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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY

OF A LOCAL RING

SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

Abstract. This work concerns the Koszul complex K of a commutative noe-
therian local ring R, with its natural structure as differential graded R-algebra.
It is proved that under diverse conditions, involving the multiplicative struc-
ture of H(K), any dg R-algebra automorphism of K induces the identity map
on H(K). In such cases, it is possible to define an action of the automor-
phism group of R on H(K). On the other hand, numerous rings are described
for which K has automorphisms that do not induce the identity on H(K).
For any R, it is shown that the group of automorphisms of H(K) induced by
automorphisms of K is abelian.

1. Introduction

This paper concerns automorphisms of the Koszul homology of a local ring in-
duced by automorphisms of its Koszul complex. To set the stage for the discussion,
we begin with a (commutative, noetherian) local ring R and the Koszul complex
K on a minimal generating set for the maximal ideal of R, viewed as a differen-
tial graded R-algebra. The homology of K, denoted H(K), has a structure of a
graded-commutative k-algebra, where k is the residue field of R. It is by know well
understood that the structure of K and of H(K) capture interesting information
about the ring R. So it is natural to study dg R-algebra automorphisms of K, and
the automorphisms of H(K) induced by them. But in fact we were led to study
these because of recent work [RS19] of the second and third authors on transfor-
mation groups, answering a question of Walker and the first author [IW18]. In
[RS19] the problem arose of lifting automorphisms of the ring R to those of H(K);
it was proved that this is possible when R is the group algebra over Fp of an ele-
mentary abelian p-group. As explained in Remark 2.3, the obstructions to lifting
are precisely automorphisms of the dg R-algebra K that are nontrivial on H(K).

The present work started with the discovery that there are other interesting
families of local rings R with this property, but also families of local rings with
nontrivial actions on H(K). Here is a summary of our findings. The integer c is
the embedding codepth of R, namely edimR− depthR.

Theorem 1.1. Let R be a noetherian local ring and K the Koszul complex on a
minimal generating set for the maximal ideal of R. Set c = sup{i | Hi(K) 6= 0}.
Let ϕ be an automorphism of the dg R-algebra K. The following statements hold.

(1) H1(ϕ) and Hc(ϕ) are the identity maps.
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2 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

(2) H(ϕ) is the identity when R is a complete intersection.
(3) If R is Gorenstein and Hi(ϕ) is the identity, so is Hc−i(ϕ).
(4) H(ϕ) is the identity when H1(K) ·Hi≥1(K) = 0.

Part (1) is contained in Lemma 3.2 and Lemma 3.12; part (2) is Corollary 3.4;
for (3) see Lemma 4.11; and for (4) see Corollary 4.3.

It follows from Theorem 1.1(1) that when the embedding codepth of R is at most
2, the map H(ϕ) is always the identity. The hypothesis in Theorem 1.1(4) holds
when the ring R is Golod, but not only; see the discussion following Corollary 4.3
and Example 4.5. We provide numerous examples that suggest that the results
above are the best possible. For instance, there are local rings of embedding codepth
3 with nontrivial H(ϕ); see Example 3.8. Also, it follows from Theorem 1.1(1) and
Theorem 1.1(3) above that H(ϕ) is always the identity when R is a Gorenstein
ring of embedding codepth 3, but this does not extend to embedding codepth 4;
see Example 4.12.

On the other hand, for any R and ϕ, the map ϕ induces the identity on the
associated graded of H(K); see Corollary 5.9. These results seem to suggest that it
is difficult to characterize rings with the property that every automorphism of the
dg algebra K induces the identity map on H(K).

To quantify the failure of this property, we consider the group, say A, of auto-
morphisms of the k-algebra H(K) induced by automorphisms of the dg R-algebra
K. The automorphisms of K themselves form a group under composition, and that
is typically far from abelian. The result below, contained in Theorem 6.3, came as
something of a surprise to us.

Theorem 1.2. The group A of induced automorphisms on H(K) is abelian. When
the residue field of R is of positive characteristic p, then A is either trivial or has
exponent p.

The exponent property is a feature of rings of positive characteristic, for in
Example 6.5 we describe a ring R for which A contains elements of infinite order.

Our goal in this work is to study actions on Koszul homology induced by au-
tomorphisms of the ring, or of the Koszul complex viewed as a dg algebra. The
issues that arise will be more transparent when cast in a broader framework, which
is what is done in Section 2. Many of our results are proved in this generality.

2. A framework

Throughout we write “(R,m, k) is a local ring” to mean that R is a noetherian
local ring, with maximal ideal m, and residue field k. A local homomorphism
α : R → (S, n) is a map of local rings such that α(m) ⊆ n. It induces a map on
residue fields k → S/n.

Definition 2.1. Consider the category, denoted F, with objects the maps f : F →
R where (R,m, k) is a local ring, F is a finite free R-module and f is an R-linear
map satisfying the conditions

im(f) = m and ker(f) ⊆ mF .

Given that im(f) = m, the second condition is equivalent to the condition that
the surjection f : F → m induces an isomorphism F/mF → m/m2; this is by
Nakayama’s Lemma. Thus f is a free cover of m. A morphism in F is a pair

(φ, α) : (F
f
−→ R) −→ (G

g
−→ S)
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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 3

where α : R → S is a local homomorphism, φ is a α-equivariant map (i.e. a map
of abelian groups with φ(rx) = α(r)φ(x) for all r ∈ R, x ∈ F ), and the following
diagram commutes

F G

R S

f

φ

g

α

.

It will be convenient to speak of φ as a lift of α. Since α(m) ⊆ n, lifts exist but
there are typically many.

We are mainly interested in the automorphisms in F, namely, maps

(φ, α) : (F → R) −→ (F → R)

where α is an automorphism of R; this implies that φ is an isomorphism. Then we
can focus on the case α = idR.

Definition 2.2. Given a map f : F → R as above, we write K(f) for its Koszul
complex viewed as a dg R-algebra in the usual way; K(f) is an exterior algebra on
F with differential induced by f ; see [BH98, §1.6]. Thus, K(f) is strictly graded-
commutative (in that, the square of an element of odd degree is zero), and hence so
is its homology algebra that we denote H(f). The notation, adopted from [BH98,
Definition 1.6.3], is potentially confusing, for it is not the homology of f , but the
context should dispel any confusion.

Any morphism (φ, α) in F extends to a α-equivariant morphism of dg algebras

K(φ, α) : K(f) −→ K(g) .

This defines a functor K from the category F to the category of graded commu-
tative dg algebras over local rings and morphisms given by pairs of a local ring
homomorphism α and a α-equivariant map of dgas. The functor K is fully faith-
ful: it is faithful since K0(φ, α) = α, K1(φ, α) = φ, and it is full since K(f) is an
exterior algebra on K1(f) = F .

The morphism K(φ, α) induces a map of graded rings

H(φ, α) : H(f) −→ H(g) .

Observe that H(f) is an algebra over the residue field of R, whereas H(g) is an
algebra over the residue field of S. The map above is equivariant with respect to
the map on the residue fields induced by α.

The case α = idR provides the setting in the introduction. Since K is fully
faithful, every dga-endomorphism ϕ of K(f) over R is determined by the lift
ϕ1 : K1(f) → K1(f) of idR; and ϕ is automatically an automorphism since idR
is an isomorphism.

Remark 2.3. Let (R,m, k) be a local ring and f : F → R a free cover of m. By
functoriality, the automorphism group autF(f) acts on the Koszul homology H(f)
via graded Z-algebra automorphisms:

autF(f) −→ aut(H(f)), (φ, α) 7→ H(φ, α).

In the next section and beyond we encounter various contexts where H(φ, α) is
independent of the lift φ. The result below is the main reason for our interest in
such independence. In the statement, aut(R) denotes the group of automorphisms
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4 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

of the ringR. We wish to define a compatible aut(R) action on the Koszul homology,
Hi(f), for a given i. Compatibility means that the following diagram commutes:

autF(f) autZ(Hi(f))

aut(R)

The surjective map sends an element (φ, α) to α.

Proposition 2.4. Let f : F → R be a free cover of m. If for some integer i each
automorphism of the dg R-algebra K(f) induces the identity map on Hi(f), then
the autF(f)-action on Hi(f) descends to an aut(R)-action.

Proof. We need to show that every element (φ, α) in the kernel of the surjection
autF(f) → aut(R) induces the identity on Hi(f). This holds since the kernel
consists of the pairs (φ, idR) and K(φ, idR) is an automorphism of the dg R-algebra
K(f) so that Hi(φ, α) is the identity by assumption. �

If the autF(f)-action descends to an aut(R)-action, then the subgroup of ring
automorphisms that induce the identity on k = R/m acts via automorphisms of
k-vector spaces.

Next we recall an identification of cycles in degree one in Koszul complexes; see
[BH98, Section 2.3] for details. In what follows we typically describe f by specifying
a matrix; it is assumed that a basis for F has been chosen, and this basis is denoted
e1, . . . , en.

Remark 2.5. Suppose that π : Q → R is a minimal Cohen presentation; thus,
(Q, q, k) is a regular local ring, and π is surjective with ker(π) ⊆ q

2. Such a
presentation exists when R is complete with respect to the topology induced by its
maximal ideal. Fix minimal generating sets x1, . . . , xn, and q1, . . . , qc, for the ideals
q and ker(π), respectively. The minimality of the Cohen presentation means that
there exist elements {aij} in q, for 1 ≤ i ≤ c and 1 ≤ j ≤ n such that

qi =
∑

j

aijxj for each i.

Let x1, . . . , xn be the images in R of the elements x1, . . . , xn; they are a minimal
generating set for the ideal m, again by the minimality of π. Set

f : F

(
x1 . . . xn

)

−−−−−−−−−−−→ R .

Then f is an object in F. Set

zi :=
∑

j

aijej for 1 ≤ i ≤ c.

It is readily checked that these elements are in ker(f). Hence they are cycles in
K1(f). In fact they form a basis for the homology in degree one:

H1(f) =
⊕

i

k[zi] .
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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 5

Indeed, it is easy to check that classes {[zi]}
c
i=1 are linearly independent. It remains

to observe that the k-vector space has rank c. This fact can be deduced from the
isomorphism of graded k-vector spaces

H(f) ∼= TorQ(R, k) .

In degree one the isomorphism above reads

H1(f) ∼=
I

qI
where I = ker(π).

Thus rankkH1(f) is the minimal number of generators of the ideal I, that is to say,
c. One thinks of the vector space I/qI as the space of relations defining R.

Remark 2.6. In the following sections we present numerous examples to illus-
trate the scope and limitations of our results. The rings that appear will typically
be quotients of standard graded polynomial rings, by a homogeneous ideal. This
makes it possible to use computer algebra systems (our choice is Macaulay 2) for
calculations; see Remark 4.7. Of course the automorphisms and lifts we consider
will not be homogeneous. One can get examples of local rings from the graded
ones, by localising at the homogeneous maximal ideal, or completing at that ideal.

In detail, say k is a field and P := k[x1, . . . , xn] the polynomial ring in indetermi-
nates x := x1, . . . , xn, viewed as a standard graded ring, that is to say, with each xi
of degree one. Let R = P/I where I is homogeneous ideal in (x)2, and let m be the
maximal ideal (x)R of R. When dimR = 0, equivalently, when m is nilpotent, the
ring R is local already. Else we can pass to the local ring Rm, or its completion at
m. Our results involve the structure of the Koszul homology ring, and the Koszul
complex of R on the sequence x is quasi-isomorphic to the Koszul complex of Rm,
and also to the Koszul complex of its completion, even as dg algebras.

The Koszul complex K of R on the sequence x acquires an internal grading
coming from the grading on R, so its homology is bigraded. It is helpful to display
the ranks of this bigraded object in a table whose entry in the ith column and jth
row is the rank of Hi(K)i+j , the component in degree (i + j) of the ith Koszul
homology; see Example 6.5. This is the Betti table of R, and it records the ranks
of the free modules (with twists) in the minimal free resolution of R over P ; see
[Eis05, §1B]. The index of the last nonzero column in the Betti table is the projective
dimension of R over P , whereas the index of the last nonzero row is its regularity.

3. Extremal degrees

Throughout this section, we fix a morphism

(φ, α) : (F
f
−→ R) −→ (G

g
−→ S)

in F. The issue that concerns us is the dependence of the map H(φ, α) on φ. We
will show that independence always holds in degree one and if α is an isomorphism,
in the largest degree i with Hi(f) 6= 0.

Remark 3.1. If α : R → S is an isomorphism, then we can consider the composite
α−1α to conclude that Hi(φ, α) is independent of the chosen lift φ if and only if
any two lifts of idR induce the same map on Hi(f).

Lemma 3.2. If φ and ψ are lifts of a local homomorphism α, then

H1(φ, α) = H1(ψ, α) .
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6 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

Consequently H(φ, α) = H(ψ, α) on the subalgebra of H(f) generated by H1(f).

Proof. For any element x ∈ F , the difference

φ(x) − ψ(x)

lies in ker g, i.e., it is a cycle in K1(g).
Since ker f ⊆ mF , a cycle z ∈ K1(f) is of the form

z =
∑

i

rixi with ri ∈ m and xi ∈ K1(f).

Therefore we get that

φ(z)− ψ(z) =
∑

i

α(ri)(φ(xi)− ψ(xi)) .

We have already observed that the φ(xi) − ψ(xi) are cycles. Since α(ri) is in n

and nH(g) = 0 (see [BH98, Proposition 1.6.5 (b)]) it follows that each α(ri)(φ(xi)−
ψ(xi)) is a boundary and hence so is their sum. We conclude that φ(z)− ψ(z) is a
boundary in K(g), which is the desired result. �

Remark 3.3. Fix an object f : F → R in F. Since H(f) is graded-commutative,
there is a map of k-algebras

∧

k

ΣH1(f) −→ H(f)

This map is an isomorphism if, and only if, the ring R is complete intersection; see
[BH98, Theorem 2.3.11].

The preceding remark and Lemma 3.2 have the following consequence. The result
seems optimal for it does not extend to Gorenstein rings or to almost complete
intersections; see Example 3.8 and Example 4.12.

Corollary 3.4. Let (φ, α) be a morphism in F, with source f : F → R. When R
is complete intersection the map H(φ, α) depends only on α. In particular, any
R-algebra automorphism ϕ : K(f) → K(f) induces the identity on H(f).

Proof. Since R is a complete intersection, H(f) is an exterior algebra in H1(f); see
Remark 3.3. Thus the subalgebra generated by H1(f) is the whole of H(f). �

With regards to the preceding result, it should be stressed that although for a
fixed α : R → S, the various maps (φ, α) induce the same map on homology, they
need not be homotopic, even when α is the identity; see Example 3.7.

Example 3.5. Let k be a field and R := kJx1, . . . , xnK/(xd1

1 , . . . , x
dc

c ), where the
di ≥ 2 are integers. Let f : F → R be the map from Remark 2.5. Then the cycles

[xd1−1
1 e1], · · · , [x

dc−1
c ec]

are a basis for the k-vector space H1(f).
Let α : R → R be a morphism of k-algebras, defined by

α(xi) =
∑

j

rijxj for i = 1, . . . , n.

For any lift φ of f : F → R, the endomorphism H(φ, α) of H(f) is given by

[xdi−1
i ei] 7→ [

∑

j

α(xi)
di−1rijej ]
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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 7

By Corollary 3.4, this map is independent of the choice of the lift.

The next example is a special case of the last one, but there is a new feature.

Example 3.6. Let p be a prime number and k = Fp, the field with p elements. In
the polynomial ring k[x1, . . . , xn] consider the ideals

q := (x1, . . . , xn) and I := (xp1, . . . , x
p
n) .

SetR := k[x1, . . . , xn]/I; the group algebra of an elementary abelian p-group of rank
n has this form. The ring R is local with maximal ideal m := q/I. Let f : F → R
be a free cover of m; in particular, H1(f) ∼= I/qI, as explained in Remark 2.5.

One can relate H1(f) to the space of generators q/q2 of R, as follows: The
Frobenius endomorphism ϕ of k[x1, . . . , xn] induces a k-linear isomorphism between
the space of generators and the space of relations of R:

q

q2

ϕ
−−→
∼=

I

qI
.

Let now α : R → R be a k-algebra map. This can be lifted to a k-algebra
map α̂ of k[x1, . . . , xn] such that α̂(I) ⊆ I. With φ any lift of α, one then gets a
commutative diagram

q

q2

I
qI

H1(f)

q

q2

I
qI

H1(f)

α

ϕ

∼=

α̂

∼=

H1(φ,α)

ϕ

∼= ∼=

.

This diagram reconciles the description of the action of α on H1(f) with the one
given in [RS19, Proposition 8.8].

See the paragraph following Corollary 3.4 for the import of the example below.
When k = F2, the ring R in question is the group algebra, over k, of the elementary
abelian 2-group of rank two.

Example 3.7. Let k be a field and set

R :=
k[x1, x2]

(x21, x
2
2)
.

Let F be the free R-module on basis e1, e2 and f : F
(x1 x2)
−−−−→ R a free cover of the

maximal ideal (x1, x2) of R. Consider the morphism of dg R-algebras

ϕ : K(f) −→ K(f) , e1 7→ e1 + x2e2, e2 7→ e2.

Then H(ϕ) is the identity, by Corollary 3.4; this can be checked directly. However ϕ
is not chain homotopic to the identity, as morphisms of R-complexes. For example,
if it were, so would the induced map

S ⊗R ϕ : S ⊗R K(f) −→ S ⊗R K(f) where S := R/x1R.

However the k-vector space H1(S ⊗R K(f)) has a basis [e1], [x2e2], and the map
induced by S ⊗R ϕ sends [e1] to [e1] + [x2e2].

The ring R in the next example complements Corollary 3.4, for it is an almost
complete intersection for which there are automorphisms of the Koszul complex
inducing non-identity maps on the homology.
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8 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

Example 3.8. Let R be the ring F2Jt
6, t10, t14, t15K ⊂ F2JtK and consider the free

cover of its maximal ideal f : F → R represented by the matrix
(
t6 t10 t14 t15

)
.

The Koszul complex of f admits an automorphism that does not induce the
identity on H2(f). It fixes ei for i ≥ 2 and sends e1 to e1 + t16e3 + t15e4. Thus the
class

[(t18e2 + t14e3)e1 + t10e2e3]

is sent to itself plus [t18e2+ t14e3] · [t
16e3+ t15e4]. We checked by hand and verified

with Macaulay2 that this product is not zero in H2(f).
Since dimR = 1 the highest nonzero Koszul homology module is H3(f), and on

this module any automorphism induces the identity map; see Lemma 3.12.

Next we examine how different lifts of α can be chosen.

Remark 3.9. It is easy to check that if δ : F → ker(g) is a α-equivariant map,
then (φ+ δ, α) is also a morphism in F. This defines an action of the abelian group
homα(F, ker(g)) of α-equivariant maps on the set of lifts of α. This group action is
free. It is also transitive, since the difference of two lifts lands in ker(g).

Lemma 3.10. Let n = rankR F . If α : R → S is a local homomorphism such that
α(m) = n, then Hn(φ, α) is independent of the chosen lift φ.

Proof. Let e1, . . . , en be a basis of F . Thus Kn(f) is a free R-module of rank one,
generated by e1 ∧ . . . ∧ en. It follows from the construction of the Koszul complex
that re1 ∧ . . . ∧ en is a cycle, if and only if r is in Ann(m), the annihilator of the
maximal ideal m; this is the socle of R. Since Kn+1(f) = 0, we get that Hn(f) is
Ann(m)(e1 ∧ . . . ∧ en).

We want to show that Hn(φ + δ, α) = Hn(φ, α) for any δ in homα(F, ker(g)).
By assumption, α(m) = n and thus α(Ann(m)) ⊆ Ann(n). Since the element

δ(ei) is in ker(g) ⊆ nG, one has α(r)δ(ei) = 0. This gives the third equality below.

Hn(φ+ δ, α)([re1 ∧ . . . ∧ en]) = [α(r)(φ + δ)(e1) ∧ . . . ∧ (φ+ δ)(en)]

= [α(r)(φ(e1) + δ(e1)) ∧ . . . ∧ (φ(en) + δ(en))]

= [α(r)φ(e1) ∧ . . . ∧ φ(en)]

= Hn(φ, α)([re1 ∧ . . . ∧ en])

The others are by the definition of the maps involved. �

Remark 3.11. Let R be a local ring and f : F → R a free cover of its maximal
ideal. We write edimR for the embedding dimension of R, which is the minimal
number of generators of the maximal ideal; equivalently, the rank of F .

The depth of a finitely generated R-module M , denoted depthRM , is the length
of the maximal M -regular sequence in R; see [BH98, Definition 1.2.7]. The depth
sensitivity of Koszul complexes [BH98, Theorem 1.6.17] yields that

sup{i ≥ 0 | Hi(K(f)⊗R M) 6= 0} = edimR− depthRM .

Thus Lemma 3.10 is only interesting if depthR = 0 and depthS ≤ edimS−edimR.
A better statement holds in the special case when α is the identity map.

Lemma 3.12. Let α : R → S be an isomorphism of local rings. For c = edimR−
depthR one has Hc(φ, α) is independent of the lift φ.
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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 9

Proof. It suffices to treat the case α = idR; see Remark 3.1. It helps to consider a
more general statement: For any finitely generated R-module M , set

Hi(f,M) := Hi(K(f)⊗R M) and Hi(φ,M) = Hi(K(φ, idR)⊗R M) .

This is a self-map of Hi(K(f)⊗RM). The desired result is the case M = R of the
following claim: Hc(φ,M) is independent of the lift φ, for c = edimR− depthRM .

We verify this claim by induction on depthRM . The base case is depthRM = 0,
and then the claim follows by an argument analogous to the one for Lemma 3.10.

Assume depthRM ≥ 1, let x be an M -regular element, and consider the exact
sequence of R-modules

0 →M
x
−→ M →M → 0 .

Since the maximal ideal of R annihilates Hi(f,M) one gets that x ·Hi(f,M) = 0.
Thus the exact sequence above induces exact sequences

0 −→ Hi(f,M) −→ Hi(f,M) −→ Hi−1(f,M) −→ 0.

Moreover these are compatible with the maps Hi(φ,M) and Hi(φ,M). Since
Hc+1(f,M) = 0, the exact sequence above gives an isomorphism

Hc+1(f,M)
∼=

−−→ Hc(f,M) .

As depthRM = depthRM − 1, the induction hypothesis implies that the map
Hc+1(φ,M ) is independent of the chosen lift φ, so the same is true of Hc(φ,M). �

4. Products in Koszul homology

Throughout this section, we fix a morphism

(φ, α) : (F
f
−→ R) −→ (G

g
−→ S)

in F. In the previous section we found conditions on the source that guarantee
that H(φ, α) is independent of φ. In this section we will establish independence
of H(φ, α) if H1(g) · H≥1(g) = 0. Moreover, we will show that if R is Gorenstein
and α an isomorphism, then the independence of Hi(φ, α) is equivalent to the
independence of Hc−i(φ, α), where c denotes the codepth of R.

Lemma 4.1. For any δ in homα(F, ker(g)) and z in Hm(f), the difference

Hm(φ+ δ, α)(z)−Hm(φ, α)(z)

lies in H1(g) ·Hm−1(g).

Proof. Let e1, . . . , en be a basis of F . We can assume without loss of generality
that δ(ej) = 0 for all j 6= i, where 1 ≤ i ≤ n is fixed.

Let L ⊆ K(f) be the graded subalgebra spanned by the ej ’s for j 6= i. Note
that L is closed under the differential of K(f). Since the underlying algebra of
K(f) is an exterior algebra, the graded sub-modules L ⊆ K(f) and eiL ⊆ K(f)
are complementary:

ei · L⊕ L = K(f).

Fix z ∈ Hm(f). Choose a cycle representing z and write it in the form

ei · r + r′,

where r and r′ lie in L. Applying the differential to this cycle, we get

0 = d(ei · r + r′) = d(ei) · r − ei · d(r) + d(r′).
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10 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

The first and the third summand lie in L, and the second term lies in ei · L. Thus
we can conclude that d(r) = 0.

Since δ fixes each element of L, the maps K(φ + δ, α) and K(φ, α) agree on r
and on r′. It follows that

(K(φ+ δ, α)−K(φ, α))(ei · r + r′) = δ(ei) ·K(φ, α)(r).

Since both factors on the right-hand side are cycles, we get that

H(φ+ δ, α)(z)−H(φ, α)(z) = [δ(ei)] ·H(φ, α)([r])

is a product in homology as well. �

Remark 4.2. Let e1, . . . , en be a basis of the free R-module F and fix 1 ≤ i ≤ n.
Our proof establishes the decomposition

Hm(φ+ δ, α)(z)−Hm(φ, α)(z) ∈ [δ(ei)] ·Hm−1(g)

if δ ∈ homα(F, ker(g)) satisfies δ(ej) = 0 for all j 6= i.

Observe that in the statement below the hypothesis on Hm−1(g) depends only
on S and not on the chosen free cover g. Contrast this with Corollary 3.4 which
identifies conditions on R that lead to a similar conclusion.

Lemma 4.1 gives us families of local rings, outside complete intersections for
which automorphism of their Koszul dg algebras induces the identity on homology.

Corollary 4.3. If H1(g)Hm−1(g) = 0 for some integer m ≥ 2, then for any
morphism (φ, α) from f : F → R to g : G→ S in F the induced map

Hm(φ, α) : Hm(f) → Hm(g)

is independent of the chosen lift φ of α. �

The preceding result leads naturally to a search for local rings whose Koszul
homology has trivial products. Golod rings fit this bill. These are local rings
characterised by the property that their Koszul complex is quasi-isomorphic, as a
dg algebra, to the trivial extension algebra k ⋉ V , where V is a graded k-vector
space; in particular, the product of any two elements in positive degree is zero;
see [Gol62], and also [Avr86, (2.3) Theorem]. These sources also describe various
families of Golod rings; see also [Avr98, §5.2].

Example 4.4. Let Q be a regular local ring with maximal ideal q.
For any integer n ≥ 2, the local ring S := Q/qn is Golod. Thus, for example,

over any field k the following local ring is Golod:

k[x, y]

(x2, xy, y2)

Any quotient ring S of Q that is Cohen-Macaulay with dimS ≥ dimQ− 2, but not
Gorenstein, is Golod. Here is one such ring:

kJx, y, zK

(y2 − xz, z2 − x2y, x3 − yz)

This ring is isomorphic to kJt3, t4, t5K ⊆ kJtK, and so a one dimensional domain.
In particular, it is Cohen-Macaulay. That it is not Gorenstein can be checked by
applying [BH98, Theorem 3.2.10] . In particular, the ring is Golod.

23 Nov 2021 10:25:00 PST
211123-Iyengar Version 1 - Submitted to J. Comm. Alg.



AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 11

Rings of the form Q/IJ where I and J are ideals in q tend to be Golod. For
example, the local ring

kJx, y, u, vK

(x2, y2)(u2, v2)

is Golod. However, not every such quotient need to Golod; see Example 4.5 below.

There are non-Golod local rings whose Koszul homology has trivial product
structure; see, for example, Katthän [Kat17, Theorem 3.1]. The preceding corollary
applies also to such rings.

The example below from [DS16, Example 2.1] illustrates that H1 · H≥1 can be
trivial, though there are nontrivial products in Koszul homology.

Example 4.5. Let k be a field and set

S :=
k[x, y, z, w]

(x, y, z, w) · (x2, y2, z2, w2)

This is a local ring of Krull dimension 0. It is not Golod because the Koszul algebra
H has H2 ·H2 6= 0. Nevertheless H1 ·Hi = 0 for i ≥ 1, so Corollary 4.3 applies.

Next we present some examples that illustrate that triviality of multiplication
by H1 is sufficient, but not necessary, for trivial action on Koszul homology.

Example 4.6. The following examples all concern polynomial rings over F2, in the
obvious variables. We specify only the defining relations of the ring.

defining ideal multiplication on Koszul homology
(x2, y2, xz, yz, z2 − xy) H1H1 = 0, but H1H2 6= 0

(x2, xy, y2, xu, yv, xv − yu, u2, uv, v2) H2
1 = 0 = H1H2, but H1H3 6= 0

(x2, y2, z2, w2, yz − xw) H1H1 6= 0 but H1Hi = 0 for i ≥ 2

The quotient rings are all local, and of Krull dimension 0. The second exam-
ple is [GJT19, Example 6.5]. All these rings have the property that every dga-
automorphism of their Koszul complexes induces the identity on homology. For the
first two, this holds by Lemma 3.2, Lemma 3.10 and Corollary 4.3. The last ring is
Example 5.10.

Remark 4.7. Let R be a quotient of a polynomial ring by a homogeneous ideal and
K the Koszul complex of R with respect to the maximal ideal that is generated by
the indeterminates as in Remark 2.6. Given a lift φ : Rn → Rn of idR we can check
if the induced map induces the identity on homology using the package DGAlgebras
[Moo] in Macaulay2. The command

K = koszulComplexDGA(R, Variable=> ”e”)

builds the Koszul complex of R as a dga and denotes the generators of the underly-
ing exterior algebra by e1, . . . , en. The induced map K(φ, idR) is created with the
command

Kphi = dgAlgebraMap(K, K, matrix{{φ(e1), . . . , φ(en)}}),

by replacing φ(ei) by the actual linear combination λ1,ie1 + . . . + λn,ien where
(λi,j) ∈ Rn×n is the matrix representing φ.

A quick way to create the identity map on K(f) is

Kid = dgAlgebraMap(K, K, getBasis(1, K)),
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12 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

as the command getBasis(1,K) writes the generators e1, . . . , en as a matrix.
Finally, the command

HH(toComplexMap Kphi) == HH(toComplexMap Kid)

returns true if the two maps induce the same map on homology, and false otherwise.
When k = R/m is finite one only needs to check n · dimkH1(f) lifts of idR to

decide whether any lift induces the identity on homology; see Remark 6.4.

None of our criteria work for the following example. We could only verify it by
a computer program as explained in Remark 4.7.

Example 4.8. According to Macaulay2 the ring

F2[x, y, z, w]

(x2, y2, z2, w3, yz − xw)

has the property that every automorphism of its Koszul dga induces the identity
on homology. This ring is neither a complete intersection, nor is the multiplication
on Koszul homology trivial. In fact, H1 ·Hi = 0 for i ≥ 2 but H1 ·H1 6= 0.

Adding one relation as follows negates this property.

Example 4.9. Consider the ring

R :=
F2[x, y, z, w]

(x2, y2, z2, w3, yz − xw, yw2)

and the free cover f : R4 (x y z w )
−−−−−−→ R. The map

e1 7→ e1 + ze3 , and ei 7→ ei for i 6= 1,

does not induce the identity on H2(f). It sends the class [w2e1e2 + ywe2e3] to

[w2e1e2 + ywe2e3] + [w2e2] · [ze3]

We used the computer algebra system Macaulay2 to verify that 0 6= [w2e2] · [ze3].

Remark 4.10. Let R be a Gorenstein local ring and K the Koszul complex on a
free cover of m. Set

c = sup{i | Hi(K) 6= 0} .

Thus c = edimR − dimR, as discussed in Remark 3.11, keeping in mind that
depthR = dimR since R is Gorenstein. The product on H(K) induces for each
integer 1 ≤ i ≤ c− 1 a pairing

Hi(K)×Hc−i(K) −→ Hc(K) .

The Gorenstein condition is exactly thatHc(K) ∼= k and the pairing above is perfect
for each i in the given range; said otherwise, H(K) is a Poincaré duality algebra.
The import of the next result, which builds on Lemma 3.12, is that this duality is
reflected in the action of the automorphisms of R on Koszul homology.

Lemma 4.11. Let R be a Gorenstein local ring, α : R → S an isomorphism of
rings, and set c = edimR − dimR. If for some integer i the map Hi(φ, α) is
independent of the lift φ, then so is the map Hc−i(φ, α).
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AUTOMORPHISMS OF THE KOSZUL HOMOLOGY OF A LOCAL RING 13

Proof. As before we can assume α = idR; see Remark 3.1. Recall that H(φ, idR)
and H(ψ, idR) agree on Hc(f) by Lemma 3.12. The desired statement follows
from a more general statement about a graded algebra H =

⊕c
i=0Hi that satisfies

Poincaré duality: Given automorphisms φ, ψ : H → H with φi = ψi and φc = ψc,
one has φc−i = ψc−i.

Indeed, by definition of a perfect pairing, the H0-linear map

Hc−i −→ HomH0
(Hi, Hc)

sending z ∈ Hc−i to the map given by left multiplication with z is an isomorphism.
Consider the commutative (check!) diagram

Hc−i HomH0
(Hi, Hc)

Hc−i HomH0
(Hi, Hc)

∼=

φc−i HomH0
(φ−1

i
,φc)

∼=

and the analogous diagram with ψ instead of φ commutes as well. By assumption
the arrows on the right-hand side of the two diagrams agree, hence so do the arrows
on the left-hand side, i.e., φc−i = ψc−i. �

To round off this discussion we give an example of a Gorenstein ring for which
the map on Koszul homology does depend on the lift, so that the preceding result
seems to be the best one can hope for in general.

Example 4.12. Consider the ring

R := F2Jt
9, t10, t11, t13, t17K .

This ring is Gorenstein; see [KM82, Example 3.8]. Take the free cover f : F → R
represented by

(
t9 t10 t11 t13 t17

)
. Consider the automorphism of K(f) that

fixes ei for i 6= 5, and maps

e5 7→ e5 + t10e2 + t9e3 .

It is easy to verify that [t19e1e3 + (t13e1 + t11e3)e5] is a class in H(f) and that it is
sent to itself plus

[t13e1 + t11e3] · [t
10e2 + t9e3]

We verified with Macaulay2 and by hand that this product is not zero in H(f).

5. Filtrations

As in Section 2, let (R,m, k) be a local ring and f : F → R a free cover of m. We
consider an additional structure on the homology of the Koszul complex associated
to f , which sheds further light on the problem we have been considering.

The associated graded ring of R with respect to its m-adic filtration is

grm(R) :=
⊕

l≥0

m
l/ml+1 .

Thus grm(R)0 = k, and grm(R) is a graded k-algebra. One can extend the m-adic
filtration on R to one on K(f) as follows; see, for example, [AIM06, §3.8].
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14 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

Definition 5.1. Let J be the kernel of the canonical augmentation K(f) → k.
This is a dg ideal in K(f) with J0 = m. Setting ΦlK(f) := J l for each integer l ≥ 0
yields a decreasing filtration on K(f), with

ΦlKi(f) = m
l−iKi(f) .

Consider the associated graded object of this filtration:

grK(f) :=
⊕

l

J l/J l+1 .

It is easy to check that this is the Koszul complex on the map

gr(f) : gr(F )(−1) −→ grm(R) ,

where gr
m
(F )(−1) denotes the free graded gr

m
(R) module whose component in

degree l is ml−1F/mlF . We consider also the induced filtration on the homology of
K(f), namely the image

ΦlH(f) := im(H(J l) −→ H(f)) .

Thus a class [z] ∈ Hi(f) is in ΦlH(f) precisely when z is homologous, in K(f), to
a cycle w in m

l−iKi(f). Set

grH(f) :=
⊕

s

ΦsH(f)/Φs+1H(f) .

This is a graded k-algebra since the filtration of H(f) is multiplicative. The filtra-
tion is also bounded, thus H(f) and its associated graded grH(f) are abstractly
isomorphic as graded k-vector spaces.

It is well-known that the algebras H(f), grH(f) and the Koszul homology of
gr

m
R are all different in general. We provide an example, with details.

Example 5.2. Consider the F2-algebra

R :=
F2[x, y]

(x3 + y2, y3)

and the free cover f : R2 (x y)
−−−→ R. The F2-module H1(f) has basis

z1 := [x2e1 + ye2] and z2 := [y2e2] = [x3e2] .

Since R is a complete intersection H(f) is the exterior algebra on H1(f); see Re-
mark 3.3. On the other hand

grmR
∼=

F2[x, y]

(x6, x3y, y2)

as F2-algebras, where x, y are the classes of x, y, respectively, in m/m2. Thus its
Koszul homology is three dimensional in degree one, two dimensional in degree two,
and products of positive degree elements are zero. In particular this algebra cannot
be isomorphic to H(f), nor to grH(f), for the latter is isomorphic to H(f) as a
graded F2-vector space.

One can check grH2(f) = Φ7H2(f)/0 and grH1(f) = Φ2H1(f)/Φ
3H1(f) ⊕

Φ4H1(f)/0 which implies that products of positive degree elements of grH(f) are
zero as well. Thus grH(f) and H(f) cannot be isomorphic as F2-algebras.

The constructions above are functorial in the following sense.
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Remark 5.3. Taking the associated graded of a morphism

(φ, α) : f −→ g

in F yields a map

(grφ, grα) : gr(f) −→ gr(g)

in F. The induced morphism of dg algebras K(φ, α) : K(f) → K(g) maps ΦlK(f)
to ΦlK(g), that it to say, it is a map of filtered complexes. We thus get a map of
the associated graded objects

grK(φ, α) : grK(f) −→ grK(g)

and this map agrees with K(grφ, grα). This is a gr(α)-equivariant morphism of dg
algebras. In the same vein there is a map

gr(H(φ, α)) : grH(f) −→ grH(g) ,

of graded rings.

Definition 5.4. Observe that the k-algebra grm(R) is generated by its degree one
component; said otherwise, the natural map ε : symk(m/m

2) → gr
m
(R) is surjective.

The order of R, denoted ord(R), is the minimal degree of a nonzero element in
ker(ε). If ker(ε) 6= 0, then ord(R) ≥ 2, and if ker(ε) = 0, equivalently, if R is
regular, the order is declared to be infinity.

The following characterisation of orders is well-known; we give a proof for lack
of a suitable reference. Recall that K(f) is independent, up to an isomorphism of
dg R-algebras, of the choice of a free cover of m; see [BH98, §1.6, page 52].

Lemma 5.5. With f : F → R a free cover of m, there is an equality

ord(R) = sup{l | ΦlH1(f) = H1(f)} .

Proof. One can assume R is m-adically complete. Indeed, let ι : R → R̂ denote the

m-adic completion of R. Then R̂ is a local ring with maximal ideal mR̂, and residue
field k. The map ι induces an isomorphism of graded k-algebras

grm(R)
∼= gr

mR̂
(R̂) .

In particular, ord(R) = ord(R̂). Moreover, f̂ := R̂⊗R f is a free cover of mR̂, there

is an isomorphism K(f̂) ∼= R̂⊗R K(f) of dg R̂-algebras and the map

ι⊗R K(f) : K(f) −→ K(f̂)

is a lift of ι. It is a quasi-isomorphism, for m ·H(f) = 0. Moreover this map, being a
map of algebras, respects the filtrations on either side, and is a quasi-isomorphism

on each level of the filtration. It follows that H(f) and H(f̂) are isomorphic as
filtered objects. It is also clear that gr(ι ⊗R K(f), ι) is an isomorphism. Thus

replacing R by R̂, we assume R is m-adically complete.
Then there is a surjection π : (Q, q, k) → R where Q is a regular local ring and

the ideal I := ker(π) satisfies I ⊆ q
2; see Remark 2.5. We adopt the notation from

op. cit. If I = 0, then R is regular, and the desired result is clear, so we suppose I
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16 SRIKANTH B. IYENGAR, HENRIK RÜPING, AND MARC STEPHAN

is nonzero, so that ord(R) is finite. There is a commutative diagram of k-algebras

symk(q/q
2) grq(Q)

symk(m/m
2) grm(R)

∼=

∼= .

We fix a free cover f̃ : F̃ → Q of q; then R⊗Q f̃ is a free cover of m. We can assume

f = R ⊗Q f̃ , so that F = F̃ /IF̃ . Let ϕ : K(f̃) → K(f) be the induced surjective

map of dg algebras. The kernel of this map is IK(f̃).
Let s be the order ofR. It is easy to verify that s = sup{j | I ⊆ q

j}; in particular,
I can be generated by elements f1, . . . , fc with fi ∈ q

s. From Remark 2.5 we get
that the k-vector space H1(f) is spanned by cycles

zi =
∑

j

aijej for 1 ≤ i ≤ c,

with aij ∈ q
s−1. Thus the zi are in J

s, where J is the augmentation ideal of K(f);
see Definition 5.1. We conclude that ΦsH1(f) = H1(f).

It remains to show that if ΦlH1(f) = H1(f) for some integer l ≥ 1, then I ⊆ q
l.

Given such an l, there must be cycles wi in m
l−1K1(f) that are homologous to the

zi. Since ϕ is surjective, with kernel IK(f̃), we can find elements z̃i, w̃i in K1(f̃),

with w̃i in q
l−1K1(f̃), and ui in K2(f̃) such that for each i one has

ϕ(z̃i) = zi , ϕ(w̃i) = wi , and dui = z̃i − w̃i modulo IK(f̃).

Moreover we can ensure that d(z̃i) = fi. Since d(K(f̃)) ⊆ qK(f̃) we deduce that

d(w̃i) ⊆ q
lK0(f̃) = q

l. Thus the relations above yield

fi = d(z̃i) = d(w̃i) ∈ q
lQ for 1 ≤ i ≤ c.

This is the desired conclusion. �

In the light of Lemma 5.5, in the result below one can take s := ord(S) for the
free cover g : G→ S, independent of the homomorphism δ.

Lemma 5.6. Fix (φ, α) : f → g in F, let δ ∈ homα(F, ker g) and let s ≥ 0 such
that [δ(x)] ∈ ΦsH1(g) for all x ∈ F . Then H(φ+ δ, α)−H(φ, α) increases filtration
degree by s− 1, i.e., restricts to a map ΦlH(f) → Φl+s−1H(g) for all l ≥ 0.

Proof. We choose a basis e1, . . . , en of F . Without loss of generality, we can assume
that δ(ei) = 0 for all i ≥ 2.

Let z be a cycle whose homology class is in ΦlHi(f). It suffices to show that the
difference Hi(φ+δ, α)(z)−Hi(φ, α)(z) lies in Φl+s−1Hi(g). Choose a representative
of z in ΦlKi(f) = m

l−iKi(f) and write it in the form e1 · r + r′, where r, r′ are in
the subalgebra L ⊆ K(f) generated by all ej with j 6= 1. We have shown in the
proof of Lemma 4.1 that

Hi(φ+ δ, α)(z)−Hi(φ, α)(z) = [δ(e1)] ·Hi−1(φ, α)([r])

From the direct sum decomposition e1 · L ⊕ L it follows that r ∈ m
l−iLi−1 =

Φl−1Li−1. Thus Ki−1(φ, α)(r) ∈ Φl−1Ki(g). By assumption on s, we know that
[δ(e1)] ∈ ΦsH1(g) and since the multiplication is compatible with the filtration, it
follows that [δ(e1)] ·Hi−1(φ, α)([r]) ∈ Φl+s−1Hi(g) as desired. �
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Corollary 5.7. If additionally ΦlHi(f) = Hi(f) and Φl+s−1Hi(g) = 0 in some
degree i ≥ 0, then Hi(φ+ δ, α) = Hi(φ, α).

Proof. The difference betweenHi(φ+δ, α) andHi(φ, α) is an element of Φl+s−1Hi(g)
and thus zero by assumption. �

Example 5.8. Consider the F2-algebra

R :=
F2[x, y, z]

(x98, y99, z100, (x50 + y50)z51)

and f : R3 → R the obvious free cover. Macaulay2 says that the Betti table of R is

0 1 2 3
0: 1 - - -

97: - 1 - -
98: - 1 - -
99: - 1 - -
100: - 1 - -
148: - - 1 -
149: - - 1 -
195: - - 1 -
196: - - 2 -
197: - - 1 1
244: - - - 1
245: - - - 1

It follows that Φ150H2(f) = H2(f) and Φ199H2(f) = 0. Since Φ98H1(f) =
H1(f), we apply Corollary 5.7 with p = 98 to conclude that H2(φ, α) is independent
of the chosen lift φ.

Corollary 5.9. The map grH(φ, α) is independent of the chosen lift φ.

Proof. We can assume R is not regular, and then its order is at least 2, so we can
choose s = 2 in Lemma 5.6. This gives the desired result. �

Example 5.10. Consider the F2-algebra

R :=
F2[x, y, z, w]

(x2, y2, z2, w2, yz − xw)

and f the free cover of the maximal ideal given by the matrix (x y z w). According
to Macaulay2, the graded algebra H(f) has 31 generators:

degree 1 : xe1, ye2, ze3, we1 + ze2, we4

degree 2 : xwe1e2, zwe1e2, xwe1e3, zwe2e3, ywe2e3

degree 3 : zwe1e2e3, ywe1e2e3, xwe1e2e3, xze1e2e3, xye1e2e3, zwe1e2e4

ywe1e2e4, xwe1e2e4, xze1e2e4, xye1e2e4, zwe1e3e4, ywe1e3e4,

xwe1e3e4, xze1e3e4, zwe2e3e4, ywe2e3e4

degree 4 : zwe1e2e3e4, ywe1e2e3e4, xwe1e2e3e4, xze1e2e3e4, xye1e2e3e4

The multiplication H1 ·Hi is trivial for i ≥ 2, but H1 ·H1 6= 0.
Note that H2(f) = Φ4H2(f), and Φ5H2(f) = 0 since m

3 = 0. Thus H2(f) =
Φ4H2(f)/Φ

5H2(f) and it follows that every dg algebra automorphism of K(f)
induces the identity on H2(f) by Corollary 5.9.
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6. Induced automorphisms of Koszul homology

We have seen that in many cases the map in Koszul homology induced by some
lift of a ring homomorphism is independent of the chosen lift. However, we also
have seen some counterexamples. The images of one of the algebra generators
under two different lifts just differ by a cycle of the Koszul complex. Thus it seems
natural to ask whether the map on homology only depends on the homology classes
of those cycles. This will be shown in Proposition 6.1. This has some surprising
consequences for the group of induced homology automorphisms; see Theorem 6.3.

Another consequence of Proposition 6.1 is that it reduces the cases that are
required to check for finding out if the induced map H(φ, α) is independent of the
chosen lift φ of α.

Proposition 6.1. Let (φ, α) be a morphism from f : F → R to g : G→ S in F. If
δ ∈ homα(F,B), where B ⊆ ker(g) are the boundaries in the Koszul complex, then
K(φ+ δ, α) and K(φ, α) are homotopic as maps of chain complexes and thus

H(φ+ δ, α) = H(φ, α) .

Proof. Let e1, . . . , en be a basis of F = K1(f). We may assume without loss of
generality that δ sends all basis vectors but ei to zero.

By assumption on δ, there exists a chain s ∈ K2(g) such that

δ(ei) = ds.

Let h : K∗(f) → K∗+1(g) be the map of degree one sending a basis element ei1 ∧
. . . ∧ eim of Km(f) to 0 if il 6= i for all 1 ≤ l ≤ m and to

(−1)l−1φ(ei1) ∧ . . . ∧ φ(eil−1
) ∧ s ∧ φ(eil+1

) ∧ . . . ∧ φ(eim)

if il = i for some l. We will show that h defines a chain homotopy between
K(φ+ δ, α) and K(φ, α). The difference (K(φ+ δ, α)−K(φ, α))(ei1 ∧ . . .∧eim) ,i.e,

(φ+ δ)(ei1) ∧ . . . ∧ (φ+ δ)(eim)− φ(ei1) ∧ . . . ∧ φ(eim)

is zero if il 6= i for all l by assumption on δ, and hence equals (dh+hd)(ei1∧. . .∧eim)
in this case as desired. If il = i for some l, then the difference above equals

φ(ei1) ∧ . . . ∧ φ(eil−1
) ∧ ds ∧ φ(eil+1

) ∧ . . . ∧ φ(eim)

by assumption on δ which by a straightforward computation agrees again with
(dh+ hd)(ei1 ∧ . . . ∧ eim).

Thus K(φ+ δ, α) and K(φ, α) are chain homotopic via h. �

This result is a first step for checking with a computer program. If e1, . . . , en is a
basis of F , then an arbitrary lift of α sends a basis element ei to φ(ei)+ δi for some
δi ∈ ker g. Thus a priori, the program needs to run through all tuples (δ1, . . . , δn)
of elements of ker g to check if the induced map in homology is independent of the
lift φ. By Proposition 6.1, it suffices to choose a representative of each homology
class in H1(g) and run through n-tuples of such representatives.

We will use the following lemma to further reduce the number of cases that need
to be checked and to establish structural properties of the group of automorphisms
in Koszul homology that are induced by automorphisms of the Koszul dga.
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Lemma 6.2. Let two composable morphisms in F be given

F F ′ F ′′

R R′ R′′

f

φ

f ′

φ′

f ′′

α α′

.

Different lifts are given by φ + δ for δ ∈ homα(F, ker(f
′)) and by φ′ + δ′ for δ′ ∈

homα′(F ′, ker(f ′′)). Then the following maps are homotpic:

(φ′ + δ′) ◦ (φ+ δ) and φ′ ◦ φ+ φ′ ◦ δ + δ′ ◦ φ .

Proof. We denote the maximal ideals of R,R′ and R′′ by m,m′ and m
′′, respectively.

The difference of the two maps in question is δ′ ◦ δ. As im(δ) ⊆ ker(f ′) and
ker(f ′) ⊆ m

′F ′, it follows that

im(δ′ ◦ δ) ⊆ δ′(ker(f ′)) ⊆ δ′(m′F ′) ⊆ α′(m′)δ′(F ′) ⊆ m
′′ ker(f ′′).

Since m
′′ · H(f ′′) = 0, all elements in m

′′ ker(f ′′) are boundaries. Thus Proposi-
tion 6.1 gives the desired result. �

We are interested in the group aut(K(f)) of automorphisms of the dga K(f)
and the induced automorphisms on Koszul homology. There is a bijection

homidR
(F, ker(f)) → aut(K(f)), c 7→ K(idF +δ, idR).

The source is an abelian group under addition and the target is a group under
composition. In general this map is not a group homomorphism. Nevertheless, we
will show that it is compatible up to homotopy and hence a group homomorphism
after passing to homology.

Theorem 6.3. The map

homidR
(F,H1(f)) → aut(H(f)), [δ] 7→ H(idF +δ, idR),

is a group homomorphism. Thus any two automorphisms in the image commute.
Therefore when the residue field of R is of positive characteristic p any nontrivial
automorphism in the image has order p.

Proof. The map in question is well-defined, since adding boundaries to the repre-
sentative does not affect the map on the right-hand side by Proposition 6.1. We
apply Lemma 6.2 with F = F ′ = F ′′ and R = R′ = R′′ and φ = φ′ = id and
α = α′ = id. It follows that (id+δ′) ◦ (id+δ) is homotopic to (id+δ′ + δ). In
particular, we get

H(id+δ′, id) ◦H(id+δ, id) = H(id+δ′ + δ, id)

which shows that the map is a homomorphism of groups as desired. If the character-
istic of k = R/m is p > 0, then any element in the abelian group homidR

(F,H1(f))
is trivial or has order p, hence so does its image. �

Theorem 6.3 has the following computational consequence.

Remark 6.4. If the residue field k = R/m is finite and {zl}l are cycles representing
a basis for H1(f), then it suffices to check for a fixed basis e1, . . . , en of the free
cover of f if for each fixed i the maps

ei 7→ ei + zl, ej 7→ ej for j 6= i,
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induce the identity on homology to conclude whether every automorphism of K(f)
induces the identity on homology.

Another implication of Theorem 6.3 is that every automorphism of H(f) that is
induced by an automorphism of the dga K(f) has finite order if the characteristic of
the ring R is nonzero. Without such a constraint on k, there can be automorphisms
of infinite order. Here is an example.

Example 6.5. Consider the ring

R :=
Q[x, y, z]

(x2, xy, y2, z2)
.

Consider the free cover f : R3 (x y z)
−−−−→ R of the maximal ideal (x, y, z) of R. The

Betti table of R is

0 1 2 3
0: 1 - - -
1: - 4 2 -
2: - - 3 2

Fix λ ∈ Q and consider the map φ : R3 → R3 where

e1 7→ e1 + λze3

and e2, e3 are fixed. In H(f) consider the classes

z1 = [xe1], z2 = [ye2], z3 = [ye1], z4 = [ze3], z5 = [ye1e2], z6 = [xe1e2]

From Macaulay2 we get that

H(f) =
Q[z1, . . . , z6]

(z2z3, z1z3, z1z2, z3z6, z2z6, z1z6, z3z5, z2z5, z1z5, z26 , z5z6, z
2
5)
.

It is easy to check that

H(φ, id)(z5) = [yφ(e1)e2] = z5 + λ[zye3e2] = z5 + λz4z2,

and that z4z2 is not zero. Thus the map Q → aut(H(f)) that sends λ to the
automorphism above defines an embedding, giving automorphisms of infinite order.
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