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ABSTRACT. We give an algebraic characterization of the affine 3-space over an algebraically closed field of arbi-
trary characteristic. We use this characterization to reformulate the following question. Let

A = k[X,Y, Z, T ]/(XY + Zpe + T + T sp)

where pe ∤ sp, sp ∤ pe, e, s ≥ 1 and k is an algebraically closed field of positive characteristic p. Is A = k[3]?

We prove some results on ML and ML∗ invarints and use them to prove a special case of the strong cancellation of
k[2].

1. INTRODUCTION

Throughout the paper, k is a field, rings are commutative with unity, R[n] denotes the polynomial ring in
n variables over the ring R, UFD denotes a Unique Factorization Domain, B is a k-domain, tr.degkB is the
transcendence degree of the fraction field of B over k and B∗ is the group of units of B.

Exponential maps are also known as locally finite iterative higher derivations (lfihd). Working with locally
nilpotent derivations of k-domains is not usually possible when k has a positive characteristic. Exponential
maps generalize locally nilpotent derivations and capture information of the domain’s higher-order derivations.
We note that when k is of characteristic zero, exponential maps are equivalent to locally nilpotent derivations.

The characterization of polynomial rings is an important problem in affine algebraic geometry. For instance,
a direct application of characterization of k[2] as stated in (3.1) will prove that k[2] is cancellative for any alge-
braically closed field of arbitrary characteristic. We note that in the case of zero characteristic, the cancellation
of k[2] for an arbitrary field can be deduced from the case when k is algebraically closed by Kambayashi’s
Theorem [15], which is stated in [10, Theorem 5.2]. In [21], it was shown that k[2] is cancellative when k is
a perfect field of arbitrary characteristic. In the case of positive characteristic, the cancellation of k[2] for any
field was shown in [4] and [16]. We give an alternate proof (5.5) of the cancellation of k[2] for any field k using
a characterization (3.2) of k[2].

The ML-invariant was introduced by Lenoid Makar-Limanov in [19] to show that the Koras-Russel threefold
x + x2y + z2 + t3 over C is not isomorphic to C3. The ML∗-invariant was introduced in [9, page 237]. In
[11, Theorem 1], it was shown that when k is an algebraically closed field of zero characteristic and if ML∗ is
non-trivial, then the ML∗-invariant coincides with the ML-invariant for affine k-domains. A natural question is
whether the same result holds when k is of arbitrary characteristic. Lemmas (5.13) and (5.18) provide partial
answers to this question.
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2 SAI KRISHNA

The main result of this paper is the following algebraic characterization of k[3], which is proved in [8,
Theorem 4.6] when k is of zero characteristic. We give a characteristic free proof (4.1).

Theorem 1.1. Let k be an algebraically closed field and B be an affine UFD over k with tr.degkB = 3. Then
the following are equivalent.

(1) B = k[3]

(2) ML∗(B) = k

(3) ML(B) = k and ML∗(B) ̸= B.

We show a possible application of the above characterization in the following situation. In [2], Asanuma
introduced the family of rings

A = k[X,Y, Z, T ]/(XmY + Zpe

+ T + T sp)

where k is of positive characteristic p , pe ∤ sp, sp ∤ pe, m, e, s ≥ 1 and showed that A[1] = k[4]. In [12], Gupta
showed that A ≇ k[3] when m > 1, and thus resolved the Zariski cancellation problem for k[3] in the case of
positive characteristic. In [14], the Zariski cancellation problem was completely solved by Gupta in the positive
characteristic case. However, it is not known whether A = k[3] when m = 1. As mentioned in [3, Remark
2.3], if A = k[3], then it will give an example of non-linearizable torus action on k[3] in positive characteristic
which will serve as a counter-example to the linearization problem (which is open for k[3] in the case of positive
characteristic). If A ̸= k[3], then we will get another counter example to the Zariski cancellation problem for
k[3].

The brief outline of the paper is as follows. In section 2, we state a few basic properties of exponential
maps and introduce the Makar-Limanov (ML)-invariant and Makar-Limanov-Freduenburg (ML∗)-invariant,
which are used in our characterization of k[3]. In section 3, we give an alternative proof of the algebraic
characterization [20] of k[2] over an algebraically closed field. In the case of zero characteristic, a proof of this
result is presented in [10, Theorem 9.12]. Using exponential maps, we give a characteristic free proof (3.1)
of [20, Theorem 1]. We extend this result to arbitrary fields (3.2). Next, in section 3, we give a characteristic
free proof (3.3) of the algebraic characterization of k[2] presented in [8, Theorem 3.8] for any field of zero
characteristic. In section 4, we prove the main result of this paper(4.1). In section 5, we state some properties
of ML and ML∗ invariants, some of which are mentioned in [8] in the case of zero characteristic. The stability
results for ML and ML∗ invariants are particularly interesting. It is a well known result that for a k-domain B

with tr.degkB = 1, we have that ML(B[n]) = ML(B). We extend this result to domains of transcendence
degree 2 under certain assumptions and using them we prove a special case (5.6) of the strong cancellation of
k[2]. We prove similar results for ML∗-invariant and use them to prove some results that partially answer the
question (5.20).

2. PRELIMINARIES

We recall some definitions.

Definition 2.1. Let B be a k-domain. Let δ : B −→ B[1] be a k-algebra homomorphism. We denote it by
δt : B −→ B[t] if we want to emphasize the indeterminate. We call δ an exponential map on B if
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(1) ϵ0δt is identity on B where ϵ0 : B[t] −→ B is the evaluation map at t = 0.

(2) δs ◦ δt = δs+t, where δs is extended to a homomorphism B[t] −→ B[s, t] by defining δs(t) = t.

We denote the set of all exponential maps on B by EXP(B). The set Bδ = {x ∈ B|δ(x) = x} is called the
ring of δ-invariants of B.

Example 2.2. The inclusion map B ↪−→ B[1] is a trivial exponential map on B. Let B = k[X1, . . . , Xn] be the
polynomial ring in n variables. Let δi ∈ EXP(B) be such that δi(Xj) = Xj ∀ j ̸= i , δi(Xi) = Xi + t and
δi(b) = b, ∀ b ∈ B. δi is called a shift exponential map on the polynomial ring.

Remark 2.3. Let δ be an exponential map on a k-domain B.

(1) We can express δ as follows.

δt(x) = D0(x) +D1(x)t+D2(x)t
2 + · · ·+Dk(x)t

k + · · ·

where D0, D1, D2, . . . are iterative derivatives associated with δ. From property (1) of exponential
maps, we have that D0 is the identity map. Note that Bδ =

⋂
i≥1 Ker(Di).

(2) For any b ∈ B, we can define the δ-degree of a nonzero b as the t-degree of δ(b) i.e. degδ(b) =

degt(δ(b)). We define degδ(0) = −∞.

(3) The δ-degree function is a degree function satisfying the following properties.
(a) degδ(ab) = degδ(a) + degδ(b) for all a, b ∈ B

(b) degδ(a+ b) ≤ max{degδ(a),degδ(b)} and the equality holds when degδ(a) ̸= degδ(b).
(4) Consider ϵλ : B[1] −→ B which is the evaluation map at λ ∈ k. We note that ϵλ ◦ δ is a k-algebra

automorphism of B with inverse ϵ−λ ◦ δ.

Definition 2.4. Let δ be a non-trivial exponential map on a k-domain B.

(1) Any x ∈ B such that degδ(x) = min{degδ(a)|a ∈ B \ Bδ} is called a local slice of δ. Every
non-trivial exponential map has a local slice.

(2) An element x ∈ B is called a slice if x is a local slice of δ and Dn(x) = 1 or equivalently Dn(x) is
a unit, where n = degδ(x). It is not necessary that every non-trivial exponential map has a slice. We
denote the set of all exponential maps on B which have a slice by EXP∗(B).

(3) Any non-trivial δ ∈ EXP(B) is said to be a reducible exponential map if there exist a proper principal
ideal I of B such that Di(B) ⊆ Ii for all i ≥ 1. If a non-trivial δ ∈ EXP(B) is not reducible, then it
is called an irreducible exponential map.

(4) Let δ1, δ2 ∈ EXP(B). They are said to be equivalent if Bδ1 = Bδ2 .
(5) The Makar-Limanov invariant is a k-subalgebra of B defined as ML(B) = ∩δ∈EXP(B)B

δ.

(6) The Makar-Limanov-Freudenburg invariant is a k-subalgebra of B defined as
ML∗(B) = ∩δ∈EXP∗(B)B

δ. If EXP∗(B) = ϕ, then we define ML∗(B) = B.
(7) B is called rigid if there does not exists any non-trivial exponential map on B. This is equivalent to

the condition ML(B) = B.
(8) B is semi-rigid if there exists δ ∈ EXP(B) such that ML(B) = Bδ. A rigid domain is also semi-rigid.
(9) B is called geometrically factorial if B ⊗k L is a UFD, where L is any algebraic extension of k.
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(10) A subring A of B is said to be factorially closed in B if for any non-zero x, y ∈ B such that xy ∈ A,
then x, y ∈ A. Note that if A is factorially closed in B, then A is algebraically closed in B.

We summarise below some useful properties of exponential maps [7, Lemma 2.1, 2.2].

Remark 2.5. Let δ be a non-trivial exponential map on a k-domain B and x be a local slice with n = degδ(x).
Let c = Dn(x).

(1) Di(x) ∈ Bδ for all i > 0.

(2) Bδ is factorially closed in B. In particular, Bδ is algebraically closed in B.
(3) B[c−1] = Bδ[c−1][x].
(4) tr.degkB

δ = tr.degkB − 1.
(5) Intersection of factorially closed rings is factorially closed. Hence ML(B) and ML∗(B) are factorially

closed in B.
(6) k ⊆ ML(B) ⊆ ML∗(B) and hence if ML∗(B) = k, then ML(B) = k.
(7) ML(k[n]) = ML∗(k[n]) = k for all n ≥ 1.
(8) δ can be extended to an exponential map on B[n] = B[X1, . . . , Xn] by fixing Xi. The ring of invariants

of this extended exponential map on B[X1, . . . , Xn] is Bδ[X1, . . . , Xn]. This, combined with the
fact that there always exists shift exponential maps, gives that ML(B[n]) ⊆ ML(B). By the same
argument, it follows that ML∗(B[n]) ⊆ ML∗(B).

(9) If B is a semi-rigid k-domain which is not rigid such that tr.degkB < ∞, then for any non-trivial ϵ ∈
EXP(B), we have that Bϵ = ML(B). This follows since ML(B) = Bδ for some δ ∈ EXP(B) and
ML(B) = Bδ ⊆ Bϵ. ML(B) and Bδ are algebraically closed in B and have the same transcendence
degree and hence ML(B) = Bϵ. Thus, all non-trivial exponential maps of B have the same ring of
invariants.

(10) A factorially closed subring of a UFD is a UFD.

The third property in the above remark is quite useful. We record an important special case of it as the Slice
Theorem. In the case of zero characteristic this coincides with [10, Corollary 1.26].

Corollary 2.6 (Slice Theorem). Let δ be a non-trivial exponential map on a k-domain B and x be a slice with
n = degδ(x). Then B = Bδ[x] and since x is transcendental over Bδ , it follows that B = (Bδ)[1].

We recall the following result from [5, Lemma 2.3].

Lemma 2.7. Let B be a k-domain with tr.degkB = 1 and k is algebraically closed in B. Then ML(B) = k

if and only if B = k[1]. Otherwise, ML(B) = B.

Theorem 2.8 (Semi-Rigidity Theorem). Let B be a domain which is either an affine k-domain or finitely
generated as a ring. Then B is rigid if and only if B[1] is semi-rigid. Equivalently, B is rigid if and only if
ML(B[1]) = B.

Proof. Clearly if ML(B[1]) = B, then by (8) of (2.5), it follows that B must be rigid. We refer to [7, Theorem
3.1] for the other direction. □
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We recall the following two results [6, Theorem 3.1] and [18, Corollary 3.3].

Theorem 2.9. Let B be a UFD over an algebraically closed field k with tr.degkB = 2 and a non-trivial
δ ∈ EXP(B). Then B = (Bδ)[1].

Corollary 2.10. Let B be a UFD over a field k with tr.degkB = 2 and a non-trivial δ ∈ EXP(B). Suppose
B is geometrically factorial. Then B = (Bδ)[1].

Remark 2.11. Let B and k be as in (2.9)

(1) In the case of characteristic zero, (2.9) coincides with [10, Lemma 2.10]. However, the above theorem
does not state that every irreducible exponential map on B has a slice. It states that every non-trivial
exponential map on B is equivalent to another exponential map which has a slice.

(2) The following is an example of an irreducible exponential map that doesn’t have a slice. Consider
δ ∈ EXP(k[x, y]) defined by δ(x) = x and δ(y) = y+ t+x2tp, where k is of characteristic p. Notice
that for any f =

∑n
i=0 ai(x)y

i where ai(x) ∈ k[x], we have that δ(f) =
∑n

i=0 ai(x)(y + t+ x2tp)i.
The leading coefficient of δ(f) is an(x)x2n, and it cannot be a unit; thus δ has no slice. Moreover, δ
is an irreducible exponential map.

The following proposition [10, Lemma 2.9, Remark 2.14] is a characterization of an affine UFD of transcen-
dence degree 1.

Proposition 2.12. Let B be an affine UFD over an algebraically closed field k with tr.degkB = 1. Then
B = k[t]f for some f ∈ k[t]. Moreover, if B∗ = k∗, then B = k[1].

3. CHARACTERIZATION OF k[2]

The following algebraic characterization of k[2] is due to Miyanishi [20, Theorem 1]. We give a proof using
exponential maps.

Theorem 3.1. Let k be an algebraically closed field and B be an affine UFD over k with tr.degkB = 2. Then
the following are equivalent.

(1) B = k[2].
(2) ML(B) = k

(3) B is not rigid and B∗ = k∗.

Proof. Clearly 1 ⇒ 2 ⇒ 3. We show 3 ⇒ 1. Since B is not rigid, by (2.9), B = A[1] where A = Bδ for some
δ ∈ EXP∗(B) and tr.degkA = 1. By (10) of 2.5, A is a UFD. Note that A∗ = k∗ and A is affine. By (2.12),
we have that A = k[1] and hence B = k[2]. □

We can slightly modify the above theorem by removing the condition that k is algebraically closed and
requiring that B is geometrically factorial.

Theorem 3.2. Let B be an affine k-domain of tr.degkB = 2, which is geometrically factorial. Then the
following are equivalent.

(1) B = k[2].
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(2) ML(B) = k

Proof. Clearly, 1 ⇒ 2. We show 2 ⇒ 1. Suppose ML(B) = k. Then B is not rigid. Consider a non-trivial
δ ∈ EXP(B). Then by (2.10), B = A[1] where A = Bδ and tr.degkA = 1. We have that ML(B) = k is
algebraically closed in B and hence in A. By Semi-Rigidity Theorem (2.8), A is not rigid. By (2.7), A = k[1]

and hence B = k[2]. □

The following characterization of k[2] is presented in [8, Theorem 3.8] for a field of characteristic zero. We
give a characteristic free proof of the same result.

Theorem 3.3. Let B be an affine k-domain with tr.degkB = 2. Then the following are equivalent.

(1) B = k[2]

(2) ML∗(B) = k

(3) ML(B) = k and ML∗(B) ̸= B.

Proof. Clearly 1 ⇒ 2 ⇒ 3. We show 3 ⇒ 1. Since ML∗(B) ̸= B, so there exists a non-trivial δ ∈ EXP(B)

which has a slice. By Slice Theorem (2.6), we have that B = A[1] where A = Bδ . By (2.5), we have that
tr.degkA = 1. Since ML(B) is algebraically closed (in fact, factorially closed) in B, it follows that k is
algebraically closed in A. Since ML(B) = k, so by Semi-Rigidity Theorem (2.8), A is not rigid. It follows
from (2.7) that A = k[1] and hence B = k[2]. □

4. CHARACTERIZATION OF k[3]

The following characterization of k[3] is presented in [8, Theorem 4.6] for a field of zero characteristic. We
give a characteristic free proof of the same result.

Theorem 4.1. Let k be an algebraically closed field and B be an affine UFD over k with tr.degkB = 3. Then
the following are equivalent.

(1) B = k[3]

(2) ML∗(B) = k

(3) ML(B) = k and ML∗(B) ̸= B.

Proof. Clearly 1 ⇒ 2 ⇒ 3. We show 3 ⇒ 1. Since ML∗(B) ̸= B, so there exists a non-trivial δ ∈ EXP∗(B).
By Slice Theorem (2.6), we have that B = A[1] where A = Bδ and tr.degkA = 2. By (10) of 2.5, A is a
UFD. Since ML(B) = k and B = A[1], it follows from Semi-Rigidity Theorem (2.8) that A is not rigid.
ML(B) = k implies that B∗ = k∗ and hence A∗ = k∗. Now, we have that A is an affine UFD over k with
tr.degkA = 2, A is not rigid and A∗ = k∗. By (3.1), A = k[2] and hence B = k[3]. □

Let G be a reductive algebraic group acting on affine space An over a field k. The linearization conjecture
as mentioned in [2] states that the action of a reductive algebraic group is linear after a suitable polynomial
change of the coordinate system on An. In the case of positive characteristic it was shown to be false for n ≥ 4

in [3]. However, it is not known for n = 3. Consider the ring

A = k[X,Y, Z, T ]/(XY + Zpe

+ T + T sp)
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where k is of positive characteristic p , pe ∤ sp and sp ∤ pe, and m, e, s ≥ 1. It was shown in [2] that A[1] = k[4].
If A = k[3], then A is a counter-example to the linearization conjecture.

Remark 4.2. By [13, Lemma 3.1] and using that f(Z, T ) = Zpe

+ T + T sp is irreducible in k[Z, T ], we can
conclude that A is a UFD. By 2 of [13, Remark 4.7], we know that ML(A) = k. Hence, we can reduce the
question about whether A is isomorphic to k[3] as follows.

Corollary 4.3. Let k be an algebraically closed field of positive characteristic and A = k[X,Y, Z, T ]/(XY +

Zpe

+ T + T sp). Then the following are equivalent.

(1) A = k[3].
(2) ML∗(A) ̸= A. This is equivalent to the existence of an exponential map on A that has a slice.

Proof. This follows from (4.1) and (4.2). □

Remark 4.4. The above corollary also follows directly from [21, Theorem 4].

We can slightly modify (4.1) by removing the condition that k is algebraically closed and requiring that B
is a geometrically factorial and k is an infinite field. We prove the following theorem in section 5 after 5.4.

Theorem 4.5. Let B be an affine UFD over k with tr.degkB = 3, where k is an infinite field. Suppose B is
geometrically factorial. Then the following are equivalent.

(1) B = k[3]

(2) ML∗(B) = k

(3) ML(B) = k and ML∗(B) ̸= B.

5. SOME PROPERTIES OF ML AND ML∗ INVARIANTS

In this section, we first describe some properties related to ML and ML∗ invariants and look at some results
relating the two invariants.

Lemma 5.1. Let B be an affine k-domain. Then the following hold.

(1) ML∗(B[n]) ⊆ ML(B)

(2) B is rigid ⇔ML∗(B[1]) = B.

Proof. (1) Let B[X1, . . . , Xn] = B[n]. Since there are shift exponential maps on B[n], we have ML∗(B[n]) ⊆
B. Suppose δ ∈ EXP(B), we can extend it to δ̃i ∈ EXP∗(B[X1, . . . , Xn]) by defining δ̃i(Xj) = Xj ∀ j ̸= i

and δ̃i(Xi) = Xi + t. Now suppose b ∈ ML∗(B[n]) ⊆ B, then δ̃i(b) = b and hence δ(b) = b for any
δ ∈ EXP(B). It follows that ML∗(B[n]) ⊆ ML(B).

(2) If ML∗(B[1]) = B, then by previous part it follows that ML(B) = B and hence B is rigid. Now,
suppose B is rigid. By Semi-Rigidity Theorem (2.8), ML(B[1]) = B. Since ML(B[1]) ⊆ ML∗(B[1]), thus it
follows that B ⊆ ML∗(B[1]) and again from previous part we can conclude that ML∗(B[1]) = B. □

The following result is about the stability of the ML invariant for k-domains of transcendence degree 1. This
is proved in [10, Theorem 2.28] when k is of zero characteristic. We adapt the same proof to prove the result
for arbitrary characteristic. When k is algebraically closed, a proof of the following Theorem can be found in
[5].
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Theorem 5.2. Let B be a k-domain with tr.degkB = 1, where k is an infinite field. Then ML(B[n]) = ML(B)

for every integer n ≥ 0.

Proof. If B is not rigid, then by (2) of (2.5), B = L[1] where L is the algebraic closure of k in B. Then,
clearly ML(B[n]) = ML(B) = L. If B is rigid, then it is not of the form L[1] for any algebraic extension of
k. Using [1, Theorem 3.3], we get that ϕ(B) = B for any k-algebra automorphism of B[n]. By (4) of (2.3),
for any δ ∈ EXP(B[n]) and λ ∈ k, we have that ϵλ ◦ δ is a k-automorphism of B[n]. Hence we have that
ϵλ ◦ δ(B) = B for all λ ∈ k. Since k is an infinite field, it follows that δ restricts to B. As B is rigid, thus δ is
identity on B. It follows that B ⊆ ML(B[n]) and hence ML(B[n]) = B = ML(B). □

Proposition 5.3. Let B be a UFD over a field k with tr.degkB = 2, where k is an infinite field. Suppose B is
geometrically factorial and B is not rigid, then ML(B[n]) = ML(B).

Proof. Since B is not rigid. Then by (2.10), we have that B = A[1] where A = Bδ for some non-trivial δ ∈
EXP(B). We have that ML(B[n]) = ML(A[n+1]) and ML(B) = ML(A[1]). By (5.2), ML(A[m]) = ML(A)

for all m ≥ 0 and the result follows. □

Corollary 5.4. Let B be a UFD over an algebraically closed field k such that tr.degkB = 2. Suppose B is
not rigid, then ML(B[n]) = ML(B).

We now prove (4.5) using (5.3).

Proof of Theorem 4.4. Clearly 1 ⇒ 2 ⇒ 3. We show 3 ⇒ 1. Since ML∗(B) ̸= B, so there exists a non-trivial
δ ∈ EXP∗(B). By Slice Theorem (2.6), B = A[1] where A = Bδ and tr.degkA = 2. B = A[1] and B is
geometrically factorial implies that A is geometrically factorial. Since ML(B) = k and B = A[1], it follows
from Semi-Rigidity Theorem (2.8) that A is not rigid. By 5.3,we get that ML(A) = k. By 3.2, A = k[2] and
hence B = k[3]. □

Corollary 5.5 (Cancellation of k[2]). Let B be a k-domain such that B[1] = k[3]. Then B = k[2].

Proof. We first prove the result assuming that k is an infinite field. Since B[1] = k[3], it follows that B[1] is
geometrically factorial and hence B is geometrically factorial. By Semi-Rigidity Theorem (2.8), B is not rigid.
By (5.3), ML(B) = ML(B[1]) = k and it follows by (3.2) that B = k[2].

When k is a finite field, then since finite fields are perfect, the result follows by Kambayashi’s Theorem [15]
stated in [10, Theorem 5.2]. □

The following result is a special case of the strong cancellation of k[2], which states that if B[n] = k[n+2],
then B = k[2]. This was proved in [21, Theorem 4] for any perfect field k. We prove the following special case
for any arbitrary field.

Corollary 5.6. Let B be a k-domain such that B[2] = k[4]. Then B = k[2].

Proof. If k is a finite field the result follows from [21, Theorem 4]. We assume k is an infinite field. We first
show that B is not rigid. Let A = B[2] = k[4] and δ ∈ A be a shift exponential map (2.2). Then Aδ = k[3].
By [17, Corollary 1.2], Aδ = B[1]. Since k[3] is not semi-rigid, it follows by Semi-Rigidity Theorem that B is
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not rigid. Since B[2] = k[4], it follows that B is geometrically factorial. By (5.3), ML(B) = ML(B[2] = k. It
follows by (3.2) that B = k[2]. □

The above result raises the question if every stably polynomial k-domain is not rigid. In particular we have
the following question.

Question 5.7. Let B be a k-domain such that Bn = k[n+2] for some positive integer n. Is B not rigid?

Remark 5.8. Answering the above question will lead to strong cancellation of k[2] for any arbitratry field
following the same argument as in (5.6).

Corollary 5.9. Let B be an affine k-domain. Suppose there exists δ ∈ EXP∗(B) such that Bδ is rigid, then
ML(B) = ML∗(B).

Proof. Let A = Bδ . By Slice Theorem (2.6), B = A[1] and by Semi-Rigidity Theorem (2.8) and (5.1), we get
ML(B) = A and ML∗(B) = A and hence ML(B) = ML∗(B). □

Lemma 5.10. Let B be k-domain with tr.degkB = 1. Then ML(B) = ML∗(B).

Proof. If B is rigid, then the result follows by definition.
Suppose B is not rigid. We show that every exponential map on B has a slice. Consider a non-trivial

δ ∈ EXP(B). Then by (2.5), tr.degkB
δ = 0. Hence Bδ is algebraic over k and is a domain, and hence Bδ is

a field. Consider a local slice s of δ of δ-degree n. By (1) of (2.5), Dn(x) ∈ Bδ (which is a field) and hence
Dn(x) is a unit. We can conclude that s is a slice. Thus every non-trivial exponential map of B has a slice, and
hence ML(B) = ML∗(B). □

The following result shows that a similar behavior as in (5.2) holds for ML∗.

Proposition 5.11. Let B be a k-domain with tr.degkB = 1, where k is an infinite field. Then ML∗(B[n]) =

ML∗(B) for every integer n ≥ 0. Moreover, we have that ML(B[n]) = ML∗(B[n]).

Proof. By (5.2), we have that ML(B[n]) = ML(B). By (5.10), we also have that ML∗(B) = ML(B). Thus,
ML∗(B) = ML(B[n]). Since ML(B[n]) ⊆ ML∗(B[n]), we get that ML∗(B) ⊆ ML∗(B[n]). By (8) of (2.5),
we also have that ML∗(B[n]) ⊆ ML∗(B) and hence ML∗(B[n]) = ML∗(B). By (5.2) and (5.10), we have
that ML(B[n]) = ML∗(B[n]). □

Lemma 5.12. Let B be an affine k-domain with tr.degkB = n ≥ 2. Suppose tr.degkML∗(B) = n− 1. Then
ML(B) = ML∗(B) and B = C [1] for some rigid subring C of B. In particular, B is a semi-rigid domain.

Proof. Given tr.degkML∗(B) = n − 1, so there exists a δ ∈ EXP∗(B). By Slice Theorem (2.6), B = C [1]

where C = Bδ . Notice that tr.degkC = n − 1 and ML∗(B) ⊆ C. ML∗(B) and C are factorially closed in
B and have the same transcendence degree so it follows that ML∗(B) = C. By (2) of (5.1), C is rigid and by
Semi-Rigidity Theorem (2.8), ML(B) = C and that B is semi-rigid. □

Lemma 5.13. Let B be an affine k-domain with tr.degkB = 2. Suppose that ML∗(B) ̸= B. Then ML∗(B) =

ML(B).
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Proof. Since ML∗(B) ̸= B, hence tr.degkML∗(B) ≤ 1. If tr.degkML∗(B) = 1, then by (5.12), the result
follows. Suppose tr.degkML∗(B) = 0, then since ML(B) ⊆ ML∗(B) we get that tr.degkML(B) = 0.
ML(B) and ML∗(B) are factorially closed in B, and of the same transcendence degree so it follows that
ML(B) = ML∗(B). So in all cases, we get that ML(B) = ML∗(B). □

Corollary 5.14. Let k be an algebraically closed field. Suppose B is an affine UFD over k such that
tr.degkB = 2. Then ML(B) = ML∗(B).

Proof. If B is rigid, then the result holds by definition. Suppose B is not rigid, then by (2.9), B = (Bδ)[1] for
some non-trivial exponential map δ ∈ EXP(B) and there exists an ϵ ∈ EXP∗(B) such that Bϵ = Bδ . Thus
EXP∗(B) ̸= ϕ and hence ML∗(B) ̸= B and by (5.13), the result follows. □

Proposition 5.15. Let B be a UFD over a field k with tr.degkB = 2, where k is an infinite field. Suppose B

is geometrically factorial and B is not rigid. Then ML∗(B[n]) = ML∗(B) for every integer n ≥ 0. Moreover,
we have that ML(B[n]) = ML∗(B[n]).

Proof. By (5.3), we have that ML(B[n]) = ML(B). By (2.10), we have ML∗(B) ̸= B. By (5.13), we also
have that ML∗(B) = ML(B). Thus, ML∗(B) = ML(B[n]). Since ML(B[n]) ⊆ ML∗(B[n]), we get that
ML∗(B) ⊆ ML∗(B[n]). By (8) of (2.5), we also have that ML∗(B[n]) ⊆ ML∗(B) and hence ML∗(B[n]) =

ML∗(B). By (5.3) and (5.13), we have that ML(B[n]) = ML∗(B[n]). □

Corollary 5.16. Let B be a UFD over an algebraically closed field k with tr.degkB = 2 and B is not rigid.
Then ML∗(B[n]) = ML∗(B) for every integer n ≥ 0. Moreover, we have that ML(B[n]) = ML∗(B[n]).

Lemma 5.17. Let B be an affine UFD over a field k with tr.degkB = 3, where k is an infinite field. Suppose
B is geometrically factorial. If ML∗(B) ̸= B, then ML(B) = ML∗(B).

Proof. Since ML∗(B) ̸= B, we have that tr.degkML∗(B) ≤ 2.
Case 1: tr.degkML∗(B) = 2. The result follows from (5.12).
Case 2: tr.degkML∗(B) ≤ 1. Let δ ∈ EXP∗(B). By Slice Theorem (2.6), we have B = A[1] where

A = Bδ and tr.degkA = 2. Since tr.degkML∗(B) ≤ 1, by (2) of (5.1), A is not rigid. B = A[1] and B is
geometrically factorial implies that A is geometrically factorial with tr.degkA = 2. By (2.10), ML∗(A) ̸= A

and since B = A[1] it follows by (5.15) that ML(B) = ML∗(B). □

Corollary 5.18. Let k be an algebraically closed field and B be an affine UFD over k with tr.degkB = 3. If
ML∗(B) ̸= B, then ML(B) = ML∗(B).

Remark 5.19. In [11, Theorem 1], it is shown that when k is an algebraically closed field of zero characteristic
and if ML∗(B) ̸= B, then ML(B) = ML∗(B). We note that (2) of (5.1) and (5.11) are identical to the
properties of ML-invariant, which leads to the following question.

Question 5.20. Let B be an affine k-domain where k is an algebraically closed field of arbitrary characteristic.
Suppose ML∗(B) ̸= B. Is ML∗(B) = ML(B)?

We note that (5.11), (5.13), (5.15) and (5.18) answer this question positively in some cases.
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