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THE AUSLANDER-REITEN CONJECTURE, FINITE C-INJECTIVE DIMENSION OF
Hom, AND VANISHING OF Ext

VICTOR D. MENDOZA-RUBIO AND VICTOR H. JORGE-PÉREZ

ABSTRACT. Let R be a Noetherian local ring, and let C be a semidualizing R-module. In this paper, we
present some results concerning the vanishing of Ext and finite injective dimension of Hom. Additionally,
we extend these results in terms of finite C-injective dimension of Hom. We also investigate the conse-
quences of some of these extensions in the case where R is Cohen-Macaulay and C is a canonical module
for R. Furthermore, we provide positive answers to the Auslander-Reiten conjecture for finitely generated
R-modules M such that IC -idR(HomR(M,R)) < ∞ or M ∈ AC(R) with IC -idR(HomR(M,M)) < ∞.
Moreover, we derive a number of criteria for a semidualizing R-module C to be a canonical module for R
in terms of the vanishing of Ext and the finite C-injective dimension of Hom.

1. Introduction

Throughout this paper, we assume R to be a commutative Noetherian local ring of dimension d with
maximal ideal m. Moreover, all R-modules are considered to be finitely generated, unless otherwise
stated.

The study of the vanishing of Ext modules over a local ring is an actively researched topic in
commutative algebra and homological algebra. One of the most studied and important conjectures in
commutative algebra is the Auslander-Reiten conjecture:

Conjecture 1.1. [3] If M is an R-module such that ExtiR(M,R) = ExtiR(M,M) = 0 for every i ≥ 1, then
M is free.

So far, many criteria for a given module to be free have been described in terms of the vanishing
of Ext modules. In fact, this conjecture is still open but has been extensively studied and resolved in
several cases. References of some of them can be found in [14, 12].

Recently, Ghosh and Takahashi, in [12], provided criteria for an R-module to be free in terms
of vanishing of Ext and finite injective dimension of Hom, and proved that the Auslander-Reiten
conjecture holds true when at least one of the modules HomR(M,R) and HomR(M,M) has finite
injective dimension. Moreover, motivated by [12, Theorem 2.5], they posed the following intriguing
question:
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Question 1.2. [12, Question 2.9] Let M and N be nonzero modules over R. If HomR(M,N) has finite
injective dimension and ExtiR(M,N) = 0 for every 1 ≤ i ≤ d, then is M free and does N have finite
injective dimension?

Inspired by the Auslander-Reiten Conjecture and Question 1.2, as well as the results obtained by
Ghosh and Takahashi in [12, Theorems 2.5 and 2.15], in this work, we aim to improve and extend
these results in terms of the finite C-injective dimension of Hom, where C is a semidualizing R-module.
Consequently, we provide new cases where the Auslander-Reiten conjecture is true. More explicitly,
we prove the following results.

Theorem 1.3 (=Theorem 3.2). Let M and N be nonzero R-modules and let t = depth(N). Suppose that
HomR(M,N) has finite injective dimension, and that ExtiR(M,N) = Ext j

R(M,R) = 0 for all 1 ≤ i ≤ t
and 1 ≤ j ≤ d. Then M is free and N has finite injective dimension.

Theorem 1.4 (=Theorem 3.6). Let M be a nonzero R-module such that HomR(M,M) has finite injective
dimension, and ExtiR(M,M) = Ext j

R(M,R) = 0 for all 1 ≤ i ≤ d−1 and 1 ≤ j ≤ d. Then M is free and
R is Gorenstein.

Theorem 1.5 (=Theorem 5.5). Let M and N be nonzero R-modules such that N ∈ AC(R) is maximal
Cohen-Macaulay. Suppose that HomR(M,N) has finite C-injective dimension and that ExtiR(M,N) = 0
for all 1 ≤ i ≤ d. Then R is Cohen-Macaulay, M is free and N has finite C-injective dimension.

Theorem 1.6 (=Theorem 5.13). Let M be a nonzero R-module such that M ∈ AC(R). Suppose
that HomR(M,M) has finite C-injective dimension, and that ExtiR(M,M) = Ext j

R(M,R) = 0 for all
1 ≤ i ≤ d −1 and 1 ≤ j ≤ d. Then R is Cohen-Macaulay, M is free and C is a canonical module for R.

As consequences of the theorems mentioned above, we not only improve, extend, or generalize
results presented in [12], but we also offer partial answers to Question 1.2 and the Auslander-Reiten
conjecture. In particular, let us highlight the following outcomes. Theorem 1.3 provides a generalization
of [12, Corollary 2.10(2)]. Theorem 1.4 represents an improvement over [12, Theorem 2.15]. Theorems
1.5 and 1.6 extend or enhance the results in [12, Theorems 2.5 and 2.15], taking into account the
C-injective dimension of Hom. Partial answers to Question 1.2 are presented in Corollaries 3.4 and
3.5, while partial answers to the Auslander-Reiten conjecture are found in Corollaries 5.7, 5.9, 5.14,
and 5.16. Furthermore, we establish criteria for an R-module to be free, based on the vanishing of Ext
and the finite projective dimension of Hom. This is elaborated in Corollaries 5.8 and 5.12, as well
as Theorem 5.15. Notably, Theorem 5.15 generalizes [12, Corollary 2.14]. Additionally, we provide
criteria for a semidualizing module to be considered a canonical module of a Cohen-Macaulay local
ring, offering an improved version of [12, Theorem 3.6]. These criteria and this improved version are
established in Theorem 6.3 and Corollary 6.4, respectively.

The organization of this paper is as follows: In Section 2, we introduce the notation, definitions, and
some necessary known results that will be used in this paper.

In Section 3, we investigate the consequences of imposing finite injective dimension on HomR(M,N)
under the conditions ExtiR(M,N) = 0 for i = 1, . . . ,n for some n ≥ 1 and ExtiR(M,R) = 0 for all
i = 1, . . . ,d. As an application of the results obtained, we improve the result established by Ghosh and
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Takahashi in [12, Theorem 2.15]. Additionally, we provide some partial positive answers to Question
1.2, for instance in the case where N is Tor-rigid.

In Section 4, we provide an overview of semidualizing modules and C-injective dimension, where C
is a semidualizing module.

In Section 5, we employ the concept of semidualizing modules to extend certain results obtained in
Section 3 and [12] to the context of finite C-injective dimension of Hom, for a semidualizing R-module
C. Additionally, as applications of the extensions obtained, we study the consequences of some of them
in the case where R is Cohen-Macaulay and C is a canonical module for R, and provide partial positive
answers to the Auslander-Reiten conjecture. In the last section, we provide criteria for a semidualizing
R-module C to be considered a canonical module for R in terms of finite C-injective dimension of
certain Hom. Additionally, we present an improved version of [12, Theorem 3.6].

Remark 1.7. The first version of this paper was finished and submitted to a journal in June 2023.
Later, in October 2023, Ghosh and Dey submitted to arXiv the work [9], where we noticed that they
independently obtained some similar results to ours.

2. Setup and Background

In this section, we provide essential definitions and properties that are used in this paper.
Here, the notation M∗ represents the algebraic dual of M, which is defined as HomR(M,R). Let M

be an R-module and consider a minimal free resolution

· · · −→ Fi
ϕi−→ Fi−1 −→ ·· · −→ F1

ϕ1−→ F0
ϕ0−→ M −→ 0

of M. For i ≥ 1, the i-syzygy of M, denoted by Ωi(M), is defined as the kernel of the map ϕi−1. When
i = 0, we set Ω0(M) = M. For i ≥ 0, the modules Ωi(M) are defined uniquely up to isomorphism. If
N is an R-module, we say that M and N are stably isomorphic and write M ≈ N if there exist free
R-modules F and G such that M⊕F ∼= N ⊕G. For i ≥ 0, we say that M is an i-syzygy if M ≈ Ωi(N)
for some R-module N.

The Auslander Transpose of M, denoted by Tr(M), is defined as the cokernel of the induced map
ϕ∗

1 : F∗
0 → F∗

1 . The R-module Tr(M) is defined uniquely up to isomorphism. It is easy to see that
Tr(Tr(M)) ≈ M. For i ≥ 1, set Ti(M) = Tr(Ωi−1(M)). Then for each i ≥ 0 and R-module N, there
exists an exact sequence [2, Theorem 2.8]

(2.1) TorR
2 (Ti+1(M),N)→ ExtiR(M,R)⊗R N → ExtiR(M,N)→ TorR

1 (Ti+1(M),N)→ 0.

The notion of Gorenstein dimension was introduced by Auslander [1] and developed by Auslander
and Bridger in [2]. An R-module M is said to be G-projective if the natural map M → M∗∗ is an
isomorphism and ExtiR(M,R) = ExtiR(M

∗,R) = 0 for all i ≥ 1. The Gorenstein dimension of M,
denoted by G-dimR(M), is defined to be the infimum of all nonnegative integers n, such that there
exists an exact sequence

0 → Gn → ··· → G0 → M → 0,

where each Gi is G-projective. It is easy to see that G-dimR(M) = 0 if and only if M is G-projective. If
M ̸= 0 and G-dimR(M)< ∞, then G-dimR(M) = depth(R)−depth(M) (see [6, Theorem 1.4.8]) and
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this equality is known as the Auslander-Bridger formula. If R is Gorenstein, then every R-module has
finite G-dimension (see [6, Theorem 1.4.9]).

An R-module N is Tor-rigid if for every R-module M and every i ≥ 1 holds the following implication:

TorR
i (M,N) = 0 =⇒ TorR

i+1(M,N) = 0.

For examples of Tor-rigid modules, we refer the reader to [17, Example 3.4] and [8].
The following result will be used frequently in this paper.

Theorem 2.1 (Bass’ Theorem). If M is a nonzero R-module of finite injective dimension, then R is
Cohen-Macaulay and idR(M) = d.

Proof. This follows from [12, Theorem 1.6] and [5, Theorem 3.1.17]. □

3. Finite injective dimension of Hom and vanishing of Ext

In this section, for two R-modules M and N, we explore the consequences of HomR(M,N) having
finite injective dimension under the condition that ExtiR(M,N) = 0 for i = 1, . . . ,n for some n ≥ 1, and
ExtiR(M,R) = 0 for i = 1, . . . ,d. Additionally, we explore Question 1.2. For this, we need the following
lemma, where items (1) and (2) are probably well-known to the experts and used repeatedly in the
literature, while item (3) is a recent result of [15].

Lemma 3.1. Let M and N be nonzero R-modules.
(1) Let xxx = x1, . . . ,xs be an N-sequence. If HomR(M,N) ̸= 0 and ExtiR(M,N) = 0 for all 1 ≤ i ≤ s,

then xxx is a HomR(M,N)-sequence and

HomR(M,N/xxxN)∼=
HomR(M,N)

xxxHomR(M,N)
.

(2) If ExtiR(M,N) = 0 for all 1 ≤ i ≤ depth(N), then HomR(M,N) ̸= 0 and

depth(N) = depth(HomR(M,N)).

(3) If depth(N) = 0 and Ext1R(Tr(M),HomR(M,N)) = 0, then M is free.

Proof. (1) By induction, it is enough to consider s = 1. Since x1 is an N-regular element, then the
sequence

0 // N
x1 // N // N/x1N // 0

is exact. Once Ext1R(M,N) = 0, this sequence induces an exact sequence

0 // HomR(M,N)
x1 // HomR(M,N) // HomR(M,N/x1N) // 0 .

Thus, x1 is a HomR(M,N)-regular element and

HomR(M,N)

x1 HomR(M,N)
∼= HomR(M,N/x1N).

(2) Let t = depth(N). Set I = ann(M). Note that I is a proper ideal of R since M ̸= 0. Since
N ̸= 0, by Nakayama’s lemma, we have IN ̸= N. Thus, grade(I,N) = inf{i ≥ 0 : ExtiR(M,N) ̸= 0},
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and 0 ≤ grade(I,N) ≤ t. As ExtiR(M,N) = 0 for all 1 ≤ i ≤ t, it follows that grade(I,N) = 0, which
means HomR(M,N) ̸= 0.

Now, as depth(N) = t, then there exists an N-sequence xxx = x1, . . . ,xt . By (1), xxx is a HomR(M,N)-
sequence and

HomR(M,N/xxxN)∼=
HomR(M,N)

xxxHomR(M,N)
.

Hence,
depth(HomR(M,N/xxxN)) = depth(HomR(M,N))− t.

Since depth(N/xxxN) = 0, then depth(HomR(M,N/xxxN)) = 0 ([5, Exercise 1.2.27]). Therefore,
depth(HomR(M,N)) = t.

(3) It follows from [15, Proposition 3.3(2)].
□

Note that Lemma 3.1 improves the given remark in [12, Remark 2.2]. With this, we derive the
following theorem, which generalizes a result of Ghosh and Takahashi ([12, Corollary 2.10(2)]).

Theorem 3.2. Let M and N be nonzero R-modules, and let t = depth(N). Suppose that HomR(M,N)

has finite injective dimension, and that ExtiR(M,N) = Ext j
R(M,R) = 0 for all 1 ≤ i ≤ t and 1 ≤ j ≤ d.

Then M is free and N has finite injective dimension.

Proof. By Lemma 3.1(2), we have HomR(M,N) ̸= 0. By Bass’ theorem, we know that R is Cohen-
Macaulay and idR(HomR(M,N)) = d. Now, let xxx = x1, . . . ,xt be an R- and N-sequence. By Lemma
3.1(1), we get

HomR(M,N/xxxN)∼= HomR(M,N)/xxxHomR(M,N)

and xxx is a HomR(M,N)-sequence. This implies that HomR(M,N/xxxN) has finite injective dimension
according to [21, Exercise 4.3.3]. Now, consider a minimal free resolution of M:

· · · −→ Fi
ϕi−→ Fi−1 −→ ·· · −→ F1

ϕ1−→ F0
ϕ0−→ M −→ 0.

Since Ext j
R(M,R) = 0 for all 1 ≤ j ≤ d, we have an exact sequence

0 −→ M∗ ϕ∗
0−→ F∗

0
ϕ∗

1−→ F∗
1 −→ ·· ·

ϕ∗
d+1−→ F∗

d+1 −→ L −→ 0,

where L = coker(ϕ∗
d+1). Since Tr(M) = coker(ϕ∗

1 ), this exact sequence implies that Tr(M) is a d-
syzygy of L, i.e., Tr(M)≈ΩdL. As idR(HomR(M,N/xxxN))= d, we have Extd+1

R (L,HomR(M,N/xxxN))=

0. But since Tr(M)≈ ΩdL, we also have Ext1R (Tr(M),HomR(M,N/xxxN)) = 0. By Lemma 3.1(3), this
implies that M is free. Consequently, N has finite injective dimension since HomR(M,N) does. □

Motivated by the assumptions of Theorem 3.2, the following example presents two cases in which
an R-module M satisfies ExtiR(M,R) = 0 for all 1 ≤ i ≤ d.

Example 3.3. Let M be an R-module. Then Ext j
R(M,R) = 0 for 1 ≤ j ≤ d in each one of the following

situations:
(1) R is Gorenstein and M is maximal Cohen-Macaulay.
(2) N is a nonzero Tor-rigid R-module such that ExtiR(M,N) = 0 for all 1 ≤ i ≤ d.
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Proof. (1) By [5, Exercise 3.1.24], ExtiR(M,R) = 0 for all 1 ≤ i ≤ d.
(2) Suppose that d ≥ 1. Fix an integer j with 1 ≤ j ≤ d. Then Ext j

R(M,N) = 0. By the exact
sequence (2.1), we have TorR

1
(
T j+1(M),N

)
= 0. Therefore, by the rigidity of N, we can conclude that

TorR
2
(
T j+1(M),N

)
= 0. Consequently, from the exact sequence (2.1), we have Ext j

R(M,R)⊗R N = 0.
Since N ̸= 0, it follows that Ext j

R(M,R) = 0. □

Corollary 3.4. Let R be a Gorenstein local ring, and let M and N be nonzero R-modules such that M is
maximal Cohen-Macaulay. Let t = depth(N). Suppose that HomR(M,N) has finite injective dimension
and that ExtiR(M,N) = 0 for all 1 ≤ i ≤ t. Then M is free and N has finite injective dimension.

Proof. This follows from Theorem 3.2 and Example 3.3(1). □

Corollary 3.5. Let M and N be nonzero R-modules such that N is Tor-rigid. Suppose that HomR(M,N)
has finite injective dimension and that ExtiR(M,N) = 0 for all 1 ≤ i ≤ d. Then M is free and N has
finite injective dimension.

Proof. This follows from Theorem 3.2 and Example 3.3(2). □

It should be noted that Theorem 3.2 and its corollaries provide a partial answer to Question 1.2.
Now, as an application of Theorem 3.2, we can improve one of the main results given by Ghosh and

Takahashi in [12, Theorem 2.15] as follows.

Theorem 3.6. Let M be a nonzero R-module such that HomR(M,M) has finite injective dimension, and
ExtiR(M,M) = Ext j

R(M,R) = 0 for all 1 ≤ i ≤ d−1 and 1 ≤ j ≤ d. Then M is free and R is Gorenstein.

Proof. We may assume that R is complete. By Bass’ theorem, R is Cohen-Macaulay, and hence admits
a canonical module ωR. Let t = depth(M). We claim that M is maximal Cohen-Macaulay, that is,
t = d. Indeed, if t ≤ d −1, by hypothesis, ExtiR(M,M) = 0 for all 1 ≤ i ≤ t. Therefore, from Theorem
3.2, M is free, and hence t = d, which leads to a contradiction.

Now, by [12, Theorem 2.3], M ∼= Γm(M)⊕Rr for some r ≥ 0, and M has finite injective dimension.
But since M is maximal Cohen-Macaulay, then ExtdR(M,ωR) = 0. Thus, the local duality theorem
shows that Γm(M) = 0. Hence, M ∼= Rr. Since M has finite injective dimension, it follows that R is
Gorenstein. □

We can also observe that Theorem 3.6 allows us to improve [12, Corollary 2.14 and Theorem 3.6].
Recently, Zargar and Gheibi proved in [23] the following result: If M and N are two R-modules such

that ExtiR(M,N) = 0 for sufficiently large i and ExtiR(M,N) has finite injective dimension for all i, then
pdR(M) and idR(N) are finite. Using this result, we have the following proposition, which provides
another partial answer to Question 1.2. Consequently, Question 1.2 holds when R is a local complete
intersection of dimension d ≥ 1 and codimension d −1.

Proposition 3.7. Let R be a local complete intersection of codimension c. Let M and N be nonzero
R-modules. Suppose that:

(1) HomR(M,N) has finite injective dimension.
(2) ExtiR(M,N) = 0 for all 1 ≤ i ≤ 1+ c.
(3) depth(N)≤ 1+ c.
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Then M is free and N has finite injective dimension.

Proof. From [17, Theorem 4.1], it follows that ExtiR(M,N) = 0 for all i ≥ 1. Additionally, [23,
Corollary 4.3] implies that pdR(M) < ∞ and idR(N) < ∞. Now, according to [16, p. 154, Lemma
1(iii)], we have pdR(M) = sup{i ≥ 0 : ExtiR(M,N) ̸= 0}. Since ExtiR(M,N) = 0 for all i ≥ 1, it follows
that pdR(M) = 0, which implies that M is a free module. □

4. Semidualizing modules and C-injective dimension

In this section, we review some definitions and results concerning semidualizing modules and C-
injective dimension, where C is a semidualizing R-module. This review enables us to generalize
the results obtained in the previous section, as well as the main findings presented by Ghosh and
Takahashi in [12]. It is worth noting that semidualizing modules were initially studied by Foxby
[11] and Vasconcelos [20], and independently by Golod [13]. These modules play a crucial role in
extending the concept of dualizing modules.

Definition 4.1. An R-module C is semidualizing if the natural map R→HomR(C,C) is an isomorphism
and ExtiR(C,C) = 0 for all i ≥ 1.

The ring R is considered a semidualizing R-module. Moreover, if R is a Cohen-Macaulay local ring
with a canonical module ωR, then ωR is a semidualizing R-module. It is worth noting that a canonical
module of a Cohen-Macaulay local ring can be characterized as a semidualizing R-module of finite
injective dimension.

For convenience, from now on, C denotes a semidualizing R-module.
The following proposition contains some known results concerning semidualizing modules.

Proposition 4.2. [18] The following statements hold:
(1) depth(C) = depth(R) and dim(C) = dim(R). In particular, if R is Cohen-Macaulay, then C is

maximal Cohen-Macaulay.
(2) C is indecomposable.
(3) Let M be an R-module. Then M ̸= 0 if and only if HomR(C,M) ̸= 0.
(3) If ϕ : R → S is a flat ring homomorphism of Noetherian rings, then C⊗R S is a semidualizing

S-module.

Definition 4.3. Let M be an R-module.
(1) An R-module M is called C-injective if M ∼= HomR(C, I) for some injective R-module I.
(2) A complex of the form X• : 0 → M → B0 → B1 → ···→ Bn → ··· , where each Bi is C-injective

R-module, is called an IC-injective resolution if the complex

C⊗R X• : 0 →C⊗R M →C⊗R B0 →C⊗R B1 → ··· →C⊗R Bn → ···
is exact. The IC-injective dimension of M, denoted by IC -idR(M), is defined as the infimum
of all n ≥ 0 for which there exists an IC-injective resolution of the form X• : 0 → M → B0 →
B1 → ··· → Bn → 0.

Note that from Theorem 4.6, when C = R, we observe that the C-injective dimension coincides with
injective dimension.
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Definition 4.4. The Auslander class with respect to C, denoted by AC(R), is the class of all (not
necessarily finitely generated) R-modules M such that:

(1) The natural map M → HomR(C,C⊗R M) is an isomorphism.
(2) TorR

i (C,M) = 0 for all i ≥ 1.
(3) ExtiR(C,C⊗R M) = 0 for all i ≥ 1.

If C is a semidualizing R-module, note that R ∈ AC(R). When R is Cohen-Macaulay and C is a
canonical module for R, then AC(R) contains all R-modules of finite Gorenstein dimension (see [6,
Corollaries 4.4.6 and 4.4.13]).

Theorem 4.5. [19, Corollary 2.9] The class AC(R) contains every R-module of finite C-injective
dimension.

Theorem 4.6. [19, Theorem 2.11] Let M be an R-module. Then IC -idR(M) = idR(C⊗R M).

We refer the reader to [18, 19] for detailed results about semidualizing module and C-injective
dimension.

If R is a Cohen-Macaulay ring with a canonical module ωR, we can define ωC as HomR(C,ωR).
Clearly, when C = R we observe that ωC coincides with ωR. The module ωC has been studied by
Bagheri and Taherizadeh in [4].

Proposition 4.7. Let R be a Cohen-Macaulay local ring with a canonical module ωR. Then ωC is a
semidualizing R-module. In particular, ωC is indecomposable.

Proof. This follows from [4, Remark 4.4] and Proposition 4.2(2). □

Theorem 4.8. [4, Theorem 4.9] Let R be a Cohen-Macaulay local ring with a canonical module ωR.
If M is a maximal Cohen-Macaulay R-module with IC -idR(M)< ∞, then M ∼= ω t

C for some positive
number t.

5. Extension of results to C-injective dimension of Hom

In [12], Ghosh and Takahashi proved the following: Let M be an R-module, and N be a maximal
Cohen-Macaulay R-module. Suppose that HomR(M,N) has finite injective dimension.

(1) If HomR(M,N) ̸= 0 and ExtiR(M,N) = 0 for all 1 ≤ i ≤ d −1, then R is Cohen-Macaulay, N
has finite injective dimension and M ∼= Γm(M)⊕Rr for some r ≥ 0.

(2) If M and N are nonzero and ExtiR(M,N) = 0 for all 1 ≤ i ≤ d, then M is free and N has finite
injective dimension.

In this section, our objective is to extend these results and some results from Section 3 regarding the
C-injective dimension of Hom. To achieve these goals, we give the following lemma that will be the
key for the proofs.

Lemma 5.1. Let M and N be two R-modules. Suppose t is a nonnegative integer. If HomR(M,N) ∈
AC(R) and N ∈ AC(R), then:

(1) The natural map

ΦM : C⊗R HomR(M,N)→ HomR(M,C⊗R N),c⊗ϕ 7→ ϕc,
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THE ARC, FINITE C-INJECTIVE DIMENSION, AND VANISHING OF Ext 9

where ϕc : M →C⊗R N is given by m 7→ c⊗ϕ(m), is an isomorphism.
(2) If ExtiR(M,N) = 0 for all 1 ≤ i ≤ t, then ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ t.

Proof. (1) If M = Rr for some r ≥ 0, it is clear that ΦM is an isomorphism. For the general case, we
consider a finite presentation of M,

Rs ∂1−→ Rr ∂0−→ M −→ 0.

Applying HomR(−,N) to this sequence, we obtain an exact sequence

0 // HomR(M,N)
∂ ∗

0 // HomR(Rr,N)
∂ ∗

1 // HomR(Rs,N) .

Since HomR(M,N) and N belong to AC(R), all the R-modules in the exact sequence above also belong
to AC(R).

Thus, by applying [18, Lemma 3.1.12], we have the following commutative diagram,

0 // C⊗R HomR(M,N)

ΦM
��

C⊗R∂ ∗
0 // C⊗R HomR(Rr,N)

ΦRr

��

C⊗R∂ ∗
1 // C⊗R HomR(Rs,N)

ΦRs

��
0 // HomR(M,C⊗R N) // HomR(Rr,C⊗R N) // HomR(Rs,C⊗R N)

,

where the rows are exact. Since ΦRr and ΦRs are isomorphisms, it follows from the Five Lemma that
ΦM is an isomorphism.

(2) Let
· · · −→ Rni+1 −→ Rni −→ ·· · −→ Rn1 −→ Rn0 −→ M −→ 0

be a minimal free resolution of M. Since ExtiR(M,N) = 0 for all 1 ≤ i ≤ t, we have the following exact
sequence:

0 −→ HomR(M,N)−→ HomR (Rn0 ,N)−→ ·· · −→ HomR (Rnt+1 ,N) .

As HomR(M,N) and N belong to AC(R), all the R-modules in the exact sequence above also belong to
AC(R). Thus, by using (1) and [18, Lemma 3.1.12], we obtain the following commutative diagram:

0 // C⊗R HomR(M,N) //

ΦM

��

C⊗R HomR(Rn0 ,N) //

ΦRn0

��

· · · // C⊗R HomR(Rnt+1 ,N)

ΦRnt+1

��
0 // HomR(M,C⊗R N) // HomR(Rn0 ,C⊗R N) // · · · // HomR(Rnt+1 ,C⊗R N)

,

where the first row is exact and the vertical maps are isomorphisms. Hence, the second row is also
exact and we conclude that ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ t. □

Remark 5.2. Let M and N be R-modules.
(1) If N ̸= 0, then C⊗R N ̸= 0.
(2) If N ∈ AC(R), then depth(N) = depth(C ⊗R N). In particular, if N ∈ AC(R) is maximal

Cohen-Macaulay, then C⊗R N is maximal Cohen-Macaulay.
(3) If N ∈ AC(R), HomR(M,N) is an (resp. a nonzero) R-module of finite C-injective dimension

and ExtiR(M,N) = 0 for all 1 ≤ i ≤ t. Then HomR(M,C⊗R N) is an (resp. a nonzero) R-module
of finite injective dimension and ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ t.
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Proof. Part (1) is trivial, and part (2) follows from [10, Lemma 2.11(1)].
(3) Since HomR(M,N) has finite C-injective dimension, we can apply Theorem 4.5 to conclude that

HomR(M,N) ∈ AC(R). Additionally, by Theorem 4.6, we have idR(C⊗R HomR(M,N))< ∞.
Applying Lemma 5.1, we obtain that

(5.1) C⊗R HomR(M,N)∼= HomR(M,C⊗R N)

and ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ t.
Since idR(C⊗R HomR(M,N))< ∞, the isomorphism (5.1) implies that idR(HomR(M,C⊗R N))< ∞.
Additionally, if HomR(M,N) ̸= 0, then from (5.1) we see that HomR(M,C⊗R N) ̸= 0. □

The following result provides an extension of [12, Theorem 2.3].

Theorem 5.3. Let M and N be R-modules such that N ∈ AC(R) is maximal Cohen-Macaulay. Suppose
that HomR(M,N) is nonzero and has finite C-injective dimension and that ExtiR(M,N) = 0 for all 1 ≤
i ≤ d −1. Then R is a Cohen-Macaulay ring, N has finite C-injective dimension and M ∼= Γm(M)⊕Rr

for some r ≥ 0.

Proof. By Remark 5.2, we have that C⊗R N is maximal Cohen-Macaulay, HomR(M,C⊗R N) is a
nonzero R-module of finite injective dimension, and ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ d −1. Using
[12, Theorem 2.3], we deduce that R is a Cohen-Macaulay ring, M ∼= Γm(M)⊕Rr for some nonnegative
integer r, and C⊗R N has finite injective dimension. Furthermore, Theorem 4.6 implies that N has
finite C-injective dimension. □

The following corollary generalizes [12, Corollary 2.10(1)].

Corollary 5.4. Let M be a nonzero R-module such that ExtiR(M,R) = 0 for all 1 ≤ i ≤ d−1, and M∗ a
nonzero R-module of finite C-injective dimension. Then R is Cohen-Macaulay, C is a canonical module
of R and M ∼= Γm(M)⊕Rr for some r ≥ 0.

Proof. By taking N = R in Theorem 5.3, it follows that R is Cohen-Macaulay, M ∼= Γm(M)⊕Rr for
some r ≥ 0, and IC -idR(R)< ∞. According to Theorem 4.6, idR(C)< ∞, which implies that C is a
canonical module of R. □

The following theorem extends [12, Theorem 2.5].

Theorem 5.5. Let M and N be nonzero R-modules such that N ∈ AC(R) is maximal Cohen-Macaulay.
Suppose that HomR(M,N) has finite C-injective dimension and that ExtiR(M,N) = 0 for all 1 ≤ i ≤ d.
Then R is Cohen-Macaulay, M is free and N has finite C-injective dimension.

Proof. By Remark 5.2, we know that C⊗R N is maximal Cohen-Macaulay, HomR(M,C⊗R N) has
finite injective dimension, and ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ d −1. Now, by [12, Theorem 2.5],
C⊗R N has finite injective dimension, and M is free. Theorem 4.6 implies that N has finite C-injective
dimension, and Bass’ theorem implies that R is Cohen-Macaulay. □

Next, we provide one of the main results of this section that generalizes [12, Corollary 2.10(2)].

Corollary 5.6. Let M be a nonzero R-module. If M∗ has finite C-injective dimension and ExtiR(M,R) =
0 for all 1 ≤ i ≤ d, then R is Cohen-Macaulay, C is a canonical module of R and M is free.
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Proof. Take N = R in Theorem 5.5. □

Next, by Corollary 5.6, we provide an affirmative answer to the Auslander-Reiten conjecture when
HomR(M,R) has finite C-injective dimension.

Corollary 5.7. The Auslander-Reiten conjecture holds true for (finitely generated) R-modules M such
that IC -idR(HomR(M,R))< ∞.

As a consequence of Theorem 5.5, we have the following interesting corollaries that determine when
a module is free.

Corollary 5.8. Let R be a Cohen-Macaulay local ring, and M and N be nonzero R-modules such that
N is G-projective. Suppose that pdR(HomR(M,N)) < ∞ and that ExtiR(M,N) = 0 for all 1 ≤ i ≤ d.
Then M and N are free.

Proof. We may assume that R is complete, and therefore, R admits a canonical module ωR. Since N is
G-projective, then N ∈AωR(R), and by the Auslander-Bridger formula, N is maximal Cohen-Macaulay.
Now, by [6, Theorem 3.4.11], we obtain that IωR -idR(HomR(M,N)) = idR(ωR⊗R HomR(M,N))< ∞.
It follows from Theorem 5.5 that M is free. Thus, pdR(N)< ∞ since pdR(HomR(M,N))< ∞, and by
the Auslander-Buchsbaum formula, N is free. □

Corollary 5.9. Let R be a Cohen-Macaulay local ring. Then the Auslander-Reiten conjecture holds
true for (finitely generated) R-modules M such that pdR(HomR(M,R))< ∞.

In the following example, we can see that the assumption N ∈ AC(R) in Theorem 5.5 cannot be
removed.

Example 5.10. Let R be a Cohen-Macaulay local ring that is not Gorenstein, with a canonical module
ωR. Note that HomR(ωR,ωR) ∼= R has finite ωR-injective dimension since idR(ωR) < ∞. It is clear
that ExtiR(ωR,ωR) = 0 for all i ≥ 1. However, it is important to observe that ωR is not a free module
because R is not Gorenstein.

Using Remark 5.2, Theorem 3.2 and Theorem 4.6, we get a theorem with the same implication of
Theorem 3.2, but for a larger class of rings and modules.

Theorem 5.11. Let M and N be nonzero R-modules such that N ∈ AC(R), and let t = depth(N).
Suppose that HomR(M,N) has finite C-injective dimension and that ExtiR(M,N) = Ext j

R(M,R) = 0
for all 1 ≤ i ≤ t and 1 ≤ j ≤ d. Then R is Cohen-Macaulay, M is free and N has finite C-injective
dimension.

Proof. By Remark 5.2, C⊗R N is nonzero, depth(C⊗R N) = t, HomR(M,C⊗R N) has finite injective
dimension and ExtiR(M,C⊗R N) = 0 for all 1 ≤ i ≤ t. Thus, by Theorem 3.2, M is free and C⊗R N
has finite injective dimension. Theorem 4.6 implies that N has finite C-injective dimension, and Bass’
theorem implies that R is Cohen-Macaulay. □

Corollary 5.12. Let R be a Cohen-Macaulay local ring, and let M and N be nonzero R-modules such
that G-dimR(N)< ∞. Let t = depth(N). Suppose that pdR(HomR(M,N))< ∞, and that ExtiR(M,N) =

Ext j
R(M,R) = 0 for all 1 ≤ i ≤ t and 1 ≤ j ≤ d. Then M is free and pdR(N)< ∞.
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Proof. We may assume that R is complete, and hence R admits a canonical module ωR. As G-dimR(N)<
∞, then N ∈AωR(R). On the other hand, by [6, Theorem 3.4.11], we have that IωR -idR(HomR(M,N))=
idR(ωR ⊗R HomR(M,N))< ∞. It follows from Theorem 5.11 that M is free. Since HomR(M,N) has
finite projective, N does as well. □

Similarly to the proof of Theorem 3.6, we have the following result that extends such theorem.

Theorem 5.13. Let M be a nonzero R-module such that M ∈ AC(R). Suppose that HomR(M,M)

has finite C-injective dimension, and that ExtiR(M,M) = Ext j
R(M,R) = 0 for all 1 ≤ i ≤ d − 1 and

1 ≤ j ≤ d. Then R is Cohen-Macaulay, M is free and C is a canonical module for R.

Proof. We may assume that R is complete. As HomR(M,M) is a nonzero R-module of finite C-injective
dimension, by Theorem 4.6 and Bass’ theorem, R is Cohen-Macaulay, and hence admits a canonical
module ωR.

Let t = depth(M). We claim that M is maximal Cohen-Macaulay, i.e., t = d. Suppose on the contrary
that t ≤ d −1. Since the vanishing assumption shows ExtiR(M,M) = 0 for all 1 ≤ i ≤ t, according to
Theorem 5.11, M is free, which contradicts t < d. Hence, we conclude that t = d.

By Theorem 5.3, we have M ∼= Γm(M)⊕Rr for some r ≥ 0 and IC -idR(M)< ∞. However, since
M is maximal Cohen-Macaulay, we have ExtdR(M,ωR) = 0. Applying the local duality theorem, we
find that Γm(M) = 0, which implies M ∼= Rr.

Since IC -idR(M)< ∞ and M is free, by Theorem 4.6, we conclude that idR(C)< ∞. Hence, C is a
canonical module for R. Therefore, the theorem is proved.

□

Corollary 5.14. The Auslander-Reiten conjecture holds true for (finitely generated) R-modules M ∈
AC(R) with IC -idR(HomR(M,M))< ∞.

As an application of Theorem 5.13, we derive the following theorem which generalizes [12, Corollary
2.14] and give a criteria for a module of finite Gorenstein dimension to be free over a Cohen-Macaulay
ring.

Theorem 5.15. Let R be a Cohen-Macaulay local ring and M be an R-module with
G-dimR(M)< ∞. The following are equivalent:

(1) M is free.
(2) HomR(M,M) is free and ExtiR(M,M) = 0 for all 1 ≤ i ≤ d.
(3) HomR(M,M) has finite projective dimension and ExtiR(M,M) = Ext j

R(M,R) = 0 for all 1 ≤
i ≤ d −1 and 1 ≤ j ≤ d.

Proof. The implication (1)⇒ (2) is trivial.
(2) ⇒ (3). We only need to show that Ext j

R(M,R) = 0 for all 1 ≤ j ≤ d. Let us assume that
M ̸= 0. Since HomR(M,M) is free, we get that HomR(M,M) is maximal Cohen-Macaulay. Thus,
as ExtiR(M,M) = 0 for all 1 ≤ i ≤ d, we conclude from Lemma 3.1(2) that M is maximal Cohen-
Macaulay. Applying the Auslander-Bridger formula, we deduce that M is G-projective, and therefore
Ext j

R(M,R) = 0 for all j > 0.
(3)⇒ (1). We may assume that R is complete, and hence R admits a canonical module ωR. As

G-dimR(M)< ∞, then M ∈AωR(R). On the other hand, since pdR(HomR(M,M))< ∞, it follows from
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[6, Theorem 3.4.11] that HomR(M,M) has finite ωR-injective dimension. Hence, by Theorem 5.13, M
is free. □

Next, according to Theorem 5.15, in the case where R is Cohen-Macaulay, we can provide a positive
answer to the Auslander-Reiten conjecture when M has finite Gorenstein dimension and HomR(M,M)
has finite projective dimension.

Corollary 5.16. Let R be a Cohen-Macaulay local ring. Then the Auslander-Reiten conjecture holds
true for (finitely generated) R-modules M with G-dimR(M)< ∞ and pdR(HomR(M,M))< ∞.

Remark 5.17. Corollaries 5.8, 5.9, 5.16 and Theorem 5.15 were obtained as consequences of the some
theorems of this section. However, these results can be derived from [7] with significantly weaker
hypotheses, and in some of them relaxing the hypotheses of finite G-dimension. For instance, Corollary
5.8 (from Corollary 5.9 follows directly) can be obtained from [7, Lemmas 3.1 and 3.3], noting that the
assumptions immediately force HomR(M,N) to be maximal Cohen-Macaulay by the depth lemma or
Lemma 3.1. Similarly, for Theorem 5.15 (from which Corollary 5.16 follows directly), we may replace
the assumption that M has finite G-dimension with the weaker assumption that Ω

d−depthR(M)
R (M)

is a syzygy of a maximal Cohen-Macaulay R-module and that given d − depthR(M) ≤ i ≤ d, the
nonvanishing of ExtiR(M,R) occurs if and only if i = d − depthR(M). With this hypothesis instead,
(1) ⇒ (2) and (2) ⇒ (3) follow the same with the key point being the standard argument that M
is maximal Cohen-Macaulay under the hypotheses of (2). (3) ⇒ (1) follows since the assumption
ExtiR(M,R) = 0 for all 1 ≤ i ≤ d then forces M to be maximal Cohen-Macaulay in consideration of
above. The assumption ExtiR(M,M) = 0 for all 1 ≤ i ≤ d −1 then forces HomR(M,M) to be maximal
Cohen-Macaulay by the depth lemma whence it is free, and we may then apply [7, Theorem 3.8] to
conclude that M is free. The same weakening of the finite G-dimension hypothesis can be applied to
Corollary 5.16, but in either case Corollary 5.16 is an immediate consequence of [7, Theorem 3.8]. On
the other hand, in an independent work, Ghosh and Dey [9] showed that in these results the assumption
of Cohen-Macaulayness on R can be removed and that, additionally, in Corollary 5.8 and Theorem
5.15 the number of the vanishing can be reduced. In view of all this, these results recover some of
[7, 9] under slightly more stringent hypotheses.

6. Characterizations for a semidualizing module to be canonical module

In this section, we give some results that establish criteria for a semidualizing R-module C to be a
canonical module for R in terms of finite C-injective dimension of certain Hom. Furthermore, we
generalize and improve the results given by Ghosh and Takahashi in [12, Proposition 3.2, Theorem
3.6].

Proposition 6.1. Let M be an R-module. If depth(HomR(M,M)) = d and HomR(M,M) has finite
C-injective dimension, then R is Cohen-Macaulay and C is a canonical module for R.

Proof. We can assume that R is complete. The equality depth(HomR(M,M))= d shows that HomR(M,M) ̸=
0. Since IC -idR(HomR(M,M))< ∞, according to Theorem 4.6, C⊗R HomR(M,M) is a nonzero R-
module of finite injective dimension. Therefore, by Bass’ theorem, it follows that R is Cohen-Macaulay,

Submitted to Journal of Commutative Algebra - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

15 Jun 2024 14:39:52 PDT
231114-MendozaRubio Version 3 - Submitted to J. Comm. Alg.



THE ARC, FINITE C-INJECTIVE DIMENSION, AND VANISHING OF Ext 14

and hence R admits a canonical module ωR. Moreover, Theorem 4.8 implies that HomR(M,M)∼= ωn
C

for some n ≥ 1. Then

Rn2 ∼= HomR(ωC,ωC)
n2

∼= HomR(ω
n
C,ω

n
C)

∼= HomR(HomR(M,M),HomR(M,M))

∼= HomR(M⊗HomR(M,M),M),

and hence Rn2 ∼= HomR(M⊗HomR(M,M),M). Now, consider the map f : M → M⊗R HomR(M,M)
defined by f (m) = m⊗ IdM. This map is a split injection (see [15, Lemma 3.1]), so there exists an
R-module N such that M⊕N ∼= M⊗R HomR(M,M). Then

ω
n
C ⊕HomR(N,M)∼= HomR(M,M)⊕HomR(N,M)

∼= HomR(M⊕N,M)

∼= HomR(M⊗R HomR(M,M),M)

∼= Rn2
.

Thus, ωn
C ⊕HomR(M,N) ∼= Rn2

. As R is indecomposable and satisfies the Krull-Smichdt Theorem
([22, Proposition 1.18]), then ωC ∼= R. Hence,

C ∼= HomR(HomR(C,ωR),ωR)

∼= HomR(ωC,ωR)

∼= HomR(R,ωR)

∼= ωR.

□

Corollary 6.2. Let M be a maximal Cohen-Macaulay R-module such that HomR(M,M) has finite
C-injective dimension. If ExtiR(M,M) = 0 for all 1 ≤ i ≤ d −1, then R is Cohen-Macaulay and C is a
canonical module for R.

Proof. As M is maximal Cohen-Macaulay, then M ̸= 0, and hence HomR(M,M) ̸= 0. Since
IC -idR(HomR(M,M))< ∞, according to Theorem 4.6, C⊗R HomR(M,M) is a nonzero R-module of
finite injective dimension. Therefore, by Bass’ theorem, it follows that R is Cohen-Macaulay. Now,
consider a minimal free resolution of M given by

· · · → Rn3 → Rn2 → Rn0 → M → 0.

Since ExtiR(M,M) = 0 for all 1 ≤ i ≤ d −1, we obtain an exact sequence

0 → HomR(M,M)→ Mn0 → ··· → Mne ,

where e = max{1,d}. According to the depth lemma, HomR(M,M) is maximal Cohen-Macaulay.
Consequently, by Proposition 6.1, C is a canonical module for R. □

The following generalizes [12, Theorem 3.6].
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Theorem 6.3. The following statements are equivalent:
(1) R is Cohen-Macaulay and C is a canonical module for R.
(2) R admits a module M such that Ext j

R(M,R) = 0 for all 1 ≤ j ≤ d − 1 and M∗ is nonzero of
finite C-injective dimension.

(3) R admits a nonzero module M ∈ AC(R) such that IC -idR(HomR(M,M)) < ∞, and
ExtiR(M,M) = Ext j

R(M,R) = 0 for all 1 ≤ i ≤ d −1 and 1 ≤ j ≤ d.
(4) R admits a maximal Cohen-Macaulay module M such that ExtiR(M,M) = 0 for all 1≤ i≤ d−1

and IC -idR(HomR(M,M))< ∞.
(5) R admits a module M such that HomR(M,M) is maximal Cohen-Macaulay and

IC -idR(HomR(M,M))< ∞.

Proof. Note that the implications (1) ⇒ (2),(3),(4),(5) hold when we take M = R. The reverse
implications (2) ⇒ (1), (3) ⇒ (1), (4) ⇒ (1), and (5) ⇒ (1) follow from Corollary 5.4, Theorem
5.13, Corollary 6.2, and Proposition 6.1, respectively.

□

By setting C = R in Theorem 6.3, we obtain the following result that improves [12, Theorem 3.6]
and provides characterizations for a Gorenstein local ring.

Corollary 6.4. The following statements are equivalent:
(1) R is Gorenstein.
(2) R admits a module M such that Ext j

R(M,R) = 0 for all 1 ≤ j ≤ d − 1 and M∗ is nonzero of
finite injective dimension.

(3) R admits a nonzero module M such that ExtiR(M,M) = Ext j
R(M,R) = 0 for all 1 ≤ i ≤ d −1

and 1 ≤ j ≤ d, and idR(HomR(M,M))< ∞.
(4) R admits a maximal Cohen-Macaulay module M such that ExtiR(M,M) = 0 for all 1≤ i≤ d−1

and idR(HomR(M,M))< ∞.
(5) R admits a module M such that HomR(M,M) is maximal Cohen-Macaulay and

idR(HomR(M,M))< ∞.
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