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Abstract. This paper aims to provide several relations between Bass and Betti numbers of a given

module and its deficiency modules. Such relations and the tools used throughout allow us to generalize

some results of Foxby, characterize Cohen-Macaulay modules in equidimensionality terms, study the

Cohen-Macaulay and complete intersection properties of a ring, and furnish a case for the Auslander-

Reiten conjecture.

1. Introduction

In the celebrated paper [10], Foxby proved that over a Gorenstein local ring R of dimension d, a

Cohen-Macaulay R-module M of dimension t is such that

βj(M) = µj+t(Extd−tR (M,R)) and µj(M) = βj−t(Extd−tR (M,R))

for all j ≥ 0, where βj(N) and µj(N) denote, respectively, the j-th Betti and Bass numbers of the

R-module N . In particular, pdRM < ∞ if and only if idR Extd−tR (M,R) < ∞, and idRM < ∞
if and only if pdR Extd−tR (M,R) < ∞. Recently, Freitas and Jorge-Pérez [11] generalized the first

equivalence for local rings which are factors of Gorenstein local rings. In this paper, we shall look at

these results in a wider situation as follows.

Schenzel [20] generalized the notion of canonical module in the following sense. Given a Noetherian

local ring R which is a factor ring of a s-dimensional Gorenstein local ring S and a finite R-module

M , the j-th deficiency module of M is defined as

Kj(M) = Exts−jS (M,S)

for all j = 0, ...,dimRM . Local duality assures that these modules are well-defined. Particularly,

K(M) := KdimRM (M) is called the canonical module of M . The deficiency modules of M measure

the extent of the failure of M to be Cohen-Macaulay in the sense that M is Cohen-Macaulay if and

only if Kj(M) = 0 for all j 6= dimRM .

In this paper, we shall look for relations between Bass and Betti numbers of a given module and

its deficiency modules. As Foxby provided the relations above for Cohen-Macaulay modules over a

Gorenstein local ring, we furnish the same relations for generalized Cohen-Macaulay and canonically

Cohen-Macaulay modules with zeroth and first deficiency modules of positive depth over a local ring
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which is a factor of a Gorenstein local ring, see Theorem 3.3. Furthermore, theorems 3.6 and 4.11

show the same relations hold for arbitrary finite R-modules when certain homological conditions over

its deficiency modules are imposed.

Besides such generalizations, we exhibit bounds for the Bass numbers (Betti numbers) of a module

in terms of the Betti numbers (Bass numbers) of its deficiency modules, see theorems 3.1 and 4.1.

They provide several applications that are worked out through this paper. Three examples of such

applications are Corollary 3.4, providing the Cohen-Macaulay property of a local ring in terms of

homological conditions over deficiency modules, Corollary 4.6 furnishing a characterization of the

complete intersection property in terms of the first and second Bass numbers of the residue field, and

Corollary 4.10 that states that the Auslander-Reiten conjecture holds for modules whose deficiency

modules have finite injective dimensions, generalizing then a similar application given quite recently

in [11].

Our methods are especially concerned with studying the behavior of some spectral sequences that

we chose to consider in the first quadrant. The first of them is called the Foxby spectral sequence

2.1, as it was used by Foxby in [10]. The first applications of such spectral sequences regard general

information on the canonical module of a generalized Cohen-Macaulay module or an equidimensional

module, see Theorem 2.3 and Proposition 2.8. These results provide sufficient conditions for when the

module is also canonically Cohen-Macaulay and its canonical module is generalized Cohen-Macaulay,

see the Corollaries 2.4 and 2.5, also a characterization of Cohen-Macaulay modules in Corollary 2.10

and a version for generalized Cohen-Macaulay modules of a Schenzel’s result, see Corollary 2.11.

2. Generalized Cohen-Macaulay modules

Setup. Throughout this paper, R will always denote a commutative Noetherian local ring with non-

zero unity, maximal ideal m, and residue class field k. Also, R is supposed to be a factor of a Gorenstein

local ring S of dimension s, i.e., there exists a surjective ring homomorphism S → R. We say that an

R-module M is finite if it is a finitely generated R-module and denote by M∨ := HomR(M,ER(k))

its Matlis dual, where ER(k) is the injective hull of k.

For an R-module M , pdRM and idRM denote, respectively, the projective dimension and injective

dimension of M . Further, βi(M) = dimk TorRi (k,M) is the i-th Betti number of M , µi(M) =

dimk ExtiR(k,M) is the i-th Bass number of M and r(M) = dimk Ext
depthRM
R (k,M) is its type.

As far as we know, the following spectral sequences have first been used the way we do here in the

[10]. Also, we slightly extend them by considering a change of rings.

Lemma 2.1 (Foxby spectral sequences). Given a finite R-module X, an R-module Y and a S-

module Z, if either pdRX < ∞ or idS Z < ∞, then there exist a graded R-module H and first

quadrant spectral sequences

Ep,q2 = ExtpS(ExtqR(X,Y ), Z)⇒p H
q−p

and
′Ep,q2 = TorRp (X,ExtqS(Y,Z))⇒p H

p−q.

7 Sep 2023 12:09:00 PDT
230123-Holanda Version 2 - Submitted to J. Comm. Alg.



BASS AND BETTI NUMBERS OF A MODULE AND ITS DEFICIENCY MODULES 3

Proof. Let F• be a free R-resolution of X and let E• be an injective S-resolution of Z. Following the

terminology in [19, Chapter 10], the desired spectral sequences are the ones obtained from the first

and second filtrations of the first quadrant double complexes

HomS(HomR(F•, Y ), E•) ' F• ⊗R HomS(Y,E•).

�

The first application of the Foxby spectral sequences 2.1 is a generalization of a well-known result

about Cohen-Macaulay modules and their canonical modules, see [20, Theorem 1.14]. First, we need

an auxiliary lemma.

We say that a finite R-module M satisfies Serre’s condition Sk, for k being a non-negative integer,

provided

depthRp
Mp ≥ min{k,dimRp Mp}

for all p ∈ SuppM .

Lemma 2.2. [20, Lemma 1.9] Let M be a finite R-module of dimension t. The modules Kj(M)

satisfy the following properties.

(i) dimRK
j(M) ≤ j for all integers j and dimRK(M) = t;

(ii) Suppose that M is equidimensional. Then, M satisfies Serre’s condition Sk if and only if

dimRK
j(M) ≤ j − k, for all 0 ≤ j < t.

A finite R-module M is said to be generalized Cohen-Macaulay if Kj(M) is of finite length for all

j < dimRM.

Theorem 2.3. Let M be a generalized Cohen-Macaulay R-module of dimension t. The following

statements hold.

(i) There exists an isomorphism

K0(K(M)) ' TorS−t(M,S);

(ii) There exists a five-term exact sequence

TorS−t+2(M,S) // K2(K(M)) // K0(Kt−1(M))

uu

TorS−t+1(M,S) // K1(K(M)) // 0

(iii) There exists an exact sequence

0 // K0(K0(M)) // M // K(K(M)) // K0(K1(M)) // 0;

(iv) If t ≥ 3, then there exist isomorphisms

Kt−j(K(M)) ' K0(Kj+1(M))

for all 1 ≤ j ≤ t− 2.

Proof. Consider the Foxby spectral sequences 2.1 by taking X = M as an S-module and Y = Z = S
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Ep,q2 = ExtpS(ExtqS(M,S), S)⇒p H
q−p

and
′Ep,q2 = TorSp (M,ExtqS(S, S))⇒p H

p−q.

Since ′Ep,q2 = 0 for all q 6= 0, we have

Hj ' ′Ej,02 = TorSj (M,S)

for all j ≥ 0, and

Ep,q2 = ExtpS(ExtqS(M,S), S)⇒p TorSq−p(M,S).

Since Hj
m(M) has finite length for all j < t, so has Kj(M), and by local duality

ExtpS(ExtqS(M,S), S) = ExtpS(Ks−q(M), S) = 0

for all q > s − t and for all p 6= s. Also, Lemma 2.2 (i) assures that dimRK(M) = t. Thus, E2 has

the following shape

0 0 0 · · · 0 0

0 0 0 · · · ExtsS(K0(M), S) 0

...
...

... . .
. ...

...

0 0 0 · · · ExtsS(Kt−1(M), S) 0

0 K(K(M)) Ext
s−(t−1)
S (K(M), S) · · · ExtsS(K(M), S) 0

0 0 0 0 0 0.

By convergence, there are isomorphisms

K0(K(M)) = ExtsS(K(M), S) ' Es,s−t∞ ' TorS−t(M,S), K1(K(M)) = Exts−1S (K(M), S) ' Es−1,s−t∞

and

K0(K0(M)) = ExtsS(K0(M), S) ' Es,s∞ .

Thus we get item (i) and by applying Matlis dual one has isomorphisms

H1
m(K(M)) ' (Es−1,s−t∞ )∨ and H0

m(K0(M)) ' (Es,s∞ )∨.

The convergence again gives us short exact sequences

0 // Es,s−j∞ // TorS−j(M,S) // E
s−(t−j),s−t
∞ // 0 (2.1)
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for all j ≥ 0. Further, as we move through the pages of E, the differentials between the vertical and

horizontal lines in the diagram above come out. In other words, there is an exact sequence

0 // E
s−(t−j),s−t
∞ // Ext

s−(t−j)
S (K(M), S) // ExtsS(Kj+1(M), S) // E

s,s−(j+1)
∞ // 0 (2.2)

for all 0 ≤ j ≤ t− 2.

Item (ii) is exactly the five-term exact sequence of E. For item (iii), by taking j = 0 in both above

exact sequences, we have the following exact sequences

0 // ExtsS(K0(M), S) // M // Es−t,s−t∞ // 0

and

0 // Es−t,s−t∞ // K(K(M)) // ExtsS(K1(M), S) // Es,s−1∞ // 0.

The result follows by splicing these sequences and noticing that Es,s−1∞ ⊆ TorS−1(M,S) = 0.

The exact sequence 2.1 assures that E
s−(t−j),s−t
∞ = Es,s−j∞ = 0 for all j > 0, so that, by the exact

sequence 2.2,

Kt−j(K(M)) = Ext
s−(t−j)
S (K(M), S) ' ExtsS(Kj+1(M), S) = K0(Kj+1(M))

for all 1 ≤ j ≤ t− 2. �

The concept of canonically Cohen-Macaulay module was introduced by Schenzel [21]. We say that a

finite R-module M is canonically Cohen-Macaulay if its canonical module K(M) is Cohen-Macaulay.

Corollary 2.4. Let M be a generalized Cohen-Macaulay R-module of dimension t. The following

statements hold.

(i) If t > j with j ∈ {0, 1}, then depthRK(M) > j;

(ii) If t = 1, then M is canonically Cohen-Macaulay and there exists the short exact sequence

0 // K0(K0(M)) // M // K(K(M)) // 0;

(iii) If t = 2, then M is canonically Cohen-Macaulay;

(iv) If t ≥ 3, then K(M) is generalized Cohen-Macaulay.

Proof. Item (i) follows immediately from Theorem 2.3 (i) and (ii). For item (ii), item (i) assures

that K(M) is Cohen-Macaulay and Theorem 2.3 (iii) is the desired exact sequence. As to item (iii),

item (i) again assures that K(M) is Cohen-Macaulay. Item (iv) follows directly from item (i) and

Theorem 2.3 (iv). �

Corollary 2.5. If M is generalized Cohen-Macaulay, then so is K(M).

Corollary 2.5 inspires us to ask the following.

Question 2.6. Given a finite R-module M , when is K(M) generalized Cohen-Macaulay?

As Corollary 2.4 assures that generalized Cohen-Macaulay of dimension at most two are canonically

Cohen-Macaulay, Theorem 2.3 (iv) recovers a characterization [6] for the case where the dimension

is at least three.

7 Sep 2023 12:09:00 PDT
230123-Holanda Version 2 - Submitted to J. Comm. Alg.



6 THIAGO FIEL AND RAFAEL HOLANDA

Recall that for an ideal I of R, the I-transform of an R-module M is defined to be DI(M) :=

lim−→
n∈N

HomR(In,M), see [7] for more details.

Corollary 2.7. [6, Corollary 2.7] Let M be a generalized Cohen-Macaulay R-module of dimension

t ≥ 3. Then, the following statements are equivalent:

(i) M is canonically Cohen-Macaulay;

(ii) Hj
m(M) = 0 for all j = 2, ..., t− 1;

(iii) The m-transform functor Dm(M) is a Cohen-Macaulay R-module.

Proposition 2.8. Let M be a finite R-module of dimension t. The following statements hold.

(i) If M is generalized Cohen-Macaulay R-module with depth at least two, then M ' K(K(M)).

(ii) Suppose M is equidimensional. If M satisfies Serre’s condition Sk+1 for some positive integer

k, then

Kj(K(M)) ' TorS−t+j(M,S)

for all t− k + 1 ≤ j ≤ t.

Proof. Item (i) follows immediately from Theorem 2.3 (iii) and from the fact thatK0(M) = K1(M) =

0 in case of g ≥ 2.

For item (ii), consider the Foxby spectral sequences given in Theorem 2.3

Ep,q2 = ExtpS(ExtqS(M,S), S)⇒p TorSq−p(M,S).

By Lemma 2.2 (ii) and local duality, we have

Es−i,s−j2 = Exts−iS (Kj(M), S) = 0

for all 0 ≤ j < t and i > j − k − 1. In other words, all modules Ep,q2 such that q 6= s − t above the

dotted line in the below diagram must be zero

0 0 · · · 0 0

...
... . .

.
ExtsS(Kk+1(M), S) 0

0 Ext
s−(t−k−2)
S (Kt−1(M), S) · · ·

... 0

Ext
s−(t−k−1)
S (K(M), S) Ext

s−(t−k−2)
S (K(M), S) · · · ExtsS(K(M), S) 0

0 · · · 0 0 0.

The result follows from the convergence. �

Our results also retrieve the well-known fact that every Cohen-Macaulay module is canonically

Cohen-Macaulay, see [20, Theorem 1.14].
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Corollary 2.9. If M is Cohen-Macaulay of dimension t, then so is K(M) and K(K(M)) 'M .

Proof. There are two immediate ways of proving the desired result. Indeed the result follows directly

from Theorem 2.3 as well as from Proposition 2.8 (ii). �

Proposition 2.8 provides a characterization for the Cohen-Macaulay property.

Corollary 2.10. If M is a finite R-module, then M is Cohen-Macaulay if and only if M is equidi-

mensional canonically Cohen-Macaulay satisfying Serre’s condition Sk+1 for some positive integer

k.

Proof. It is well-known that a Cohen-Macaulay module is equidimensional and satisfies Serre’s con-

dition Sk for any k. Corollary 2.9 assures that such a module is also canonically Cohen-Macaulay.

Conversely, by taking j = t in Proposition 2.8 (ii), we have the isomorphism K(K(M)) ' M . Since

K(M) is Cohen-Macaulay, Corollary 2.9 again assures that M ' K(K(M)) is Cohen-Macaulay. �

The next corollary is a version of Corollary 2.9 for generalized Cohen-Macaulay modules.

Corollary 2.11. If M is a generalized Cohen-Macaulay module with depth at least two, then so is

K(M) and M ' K(K(M)).

Proof. It follows directly from Theorem 2.3, Corollary 2.5 and Proposition 2.8 (i). �

3. Bounding Bass numbers

The Foxby spectral sequences 2.1 are fundamental tools in our work. They provide the main result

of this section.

Theorem 3.1. If M is a finite R-module of depth g and dimension t, then the following inequality

holds for all j ≥ 0

µj(M) ≤
t∑
i=g

βj+i(K
i(M)).

Moreover, r(M) = β0(K
g(M)) and

µg+2(M)− µg+1(M) ≤ β2(Kg(M))− β1(Kg(M))− β0(Kg+1(M)).

Proof. Consider the Foxby spectral sequences 2.1 by taking X = k, Y = M and Z = S

Ep,q2 = ExtpS(ExtqR(k,M), S)⇒p H
q−p

and
′Ep,q2 = TorRp (k,ExtqS(M,S))⇒p H

p−q.

Since ExtqR(k,M) is of finite length, we must have Ep,q2 = 0 for all p 6= s, so that

Hj ' Es,j+s2 = ExtsS(Extj+sR (k,M), S)

for all integer j. Once Ks−q(M) = ExtqS(M,S) for all q ≥ 0, we conclude that

′Ep,q2 = TorRp (k,Ks−q(M))⇒p ExtsS(Extp−q+sR (k,M), S). (3.1)
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Now, since ExtsS(k, S)∨ ' k, where ∨ denotes the Matlis dual of R, we have

ExtsS(ExtjR(k,M), S) ' ExtsS(k, S)µ
j(M) ' kµj(M)

as k-vector spaces. Therefore, by the convergence of the spectral sequence (3.1),

µj(M) ≤
∑

j=p−q+s
βp(K

s−q(M)) =
t∑
i=g

βj+i(K
i(M))

for all j ≥ 0.

Now, since Ki(M) = Exts−iS (M,S) = 0 for all i < g, then ′E2 has the following corner

...
...

...

· · · TorR2 (k,Kg+1(M)) TorR2 (k,Kg(M))

yy

0 · · ·

· · · TorR1 (k,Kg+1(M)) TorR1 (k,Kg(M)) 0 · · ·

· · · k ⊗R Kg+1(M) k ⊗R Kg(M) 0 · · ·

Therefore,

k ⊗R Kg(M) = ′E0,s−g
2 ' Hg−s ' ExtsS(ExtgR(k,M), S)

so that r(M) = β0(K
g(M)) and there exists a five-term-type exact sequence

ExtsS(Extg+2
R (k,M), S) // TorR2 (k,Kg(M)) // k ⊗R Kg+1(M)

tt

ExtsS(Extg+1
R (k,M), S) // TorR1 (k,Kg(M)) // 0

whence the desired formula. �

Corollary 3.2. Let M be a finite R-module of depth g and dimension t. If pdRK
i(M) <∞ for all

i = g, ..., t, then idRM <∞.

Proof. The hypothesis means that βl(K
i(M)) = 0 for all l� 0 and by Theorem 3.1 one has

µj(M) ≤
t∑
i=g

βj+i(K
i(M)) = 0

for j � 0, i.e., idRM <∞. �

Theorem 3.3. If M is a generalized Cohen-Macaulay canonically Cohen-Macaulay R-module of

dimension t and depth at least two, then

βj(M) = µj+t(K(M)) and µj(M) = βj−t(K(M))

for all j ≥ 0. In particular, pdRM < ∞ if and only if idRK(M) < ∞ and idRM < ∞ if and only

if pdRK(M) <∞.
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Proof. By Lemma 2.2 (i), K(M) is Cohen-Macaulay of dimension t and by Proposition 2.8 (i),

K(K(M)) 'M , that is, Ki(K(M)) = 0 for all i 6= t and Kt(K(M)) 'M . The spectral sequence 3.1

′Ep,q2 = TorRp (k,Ks−q(K(M)))⇒p ExtsS(Extp−q+sR (k,K(M)), S)

degenerates, so that

TorRj (k,M) ' TorRj (k,K(K(M))) = ′Ej,s−t2 ' ExtsS(Extj+tR (k,K(M)), S)

for all j ≥ 0. Therefore,

βj(M) = dimk TorRj (k,M) = dimk ExtsS(Extj+tR (k,K(M)), S) = µj+t(K(M))

for all j ≥ 0. The other equality follows from the fact K(K(M)) 'M . �

It is well-known that a local ring must be Cohen-Macaulay provided one of the following holds:

it admits either a Cohen-Macaulay finite module of finite projective dimension or a finite module of

finite injective dimension. The second hypothesis is known as Bass’ conjecture and both results follow

from the Peskine-Szpiro intersection theorem [17], which was generalized by Roberts in [18].

The next corollary follows from Corollary 3.2, Theorem 3.3 and Bass’ conjecture. It is worth

comparing it the first hypothesis above.

Corollary 3.4. Let M be a finite R-module of depth g and dimension t. Then R is Cohen-Macaulay

if any of the following statements hold:

(i) pdRK
i(M) <∞ for all i = g, ..., t.

(ii) M is generalized Cohen-Macaulay canonically Cohen-Macaulay with finite projective dimen-

sion and g ≥ 2.

Theorem 3.3 generalizes [10, Corollary 3.6] and improves [11, Corollary 3.3]. We record this in the

next corollary.

Corollary 3.5. If M is Cohen-Macaulay R-module of dimension t, then

βj(M) = µj+t(K(M)) and µj(M) = βj−t(K(M))

for all j ≥ 0. In particular, pdRM < ∞ if and only if idRK(M) < ∞ and idRM < ∞ if and only

if pdRK(M) <∞.

Proof. If t ≥ 2, then the result follows from Theorem 3.3. Otherwise, Corollary 2.9 and the spectral

sequence argument given in the proof of Theorem 3.3 asserts the result. �

The next theorem is an attempt to extend part of Theorem 3.3 to arbitrary modules. In the next

section, we work on the other part.

Theorem 3.6. Let M be a finite R-module of depth g and dimension t. If pdRK
i(M) < ∞ for all

g ≤ i < t, then

µj(M) = βj−t(K(M))

for all j > depthR+ t. In particular, idRM <∞ if and only if pdRK(M) <∞.
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Proof. The spectral sequence 3.1 is such that ′Ep,q2 = 0 for all p > depthR and g ≤ q < t, so that

TorRj (k,K(M)) = ′Ej,s−t2 ' ExtsS(Extj+tR (k,M), S),

whence the result. �

We derive other consequences of Theorem 3.1. In particular, we say exactly when the type of a

finite module is one in terms of its deficiency modules.

Corollary 3.7. Let M be a finite R-module of depth g and dimension t. The following statements

hold.

(i) If M is Cohen-Macaulay of dimension t, then

µt+2(K(M))− µt+1(K(M)) ≥ β2(M)− β1(M).

In particular, if pdRM <∞ then β1(M) ≥ β2(M).

(ii) If idRM <∞, then

β0(K
g+1(M)) ≥ β2(Kg(M))− β1(Kg(M)).

In particular, if M is also Cohen-Macaulay, then β1(K(M)) ≥ β2(K(M)).

(iii) r(M) = 1 if and only if Kg(M) is cyclic.

Proof. Item (iii) follows directly from Theorem 3.1. Item (i) follows from Corollary 2.9, Theorem

3.1 and Corollary 3.5, and item (ii) follows from [8, Theorem 3.7], Corollaries 2.9 and 3.5 and item

(i). �

The spectral sequence 3.1 provides more information when the module involved has only two

(possibly) non-zero deficiency modules.

Proposition 3.8. Let M be a finite R-module of depth g and dimension t. Suppose Ki(M) = 0 for

all i 6= g, t. If idRM <∞ then βj(K
g(M)) = βj+g−t−1(K(M)) for all j > depthR− g + 1.

Proof. Write t = g+ r. The spectral sequence 3.1 has only two vertical lines as the following diagram

shows

...
...

...
...

· · · 0 TorRr+1(k,K(M)) 0 · · · 0 TorRr+1(k,K
g(M))

zz

0 · · ·

... . .
. ...

· · · 0 TorR2 (k,K(M)) 0 · · · 0 TorR2 (k,Kg(M)) 0 · · ·

· · · 0 TorR1 (k,K(M)) 0 · · · 0 TorR1 (k,Kg(M)) 0 · · ·

· · · 0 k ⊗R K(M) 0 · · · 0 k ⊗R Kg(M) 0 · · ·
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From convergence, we obtain an exact sequence

ExtsS(Extj+gR (k,M), S) // TorRj (k,Kg(M)) // TorRp−r−1(k,K(M)) // ExtsS(Extj+g−1R (k,M), S)

for all j ≥ 0. Thus, since idRM = depthR (see [8, Theorem 3.7.1]), we conclude that

TorRj (k,Kg(M)) ' TorRj−r−1(k,K(M))

for all j > depthR− g + 1, whence the result. �

Based on Corollary 3.2 and Proposition 3.8, we finish this section by asking the following.

Question 3.9. Let M be a finite R-module of depth g and dimension t. Is it true that

idRM <∞⇔ pdRK
i(M) <∞,∀i = g, ..., t?

4. Bounding Betti numbers

In the last section, we bounded the Bass numbers of a module in terms of the Betti numbers of

the deficiency modules. In this section, we get a dual version of Theorem 3.1 in the following sense.

Theorem 4.1. For a finite R-module M of depth g and dimension t, the following inequality holds

true for all j ≥ 0

βj(M) ≤
t∑
i=g

µj+i(Ki(M)).

Moreover, µ0(K(M)) = β−t(M) and

β−t+2(M)− β−t+1(M) ≥ µ2(K(M))− µ1(K(M))− µ0(Kt−1(M)).

Proof. By taking a free R-resolution F• of k and an injective S-resolution E• of S, the tensor-hom

adjunction induces a first quadrant double complex isomorphism

HomS(F•,HomS(M,E•)) ' HomS(F• ⊗RM,E•)

which yields two spectral sequences as follows

Ep,q2 = ExtpR(k,ExtqS(M,S))⇒p H
p+q

and
′Ep,q2 = ExtpS(TorRq (k,M), S)⇒p H

p+q.

Since TorRq (k,M) is of finite length for all q ≥ 0, due to local duality, we must have ′Ep,q2 = 0 for all

p 6= s, so that

Hj ' ′Es,j−s2 = ExtsS(TorRj−s(k,M), S)

for all j ≥ 0. Once Ks−q(M) = ExtqR(M,S) for all q ≥ 0, one has spectral sequence

Ep,q2 = ExtpR(k,Ks−q(M))⇒p ExtsS(TorRp+q−s(k,M), S). (4.1)
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Once βj(M) = dimk ExtsS(TorR(j+s)−s(k,M), S), by convergence we conclude that

βj(M) ≤
∑

p+q=j+s

dimk ExtpR(k,Ks−q(M)) =
t∑
i=g

µi+j(Ki(M)).

Now, since Ki(M) = 0 for all i < g or i > t, then Ep,q2 = 0 for all q < s − t or q > s − g. In

particular, E2 has a corner as follows

...
...

...

HomR(k,Kt−1(M))

--

Ext1R(k,Kt−1(M)) Ext2R(k,Kt−1(M)) · · ·

HomR(k,K(M)) Ext1R(k,K(M)) Ext2R(k,K(M)) · · ·

0 0 0 · · ·

...
...

...

Therefore, there exists the isomorphism

HomR(k,K(M)) = E0,s−t
2 ' ExtsS(TorR−t(k,M), S)

and a five-term type exact sequence

0 // Ext1R(k,K(M)) // ExtsS(TorR−t+1(k,M), S) // HomR(k,Kt−1(M))

ss
Ext2R(k,K(M)) // ExtsS(TorR−t+2(k,M), S)

whence the result. �

Remark 4.2. It should be noticed that the estimate βj(M) ≤
∑t

i=g µ
j+i(Ki(M)) is already known,

see [20, Theorem 3.2].

Corollary 4.3. The following statements hold.

(i) If t = 0, then β0(M) = µ0(K(M)) and

β2(M)− β1(M) ≥ µ2(K(M))− µ1(K(M)).

Otherwise, depthRK(M) > 0;

(ii) If t = 1, then β1(M)− β0(M) ≥ µ2(K(M))− µ1(K(M))− µ0(K0(M));

(iii) If t = 2, then β0(M) ≥ µ2(K(M))− µ1(K(M))− µ0(K1(M));

(iv) If t > 2, then µ0(Kt−1(M)) ≥ µ2(K(M))− µ1(K(M)).

Proof. Properties (i)-(iv) follow directly from Theorem 4.1. �

Corollary 4.4. If M is a finite Artinian R-module, then

β2(M)− β1(M) = µ2(K(M))− µ1(K(M)).
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Proof. By the corollaries 3.7 (i) and 4.3 (i),

µ2(K(M))− µ1(K(M)) ≥ β2(M)− β1(M) ≥ µ2(K(M))− µ1(K(M)).

�

Lemma 4.5. [12, Proposition 2.8.4] Suppose R is d-dimensional with embedding dimension e. Then

β1(R/m) = e and the following statements are equivalent.

(i) β2(R/m) =
(
e
2

)
+ e− d;

(ii) R is a complete intersection.

Corollary 4.6. If R is d-dimensional of embedding dimension e, then

µ2(k)− µ1(k) =

(
e

2

)
− d

if and only if R is a complete intersection.

Proof. It follows directly from Corollary 4.4 and Lemma 4.5. �

Corollary 4.7. Let M be a finite R-module of depth g and dimension t. If idRK
i(M) < ∞ for all

i = g, ..., t, then pdRM <∞.

Proof. By hypothesis, we have µl(Ki(M)) = 0 for all l� 0 and by Theorem 4.1 one has

βj(M) ≤
t∑
i=g

µj+i(Ki(M)) = 0

for all j � 0, whence µj(M) = 0 for all j � 0, that is, pdRM <∞. �

The Auslander-Reiten conjecture [3] states the following. Given a finite R-module M , if

ExtjR(M,M ⊕R) = 0

for all j > 0, then M is free. This long-standing conjecture has been largely studied and several

positive answers are already known, see for instance [1, 2, 4, 9, 11, 13, 14, 16]. Corollary 4.7 provides

another positive answer for the Auslander-Reiten conjecture for a class of modules. But first, we need

a lemma.

Lemma 4.8. [15, Lemma 1 (iii)] Let R be a local ring and let M and N be finite R-modules. If

pdRM <∞ and N 6= 0, then

pdRM = sup{j : ExtjR(M,N) 6= 0}.

Theorem 4.9. Let M be a finite R-module of depth g and dimension t. If n ≤ d is a positive integer,

then pdRM < n provided the following statements hold.

(i) idRK
i(M) <∞ for all i = g, ..., t;

(ii) There exists an R-module N such that ExtjR(M,N) = 0 for all j = n, ..., d.

Proof. It follows directly from Corollary 4.7 and Lemma 4.8. �
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The next corollary proves the Auslander-Reiten conjecture for a certain class of modules. It gen-

eralizes the case of the conjecture obtained in [11].

Corollary 4.10. The Auslander-Reiten conjecture holds for finite modules having deficiency modules

of finite injective dimension over local rings which are factors of Gorenstein local rings.

Proof. It follows immediately from Theorem 4.9 by taking n = 1. �

In the next theorem, such as Theorem 3.6, we furnish another attempt to remove the generalized

Cohen-Macaulayness hypothesis from Theorem 3.3.

Theorem 4.11. Let M be a finite R-module of depth g and dimension t. If idRK
i(M) <∞ for all

g ≤ i < t, then

βj(M) = µj+t(K(M))

for all j > s+ depthR− t− g. In particular, pdRM <∞ if and only if idRK(M) <∞.

Proof. Consider the spectral sequence 4.1

Ep,q2 = ExtpR(k,Ks−q(M))⇒p ExtsS(TorRp+q−s(k,M), S).

The hypothesis and [8, Theorem 3.7.1] assures that Ep,q2 = 0 for all p > depthR and for all s − t <
q ≥ s− g. Therefore, the convergence of E implies that

ExtjR(k,K(M)) ' ExtsS(TorRj−t(k,M), S)

for all j > s− depthR− g, whence the result. �

The next proposition is an attempt to understand the converse of Corollary 4.7.

Proposition 4.12. Assume Ki(M) = 0 for all i 6= g, t. If pdRM < ∞, then µj(Kg(M)) =

µj−g+t+1(K(M)) for all j > pdRM + 1.

Proof. The spectral sequence 4.1 has only two lines as follows

0 0 · · · 0 · · ·

...
...

...

HomR(k,Kg(M))

**

Ext1R(k,Kg(M)) · · · Extp+r+1
R (k,Kg(M)) · · ·

...
...

. . .
...

HomR(k,K(M)) Ext1R(k,K(M)) · · · Extp+r+1
R (k,K(M)) · · ·

0 0 · · · 0 · · ·

...
...

...
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Such a shape and convergence yields an exact sequence

ExtsS(TorRj−g(k,M), S) // ExtjR(k,Kg(M)) // Extj+r+1
R (k,K(M)) // ExtsS(TorRj−g+1(k,M), S)

for all j ≥ 0. Thus, if j > pdRM + 1, then

ExtjR(k,Kg(M)) ' Extj+r+1
R (k,K(M))

and, in particular, µj(Kg(M)) = µj+r+1(K(M)). �

Corollary 4.7 and Proposition 4.12 lead us to ask the following.

Question 4.13. Let M be a finite R-module of depth g and dimension t. Is it true that

pdRM <∞⇔ idRK
i(M) <∞,∀i = g, ...t?

Acknowledgements

Both authors thank Marc Chardin and Victor Hugo Jorge Pérez for valuable comments, suggestions,
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[18] P. Roberts, Le théorème d’intersection, C. R. Acad. Sc. Paris Sér. I Math. 304(7), 177-180 (1987). 9

[19] J. J. Rotman, An introduction to homological algebra, second ed. Universitext. Springer, New York, 2009. 3

[20] P. Schenzel, On the use of local cohomology in algebra and geometry, In: Six Lectures on Commutative Algebra

(Bellaterra, 1996), pp. 241-292. Progr. Math., 166 Birkhäuser, Basel (1998). 1, 3, 6, 12
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