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FINITE GROUPS WITH ISOMORPHIC
GROUP ALGEBRAS

BY
G. KARPILOVSKY

Suppose that G and H are finite groups with isomorphic group algebras RG
and RH over the ring R of integers in some finite algebraic extension of the
rationals.

In [7] Passman established a bijective correspondence between the set of
normal subgroups of G and that of H which preserves many natural operations
and properties defined on these sets. Some of Passman’s results, however,
depend on nilpotency conditions.

In this paper we provide generalizations of Passman’s result in two direc-
tions. Namely, we remove the nilpotency condition and replace R by a larger
class of rings.

Our result is as follows.

THEOREM. Let KG =~ KH where K is any integral domain of characteristic O
in which no rational prime divisor of |G| is invertible. Then there exists an
isomorphism between the lattice of normal subgroups of G and that of H which
preserves the following.

(a) the commutation of any two normal subgroups,

(b) normal abelian sections and the isomorphism class of normal abelian
sections,

(c) the order and period of normal sections.

In fact, the corresponding normal sections have the same number of elements of
any given order.

COROLLARY. The above isomorphism preserves the following.

(i) nilpotency, solvability, class of nilpotency and the derived length of N, N
being an arbitrary normal subgroup of G (in particular, the Fitting
subgroup of N);

(ii) a central series of N consisting of normal subgroups of G and the isomor-
phism class of corresponding factors (in particular, the upper central
series and the lower central series of N and any central series of G);

(iii) the derived series of N, the chief series of G and the isomorphism class of
corresponding factors;
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(iv) the group C"(N) generated by all nth powers of elements of N and the
group C,(N) generated by all elements of N whose order divides n.

The special case of (a) and (b) when K = Z was proved by Whitcomb [13]
(see also [9]). When K = R Passman [7] proved part of (c) and, when G is
nilpotent, he has obtained (a) and part of (b). Obayashi [6] proved part of (b)
for K = R. For other various special cases of the above theorem and corollary
refer to [3], [6], [7], [11] and [12].

1. The satting

Before proceeding with the proof we shall describe the notation, recall the
definitions and record some elementary properties of group rings. Let G be a
finite group and let S be a commutative ring with unit. The augmentation ideal
I(S, G)is the kernel of the homomorphism from the group ring SG to S induced
by collapsing G to the unit group. We shall write I(G) instead of I(S, G) when
there is no danger of confusion. For J the ideal of SG the set G n (1 + J) of
elements x in G for which x — 1 in J is a normal subgroup of G. Throughout, N
and M are normal subgroups of G and in the group ring KG K will always
stand for an integral domain of characteristic 0 in which no rational prime
divisor of |G| is invertible. In particular, K can be one of the following rings:

R, Z ={a/bla,beZ, (b, |G|)=1},

and, when G is a p-group, the ring of p-adic integers.

If C and D are subsets of SG, define the Lie bracket (C, D) as the subgroup of
the additive group of SG generated by all (¢, d) = ¢d — dc, c in C, d in D.

Let A: G — H be a group epimorphism and let 2: SG — SH be the group ring
epimorphism which is the extension of A by S-linearity. Then

Ker 1=SG - I(N)= =x eSG|xY y= O: where N = ker A.
yeN
As a consequence of this we have G n (1 + SG - I(N)) = N. That SG - I(N) is
generated by {x — 1| x € X}, where X is a generating set for N (see [4]) implies

(1) SG - I(N - M) =SG - I(N) + SG - I(M)

and the same fact together with the identity (a — 1,b — 1) = ba(a~'b™ab — 1),
a, b € G implies

) SG - I((N, M]) = SG - (I(N), I(M)).

We shall write KG = KH for H being a normalized group basis of KG (i.e. H is
a group basis consisting of elements having augmentation 1).

Elements of particular interest in KG are the class sums. These are the sum of
all the group elements in any given class of G. We will denote by C, the class
containing g € G. That KG = KH implies existence of a bijective corre-
spondence between the conjugacy classes of G and those of H such that the
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corresponding classes have identical class sums was proved by Berman [2] for
the case K = Z and for the case K = R the same result was proved by Glauber-
man (see [7]), Poljak [8] and Saksonov [12]. The general case was established
by Saksonov [11].

2. Preliminary results

We shall need the following result due to Saksonov.

LemMma 1[11]). Let KG =~ KH. Then there exists a bijective correspondence *
be tween the conjugacy classes of G and those of H such that:

(3) The corresponding classes have identical class sums.

(4) Foranyg e G, Cy = C, implies (Cyn)* = Cyn, h € H.

(5) Every group which consists of normalized units of KG is a K-linearly
independent set.

We next need to calculate the normal subgroup of G attached to the product
of ideals KG - I(N) and KG - I(M).

LeMMA 2. Let J, = KG - I(N) and J, = KG - I(M). Then
Gn (1 +J1J2)= (N A M),.

Proof. 1t follows from [1, Theorem 10] that G ~ (1 + JJ,) = (N n M)¥
where the right hand side is the intersection of the kernels of all homomor-

phisms of N n M into the additive group of K-modules. In particular, the case
N = M = G yields

G ~ (1 + I*(K, G)) = G.

Therefore it suffices to prove that G n (1 + I*(K, G)) = G'. By taking the case
n=2 in Theorem 2.1 of [2] we see that G n (1 + I*(K, G)) = G’ whenever
T,(G mod G’')= G’ for all primes p for which p°’K = p**!'K for some e,
T,(G mod G’) being the subgroup of G generated by all elements of G some pth
power of which is in G'. It is clear that T,(G mod G') = G’ whenever p f|G|.If
p is a prime such that p°’K = p** K for some e then p°(1 — px) = 0 for some
x € K and since K has no zero divisors, p is a unit in K. This shows that
p4|G| and completes the proof.

With these preliminaries settled, we are now ready to prove the theorem.

3. Proof of the theorem

We may assume without loss of generality that KG = KH.Let N = { J,. . C,
and let N* = | J,. . C¥. It follows from (3) that

Y x= Y y whence (Zy)2=|N| Y y.

xeN teN* y eN* yeN*
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Therefore N* is closed with respect to multiplication, proving that N* <H. It
is immediate that N — N* determines the desired bijective correspondence
which preserves order, inclusion and intersection. That (N - M)* = N* - M*
will follow from (1) and the following property:

(6) If J is any ideal of KG then G n(1+J)=N implies
Hn(14J)=N*

To prove (6), we have only to remark that N <1+ J if and only if
J 2KG - I(N).

Let J be the ideal of KG generated by (J,, J,) where J, = KG - I(N),
J, = KG - I(M). We next claim that

(7) Gn(1+J)=[N, M)

from which (a) will follow by virtue of (6). To prove (7) we first observe that
KG - I([N, M]) < J by virtue of (2). Therefore we may assume that [N, M] =1
in which case J < J, J,. The desired assertion is now a consequence of Lemma
2.

Let n: KG —» KG, where G; = G/N be the canonical homomorphism. Be-
M > N’ the application of (a) yields the first part of (b). Since two abelian
groups having the same number of elements of any given order are isomorphic
[5, p. 95] the application of (c) yields the second part of (b). We are now left to
prove (c).

Let n: KG —» KG, where G, = G/N be the canonical homomorphism. Be-
cause of (6), KG, = KH, where H, = n(H). Let (M/N)* be the normal sub-
group of H; which corresponds to M/N. It is a consequence of (4) that M/N
and (M/N)* have the same number of elements of any given order. Thus to
complete the proof it suffices to show that

®) (M/N)* = M*/N*.

To prove (8), consider the sequence of group ring homomorphisms

4 a

KG _— KGI —_— KG2

where G, = G/M and a(gN) = gM for any g € G. Then ker an = KG - I(M),
ker « = KG, - I(M/N) and for any h e H, (an)(h — 1) = a(n(h) — 1) where 1 is
the identity element of KG,. It follows from (6) that

H n (1+ KG-I(N))= N*
whence
(M/N)*=H; n (T + ker a)

= {n(h)a(n(r) — T) = 0}

= {n(h)|h e H N (1 + Ker an)}
= {n(h)| h € M)

= n(M*).



FINITE GROUPS WITH ISOMORPHIC GROUP ALGEBRAS 111

Since n induces the group epimorphism n': M* — n(M*) and since
kern' = M* n (H n (1 + KG - I(N))) = M* n N* = N*,

the proof is complete.

To prove the corollary we have only to remark that (i), (ii), and (iii) are

direct consequences of (a) and (b) while (iv) follows from (4).

—

Acknowledgement. 1 would like to thank the referee for his helpful remarks.

REFERENCES

. G. M. BERGMAN and W. DICKs, On universal derivations, J. Algebra, vol. 36 (1975), pp. 193-211.

2. S. D. BERMAN, On a necessary condition for isomorphism of integral group rings, Dopovidi Akad.

4

w

Nauk. Ukrain. RSR, No 5 (1953), pp. 313-316.

. J. A. ConN and D. LIVINGSTONE, On the structure of group algebras, I, Canad. J. Math., vol. 17
(1965), pp. 583-593.

. I. G. CONNELL, On the group ring, Canad. J. Math,, vol. 15 (1963), pp. 650-685.

. G. A. MILLER, H. F. BLICHFELDT and L. E. DICKSON, Theory and applications of finite groups,
Dover, New York, 1961.

6. T. OBAYASHI, Solvable groups with isomorphic group algebras, J. Math. Soc. Japan, vol. 18,

[o BN |

(1966), pp. 394-392.
. D.S. PassMAN, Isomorphic groups and group rings, Pacific J. Math., vol. 15 (1965), pp. 561-583.
. 8. S. POLJAK, On a necessary condition for isomorphism of group rings over a ring, Dokl. UZh-
gorod Gos. Univ., No 3 (1960), p. 62.

9. R. SANDLING, Note on the integral group ring problem, Math. Zeitschr., vol. 124 (1972),

10

pp. 255-258.

. R. SANDLING, Dimension subgroups over arbitrary coefficient rings, J. Algebra, 21, vol. 21 (1972),
pp. 250-265.

11. A. 1. SaksoNov, Group rings of finite groups I, Publ. Mathematicae, vol. 18 (1971), pp. 187-209.

12.

, Certain integer-valued rings associated with a finite group, Dokl. Akad. Nauk. SSSR,
vol. 171 (1966), pp. 529-532.

. A. WHITCOMB, The group ring problem, Ph.D. Thesis, Univ. of Chicago, 1968.

LA TROBE UNIVERSITY
BUNDOORA, VICTORIA, AUSTRALIA



