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TENSOR PRODUCTS OF MEASURABLE OPERATORS

M. ANOUSSIS, V. FELOUZIS AND I. G. TODOROV

ABSTRACT. We introduce and study a stability property for sub-
modules of measurable operators and Calkin spaces and char-
acterize the tensor stable singly generated Calkin spaces. Given
semifinite von Neumann algebras (M, 1), (N, o) and correspond-
ing measurable operators S, T, we provide a necessary and suf-
ficient condition for the operator S ® T' to be measurable with
respect to M N, 7 Qo).

1. Introduction

Weiss considered in [14] a property for ideals of B(#), called “tensor prod-
uct closure property”, or “tensor stability”. In a previous paper [1], we studied
the analogous property for Calkin sequence spaces. In particular, we estab-
lished a necessary and sufficient condition for the tensor stability of a singly
generated Calkin sequence space.

In this paper, we study the analogous stability property for submodules
of measurable operators and Calkin function spaces. Using results of O’Neil,
we describe a large class of stable submodules of measurable operators. We
then focus on singly generated Calkin function spaces. We give a necessary
and sufficient condition for the tensor stability of a singly generated Calkin
function space and provide examples of stable singly generated Calkin function
spaces.

Let (M,7), (M,0) be two semifinite von Neumann algebras and S, T
measurable operators with respect to (M, 1), (N, o). In the first part of the
paper, we give a necessary and sufficient condition for S ® T to be a 7 ® o-
measurable operator. This characterization is used in an essential way in the
study of stable submodules.

We now introduce some notation. If H is a Hilbert space, we denote by
B(H) the algebra of bounded linear operators on H. If X is a set and A C
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X, we denote by x4 the characteristic function of A. By m we denote the
Lebesgue measure. If M is a von Neumann algebra, and P € M we say that
P is a projection if P is a selfadjoint idempotent.

2. The algebra M

Let M be a von Neumann algebra acting on a Hilbert space H. Let M be
the set of all operators T' in H which are densely defined, closed and affiliated
to M.

Assume that M admits a faithful semi-finite normal trace 7. Let M be
the subset of M consisting of all T € M such that lim,_, ;o 7(EIT!(s, +00)) =
0, where |T| = (T*T)'/? and E!"!(s,4+00) is the spectral projection of |T|
corresponding to the interval (s,+occ). Then M is a *-algebra with respect
to the operations (S,T)+— S+ T, (S,T) — ST, T — T*, where T denotes the
closure of an operator T [5, Paragraph 1.4]. The operators in M are called
T-measurable. In the sequel, we shall write S 4+ T instead of S+ 7T and ST
instead of ST.

On M, we consider the measure topology, introduced in [10], which is the
translation invariant topology defined by the neighborhoods of 0 of the form

Uess = {T : there exits a projection P € M
such that |TP| <e and 7(P') <4},

where €,6 > 0 and, for a projection P, we have set P~ =1 — P. Then M
becomes a complete topological x-algebra and M is a dense *-subalgebra of

M.
Let T € M and ¢t > 0. We set
pe(T) = inf{||TP| : P is a projection in M and 7(1 — P) < t}.
We will denote the function ¢t — pu:(T) by u(T).

We collect some properties of the function u(7T) in the following proposition
[5, Proposition 2.2, Lemmata 2.5, 2.6].

ProroSITION 2.1. Let T', S, R be T-measurable operators. Then the fol-
lowing properties are satisfied:
(i) The map t — p(T) from (0,+00) to [0,+00] is non-increasing and right-
continuous. Moreover,

Jim p1,(T) = || 7| € [0, +oc].
t—0

) (T) = pe(|T]) = pe(T), for t>0.
) 1e(T) =inf{s > 0:7(EITl(s,400)) < t}.
iv) peys(T+S) < pue(T) + ps(S), fort >0, s> 0.
) e (RTS) < ||R|[|S|pe(T), £ > 0.
) For every t >0 and for every projection P € M with 7(P) <t we have
that p (T P) = 0.
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(vii) For every t >0 and for every projection P € M with 7(P) >t we have
that p(P) = 1.

Let T in M. We will say that T is a 7-finite-rank operator if there exists
a projection P € M such that 7(P) < 400 and T = PT. It follows from
Proposition 2.1(ii), (iii) and (vi) that T is a 7-finite rank operator if and only
if m(supp(u(T'))) < +oo. It follows from Proposition 2.1(i) that T is bounded
if and only if u(T) is bounded.

3. Tensor admissibility

Let (X,v) be a o-finite measure space. Let us denote by .#(X) the linear
space of all v-measurable functions f : X — C, where we identify the functions
which are equal v-a.e. Let f € .#(X). The distribution function of f is the
function & : (0,400) — [0, +00] given by

§r(s)=v({ze X :|f(x)|>s}).
It is trivial to verify that d is a non-increasing right-continuous function. The
decreasing rearrangement of f is the function f*: (0,+00) — [0, 400] given by:

() =inf{s>0:8;(s) < t}.

Note that, since d; is right continuous, the latter infimum is attained, and
that f* is right continuous [2, Chapter 2, Proposition 1.7].
The following are equivalent for a function f € .#(X):
(1) there exists a t > 0 such that & (t) < +oo,
(3) f*(t) # +oo for every t > 0.

We call a function f € #(X) admissible if f satisfies the above conditions.
The set of all admissible functions is a subspace of .#(X) [2, Chapter 2,
Proposition 1.3] which we will denote by .Z(X).

We equip the set (0,4+00) with the Lebesgue measure m and set .# =
A ((0,400)) and £ = Z((0,+0)).

Let L*°(m) be the von Neumann algebra of all m-measurable essentially
bounded functions f : (0,4+00) — C. Then the map 7: L>°(m) — C defined by

7(f) = [ fdm is a semifinite normal trace on L>(m). The space L>(m) of
operators affiliated to L>°(m) is .# , while the space of 7-measurable operators
L>(m) coincides with .Z and pu(f) = f* for every f € Z.

We will denote by 2 the cone of all decreasing and right continuous func-
tions f: (0,400) — [0,+00). Note that £ ={fec.#: f* € 9}.

Let f,g € £. We denote by f ® g the function f®g: (0,+00) x (0,+00) —
C defined by

(f ®@9)(x,y) = f(@)g(y)-
DEFINITION 3.1. (1) A pair (f,g) € Z x £ is called tensor admissible if
(feg) €.
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(2) A function f € .Z is called tensor admissible if the pair (f, f) is tensor
admissible.

Note that, by definition, a pair (f,g) is tensor admissible if and only if
(f ®g)*(t) < +oo for every t > 0.

DEFINITION 3.2. Let f € Z and 0 € (0,1). For n € Z we set
L(f,0)={t>0:0"" < ft)y<o"},  Ju(f,0)=|JL(}.0)

<n
an(f,0) =m(I.(f.0)), )= ai(f,0) =m(Ju(1,0)),
i<n
= Z 0" X1, (5.6)-
nez

We call the function Lg(f) the 8-approzimation of f.

Let f and g be two real valued functions in .. We shall write f < g if there
exists a constant C' > 0 such that for every x € (0,+00) we have f(x) < Cg(z).
If f<gand g< f we will say that f and g are equivalent and we will write
f~g.

The following remark follows directly from the definitions.
REMARK 3.3. Let f € % and 6 € (0,1). Then
(1) In(f,0) = [An(f,0), Any1(f,0)) = [An(f,0), An(f,0) + an(f,0)).

(2) The #-approximation Lg(f) of f is decreasing and right continuous and
hence belongs to 2.

(3) The f-approximation Lg(f) of f satisfies 0Lg(f) < f < Lg(f). Thus, f ~
Lo(f)-

(4) We have I,(f,0) = L,(Lg(f),0) and an(f,0) = an(Lo(f),0) for every
n e 2.

(5) m(suppf) < +oo if and only if 37, an(f,0) < 4oc0.

(6) fisbounded if and only if there exists ng such that a,(f,0) =0 for n < ny.

(7) Lo(Lo(f)) = Lo(f)-

The proof of the following lemma is straightforward and we omit it.

LEmMA 3.4. Let f,9,f,9 € 2. If f<f and g < g then (f®g)* S
(f@g).

In the sequel, we use the conventions 0 - (+00) =0 and [+o0, +00) = ().

THEOREM 3.5. Let f, g be in @ and 0 € (0,1). Let a, = a,(f,0) and
by, =an(g,0), n € Z. For every k € Z, we set r, = Zi+j<k a;b;j. Then the pair

(f,g) is tensor admissible if and only if there exists ko such that r, < —+oc.
In that case, we have that

f®g ZHXTkaJrl

keZ
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Proof. Tt follows from Lemma 3.4 and Remark 3.3 that the pair (f,g) is
tensor admissible if and only if the pair (Lg(f), Lo(g)) is tensor admissible and
also that a, (f,0) = an(Le(f),0) and a,(g,0) = an(Le(g),d). By (7) above, we
may suppose that f = Ly(f) and g = Lg(g).

Let ¢t > 0.

Then f(z)g(y) >t if and only if there exist i, j such that x € I;(f,0),
y € 1;(g,0) and 0707 = 6"*J > t. Therefore,

{(m,y):f(x)g(y)>t}= U {(a:,y):eri(f,G),yGIj(g,Q)}.

4,5,00t7 >t
Let k € Z be such that 8% <t < #5~1. We have
U {(Ivy)xEIz(f70)7y€I](g79)}

,7,007 >t

= U {@y:xek(f,0),ycI;g0)}
i,5,00 T3>0k

= U {@y:zeli(f,0).yelig0)}.
i,J,i+5<k

Thus
Srag(t) =m({(z,y): f(x)g(y) >t})
:m( U {(W:f”€fi<f»9>»yefj<g7e)})=rk.

i,J,i+j<k

The pair (f,g) is tensor admissible if and only if dg4(t) < 400 for some ¢.
Hence, the pair (f,g) is tensor admissible if and only if for some k € Z, r <
400. The proof of the first assertion is complete.

Let k € Z be such that r, < s < 7441. Let € > 0 be such that 6% 4 < 6+~
By the first part of the proof it follows that 6 g4 (0% +¢) = rj, < s which implies
that (f ® g)*(s) < 0% + . Let € >0 be such that 6% — e > 0kt Again by
the first part of the proof we have that §7g4(0F — ) =741 > s, which implies
that (f ® g)*(s) > 6% — . Hence, (f ® g)*(s) = 6*. O

The proof of the following corollary is contained in the proof of Theo-
rem 3.5.

COROLLARY 3.6. Let f, g be in 9 and 0 € (0,1). Assume that f = Lo(f)
and that g = L¢(g). Let a,, = an(f,0), b, = an(g,0). For every k € Z, we set
L= Zi+j<k a;b;. Then
(1)

f®g 29 X[re,mes1)

keZ
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f®g Zaz

i+j=n
for every n € Z.

ProrosiTION 3.7. Let f e 2. If f is unbounded and tensor admissible,
then limg 4o f(z) =0.

Proof. Assume lim, ., f(z) =a#0. Let r > 0. Since f is unbounded the
set A={t: f(t) > r/a} has positive measure. Then §;g¢(r) = (mxm)({(t,s):
lf@) f(s)|>r}) = (mxm)({(t,s):t€e A, s€(0,400)}) =+00. O

All the von Neumann algebras, we consider from now on, are semifinite
and atomless. Let H1, Ho be Hilbert spaces and M C B(H1) and N' C B(Hz2)
be von Neumann algebras. Assume that 7 (resp. o) is a faithful semi-finite
normal trace on M (resp. N).

Let H = H1 ® Ho be the Hilbert tensor product of H; and H,. We denote
by (M & N, 7 ® o) the spatial tensor product of (M,7) and (N,0), that is,
the von Neumann algebra acting on H; ® Ho, generated by the operators
A® B, where A€ M and B € N, equipped with the trace 7 ® o defined
by (T®0)(A® B)=71(A)o(B), Ae M, BEN. If A€ M and B € N then
A® B is a closed, densely defined operator affiliated to M®AN and (A® B)* =
A* ® B* [12, Theorem 8.1], but it is not true in general that A@ Be M QN
The next theorem provides a characterization of the pairs (A, B) € M x N
with the property that AQ BE M QN.

THEOREM 3.8. Let Hi (resp. Hz) be a Hilbert space, and M (resp. N)
be a Neumann algebra equipped with o faithful semi-finite normal trace T
(resp. o). Let Ac¢ M and BEN. Then A® B€ MN if and only if
the pair (u(A), w(B)) is tensor admissible. In this case, we have that

wA@ B) = (u(A) @ u(B))".

Proof. Using polar decomposition, we may suppose that A, B are positive
operators Let E4 (resp. EZ) be the spectral measure of A (resp. B); thus,

f+ooxdEA and B = f “ydEB(y). Let E4 ® EB be the spectral
measure on R x R Wlth values in the prOJectlon lattice of Hq ® Ho defined by

(1) EA® EB(6, x §,) = EA(6,) @ EB(6,),
where 401, d2 are Borel subsets of R. It follows from [12, Theorem 8.2] that

+oo p+oo
A®B:/ / xyd(EA@)EB)(x,y).
0 0

Let us denote by E4'B the spectral measure on R given by
(2) EAB(6) = (B @ EP)({(2,y) 12y € 6}).
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Then
A®B= /+OoxdEA’B(x).
For every s > 0, we set ’
Ay ={(x,9) € (0,400) x (0, +00) 12y > s};

note that E4B(s,+00) = (B4 @ EP)(A,).
Note that A ® B € M ®AN if and only if for every ¢t > 0 we have that
(A ® B) < 400. Since

u(A® B) :inf{820:7®a(EA®EB(AS)) <t}

and

(1(A) @ w(B))"(t) =inf{s > 0: (m x m)({(2,y) : e (A)py(B) > s}) <t}

the conclusion of the theorem will follow if we prove the following equality:
3)  (reo) (B e EP(A) = (mxm)({(.): 1a(A)psy(B) > }).
Let s > 0. For every i¢,n € N, set

i 141 s
I(n,i)_|:gv " >v J(n,i)_(i/—n»‘FOO),

+oo
On,iy = Lng) X Jni), and 9, = U I(ni)-
=1
Clearly,
—+oo
(4) 61 C0CosC--+ and Ay= ] dn
n=1

By [5, Remark 3.3], for every Borel subset ¢ of R and every positive operator
T € M we have that

+oo
(5) 7(E7(9)) =/O xo (ue(T)) dt =m({z: po(T) € 3}).
By (4) and (5),
(r®0) (B ® EP(A,))
= nlLII;O(T ®o)(E4® EB(5,))
+oo
= n11_>IIOIO Z TR0 (EY® EP(5n))
.
= nh_{r;oz7'(EA(I(n’l)))U(EB(J(n,Z)))
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:JLH;OZ ({5 1a(A) € T Dn({y: 1y (B) € T })

+oo

= nlLIr;o Zl(m X m)({x Dz (A) € I(m)} X {y tpy(B) € J(n,i)})
:nli_>n;o mXxXm (U{ T,y) : (A El(n,i)aliy(B)EJ(n’i)}>

+o00 400
=(mxm (U U{ x,y) : g (A Ef(n,i),,uy(B)GJ(n,i)}>

n=11i=1
= (m x m)({(aj,y) iz (A)py (B) > S})’

and (3) is established. O

Recall that L>°(m) is the von Neumann algebra of all m-measurable essen-
tially bounded functions f : (0,400) — C equipped with the faithful semifinite
normal trace 7 given by 7(f) = [ fdm. We also have that % = L>(m). Set-
ting M =N = L°°(m) in the above theorem we obtain the following.

COROLLARY 3.9. Let f € Z. If f is tensor admissible, then
(fof)=(ref).
DEFINITION 3.10. Let (M, ), (N,0) be von Neumann algebras with faith-
ful semi-finite normal traces 7, 0. Let T € M, SeN.

(1) We will call the pair (7,5) tensor admissible if T®@ S € M@ N.
(2) We will call T tensor admissible if T@T € M @ M.

REMARK 3.11. By Theorem 3.8, the pair (S,T) (resp. the operator T') is
tensor admissible if and only if the pair (u(S), (1)) (resp. the function p(7T'))
is tensor admissible.

Some properties of tensor admissible operators are described in the follow-
ing theorem.

THEOREM 3.12. Let (M, 1) be a von Neumann algebra with a faithful semi-
finite normal trace 7. Let S,T € M.
(1) If S and T are bounded, then the pair (S,T') is tensor admissible.
(2) If S and T are T-finite-rank operators, then the pair (S,T') is tensor ad-
missible.
(3) If T is tensor admissible and S is a bounded T-finite-rank operator, then
T+ S is tensor admissible.

Proof. (1) is clear.
(2) It suffices to show that the pair (1(S), u(T)) is tensor admissible. Since
S and T are 7-finite-rank operators, there exists rg such that p,,(S) =0 and
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tro (T') = 0. The pair (u(S),u(T)) is tensor admissible if, for some r > 0, the
set {(x,y) : 1z (S)py(T) > r} has finite Lebesgue measure. Since
{@9): 12 (S)y(T) >} € {(2,) : p1 (S)p1y (T) > 0}

and (m x m)({(z,y) : uz(S)py (T) > 0}) <172, the assertion follows.

(3) If T is a 7-finite-rank operator, the assertion follows from (2). We
assume that T is not a 7-finite-rank operator. Let s be such that ps, (S) = 0.
Since T is tensor admissible, there exists r such that the measure of the set

F={(z,y): po(T) sy (T) > 1}
is finite. By Proposition 2.1, for z < sy we have that
pia(T + 8) < pa(T) + ||5]].

Set ¢ = #HS(% (note that, since T' is not 7-finite-rank, ps,(7°) > 0). We have

50
palT+8) @+ 81, IS, ISI _

pa(T) p(T') fi2(T) s (T)

It follows that

if0<ax<sg.

For every = > sg, by Proposition 2.1 we have that
(7) fo (T +8) < pa—so (T) + pso (S) = pro—s, (T)-

We show that the set
E={(z,y): po(T + S)py (T + S) > r(1 +¢)*}
has finite measure. Assume that z < sg, y < sp and (z,y) € E. Then
(T + )y (T + S) > (1 +¢)?
and hence, by (6), pz(T)uy(T) > r. Thus, the set
{(z,y) e E:x <s0,y<s0}

is contained in F' and therefore has finite measure.
Assume x < s¢, y > 5o and (z,y) € E. We have that

(T + Sy (T + S) >r(1+¢)?
and hence, by (6) and (7),
o (T)ity oo (T) > 7(1 4 ) > 7.
Set
A={(z,y) 12 <50,y > 80, ta(T)pty—so (T) > 1}

and
B={(x,y): 2 <50,y >0, 1o (T) sy (T) >7}.
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Then B is contained in F' and hence has finite measure; since A is the translate
of B by the point (0, sg), we have that A has finite measure. Since {(x,y) €
E:x<sg,y>so} is contained in A, it has finite measure.

Similarly, we can show that the set {(z,y) € F:x > 5o,y < so} has finite
measure.

Assume x > sg, y > so and (x,y) € E. We have

(T + )y (T + S) > (1 +¢)?
and hence, by (7),
e so (T)ity—o(T) > 71+ €)% > 7.
Set
A= {(x,y),x > 50,4 > 80t fha—so (T) py—so (T') > r}
and
B ={(z,y),2>0,y>0: g (T)py(T) > r}.

As before, B’ has finite measure; since A’ is the translate of B’ by the point
(s0,80), we have that A’ is of finite measure. As {(z,y) € E: 2 > s0,y > S0}
is contained in A’, it has finite measure. It follows that E has finite measure

as the union of four sets of finite measure. The statement now follows from
Remark 3.11. O

The following proposition is [4, Proposition 1 and Lemma 9]. Note that [4,
Lemma 9] was formulated for bounded functions f, but its proof works in the
case f € 7 as well.

PRrROPOSITION 3.13. Let M be a type Il factor acting on a separable
Hilbert space with a faithful semi-finite normal trace 7. There exists an in-
creasing strongly continuous function P :[0,+00) — M, denoted t — P; such
that:

(1) For every t € [0,+00), P, is a projection in M.
(2) For every t € [0,+00) we have that T(P;) =t.

Moreover, if f is a function in 9 and T = f0+°o f(t)dP;, then T is a mea-
surable operator and p(T) = f(t).

EXAMPLE 3.14 (A measurable non-tensor admissible operator). We will
construct a function in & which is not tensor admissible and then using Propo-
sition 3.13 we will find a measurable non-tensor admissible operator.

Let a > 0. We consider the function f: (0,+00) — [0,+00) defined by
f(t)=t=% We have I,(f,1/2) = [27/®,2(*+t1/a) " Set a,, = an(f,1/2); we
have

an =m(I,(f,1/2)) =2"/*(2"/* —1).
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It follows from Theorem 3.5 that f is tensor admissible if and only if there
exists ko such that r, < +oo, where ry, = Zi+j<kaia’j for each k € Z. For
k € Z, we have

Tk > Z a;a; = Z 21/a2j/0« (21/a _ 1)2

itj=k—1 itj=k—1
=Y 2 D/eal/a 1) = joo,
i€Z

We conclude that f is not tensor admissible. Let M, 7 and P be as in
Proposition 3.13, and T = f0+oo f(t)dP;. The operator T is measurable and
we(T) = f(t). By Theorem 3.8, T' is not tensor admissible.

EXAMPLE 3.15 (Two tensor admissible positive measurable operators
whose sum is not tensor admissible). Let a >0 and f: (0,4+00) — [0,+00)
be the function defined by: f(t)=t"*—11if t € (0,1] and f(t)=01if t > 1
and g: (0,+00) — [0,+00) be the function defined by: g(¢t) =1if ¢ € (0,1] and
g(t)y=t=if t>1.

Let M, 7 and P be as in Proposition 3.13. Let T} = O+OO f@)dP;, Ty =
f0+oog(t) dP;. The operators T} and T, are measurable and p:(T7) = f(t),
wi(Ty) = g(t). Since Ty is a T-finite-rank operator and T is bounded, it follows
from Theorem 3.12 that they are tensor admissible operators. However, T} +
Ty is not tensor admissible as we saw in the previous example.

4. Tensor stability
We start this section by recalling several well-known notions.

DEFINITION 4.1. A linear subspace . of .Z is called a Calkin function
space if it satisfies the following condition: for every f € .% and g € £ such
that g* < f* we have that g € ..

Let A > 0. We consider the dilation operator D) : £ — £ defined by

DA(f)(t) = fF(A711).
It follows from [9, p. 54] that if . is a Calkin function space, A >0 and f € .,
then D, f € .7.

Let 7 be a linear space. Recall that a quasi-norm on ¥ is a non-negative
function x + ||z|| defined on ¥ and satisfying the same axioms as a norm
except for the triangle inequality which is replaced by the requirement: There
exists a constant ¢ > 0 such that

I+ yll < e(llzll + [lyll),
for all z,y € V.
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DEFINITION 4.2. A Calkin function space & is called a symmetric quasi-
normed function space (or a symmetric quasi-normed space) if there exists a
quasi-norm p on & with the following property: If f €&, g€ & and f* < g*,
then p(f) < p(g). If p is a norm with this property, & is called a symmetric
normed function space (or a symmetric normed space).

DEFINITION 4.3. Let (M,7) be a von Neumann algebra with a faithful

semi-finite normal trace 7. A subspace J of M such that for _every TeJ
and A, B € M we have that AT B € J is called a submodule of M.

Let & be a Calkin function space. Set &(M)={T € M : u;(T) € &}. By
Proposition 2.1(v), &(M) is a submodule of M. It is known that, when .#
is a semi-finite factor, the submodules of M are in one-to-one correspondence
with the Calkin spaces contained in . [7]. It follows that, in this case, every
submodule of M is of the form & (M) for some Calkin space &.

Let (&,p) be a symmetric quasi-normed space and (M, 7) be a von Neu-
mann algebra with a faithful semi-finite normal trace 7. We define a function

p:&E(M)—[0,4+00) by
p(T)=p(u(T)), TeEM).
It is not hard to see that p is a quasi-norm on &(M) (see [8]). If (&,p) is
a normed space then (&(M),p) is a normed space. This important result
was proved by Dodds, Dodds and de Pagter [3] in the case where p is a Fatou
norm and by Kalton and Sukochev [8] in the general case. If (&, p) is a Banach
space then (& (M), p) is also a complete normed space ([3], [8]). We also note
that if (&, p) is a complete symmetric quasi-normed space then (&(M),p) is
also a complete quasi-normed space ([13]).
The following theorem is a consequence of Theorem 3.8.

THEOREM 4.4. Let (M, ), (N,0) be von Neumann algebras with faithful
semi-finite mormal traces T and o acting on the Hilbert spaces Hi and Ho
respectively.

(1) Let &, &, & be Calkin function spaces. Assume that for every f € &
and g € & we have that (f ® g)* € &. Then

EL(M) @ EN) CEMRIN).

(2) Let (&1,p1), (62,p2), (&3,p3) be symmetric quasi-normed spaces and
C > 0. Assume that for every f € & and every g € &, we have (f @ g)* €
&3 and

ps((f ©9)") < Cpi(f)pa(9)-
Then
E(M)® EWN) CE(MBN)
and for every T € & (M) and S € &(N) we have

)
p3(T ® S) < Cp1(T)p2(S).
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We combine the above theorem and results of O’Neil on tensor products of
Lorentz spaces [11] to obtain Theorem 4.5 below. We first recall the definition
of Lorentz spaces Z{, q)-

Let fe Z and 0 <p < +o00, 0 < g <+00. We set

wmq=gﬂmﬁﬁmh”%%%?“<+m’
' sup;sot? f*(t) if g=400
and
L) = {feZ | fllpg <+oc}
(see [11, Definition 6.5]). It is clear that the spaces .Z{, ) are Calkin spaces
and it is known that they are complete symmetric quasi-normed function

spaces [6, Theorem 1.4.11]. Theorem 4.5 below follows from [11, Theorem 7.7],
Theorem 4.4 and [9, Theorem 2.4.4].

THEOREM 4.5. Let 0 <p < +o0 and 0 < q,r,s < +00 and let (M, 1), (N,0)
be von Neumann algebras with faithful semi-finite normal traces T and o acting
on the Hilbert spaces Hy and Ho respectively. A necessary and sufficient
condition in order that for every T € L, oy(M) and S € L, (N) we have
that T ® S € Ly o) (M @N) is that p, q, 7, s satisfy the inequalities:

1 1 1 1
(8) g<s,  r<s  s4i<iil
p s q T

In that case there exists a constant K which depends only on p, q, r, s such

that for every T € £ q)(M) and S € Ly, y(N') we have that

H/‘(T@) S)H(p,s) < KH/’L(T)||(p7q)HH(S)H(T)J').

From now on, we assume that (M, 1) is a factor of type IT.

DEFINITION 4.6. (1) A Calkin function space & is called tensor stable if
for every f €& and g € & we have that (f®@g)* € &.
(2) Let & be a Calkin function space. We shall say that the submodule & (M)
is tensor stable if & is a tensor stable Calkin function space.

REMARK 4.7. Let & be a Calkin function space. It follows from Theo-
rem 3.8 that the submodule &(M) is tensor stable if and only if

EM) @ EM)CEMSM).

REMARK 4.8. Let 0 <p < 400 and 0 < ¢ < 4o00. It follows from [11, The-
orem 7.7] that the Calkin function space £, ) is tensor stable if and only if
q <p. It follows from Theorem 4.5 that the submodule £, ,y(M) is tensor
stable if and only if ¢ < p.

LEMMA 4.9. Let f,g€ Z and 0 € (0,1). Then there exists a constant C' >0
such that f < Cg if and only if there exists an integer r > 0 such that for every
k € Z we have that

Ak(fae) < AkJrr(gve)'
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Proof. Assume f < Cg. We consider r € Z, r > 0 such that §7C <1. Let
x € Jo(f,0). Then f(z)> 0" and so g(x) > C~Lf(x) > 0" f(x) > 0" . Tt
follows that = € Jy,4,(g,0) and Ak (f,0) < Ag4r(g,0).

Suppose now that there exists an integer r > 0 such that for every k € Z
we have that Ap(f,0) < Ax4r(g,0). Let n be such that x € I,(f,6). Then
x € [An(f,0), Ant1(f,0)) and we have

An(f,0) <z <Apya(f,0) < Anyrii(g,0)

by assumption. We thus have

9(x) > g(Ansri1(g,0)) > 072,
But then f(z) <" =0"T"120"""2 < g(Ap1,41(9,0)0 "2 < g(x)7 "2 O
Let f € 2. Then it follows from [9, p. 54] that the set
{g : there exists a C' > 0,and A > 0 such that g* < CDAf}

is a Calkin function space and it is contained in every Calkin function space
that contains f. Hence, it is the least Calkin space containing f. We will
denote this space by .. We will say that a Calkin space is singly generated
if it is of the form .#; for some f € 2.

THEOREM 4.10. The Calkin space generated by f € 9 is tensor stable if and
only if there exists a constant C' >0 and A >0 such that (f @ f)* <CD,f.

Proof. If .7} is tensor stable, then (f ® f)* € ./ and hence there exist
C >0 and A\ >0 such that (f® f)* <CD,f.

For the converse, assume that there exist C' >0 and A > 0 such that (f ®
f)*<CDyf. Let g1,92 € #f. Then there exist K >0,M >0and v >0,k >0
such that gf < KD, f and g5 < MD, f. We show that (g1 ® g2)* € . We
have

(91 ®g2)" = (g7 ®95>*
by Corollary 3.9. Hence we may assume that g1,g2 € 2. Let £ = max{v,k}.
Then, g1 < KD, f < KD¢f and go <MD, f < MD¢f. By Lemma 3.4, we
have
(91 ©®g2)" < KM(Def @ Def)*

But

(Def © Def)" = De(f @ f)".
Hence,

(91 ® g2)" S KMCD¢D, f.
and (91 ®g2)*€5”f. O

COROLLARY 4.11. Let f € 7 and 0 € (0,1). The Calkin space 7% is tensor

stable if and only if there exist an integer r >0 and C' > 0 such that for every
k €Z we have

Ak((f & f)*ae) < CAk-i-r(f’ 9)
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Proof. Tt follows from Lemma 4.9, Proposition 4.10 and the fact that
Ar(Daf,0) = AAk(f,0). O

DEFINITION 4.12. Let (M, T) be a factor of type Il and J be a submod-
ule of M. We will say that J is singly generated if there exists T € M such
that 7 is the least submodule of M that contains 7. In this case, we will say
that J is generated by T'.

REMARK 4.13. Let (M,7) be a factor of type II,, T € M and J the
submodule generated by T'. Let f = u(T). Then J = .%F(M).

DEFINITION 4.14. Let (M,7) be a factor of type Il. A function f € 2
will be called tensor stable if 7 is tensor stable. An operator T'€ M will be
called tensor stable if the submodule of M generated by T is tensor stable.

REMARK 4.15. It follows from Remark 3.3 and Corollary 4.11 that a
bounded 7-finite rank operator is tensor stable.

Let M, 7 and P be as in Proposition 3.13. Let f € 2 and T =
f0+°o f(t)dP;. The operator T is measurable and p:(T) = f(t). By Re-
mark 4.13, the operator T is tensor stable (resp. bounded, admissible) if and
only if f is a tensor stable (resp. bounded, admissible) function. It follows
that in order to construct an operator in M with a certain property it is

sufficient to construct a function in & with the corresponding property.

EXAMPLE 4.16 (A bounded not tensor stable operator). Let f € 2 be the
function defined by:
f = Z 2_nXIn7

nez
where: I, =[n,n+1)if n>1, I[j =(0,1) and I, =0 if n < —1. Then
an(f,1/2) =m(l,) =1 for n >0 and a,(f,1/2) =0 for n < —1. By Corol-
lary 3.6, for n > 0 we have

A ((f@ /)51/2) = Y ailf,1/2)a;(f,1/2) =n(n+1)/2.
i+j<n

Let r€Z, r > 0. For n > 0, we have

n+r—1

An+7“(f71/2) = Z ai(f71/2) =n-+r.
i=0

Since there are no C' >0 and r € Z, r > 0 such that n(n+1)/2 < C(n+r) for
every n, it follows from Corollary 4.11 that f is not tensor stable.

EXAMPLE 4.17 (An unbounded tensor admissible not tensor stable opera-
tor). Let f € 2 be the function defined by:

F=Y 2",

neZ
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where I,, = [27/@,2(n+1)/a) if p < 0 and I,, = 0 if n >0, for some a > 0. Then
an(f,1/2) =m(I,) = 2"/*(2"/* — 1) if n <0 and a,(f,1/2) =0 if n > 0. Set
an, = an(f,1/2). It follows from Theorem 3.12 that f is tensor admissible.

It follows from Corollary 3.6 that

A((fo " 1/2) = Y aa
i+j<n
for every n € Z. Since for k < —1 we have
Z aia; = Z 9i/agi/a (21/0, _ 1)2 _ (|k;| _ 1>2k/a (21/a _ 1)2
it+j=k i<0,j<0,i+j=k

we obtain for n <0

n—1
A((f@ ) 1/2) = 3 aag= > (k- 1)2Me (2~ 1)
i+j<n k=—oc0

Assume that there exist r and C such that A, ((f®f)*,1/2) < Ap4-(f,1/2)
for every n € Z. If n <min{—1, —r} we obtain

n—1 n+r—1
Z (|k‘71)2k/a(21/a—1)2§ Z 2i/a(21/a_1)
k=—o0 1=—00
n+r—1)/a a 21/(1 n+r)/a
— o(ntr=1)/ (21/ _ 1)21/a_1 o(n+r)/

Hence
(|n —1] - 1)2(n—1)/a (21/(1 _ 1>2 < 9ntr)/a
= (n—1]—1)(2"/* —1)% <2(rt/e

for every n € Z such that n < min{—1,—r} which is absurd. It follows from
Corollary 4.11 that f is not tensor stable.

EXAMPLE 4.18 (A bounded tensor stable operator). Let ag,aq,... be the
sequence of Catalan numbers. They are defined as follows:

ap =1, apt1 = E Ailp—j-

We set I, =0 for n <0, Iy = (0,1) and I,, = Y7~ ai, 27 a;) for n> 0.
Let f € 2 be the function defined by:

= Z 2_nX]n .
nez

Then, a,(f,1/2) = m(l,) = a, for n >0 and a,(f,1/2) = m(l,) =0 for
n <0.
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Let n € Z. Then
Au((fo ) 1/2) = > ailf,1/2)a(f,1/2) = Y awy

i+j<n 120,j20,i+j<n
n—1 n—1 n
S DD DRI S it
k=0i>0,j>0,i+j=k k=0 k=0
= Ana(f,1/2).
It follows from Corollary 4.11 that f is tensor stable.
EXAMPLE 4.19. An unbounded tensor stable operator.
Let 0 =ng <nj; <ng < --- astrictly increasing sequence of positive integers
satisfying the following conditions:
(1) For every k>0,

k
E n; < Nk+1-
=0

(2) There exists C' > 0 such that
Npg1/ne <C
for every k> 1.

We set Ny =0 and, Ny, :Z?:o“k for k=1,2,3,..., and

1
Nkt1 2k+27
We also set I,, = [1 — Eiﬂoai, 1— Z‘Zilo_l a;) for n <0, Iy =[1 — ag,1) and
I, =0 for n>0.

Let f € & be the function defined by: f =3 _,27"xr, = 22:700 27"xr, -
Then a,(f,1/2) =aj, if n <0 and a,(f,1/2) =0if n > 0.

Suppose that n <0, |n| € [Nt + 1, Nig41], that is |n| = Ny + 1, with 1 <1 <
Nk+1-

We calculate a,,((f ® f)*,1/2). By Corollary 3.6, we have

an((f®)1/2) = D ailf,1/2)a;(f,1/2)

1
9) ao = 5 and a; = ifie[Ng+1,Ngqq].

i+j=n
= E, aji|a)j| = E, ajq|ajj)-
i+j=n [i]+]5]=|n]

Suppose that |i| +|j| = |n|; we claim that |i| > Ni_1 or |j| > Ni_1. Indeed,
if |i| < Nx_1 and |j| < Ni_1, then, by (1) above, |i| 4+ |j] < 2Nj_1 < Ni + 1.
This is a contradiction since |i| 4+ |j| = |n| € [N + 1, Ngt1]. Set I ={|i] <
Nkfl}, J= {|Z| > Nkfl}. We have

an(FR)S12)= D apay =Y @i+ Y @@

lél+15l=Inl| lilel liles
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If |i| € I, then |n| — |i| = [j| > Nyp—1 and

1
WUnl—lil < ST

Since ) ;c; a; =1 we obtain

< 1 1
> apiajal-i < 2L
|iler

If |i| € J, then [i] > Nj_; and

1 1
Uil S ST
Since ), ., a; =1 we obtain
1 1
> il < g 2R
|i|leJ
Hence,
a((foni) <2t cuoc b 1 _uca. /2
" 7 Ty 26D T T gy 2k2 T

For n =0, we have

ao((f® f)*,1/2) = af <4Cag =4Cao(f,1/2)

since C > 1. It follows from Corollary 4.11 that f is tensor stable.
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