finite abelian group generated by

—eg 0 0 0 010 0
0 e 0 0 100 0
0 0—101’3“‘1[0001]
0o 0 0 1 0010

Then H 2 7Z/27Z @ Z/dZ and G acts on X faithfully.
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