CONVERGENCE OF RADON-NIKODYM DERIVATIVES
AND MARTINGALES GIVEN SIGMA LATTICES

BY
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1. Introduction

For background, including examples and applications, on measure and
integration with respect to a sigma lattice, we refer the reader to the basic
reference [2]. Applications of sigma lattices to operator theory can be found
in [1]. The Lebesgue decomposition theorem for lattices appears in [7], and
the bridge between the finitely additive theory and the countably additive theory
for lattices is displayed in [8]. An entree to vector valued martingale results and
Orlicz spaces in the sigma algebra setting is provided by [15] and its list of
references; [9] presents a closed martingale theorem for sigma lattices. Although
the basic theory of Orlicz spaces can be found in [11], some relevant properties
are recounted below.

The function ®: R — R, is convex, ®(—x) = ®(x) > 0if x # 0, d(0) = O,
and O satisfies the A,-condition: there exists a positive number K such that
d(2x) < KD(x), x € R. Thus, there exists a sequence {K,} of positive numbers
such that

O(x + y) = P2x + ¥)/2)

< KO((x + »)/2)

< (K/2)(@(x) + ©(»)

= K(0(x) + ©(»))
and ®X%-; x;)) < K, Xj-; ®(x;). The set of o/-measurable functions
f:Q > R, with o ®(h) du < o is denoted by I = L*(Q. &, p). Section 9 of
[11] describes norms which make I® into a Banach space; we shall use the
Orlicz norm. Thus [11, Theorem 9.4], if {g,} is a sequence in I®, || g,ll¢ — O, if,

and only if, fo ®(g,) du — 0. Forexample, whenl < o < o0,a”! + 71 =1
®(t) = t*aand L’ = L,(Q, &, p). Then

lgle = BPligll,, where (llgll)* = f lg|*du, 1 < o < c0.
Q

Thus for o > 1, L,-convergence is a special case of L’-convergence. Although
L, does not fit into the Orlicz space framework, convergence in L, is determined
by [ || du; and Theorem 9.4 of [11] permits us to restrict our attention to
fo ©(*) dp when considering convergence in the Orlicz space L®. By focusing on
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114 R. B. DARST

this integral, we can give proofs of the L® results which carry over to the L, case.
The next paragraph explains why the proofs also establish L,-convergence.
The function ® has two additional properties:
lim ®(t)/t = 0 and lim ®(t)/t = co.
t—=+0 t— o
If ®(x) were |x|, x € R, then ® would not satisfy these two additional properties,
but ® would satisfy all of the properties mentioned in the first two sentences of
the preceding paragraph; those properties suffice for verifying the properties of
the integral that establish our assertions for L*. Hence the appropriate state-
ments of our results remain valid if we replace I by L,. Some useful con-
sequences of those properties follow.
Since ®(x) > x®(1), x > 1, [’ = L,, and

f |h dp < @(1)-1‘[ ®h) dp, a > 1.
(|n]>a) (lh|>a)

Thus a sequence {4,} of «/-measurable functions is uniformly integrable in L,
(cf. [12, 11, D17)), i.e.,
lim sup |h] du = 0,
@z k J(lhl>a)
if {h,} is uniformly integrable in L, i.e.,
lim sup ®d(h) dp = 0,

azo ko () >a)

which implies
lim sup sup {J‘ ®(hy) dp; W(E) < 5} = 0.
-0 k E
An I®-Cauchy sequence {A,} is uniformly integrable in L, i.e.,
lim sup J ®(h) dp = 0.
azo ko J(lh|>a)
An L,-Cauchy sequence {#,} is uniformly integrable in L,, i.e.,
lim supj |Al* = 0.
azo ko J(lh|>a)
Ifa > 0 and x > 1, then ®(xa) > xP(a) = (D(a)/a)(xa). Hence,

j Ihl du < j Al d + ap(h] < a)
Q (lh]>a)

< (a/®(a)) ®(h) dp + a,
(|h| >a)



CONVERGENCE OF RADON-NIKODYM DERIVATIVES 115

and (choosing a small) { |h,| du — 0 if [ D(h,) dp — 0. We defer further dis-
cussion of this property to Section III, where the results of Section II will be
available.

If « = 2, conditional expectations have especially nice interpretations, namely
projections on subspaces in the sub o-algebra case and on convex cones [4],
[10] in the sub o-lattice case: If & € L,, then the derivative f of /4 given ./ is the
best L,-approximation to 4 by functions in L,(Q, #, u). However, in contrast
to the o-algebra setting, projection on a convex cone need not be a linear oper-
ation and introducing intermediate projections may change the final resuit.
Nevertheless, Johansen’s characterization [10] implies that the Radon-Nikodym
derivative is positive homogeneous and monotone on nonnegative functions
(e, iff UV, Wel’,¢c>0,0<V < W,then(cU), =cuand 0 < v < w,
where u, v, and w are the conditional expectations of U, V, and W given .#).
Note that since the .#,’s are merely nondecreasing, .# can be any sub ¢-lattice
of &Z. Moreover [9, Theorem 2], the derivatives f; of an L* function 4 given
M, converge in L® to the derivative f of & given ./, i.e., [q ®(f — f) du — O.
In Section II, the Radon-Nikodym derivative is shown to be a continuous map
of L onto the closed convex cone I*(Q, 4, p).

Il. The Radon-Nikodym derivative is a continuous map
of L® onto the closed convex cone L®(Q, ./, p)

To establish this result, it suffices to show that the derivative is a continuous
map on I® and then verify that I®(Q, ., u) is complete in I°.

We begin by recalling Johansen’s characterization of the Radon-Nikodym
derivative and exposing some of its relevant properties.

Let he L,, let A be defined on & by A(E) = [ /& du, and let f denote the
derivative of 4 given .#. Then (cf. [5, Theorem 1.9]) fis characterized by

) MSf>a)n BY) = au((f > a) n B), Bed
and
2 MF<bDnNnB) <bu((f<b)nB), Bedd.

Notice that the o-additivity of p permits (f > a) and (f < b) to be replaced
by (f = a) and (f < b). These inequalities imply that

piflza)=p(fza)+ wf< —a) < a'{Af 2 a) - Af < —a)}

a"{J hdu+j —hd,u}, a=>0,
(fza) (f<-a)

3) p(fl = a) < a”'JA(f] = a) where JAI(E) = j |l dp.

E

SO
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Again, (|f| = a) can be replaced by (|| > a) both above and in the inequality
“ f O(f) du < J o) dy, a >0,

(r1za) sl za)

which follows from [9, p. 548-549] and o-additivity. These inequalities provide
a base from which to establish continuity.
Let 4 € I and ¢ > 0; we shall find § > 0 such that if g € L* and

J‘ d(g — h)du < 6, then f Dle — f)du < e,
Q

Q

where e and f are the derivatives of g and A given . To this end, let

p(E) = f gduy and AE) = J hdy, Ee s,
E E
and denote g |g — A| du by a, so |M(E) — p(E)| < a, E € &/. Combining this
inequality, (1) and (2) and their corresponding versions for p gives

%) M(e > a) n B°) = au((e > a) n B°) — a
and

(6) Me<bnB)y<bul(e<b)nB)+a Bed..
Combining (1) with (6) and (2) with (5) yields

@) @-du(f>an(e<h)<a

and

®) @-bdu(f<b)n(e>a)=<a

Now let B be a positive number and m be a positive integer; then set b and a
consecutive terms of the sequence —(m — 1)§,..., —B,0,8,..., (m — 1)B.
Applying (7) and (8), we obtain

©)  ulle —f1 > 2B) < ulel = mp) + (L] > mpP) + 2@m — Dap~".

Next apply (3) to (9) and let y = 28 to obtain

(10) (e — 1 > 3) < (mp)™* {j lgl du + j
Q

| du} + 42m — Doy~ L.
Q

If g is near A in [ then g is near 4 in L, so the right side of (10) is small if m
is large enough and g is sufficiently close to 4 to make o much smaller than

v/(8m). Thus,

f o — f) dp
Q
< o) + K, J (@) + ®()} du
(le=r1>7)
< o) + K, {2<I>(C)u(le —fl> )+ f () du + f o) du};
(le]>¢) As1>¢)
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however,

j () dy sj (k) dy
(ri>¢) (s1>¢)

and

J‘ D(e) du < J‘ D(g) dp
(le]>¢) (le|>¢)

<K, {j d(g — h)du + J D(h) d/,t}.
(le|>¢) (le]>0)
Finally, (3) implies that

el > ¢) < ¢ j lg] du;
Q

so we recall that, since ®(h) € Ly, (o> P(e) du is small if ¢ is large and g is
near 4 in L;. Hence, o ®(e — f) du < ¢ if we choose ¢ large, then choose y
small and, finally, choose é wisely. Thus, the Radon-Nikodym derivative is a
continuous operator on I®. For the sake of completeness, notice that & is
independent of /.

To finish this section by showing that I®(Q, .#, p) is complete in I, it will
be convenient to have the following notation for the truncates of a function
available.

Whenever # is a positive integer and u is a (real valued) function defined on
Q, let u"(x) = u(x), where |u(x)| < n, and u"(x) = nu(x)/|u(x)| otherwise.

LeEMMA 1. The set of M-measurable functions in I® is complete in I®.

Proof. Let he L® and (cf. [8, Theorem 2]) let 4, be a sequence of -
measurable functions converging to 4 in [, Remembering that 4 is .#-measur-
able if 4" is #/-measurable for all positive integers n, we fix # and let ¢, denote
the Radon-Nikodym derivative of A" given .#. Since ¢, is .#-measurable, it
suffices to show that ¢, = A". Thus we fix n and notice that several functions
to be encountered have values in [ —n, n]; for example (cf. [9]) ¢, = ¢, so it
suffices to show that ¢, = A"in L,. To thisend, remember that i; € L,(Q, 4, n)
and that taking derivatives does not increase L,-distance, so |¢, — Al <
|A" — Hi|l. Thus,

lén — h"ll < lidy — Ml + libg — B
< 2|h" = Kl
< 20n|k" — BlIDY?,
which goes to zero as k — oo if fo ®(A" — h}) du — 0 as k - oco. However,
|A" — Hil < |k = Ry,
S0 fq O — ) du < §q ©®(h — k) du — 0 as k — o and we are done.
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I1l. Two other properties of L®-Cauchy sequences

Suppose that {#,} is a Cauchy sequence in L® such that A4, is .#,-measurable.
Since L® is complete, Lemma 1 shows that there exists a .#-measurable function
h such that 4, — hin L. For g € I®, denote the derivative of g given .#, by
(9)x; notice that (4,), = h,. Let u, = (h),; then forj > k,

j O((h)) — hy) di < K, { f Ok — ) dp + j O, — hy) du},
Q Q Q

which is small if k is large enough because of the continuity of the derivative at
h. But, [q ®(g) du small implies that [ |g| du is small; and u(lg| > &) <
¢! o |9l du. Thus, {h,} satisfies

(**) lim sup .u'(l(hn)m - hml > 8) = Oa e>0.

m n>m

Since | — K| < |h; — k| forn = 1,
j O — K dp < j O(h; — hy) dp;
Q Q

so the sequence {/"};-, is Cauchy in I and A is . -measurable. Thus, {#;}
satisfies

(*) lim sup u((K") — Kl > &) =0, n=1,2,....
k j>k

Thus, uniform integrability in L, (*) and (*+) are necessary conditions in
order that a sequence {/,} of .#,-measurable functions converge in I® to a
-measurable function. In the next section we shall verify that uniform
integrability in I® and () are sufficient conditions; hence, in the presence of
uniform integrability, (¥) = (*x). But first we conclude this section with two
examples. The first example is a very simple example to motivate the second,
which shows that (%) and (%) arise naturally in the o-lattice setting. In each
example, f, denotes the derivative of g given .#,.

Example 1. Let Q = {1, 2, 3}; let .#, be comprised of the empty set, 0,
and Q, let #, = M, U {1} and let 45 = A, U {1, 2}. A function fon Q is
determined by three numbers, ¢; = f(j), j € Q. The . -measurable functions
are constant functions, f is .#,-measurable if ¢, > ¢, = ¢3, and f is ;-
measurable if ¢; > ¢, > ¢;. Let g be defined on Q by g(1) = 2, gQ2) = 4,
g(3) = 1. and let pu be the additive function defined on the subsets of Q by
u(l) = w(2) = 1/4, u(3) = 1/2. Then f; = c is obtained by minimizing

j |9 — f1Fdp = 4712 = 0 + 4724 — 0 + 2711 - 02,
Q
i.e., findingcsothat4™!2 — ) + 474 — ) + 271 —¢) =0,c = 2. To

find f,, first minimize
4714 — o> + 271 = ¢)?
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and find ¢, = ¢3 = 2, then let ¢; = 2. (Notice that f, = f; in this example.)
To determine f3, solve 4712 — ¢) + 474 — ¢) = 0 and find ¢; = ¢, = 3,
then let c; = 1. Finally, to compute (f3),, minimize4™*(3 — ¢)*> + 27!(1 — ¢)?
to find ¢, = ¢3 = 5/3 and then notice that ¢; = 3.

Example 2. Let Q be the set of positive integers and, for each k € Q, let .#,
be comprised of 9, Q, and the sets {1, 2,...,n}, n < k. Let u be the sigma
additive function defined on the subsets of Q by u(2n — 1) = u(2n) = 2-¢*H,
Let g be defined on Q by g(2n — 1) = 1/4" and g(2n) = 2/4". We shall show
that for each positive integer k, f5, and f,;,, behave like the functions in
Example 1. To this end, first determine f5, ., as follows. Look at the first 2k
integers in pairs and find that the best possible choices are ¢,,., = ¢;, =
(3/2)47", n < k. The tail equation to be solved for a minimum is

Thri(€) = X, 27"FD@E7" — ¢) + 27" D((2/4") — ¢) = 0.

n>k
Thus, ¢4 ; = ¢ = (3/14)47%, j € Q. Turning now to fy, solve
Tyc) = 27¢ED2/4Y) = ©) + Tyuei(0) = 0
to find ¢ = (17/21)47%; hence, cyp—y = €2 = (3/247", n < k, cp—y = 475,
Cak = Caivj = (17/21)47%, j € Q. Finally, to compute (/x4 )2, solve
27003247 — o) + 27F{(B3/14)4™" = ) = 0

tofindc = (9/14)4™". Thus, c;n—; = Czp = (3/247"n < k,cpumy = (3/2)47%,
Ca = Carrj = (9/14)47", j € Q.

Thus, while {f;} is a sequence of nonnegative functions bounded by 1, for
each positive integer N there exist n > m > N with u(|f), — ful > 0) > 0.
This latter phenomenon does not occur in the g-algebra setting. Nevertheless,
the sequence {f;} is called a martingale in the g-lattice literature. For the sake
of completeness, notice that {f;} is Cauchy in L* and in L,, 1 < & < o0; and
fi=fhijiz=1

IV. Uniform integrability in L® and condition (*) are sufficient
for a sequence {h,} of .#,-measurable functions to converge
in L? to a .«/-measurable function

To verify this assertion, notice that

j Oh, — hy) dp = j O(h, — W} + () — WY + (0 — b du
Q Q

< Ks(Aj,n + Bj.k,n + Ak,n)a

where

Aj = f Oh)dp, j=1,2,...,
[lhy] zn]
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and

Bjpn = j ok — h) dy
Q

< O2m)u([Iht — K| > 8]) + DB)u(Q), & > 0.

Uniform integrability of the sequence {®(/,)} implies that lim, sup; 4; , = 0,

lims_o ®() = 0 and I? is complete [11]; so we conclude that there is an
&/-measurable function 4 such that 4, — hin L[® if

lim sup wu([|h} — il >6)) =0, 6>0,n=1,2,....

m j,k>m
Since Lemma 1 implies that # is .#-measurable, [P-convergence is established
by showing convergence in probability as follows. Notice that Johansen’s
construction for the Radon-Nikodym derivative in [10] implies that |[(4}),| < n,
Jj=k, n=1,2,.... Then fix n and denote A} by g;, j = 1,2,.... Thus

lgjl < n and it suffices to show that {g;} converges in probability by showing
that it converges in L,.

To this latter end, suppose on the contrary that {g,} does not converge in L,.
Then there exists f > 0 such that whenever g € L, and p is a positive integer
lge — glI* = falge — g|> du > 3B for some k > p. Thus, there exists a
subsequence {g, } such that upon relabeling g,, as g;, we have [ g;+; — g; 12 >
3B and p(l(g)k — gul* > €) < 6,j >k =1,2,..., where ¢ and & remain to
be chosen. To this end, we set j = k + 1 and refer to [4, Corollary 2.1] and
[10, Theorem 5] to obtain

lGrs1 — 91"2 = "gj - 91"2 = "gj - (gj)k"2 + "(gj)k - 91“2
@ = l(g; = 90 + (g — (gD
+ 1 = 99 + (g — g%
Next we remember that if 4, v, and w € L, with u = v + w, then
(i) lull? = (ol = Iwl)? = llol*> = 2]o] Iw].

Moreover, since |g;| < nand |[(g;)] <

lg; — gul® < 4n* and |g, — (gj)kll2 e + 4n*6 = (B/4n)?,
since we now lete = 22 %172 and 6 = p22~'n~*. Thus,

12 = g+ — gl — B + llge — 91> — B

> B+ gy — g1l
> (k + 2)f -

2 gkt — 91

which is a contradiction.

A similar result for L, where (%) is replaced by (+*) is established in the next
section,
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V. Uniform integrability in L, and condition (x*) are sufficient
for a sequence {h,} of .#,-measurable functions to converge
in L, to a #-measurable function

To establish convergence, suppose on the contrary that {#,} does not converge
in L,. Then there exists § > 0 such that whenever g € L, and p is a positive

integer |4, — glI*> = [q | — g|*> du > 3B for some k > p. Thus, there exists
a subsequence {/ } such that upon relabeling 4, as g;, we have

lgj+1 — gj“2 > 38 and u(|(gp)k — al>>e <4, j>k=12,...,

where & and § remain to be chosen. Since a uniformly integrable sequence is
bounded in L,, we can assume that ||g;| < C, i > 1. For the moment, also
suppose that 4C|[lg, — (g;kll < B. Then we can apply inequalities (i) and (ii)
in the preceding section and thereby obtain the contradiction

4C* > lgx+1 — 91"2 > |lgk+1 — gkllz - B+ llgx — 01"2 - B
> B+ llge — 91l
> (k + 2)f > oo.

Since L, is complete and L,(Q, #, ) is closed in L,, the theorem is established
by verifying that lim, sup;., g — (gl = O in the sequel.

We begin the aforementioned verification by recalling the list of ten properties
of the Radon-Nikodym derivative exposed in Section II; then we observe

sup ||h; — hjll, < sup Ay — A5
J

2 1/2
<spd[ el -
J (Jhyl>m)
where o, —» 0 as n — oo.

Let p > 0, let B = 1/2, and let m satisfy the inequality (4C)/m < p/2. Next
let n satisfy the inequality 42m — 1)a, < p/2. Then recall that the derivative
(W), of h" given / satisfies ||(4") 4|l < n, which implies

1n

(12) (f1>n+1) ("4 — f1 > D).
Thus, we apply (10), (11), and (12) withh = g;,g = h",and 4 = M, to obtain
(13) sup p((gihl > n + 1) < p.

Js

Let v > 0. Then choose p so small that applying (4) with s = g; and A = 4,
yields

(14) j g du < J g <v, j k=1L,
(1(g)x|>n+1) ((@)Nkl>n+1)

because of uniform integrability.
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Returning to our basic task, let G(j, k, &) = (Igx — (9, > €) and notice
that

lgx — (gel> < & + j lgx — (g2 di
G(Jj,k,€)

15
(15) <44 j (el + [(gul?) du
G(j,k,e)

< & + 4{2v + 2(n + 1)*u(G(j, k, €))} by (14).

Condition (*x) permits us to choose k, such that if j > k > k,, then
w(G(j, k, €)) < 6, where J satisfies the equation (n + 1)26 < v. Hence
lge — (gll*> < € + 16vifj > k > ko. Since & and v were arbitrary, we are
done.

Perhaps a further remark about (x) and (xx) is in order. If {.#,} is a non-
decreasing sequence of g-algebras and {f;} is a sequence of .#,-measurable
functions which is uniformly integrable in L, then [3], [13], and [14] imply
that () and (*x) are equivalent. We have shown that (x) implies () when the
M ’s are o-lattices and {f;} is uniformly integrable in L®. When L, = I® one
can easily continue the argument in Section V to assert that (+*) implies (), so
they are equivalent conditions for uniformly [-integrable sequences in this case.
However, a verification of this latter implication in the general case (e.g., if
I? = L,) seems to involve a very tedious computation.

In conclusion we remark that [6] and [8] permit extensions of these results to
sub-lattices of &/. For example, the approximation properties established in [8]
imply that if the #,’s are merely sub-lattices of &/ with #; « A#,;,,,i > 1,
then a uniformly integrable sequence {/,} of .# -measurable functions is Cauchy
in the pre-Hilbert space L, if, and only if, it satisfies condition ().
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