REPRESENTATION OF INVARIANT MEASURES

BY
R. H. FArreLL!

1. Introduction

The problem of representing invariant probability measures as mixtures of
ergodic probability measures has been treated by a number of different authors
in differing contexts. V. Neumann [13] considered the problem in relation
to continuous-parameter semigroups of measure-preserving transformations
when the underlying space X is a complete separable metric space. De
Finetti [6] and Hewitt and Savage [9] treat the representation question for
symmetrically invariant measures on product spaces. Choquet [3] shows
that his representation theorems give an easy proof of the existence of a unique
representation when the underlying space X is a compact metric space and
the measure-preserving transformations are a group of homeomorphisms of
X onto X.

In a recent paper Blum and Hanson [1] show that if the measure-preserving
transformations & form a free group on a single generator 7', then the repre-
sentation (if there is one) of an invariant probability measure u is determined
by the restriction of u to the invariant measurable sets. Inthis paper we take
the methods of Blum and Hanson [1] as a starting point. We show that repre-
sentation of invariant measures may be constructed, using the methods of
Blum and Hanson, under broad enough conditions that we are able to show
how to construct the representation in each of the cases mentioned above.

Throughout this paper X will be a set, § a o-algebra of subsets of X.
(X, &, ») will be called a probability space if u is a nonnegative countably
additive measure defined on § such that u(X) = 1. A transformation

T:X—X

will be called measurable if A ¢ § implies 74 ¢ §. A measurable
transformation 7' will be called measure-preserving (relative to (X, § , u)) if
A ¢ § implies p(4) = p(T'A4). Throughout, ® will be a set of measurable
transformations of X into X. A probability measure u on § will be called
invariant (relative to (X, §, ®)) if A ¢, T ¢ ® imply p(4) = w(T'4).
Relative to (X, §, ®) we let B be the set of invariant probability measures,
and P, the set of extreme points of B. The convex set P may not have any
extreme points, but in the situations discussed in this paper, if P is nonempty,
then P, is also nonempty. In the following, Fo will be the o-algebra of
measurable subsets invariant under the transformations in @, that is, 4 € o if
and only if A ¢ F and for all T e®, A = T 'A. A measure u ¢ P will be
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called ergodic if A ¢ o implies u(4) = 0 or u(4) = 1. It can be shown
that if u e P, then u is ergodic. See for example Blum and Hanson [1]. In
certain cases it can be shown that if u ¢ B and is ergodic, then u ¢ P; . This
question is discussed again in Section 2, Corollary 1.

We construct a s-algebra B of subsets of P, as follows. If A ey and 0 =
a = 1,then {r|rePi,7(4) < a} ¢B. Bisthe least o-algebra of sets con-
taining all sets of this form. It is easily seen that this definition of B makes
B the least o-algebra of subsets of P such that for each 4 ¢ § the map
7 — w(4) is a (B1, B)-measurable function. A measure u ¢ P is said to be
representable if there exists a probability measure A defined on B such that
if A e F, then

u(A) = L w(A) dn(a).

In Section 2 three conditions (a), (b), and (c) are stated. If in a given
problem these conditions are satisfied, then an invariant measure u has a
uniquely determined representation which may be constructed using the
methods of Blum and Hanson, op. cit. In Section 2 sufficient conditions are
developed that (a) and (b) be satisfied.

Condition (c¢) is a statement about the existence of extreme points. This
question is discussed in Section 3. In Section 3 a representation theorem is
stated for the case X is a o-compact locally compact space, § the Baire sets
of X, and ® a set of continuous functions on X into X, each 7' ¢ ® being
continuous at «.

In Section 4 representation theorems are obtained in the case X is a com-
plete separable metric space, § the Borel sets of X.

Some of the results of this paper are obtained using the hypothesis that
©® is a locally compact semigroup having a countable base for the open sets
of ®. In order to show that these results are not vacuous, in Section 5 it is
shown that given such a semigroup ® there exist a probability space (X, §, u),
X a complete separable metric space, § the Borel sets of X, u a nonatomic
probability measure, and a semigroup ®* homeomorphic and algebraically
isomorphic to @ such that each T' ¢ ®* is a measurable and measure-preserving
map of X to X, and such that the map (T, ) — T(zx) is jointly continuous
in the product topology of ®* X X.

In order to establish continuity properties of & acting on (X, §, u),if @isa
locally compact semigroup, we suppose throughout that ® is a Baire subset
of @, and that § is the s-algebra of Baire subsets of ®. If ® is not a group,
if A e, {S|TSeA} = T '(A) may not be a set of . Nor is it clear that
if Ae®, then T(A) = {TS|SeAl eH. To get around these questions of
measurability we suppose in the sequel that if ® is not a group, then ® has a
countable base for the open sets of . The topology of ® is then metrizable.
The Baire sets of @ and the Borel sets of @ coincide. Since the map S — T'S
is continuous, it follows that if A ¢ ©, T (4) ¢ 9. Further, if C is a compact
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subset, then TC ¢ O since TC is compact. We will say a measure 7 on (®, )
is a regular semi-invariant measure if 7(C) < « for every compact Baire set
C and 9(T'4A) =< n(4) for every T ¢®, A ¢ $. It follows that a regular
semi-invariant measure 7 is a regular Baire measure on §. See Halmos [7].
Further, if ® is a compact group, then since 77'®% = @, it follows that
7(T7'(+)) is a finite measure on ®, n(T*(4)) < n(4) for every A 9,
2W(T'®) = 7(®), and therefore n(T*(4)) = n(A) for every 4 ¢ . A
regular semi-invariant measure has the property that if g ¢ L;(®, $, 7),¢9 = 0,
T ¢ ®, then

[o(8) an3) 2 [ 9(r9) an(s,

as follows from standard approximation arguments. If C ¢ is a compact
set and T e @, then x¢(S) = 1 implies xz¢(TS) = 1, so that for all S ¢®,
xc(8) = xrc(TS). Integration gives

1(C) S [ xae(T8) dn(8) = [ xze(S) dn(S) = n(TC).

If the cancellation law holds in @, then the map 8§ — T'Sisa 1-1 map. If in
addition @ has a countable base for the open sets of @, it follows T(A4) ¢ H
for every A ¢ . For since T is 1-1,

T U:'L]_ Ai = U?_l TA, and Tn:';], A, = ﬂ‘i-‘;l TA. .

The set of sets A such that T(A) ¢ 9 is therefore a monotone class which
contains all sets which are G4’s, and hence every set of $ is included.

We will say ® is a locally compact semigroup of jointly measurable trans-
formations if the map (7, z) — T(x) is measurable in the product space
(O X X, & X §. We always assume the identity of @ is the identity
transformation of X.

We assume throughout that the reader is familiar with the basic results of
measure theory such as presented by Halmos [7].

2. A theorem of Blum and Hanson

If ® is a group generated by a single transformation T, Blum and Hanson
[1] give an explicit construction for the measure A which gives the representa-
tion of p. If p is an invariant probability measure on (X, §) and u| o is
the restriction of u to the invariant sets, then Blum and Hanson, op. cit.,
show that if u has a representation, it is unique, and the measure \ is deter-
mined in a natural way by u | Fo -

A reading of the paper by Blum and Hanson, op. cit., shows their con-
struction remains valid if the following conditions are satisfied.

(a) If m and us are in P, and if for all A € Fo, m1(4) = w(A4), then for
all 4 €F, m(4) = p(4).
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(b) IfAeFand0 < « £ 1, there is a B e o such that
{r|lrePr,m(A) S o} ={n|7ePr,n(B) = 1}.

(¢) If pwePand 4 e Fo such that u(4) > 0, then there is a = ¢ P; such
that 7(4) = 1.

Given that (a), (b), and (c¢) are satisfied, the construction of Blum and
Hanson, op. cit., definesamap ¢ : Fo— Bby ¢(4) = {z |w(4) = 1}. Itis
shown that ¢ is a o-algebra homomorphism of §, onto 8. The measure A is
defined, if B ¢ 9, by A(B) = u(y'B).

It turns out that representations constructed as described above relative
to o do not cover all cases which can be treated by the methods of this paper.
It is necessary to define a o-algebra F D Foas follows. Let N be the o-algebra
of sets A ¢ § such that A ¢N if and only if v(4) = 0 for every v ¢ P. If
T ¢®, let Fo,r be the s-algebra of all sets A e § such that A e F,r if and
only if A = T'A. Let &o.r be the least os-algebra containing all sets in
Bo,r and N. Define

50 = Nz 5"0,1' .
We restate (a), (b), and (¢) for o .

(8) If py and us € B, and if w(A) = w(A) for every A e Ty, then for
all 4 € §, m(4) = pa(4).

(b) IfA ey, 0 =< a = 1, there is a B ¢ { such that
fr|mePr,m(4) S of ={x|7eBy, n(B) = 1}.
(8) IfAeo,meD,andu(4) > 0, there exists = ¢ P; such that =(4) = 1.

If (a), (b), and (&) hold, and if u € B, u | Fo determines uniquely the repre-
sentation of u in a manner similar to the way u | § determines a representa-
tion of u if (a), (b), and (¢) hold.

In this section we will develop sufficient conditions for (a), (b), (&), or
(b) to be valid. The existence statements of (¢) and (8) are investigated
in later sections.

A sub s-algebra §; € § is said to be sufficient for the family P of prob-
ability measures if and only if the following holds. If f(-) is a bounded
F-measurable function, there exists a bounded &;-measurable function
o(f) () such that if A ¢ §1, v ¢ B,

[ 1@ @) = [ 6@ dv(o).

That is, there is a single function ¢(f) (-) which acts as a conditional expecta-
tion of f for every » ¢ B. We will show below in Theorem 1 that if $, is a
sufficient sub o-algebra for B, then (a) and (b) are valid; if o is a sufficient
sub o-algebra for B, then (&) and (b) are valid. From Theorem 2 below it
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will follow that if @ is countable, then (&) and (b) are valid. Theorem 3
below gives conditions under which &, is a sufficient sub o-algebra.
In order to obtain these results we need the following lemma.

LemMa 1. IfrePiand A € Fo, then #(A) = 0 or 7(A) = 1.

To show this we will need to know the form of sets in Fo,r. It can be
shown that A4 e §o,r if and only if there exist B e Fo,r, U eN, V N such
that A = (B — U) u V. It is a matter of calculation to show that the sets
of this form are a c-algebra and therefore all of o,z .

Suppose then that = ¢ B; and that for some By e §o, 0 < 7(By) < 1. Let
X — By=B;. Thenif 4 ¢,

7(A) = 7(Bo)mo(4) + w(B1)m(4),

where 7i(4) = w(AnBy)/w(B),7 =0,1. If weshowmieP,7=20,1,2
contradiction will be obtained. Suppose T ¢®. Since B; e Fo, B: € Fo.r,
and this implies B; = (C; — U) u V:,CieFor, Ui, VieN,72=0,1. Then

T'B; = ((T7'C) — (T7'U)) u (T7'Vs)
= (C; — T7'U,) u (T7'V3), i=0,1.
And T7'U;, T7'VieM, 5 = 0,1. Then
r((TT'A) n By) = =#((T*'4) nC,) = =((T'A) n (T'By))
= (T (AnB,)) = n(4AnB), i=0,1.

It follows that =, ¢ B, 7 = 0, 1. This contradiction shows if = ¢ PB;, then
m(B) = 0 or #(B) = 1 for every B ¢ Jo .

Suppose then o is a sufficient sub o-algebra for B. If 4 € F, let x4 be the
characteristic function of the set A. By hypothesis there is an Fo-measurable
function ¢(x4) (-) which acts as a conditional expectation for each » e P.
To prove (a), suppose »;, v2 ¢ P and if B € Fo, »1(B) = »(B). Then

n(4) = [ 66 @ dn(@) = [ 6(x) @) din(z) = m(4).

I

To prove (b), suppose 7 ¢ B, . Then for each real a, define
F(a) = nlz|¢(x4) (2) = a}.

Since {z | p(xa) () = a} € o, by Lemma 1 it follows that F(a) = 0 or
F(a) = 1. Since F is a right continuous function, there is an a, such that
F(ap—) = 0, F(ap) = 1. That is, ¢(x4)(x) = ao a.e. 7. Consequently,
7(4) = 1. If 0 =< a=1,let Bo = {x|¢(xa) (@) £ a}. Then it follows
that {x |7 e P1, 7(4) £ of = {r|7eP1, #(B.) = 1}. Therefore (b) is
proved.

If §o is a sufficient sub o-algebra for P, then by using Lemma 1 and argu-
ments similar to those above, the validity of (&) and (b) may be established.
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TuEOREM 1. If &0 is a sufficient sub o-algebra for B, then (a) and (b) are
valid. If o is a sufficient sub o-algebra for B, then (&) and (b) are valid.

An immediate corollary is the following.

CoroLLARY 1. If o is a sufficient sub o-algebra for B, then w ¢ B 2s ergodic
of and only if = ¢ B1. If To is a sufficient sub o-algebra for B, then = e P of
and only if for every A € &, 7(4) = 0 or 7(4) = 1.

We will now obtain sufficient conditions that §o or Fo be sufficient sub
o-algebras.

LeMMma 2. If T € ®, then the sub a-algebra $o,r s sufficient for P.

Proof. If f is a bounded J-measurable function, then by the pointwise
ergodic theorem, if » € P, »{z | liMpaw(1/7) D im0 f(T'x) exists} = 1. Define

o(f) (2) = limn.w(1/n) 2120 f(T'x) if this limit exists,
¢(f)(x) =0 otherwise.
Then ¢(f) is Fo,r-measurable, and if 4 € Fo,r, v € B,

[ 6@ dvt@) = [ 1) e,

THEOREM 2. If ® is a countable set of transformations, then o is a sufficient
sub o-algebra.

Proof. By Lemma 2, o,z , and therefore &,z , is a sufficient sub o-algebra.
By a theorem of Burkholder [2], § = N e Fo,r is a sufficient sub o-algebra.

That, in the conclusion of Theorem 2, §, cannot be replaced by Fo, is
shown in the following example. Let R = (—», ©) and X = R X R, the
Cartesian product of R and R. Let § be the Borel sets of X. Define trans-
formations Ty, T: by T1((x1, 22)) = (21, 21) and To((z1, 22)) = (22, 3).
It is easily verified that the only invariant sets are X and the null set. There-
fore every invariant measure is ergodic. Every measure concentrated on the
diagonal set of X is invariant. The extreme points are those measures =
such that for some z, =({(z, )}) = 1.

TaroREM 3. Let (X, §, u) be a probability space. Suppose ® is a set of
measurable and measure-preserving transformations relative to (X, §, u). Sup-
pose ® satisfies one of the following:

(d) @ is a compact group of jointly measurable onto transformations;

(e) © is a countable group;

) ® s a locally compact group of jointly measurable onto transformations,
and ® has a countable base for the open sets of &;

(8) © is a countable set of transformations (not necessarily 1-1 or onto)

such that if Ty, To e &, then T\ Ty = T2 T
(h) @ s a locally compact Abelian semigroup of jointly measurable trans-
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formations such that ® has a countable base for the open sets of & and
O has a nonzero regular semi-invariant measure 1.
Then o is a sufficient sub o-algebra for PB.

Before proving Theorem 3 we prove two lemmas.

LemMA 3. Suppose ® is a locally compact semigroup, ® has a countable
base for the open sets of ®, and D has a nonzero regular semi-invariant measure 7.
If f is a bounded H-measurable function and C e O is compact, then

lim | [F(TS) — f(ToS) | dn(8) = 0.

Proof. Suppose ¢ is a real-valued continuous function on &. Then
limg,zy g(TS) = ¢g(Tv 8), S e¢®. By the bounded convergence theorem it
follows that if C € @ is compact, limz.r, g(T8) xc(S) = g(To 8)xc(S) in
Li(®, 9, n). For suppose D is a compact neighborhood of Ty. Then DC is
compact, and if T' ¢ D, S ¢ C, then T'S ¢ DC. Since g is continuous,

sup {| g(S)| | S e DC} < .

But n(DC) < . Therefore the family of functions in question are uni-
formly bounded by a function in L;(®, 9, 7).

Suppose ¢; is a bounded and H-measurable function. Then given € > 0
there is a continuous function g. such that

Lc |91(8) — g:(8) | dn(8) < e.
Then if T e D,

L1019 = 6.(78) | n(S) < [ xeo(TS) | x(TS) — 6.(T8) | dn(8)

= [ xre(8) 10:08) = () | dn(S) = [ [0a(8) — 6.(8) [ dn(S) < .
By the usual approximation arguments it follows that

lim [ |g1(T8S) — g1(Te8) | dn(S) = 0.
T->Tqy VC

LemMa 4. Suppose (X, §, v) is a probability space and ® s a locally com-

pact semigroup of jointly measurable and measure-preserving transformations

relative to (X, §, v) such that & has a countable base for the open sets of ®.

Suppose O has a mnonzero regular semi-invariant measure n. Then if
feli(X, §,v) and To e ©,

Jim fx | f(Tz) — f(Toz) | dv(z) = 0.

Proof. Suppose C is eompact, 7(C) > 0, and I} is a compact neighborhood
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of To. Suppose f is a bounded and §-measurable function. If T e D, then

20 [ 17(T2) = $(Te2) | dv(a) = [ [ 17(T2) = 1(Te2) | av(z) dn(S)
= [ [ 15r82) = (T $2) | dv(z) dn(s)

- [x f | #(TSz) — F(ToSz) | dn(S) dv(z),

justification for the steps being the invariance of » and Fubini’s theorem.
If 2 ¢ X, by Lemma 3

0= lim [ 5(TS8) — f(ToSe) | dn(S),

and these integrals are uniformly bounded by 24(C) sup.|f(z)|. Since
7(C) > 0, by the bounded convergence theorem,

lim | |f(Tz) — f(Toz) | dv(z) = 0.

T>Ty VX

Finally, if f e Li(X, §, v), given ¢ > 0 there is a bounded {F-measurable
function f, such that

[ 15@ ~ 1@ | dla) <

Since » is invariant, if T ¢ ®, then

[ 1512) - 5.(12) | db(a) < e.
It follows at once that

Tlg : | f(Tz) — f(Toz) | dv(z) = 0.

Proof of Theorem 3. In each of the proofs following we will suppose f is a
bounded §-measurable function. The proof then consists of construction
of an {-measurable function ¢(f) satisfying, if 4 € Fo, v € B,

[1@ d@) = [ 6@ dv(a).

To prove (d) suppose 7 is the Haar measure on & such that »(®) = 1.
Define ¢(f) by
o) (@) = [ 7(T2) an(T).

It follows at once that ¢(f) is bounded, by Fubini’s theorem that ¢(f) is
F-measurable, and from the invariance of Haar measure that ¢(f) is an
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invariant function. If A e § and v ¢ P, then

[ 600 @ a@) = [ [[5t22) anm) avta) = [ ([ 51 o) ) ancr)

= [[([, 7 @) an) = [ 16 ),
(€] TA A
since T4 = A.
To prove (e), we use Theorem 2. Since &, is a sufficient sub o-algebra,

there exists an {o-measurable function ¢(f) (-) such that if 4 € Fo, » ¢ B,
then

[0 @ b = [ 1) dr(a),

By definition of o, ¢(f)(+) is {Fo,r-measurable, T ¢ . Therefore if
Te®,veB,

¢(f) (Tx) = ¢(f) (x) ae. ».

Let A = {z|o(f)(Tx) = ¢(f)(x), all T ¢ @}. Then since ® is countable,
if veP, v(A) = 1. Define

¢*(f) (x) = 0; ifzed,
¢* () (2) = ¢() (2) ifzed.
Since ® is a group, ¢*(f) (+) is invariant. Clearly if 4 ¢ §o, » ¢ B,

[1@ @ = [ 60 @ b,

Therefore o is a sufficient sub o-algebra for P.

To prove (f) let & be a countable dense subgroup of &. By (e) just
proved there is a function ¢(f)(-) measurable in Nz, Fo,r such that if
AeN Te®g %O,T , VE GB’ then

[ 1@ a@) = [ ()@ dvta.

Let Te® and {T., n
By Lemma 4, if » ¢ P,

I

= 1} < ® be a sequence such that T = lim,,. T .

0 = lim fx |6(f) (Taz) — 6(f)(T2) | dv(a)

= [ 160 @ — o) (12) | dv(a).

By a well-known theorem it follows there is a bounded §,-measurable function

*(f) (+) such that if » e P, ¢*(f) (z) = ¢(f)(x) a.e. v. See for example
Lehmann [12, p. 225]. Since o C N res, Fo,7 , part (f) now follows.
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To prove (g) let ® = {T;,7 = 1}. If m = 1, define ¢:1(f) by
$i(f) (8) = lima.w(1/n) 22050 f(Ti @),
and ¢, (f) inductively by
$nir(f) (€) = limase(1/0) 22155 $m(f) (Tris )

It is easily verified that if m = 1, ¢»(f) is invariant under Ty, -+, Th .
We use here the hypothesis that Ty, -+ , T, commute. If F§™ is the set of
sets A ¢ § invariant under 7y, - -+, Ty, , then if » ¢ P,

¢u(f) = E(F| F™) ae.,

as follows from the pointwise ergodic theorem. Therefore {¢pn(f), m = 1}

form a martingale, and by the martingale theorems, Doob [4], if v ¢ B,
liMpow dm(f) = E(f| Npay F™)  ace. ».

The proof is complete.

To prove (h) suppose @ is a countable dense subsemigroup of ®. If fisa
bounded $-measurable function, then by part (g) of Theorem 3 there is a
function ¢ invariant under ®, such that if 4 ¢ § is invariant under &, , then

j;f(x) dv(z) = ng(x) dv(z), v e P.

The function g is bounded. Ifz e X, T ¢®, and {T,, ¢ = 1} is a sequence of
transformations in & such that T' = lim,., T';, then by Lemma 3, if C C ® is
compact,

tim [ |g(Ti2) — ¢(TS2) | dn(8) = 0.

100

Since g is invariant under T;,7 = 1, if x ¢ X,

[ 19(3) — g(Ts2) | an(s) = 0.
This holds for every compact C € &. Therefore, if z ¢ X,
[ 190se) — 9(282) [ an(3) = 0.
Let h = 0 be an $-measurable function,
[ 49 an(s) = 1.
Define ¢(f) by
s @) = [ 9(S2I(S) dn(S).

o(f) () is clearly a bounded function, and by Fubini’s theorem is {-measur-
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able. © is Abelian. If T ¢®, z ¢ X, since g(TSz) = ¢(Sz) a.e. 9,
()(T2) = [ 9(STDS) dn(S) = [ ¢SS dn(®) = 9(7)(a).

Therefore ¢(f) is invariant. If 4 e Fo, then by Fubini’s theorem, if » ¢ P,

[ 60 @ ar@) = [ [ xu@)e(80)h(3) dolz) dn(s)
- /;5 fx x4 (82)g(Sz)R(8) dv(w) dn(S)
= f@ (fA g9(z) dp(x)) h(8) dn(8) = fA g(z) dv(x)

= [ 1@ ().

The proof is complete.

COROLLARY 2. Suppose ® s a semigroup of measurable transformations on
(X, §). Let M% be the set of all finite nonnegative countably additive measures
defined on §, and Mé C M% the set of measures invariant under ®. Let M¥ be

partially ordered by w1 < ue of and only if m(A) = we(A) for all A € §. Then
M$ is a sublattice of M% .

Proof. Let ®& be a countable Abelian subsemigroup of ®. Suppose
pr and pz e M . Let u be defined by u(4A) = m(A4) + w(4), A ¢F. By
the Radon-Nikodym theorem there is an F-measurable function f such that
if 4 ¢,

m(4) = [ 1) du().
A

By Theorem 3 there is a function ¢(f) invariant under &, such that if 4 is
invariant under @, , A ¢ §, then

[ 5@ du@ = [ 6()(@) du(a).

Since u is invariant under ®, , the measure », defined if B ¢ §, by

o(B) = [ 6(9)(2) du(a),

is invariant under ®,. Forif T ¢,

W(T7B) = [ 6@ du(@) = [ xa(T)o(1)(@) du(z)

= [ xe(T2)6(H(T2) du(z) = [ 6(1)(@) du(z) = (B).
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Since condition (a) is satisfied by & , it follows that v = w; . It follows that
f = ¢(f) ae. u, and that if T ¢S, f(T(-)) = f(-) a.e. u. Repeating this
argument over all possible Abelian subsemigroups of @ shows that if T ¢ ©,
then f(T(-)) = f(-) a.e. u. It is easily verified that the least upper bound
wm vV pe and the greatest lower bound u; A u satisfy, if 4 € §,

(i v m)(4) = [ max (f(2), 1 1(2)) du(),

(i A w)(4) = [ min (72,1 = 1)) du(a).

Since p is invariant under ®, and since if T ¢ ®, f(T(:)) = f(:) ae. p, it
follows that u; v we and w; A wp are invariant measures and therefore in Mg .

3. Existence of extreme points

In this section we consider conditions under which condition (c) is satisfied.
Condition (c) states the existence of countably additive measures. This
strongly suggests some kind of compactness argument is required. We begin
by proving an existence theorem given that X is a compact Hausdorff space,
& the Baire sets of X, and then relax this restriction somewhat to the case
X is a o-compact locally compact Hausdorff space, and in Section 4 to the
case X is a complete separable metric space. In addition it is necessary for
our arguments to restrict the set of transformations ®.

LemMma 5. Suppose (X, §, u) is a probability space, X a compact Hausdorff
space, and § the Baire sets of X. Suppose ® is a family of continuous and
measure-preserving transformations relative to (X, §, u). Theneach T ¢ ® is a
measurable transformation, and P is a weak™ compact set of linear functionals
on C(X).

Proof. If T ¢e® and feC(X), then f(T(-)) is a real-valued continuous
function on X. Therefore f(T'(-)) is Baire measurable. If C is a compact
Baire set, there is a sequence {f, , n = 1} € C(X) such that for all z ¢ X,
lim, e f2(x) = xc(x), the characteristic function of C. Therefore xc(7'(-))
is Baire measurable, that is, T-'C' ¢ §. From this it follows at once that T is
a (Baire) measurable transformation.

Suppose u is a weak limit of B. If f ¢ C(X), T ¢ ®, and € > 0, there is a
v ¢ P such that

[ 10 i) ~ [ st0) o) | < o2

and

lff(T(x)) du(z) — ff(T(x)) dv(z) | < €/2.
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Since » is an invariant measure,

[ #1@) du@) = [ 1) duta) | < e

Since this holds for every ¢ > 0,

[ 12@)) du@) = [ (o) duta).

Since this holds if f e C(X), T ¢ ®, it follows that u is invariant; therefore
uweP. Since P is closed in the weak™ topology and P is bounded, P is a
weak™ compact set.

Lemma 6. Suppose (X, §, u) s a probability space, X a o-compact locally
compact Hausdorff space, § the Baire sets of X.  Suppose & is a set of con-
ttnuous and measure-preserving transformations relative to (X, §, u) such that
each T € ® is continuous at ©.

If X is compact and C C X 1s compact, and if u(C) > 0, there exists = ¢ Py
such that w(C) > 0. If X is o-compact and A € N reo Fo,r, u(A4) > 0, there
exists m € Py such that #(A) = 1.

Proof. If X is compact, then P is a weak™ compact set of linear func-
tionals on C(X), by Lemma 5. Below we use Lemma V8.2, Dunford and
Schwartz [5], to show that certain closed convex subsets of P have extreme
points.

Suppose X is compact, C C X is compact, u(C) > 0. If 0 £ a = 1,
{v|vePB, v(C) = a} is a convex and weakly compact set. For suppose.
{fa,n =1 CcCX),ifn =1, fasu = fu, and lim,.ofn = xc¢, the charac-
teristic function of C. Then

(v]veP,»(C) =2 a} = n?f=1{l}|v G‘B,ffn(x) dv(z) 2 a}

which is weakly compact since P is weakly compact. Let
a = sup{a|{r|veB,v(C) = of = ¢}.

Then {»r | v € B, »(C) = o} is a convex weakly compact nonempty set. Let =
be an extreme point of this set. Then 7 e B;. If not, then there are v, , v, ¢ P
and 0 < B8 < 1 such that = = B»; + (1 — B)».. By construction » (C) =
v2(C) = ap follows. Therefore »,, r2e{v|veB, »(C) = a}, and = is not
an extreme point of this set. This contradiction shows 7 ¢ B;. That com-
pletes the proof if X is compact.

If X is locally compact, let ¢ be a point not in X, and let X* = {g} u X be
given the one-point compactification topology. See for example Kelley
[10]. Let §* be the o-algebra of Baire sets of X™.

X is o-compact. In this case {¢} is a compact G; and therefore a Baire
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set. Also the complement {g}’ = X is a Baire set. Further, § < §*. We
extend x and the transformations T ¢ ® to u* and T* ¢ ®* by the definitions,
if BeF",u*(B) = u(BnX). IfzeX, T ) = T(z), T*(q) = lims., T(z).
Then the transformations in ®* are continuous on X.

Suppose 4 ¢ N, that is, »(4) = 0 forall » ¢ B. If »* is an invariant prob-
ability measure on §*, then (»*| §) is clearly an invariant measure on §.
Let (*|§)(X) = . If a % 0, then (1/a)(»*| F) B, and therefore
(1/a) (»* | §) (A) = 0. Therefore v*(4) = 0if a # 0, »*(4) = 0if & = 0.
It follows that if an invariant measure = on §* is extremal, and if
A €N o Fo,r, 7(A) > 0, then 7(4) = 1.

Suppose then u(4) > 0, 4 €N Fo,r . By the regularity of u there is a
compact set ¢ € A C X such that 4*(C) = u(C) > 0. By the first part
of the proof there is an extremal measure = on §* such that 0 < #(C) £ =(4).
Therefore 7(A) = 1 and =(X) = 1. It follows that (= |F)(X) = 1,
(r|F)(A) =1,andw|FePs.

TarOREM 4. Suppose (X, T, 1) is a probability space, X a locally compact
and o-compact Hausdorff space, T the Baire sets of X. If ® is a set of continuous
maps of X to X such that each T ¢ ® s continuous at «, and if © is countable
or ® satisfies the hypotheses of Theorem 3, then u has a unique representation.

Proof. If ® is countable, then conditions (&) and (b) are satisfied, while
if ® satisfies the hypotheses of Theorem 3, conditions (a) and (b) are satis-
fied. Suppose 4 ¢ Fo and u(A) > 0. By Lemma 6, there is m e B, such
that #(4) = 1. Conditions (¢) and (&) are both satisfied. The proof is
complete.

4, Complete separable metric spaces

In this section we generalize Theorem 4 to a form that covers many practical
applications. The main result, Theorem 5, is for countable sets of trans-
formations &. Since the semigroup closure of a countable set of measure-
preserving transformations is again a countable set of measure-preserving
transformations, we assume in Theorem 5 that @ is a semigroup. Further
we may suppose @ has an identity element. The proof of Theorem 5 in the
case ® is a countable semigroup requires the construction of a representation
relative to o rather than o, o defined as in the beginning of Section 2.
In special cases, if @ is a group or if @ is Abelian, a representation may be
constructed relative to T .

By continuity considerations the applicability of Theorem 5 may be ex-
tended. Corollary 3 covers the case @ has a countable subset &, dense in @
under pointwise convergence, that is, if 7 ¢®, then there is a sequence
{T;,7 = 1} of transformations in @, such that for all z X, T(x) =
lim,.. Tx(x). At the end of this section we apply Corollary 3 to the problem
of a set @ of continuous transformations of a compact metric space. Corol-
lary 4 covers the case ® is a locally compact group having a countable base
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for the open sets of . Corollary 5 covers the case @ is a locally compact
Abelian semigroup having a countable base for the open sets of ® and having
a nonzero regular semi-invariant measure 5 (see Introduction for a definition).

TaeOREM 5. Suppose (X, T, u) is a probability space, X a complete separable
metric space, & the set of Borel subsets of X. If ® s a countable semigroup of
measurable and measure-preserving transformations, then u has a unigue repre-
sentation.

Proof. To prove this theorem we work with the sets in & . As shown in
Section 2, since ® is countable, conditions (&) and (b) are satisfied by §o , ©.
It remains to verify condition (¢). To do this we embed X in a compact
metric space Q° in such a way that the transformations in @ induce a set of
continuous transformations on Q@. The results in Section 3 can then be
applied. To obtain the embedding we show first there is a 1-1 measurable
transformation ¢: X — [0, 1]. Let Q° be the Cartesian product of [0, 1]
with itself a countable number of times, @° given the Cartesian product
topology. Then the topology of @ is metrizable, so we consider Q“ to be a
compact metric space. By Kelley [10] there is a homeomorphism ¢;: X — Q°
mapping X into Q°. As is well known there exists a 1-1 measurable trans-
formation ¢,:Q“ — [0, 1] onto. Consequently, the mapping y. ¢; is a 1-1
measurable transformation of X into [0, 1].

Let Q° be the set of all functions on ® to [0, 1] in the Cartesian product
topology. Then Q° is homeomorphic to Q° and is a compact metric space.
We map X into Q°® as follows. Let ¢ = Yuiy , and let ¢ be defined by

o(z) = (¥(Tz), T « G}

Since ¢ is a 1-1 measurable transformation, the map ¢ is a 1-1 measurable
transformation of X into Q% (since ® has an identity element).

Let ¢3:Q® — [0, 1] be a 1-1 measurable transformation of Q°® onto [0, 1].
By Hausdorff [8, p. 269], 5" is a measurable transformation. Further by
Hausdorff, op. cit., s ¢(A4) is a Borel subset of [0, 1], and therefore ¢(4) is
a Borel subset of Q°, if 4 ¢ §.

Each T ¢® induces a transformation T* on Q° by the definition
(T*) (8) = y(ST). Recall y ¢Q® is a function on ®. The mappings
T* are continuous, and if ® is a group, the mappings T* are 1-1. We let
®™ be the set of mappings induced by the transformations in ®.

Let §* be the Borel subsets of Q°. If » is a probability measure defined
on (X, ), we define a probability measure »* = (v ') by (vp?)(4) =
v(¢A), A e F*. We observe that ¢(X) e &* and »*(¢(X)) = »(X) = 1.
Further if » is an invariant measure relative to ®, then (»¢™") is invariant
relative to @*. By definition,

T*(¢(x)) = T*({¥(8z), S e®}) = (Y(8Tz), S ¢ G} = ¢(Tx).
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Therefore
() (T*4) = »(¢7'T*4) = »(T$674) = »(¢7'4) = (w7 (4).

Conversely if »* is a probability measure defined on F* and »*(¢(X)) = 1,
we define a probability measure (»*¢) on F by, if 4 € F, (»*0) (4) = »*(¢(4)).
This is possible since, as observed earlier, if 4 ¢ §, then ¢(4) e F*.

Suppose then B* is the set of invariant measures on §*, and PF the set of
extreme points of P*. We let Ft be the extension of the Ft invariant sets
as described in Section 2.  We show every »* ¢ $* can be represented. Since
conditions (&) and (b) are satisfied, it suffices to verify (¢). For this purpose
let A efs,»*(A) > 0. By Lemma 6 there is 7" ¢ PBF such that #*(4) = 1.
It follows »* has a unique representation. In particular if u ¢ P, then (ugp™)
is invariant under ®* and can be represented.

We now show that if 4 ¢ § and if T ¢ %,

(T*7$(4)) no(X) = ¢(T"'4).

To see this, y = ¢(x) e T*"$(A) if and only if T%¢(z) ed(A) if and only if
¢(Tz) ep(A) if and only if e T4 if and only if ¢(z) ep(T4). Tt
follows that if »* ¢ P*, »*(@(X)) = 1, then, if 4 ¢ F, T ¢ ©,

(") (TT'4) = v*(¢(T7'4)) = »*((T*'¢(4)) n ¢(X))
=N (T*79(4)) = v*(6(4)) = (+"¢)(4).
Therefore (v*¢) € P.

If A e F and ¢ Pf and 7*(¢(X)) = 1, then (77¢) € By, and
(") (4) =0 or (r'¢)(4) = 1.

For if (7°¢) ¢ P, , then there are 0 < 8 < 1 and vy, v» € P such that (x¢) =
Br. + (1 — B)ra. Therefore since 7 (¢(X)) = 1, 7#* = ((z*p)¢ ") =
B(ro™) + (1 — B)(rad ), a contradiction. Therefore (r*¢) € By, and
as shown in Corollary 1, (7*¢) (4) = O or (7'p) (4) =1, 4 ¢ 5o .

Then, if u ¢ B, u(4) > 0 for some 4 e §, since (up ') can be represented
and (ug ") (¢4) > 0, there is a 7*e¢ Pt such that =*(¢(X)) = 1 and
7 (¢(4)) > 0. Then (7°¢) € PB;, and since (r°¢) (4) > 0, (x'p) (4) = 1.
Condition (&) is therefore satisfied, and the proof is complete.

I

CoroLLARY 3. Suppose (X, §, u) s as in Theorem 5. Let ® be a set
of measurable and measure-preserving transformations. Suppose ® has a
countable subset ®, dense in © under pointwise convergence. Then & is a
sufficient sub o-algebra for B. Each p ¢ B has a unique representation determined
by To -

Proof. We prove first that §, is a sufficient sub o-algebra for . Suppose
v ¢ P, g is a bounded function measurable in N res, Fo,r . Then if T e G,
g(Tz) = g(x) a.e.v. Suppose T e ® and {T;,7 = 1} is a sequence of trans-
formations in @ such that for all z € X, lim;,. Ts(z) = T(x). Let{h;,j = 1}
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be a sequence of bounded real-valued continuous functions on X such that

tim [ [hy(2) = g(@) | dv(x) = 0.

j>0

By hypothesis on g, invariance of », continuity of A, and the bounded con-
vergence theorem,

[ 1162) = 9@ [ av(e) = tim [ [(Te2) — o(Ti2) | dota)

= tim [ [h(Tiz) — g(a) | dv(a)

— [ 11(T2) — g(2) | dolo).
Since
lim [ |h(Tz) — g(T2) | dv(z) = 0,

j>0

it now follows that
[ 16(T2) = 9(&) | (=) = 0.
This holds for every T ¢®, » ¢ B. Consequently if v e P,
v({z | g(x) = g(T'x),s 2 0}) = L

Since limy.» (1/7) " ¢(T’z) is an invariant function, it follows g is
measurable in §o,r. Consequently g is measurable in F = Nres Fo,r -

By Theorem 2 if f is a bounded measurable function, there is a bounded
function ¢(f) measurable in Nz, Fo,r such that if A ez, Fo,r, then

[1@ a@) = [ 6@ aria), all v ¢ .

Then this holds if 4 € §o. As just shown ¢(f) is measurable in § . There-
fore §o is a sufficient sub o-algebra for P.

Let ueP, A eFo, u(A) > 0. By Theorem 5 there is a measure = in-
variant under ®, such that =#(4) = 1, and if B €N rew, Fo.r, then =(B) = 0
orw(B) = 1. Let T ¢®. Asshown above,

[ 1(12) dn(@) = [ h(z) dn(a)

for all bounded continuous functions. It follows that for every open set
U, #(T7'U) = «(U). Since the measures (T *(-)) and =(-) are regular,
it follows #(T™B) = =(B) for every Borel set B. Therefore = ¢ B, and by
Corollary 1, since &, is a sufficient sub c-algebra, = e P; .

Therefore (d), (b), and (&) are satisfied, and the proof is complete.
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CoRrOLLARY 4. Suppose (X, F, u) ts as in Theorem 5. Let ® be a locally
compact group of jointly measurable and measure-preserving transformations.

If ® has a countable base for the open sets of ®, then u has a unique representa-
tion.

Proof. Conditions (a) and (b) are satisfied. We verify condition (c).
Let & be a countable dense subgroup of . If 4 € § and u(4) > 0, then
by Theorem 5 there is a measure = invariant and ergodic relative to &, such
that m#(4) = 1. We show that = is already an invariant measure relative
to ®. Since ® satisfies the hypotheses of Theorem 3, 7 ¢ P; follows by
Corollary 1. Therefore condition (c¢) would be verified.

Suppose then that = is invariant under the transformations in &, and
{T:, < = 1} is a sequence of transformations in & such that T; — T, as
i — . By Fubini’s theorem, if B ¢ {, then

[ xa(57%5) dr(a) = x(5B)

is a bounded $-measurable function. By Lemma 3, if C' is a compact subset
of ©, then

limfc | #(T:8B) — n(TsSB) | dn(S) = 0.

i->00

By the invariance of «, #(7T; SB) = x(SB). Therefore
[ 17(8B) — =(20sB) | dn(s) = o,
and since this holds for every compact set C,
f@ | w(SB) — #(ToSB) | dn(S) = 0.

Since X is a complete separable metric space, it has a countable base 1
for its open sets. Let U be the set of all open sets which are finite unions of
sets in ;. It follows from the above that there is an S ¢ ® such that for
every U ell, #(SU) = #(TySU). Since w(S(-)) and =(To8(:)) are
countably additive measures, it follows at once by taking limits on sequences
of sets in U that if U < X is an open set, #(SU) = «(To SU). It then
follows from the regularity of #(S(:)) and #(To S(-)) thatif 4 ¢ §, 7(S4) =
x(To SA). Since 8 is 1-1 onto and S~ is also measurable, it follows for
every A e § that #(4) = n(Ty A). The proof is complete.

CoRrOLLARY 5. Suppose (X, §, u) ts as in Theorem 5. If © is a locally
compact Abelian semigroup such that & has a countable base for the open sets of
®, and $ has a monzero regular semi-invariant measure, then u has a unique
representation.
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Proof. Suppose ® is a dense countable subsemigroup of ® and = is in-
variant relative to & . As in the proof of Corollary 4 we may show

[ 17(57B) — x(T57B) | dn(s) = 0.

We use here the fact that the transformations of ® commute to obtain
r((T8)™'B) = «(87'T™'B) = «(T'S'B).
Suppose g = 0, g e Li(®, ©, n), fog(S) dn(S) = 1. Then =* defined by

[ #(57B)g(S) dn(s) = =*(B)

is clearly an invariant probability measure. Suppose 4 € Fo, that is, 4 is
invariant under all T ¢ @. It follows that x(4) = x*(4). Suppose 4 ¢ Fo
and p(4) > 0. By Theorem 5, if ®, is a dense countable Abelian subsemi-
group of ®, there is an ergodic invariant measure =, invariant under the
transformations of @, such that #(4) = 1. From the above it follows the
corresponding =™ is ergodic and #*(4) = 1. It then follows from Corollary 1,
Section 2, that 7* ¢ P, , and therefore that condition (c) is satisfied. Since
© satisfies the hypotheses of Theorem 3, conditions (a) and (b) are also
satisfied. Therefore u has a unique representation determined by o .

A classical theorem in representation theory says that if X is a compact
metric space, § the Borel subsets of X, u a probability measure on (X, §),
and ® a group of homeomorphisms of X onto X, each T ¢ ® measure-pre-
serving, then the measure u is representable.

Suppose p is the metric on X, and C'(X, X) the set of continuous functions
on X to X. If fand g e C(X, X), define p(f, g) = sup, p(f(x), g(x)). It
is known that C(X, X) is a separable metric space. See for example Kura-
towski [11, pp. 120, 315]. By Corollary 3 it follows that u has a unique
representation. For ® C C(X, X), and therefore @ is a separable metric
space under the restriction of p to ®. © therefore has a countable subgroup
which is dense in & under pointwise convergence.

It is not, however, necessary to assume the transformations in ©
are homeomorphisms.

TaeoREM 6. Suppose (X, §, u) ts a probability space, X compact metric,
& the Borel subsets of X. Let @ be a semigroup of continuous and measure-
preserving transformations of X into X. Then u has a unique representation
determined by o .

Remark. The existence of a unique representation asserted in Theorem 6
may be proved using the results of Choquet [3]. That Choquet’s theorems
may be validly applied follows from Corollary 2, Section 2 and Lemma 5,
Section 3.
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5. Examples

Suppose @ is a locally compact semigroup having a countable base for the
open sets of @. Let ¢ be a point not in @, @ = {¢} u @, and let @ have
the one-point compactification topology. If T ¢®, define Tq = ¢T = q.
Then it is easily seen that the map (T, S’) — TS’ is jointly continuous in
the product topology on & X @&'. If uis the probability measure supported
on {g}, then u is invariant under the transformations in ®.

It is clear that if (X, ) is any measurable space such that & acts on X as
a semigroup of measurable transformations, then if z ¢ X is a fixed point
under O, there exists an invariant probability measure on (X, §). We use
this idea to construct nontrivial examples.

Let @ be as above, and C(®’, [0, 1]) the set of all continuous functions on
@' to [0, 1] taken with the sup norm. C(®, [0, 1)) is a complete separable
metric space. For (& and hence) & has a countable base for the open sets
of (®) @), and therefore the topology of @’ is metrizable. Therefore @' is a
compact metric space, and it follows that C'(®’, [0, 1]) is a separable metric
space.

® induces a semigroup ®* of transformations on (@', [0, 1]), T — T™ ¢ ®*
defined by (T*)(8) = f(ST), feC(®, [0, 1), and S e®. Since

(T2 T2 (8) = f(ST: Ta) = (T3 f)(STy) = (T¥(TF H)(S),

the map T — T* is a homomorphism. If TF¥ = Ti, then for all
feC(®,[0,1]), S e ®,f(ST,) = f(ST,). Since the functions in C(@, [0, 1])
separate the points of &', ST, = ST, for all S ¢®’. Taking S = identity
of ® gives Ty = Ty. Therefore, T — T* is an isomorphism. We take on
®* the topology which makes this a homeomorphism.

The semigroup &* then acts in a jointly continuous way. Forif {T7 ,¢ = 1}
is a sequence of elements in ®, lims,, T = T%, and if {f;, ¢ = 1} is a se-
quence of functions in C(®, [0, 1]), limi..f; = f, then f; converges to f
uniformly as 7 — o, and

limise (TF 1) (8) = limew fi(ST:) = f(ST) = (T*)(8).

®* acting on C'(®', [0, 1]) has the constant functions as fixed points. The
set N of constant functions is clearly homeomorphic to [0, 1], and therefore
9 is a compact, therefore a Borel, subset of C(®, [0, 1]). Let u* be any
probability measure defined on the Borel subsets of [0, 1]. Let w** be the
corresponding measure on the Borel subsets of 2. Extend & to a measure
u on the Borel subsets § of C(®, [0, 1]) by, if 4 ¢ §, u(4) = p**(4 n ).
u is clearly an invariant probability measure.

THEOREM 7. Let ® be a locally compact semigroup having a countable base
for the open sets of . Then there are a probability space (X, §, u), X a com-
plete separable metric space, § the Borel subsets of X, and a locally compact
semigroup ©* of jointly continuous and measure-preserving transformations
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relative to (X, §, n) such that ® and ®* are isomorphic. The probability
measure u 18 nonatomic.

Suppose X = [0, 1], § are Borel subsets of X, and p* is Lebesgue measure
on (X, ¥). Let T be the set of all measurable and measure-preserving
transformations relative to (X, §, u*). T is clearly a semigroup.

THEOREM 8. Let & be a countable semigroup such that the cancellation law

holds for &. There is a subsemigroup of T which is algebraically isomorphic
to ©.

Proof. Let Q° be the set of all functions on ® to [0, 1], Q° given the product
topology. As is well known, Q°, as the Cartesian product of [0, 1] with itself
Xo times, may be made into a product measure space, starting from Lebesgue
measure u* on [0, 1]. As observed in the proof of Theorem 5, the elements
of ® naturally induce a semigroup ®* of continuous maps of Q°, defined by
(T*)(S) = y(ST), T — T* ye Q@, S e®. Since the cancellation law
holds for ®, one may readily verify that each T™ ¢ ®” is a measure-preserving
transformation. Finally, as is well known, there is a map ¥4:Q° — [0, 1]
which is 1-1, onto, and such that ¥ and ¢;' are each measurable. Further
if uis the product measure on Q@’, and if A is a Borel subset of [0, 1], u(¥7'4) =
u¥(A4). Let ®* be the transformations in T given by S e ®** if and only if
S = ¢y T, T* ¢ ®*. It is easily verified that @ and @** are algebraically
isomorphic.
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