SINGULARITY OF GAUSSIAN MEASURES ON FUNCTION SPACES
INDUCED BY BROWNIAN MOTION PROCESSES WITH
NON-STATIONARY INCREMENTS

BY
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0. Introduction

A real-valued stochastic process X (f, w) on a probability space (2, B, P)
and an interval D of the real line induces a probability measure ux on the
measurable space (R”, &) where R” is the space of all real valued functions
x(t), te D, and § is the smallest o-field of subsets of R” with respect to which
all real valued functions Y (¢, ) = (¢) defined on R” with the parameter
teD are measurable. According to the Feldman-Héjek dichotomy two
Gaussian measures on (R”, §), i.e. measures induced by Gaussian processes,
are always either equivalent or singular. A Brownian motion process X (¢, w)
on (2, B, P)and D = [0, « ) with non-stationary increments, which we shall
call for brevity a generalized Brownian motion process in the rest of the paper,
is a real valued stochastic process with independent increments in which the
probability distribution &, of the increment X (", ) — X (', w), ¢, t” e D,
U < t”,is a normal distribution N (0, b(t”) — b(#')) with the density function

& (n) = (2ab (") — b exp {—n/2BE") — A}, neR,

where b (t) is a strictly increasing function on D with b(0) = O and X (0, w) = 0,
a.e. We emphasize that no continuity or smoothness condition on b () are
assumed unless otherwise stated. The results of this paper are the following
two theorems.

TaeoreEM 1. Let X;(t, w), 7 = 1, 2, be generalized Brownian motion processes
on a probability space (Q, B, P) and D = [0, ) with strictly increasing b;(t).
If at some ty € D, the derivatives \i = bi (ty) exist, \; > 0, and N\ = Ny, then the
probability measures ux, induced on the measurable space (R®, §) by X:(t, w)
are singular.

For cases with stationary increments, i.e. when b; (¢) = Nit, i > 0, A1 # Ne,
the singularity of the two measures ux; is well known and furthermore two
disjoint subsets of R”, E; ¢ §, satisfying the condition ux;(E;) = 8;; can be
found. Indeed an immediate consequence of R. H. Cameron and W. T.
Martin’s investigation (Theorem 1, [2]) is that when b;(t) = N\, i > O,
M 5 A\, every pair of disjoint subsets of R®, E;,r e §, T > 0, defined by

Eir = {2 e R”; limpaw o, (T, 2) = \i T}
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where
on(T, @) = 2= {z(kT/2") — x((b — 1)T/2")}

satisfies the condition ux, (Ej,r) = 8i;. G. Baxter [1] extended Cameron and
Martin’s result to cover a wide class of Gaussian processes whose mean
and covariance functions satisfy certain smoothness conditions. Applying
Baxter’s results to generalized Brownian motion processes we obtain

TuroreM 2. If bi(t), 1 = 1, 2, exist and are continuous on [0, T| and
byi(T) # by (T) for some T > O then for the pair of disjoint subsets of R®, Ei,r ¢,
defined by

Eir = {z e R”; limywo, (T, ) = b:i(T)}

we have ux; (B r) = 8.

These two theorems are proved in §4. In §1 we discuss the probability
space (R”, §, ux). J.H4jek’s results on the J-divergence on which the proof
of Theorem 1 is based are stated in §2 in a way suitable for our purposes.
§3 consists of lemmas concerning generalized Brownian motion processes.

1. Measures on function spaces induced by stochastic processes

Given a real-valued stochastic process X ({, @) on a probability space
(@, B, P) and an interval D of the real line. Let S be the transformation of
Q into the space R” of all real valued functions z(t), teD, defined by
Sw) = X(-, w)eR® weQ Let ® = {@ c R”; S(G) ¢ B} and
(@) = P(S(G)), Ge®. Then (R”, ®, ») is a probability space.

Forty, -+ ,taeD, 4 < --- < t,, consider the projection of R” onto the
n-dimensional Euclidean space R" defined by

ptr"tn(x) = [x(t), -+, 2 ()], xeR™
and the o-field of subsets of R”
%tl“'tn = {p:ll""n(B)7 B e%”}

where 8" is the o-field of Borel sets in R”. The o-field §§ generated by all the
o-fields &t,...r, is contained in @ and is independent of the stochastic process
X (¢, w). Wedefine ux = v| g, i.e. the restriction of » to §. § is the smallest
o-field of subsets of R” with respect to which the functions Y (¢, z) = x(¢)
on R” with the parameter teD are measurable. The stochastic process
Y (¢, ) on (R®, §, ux) and D is a realization of X (¢, w) in the sense that for
any ti, *-+, ta € D, the two random vectors

[Y(tly 113), Tty Y(tna x)] and [X(tly 0)), Tty X(tﬂ7 w)]
have the same probability distribution.
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2. J-divergence of measures in function spaces

We summarize the results on J-divergence by J. Héjek [5], [6] and state his
main theorems in a way suitable to measures in function spaces. Following
H. Jeffreys [7], S. Kullback and R. A. Leibler [9] and J. Héjek [5], [6] we define
the J-divergence of two probability measures as follows.

DeriniTioN 1. Given two probability measures P and @ on a measurable
space (2, B) which are either equivalent (P ~ @), having Radon-Nikodym
derivates dP/dQ and dQ/dP, or singular (P. Q). We define the J-divergence
of P and @ by

J(P, Q)

Erllog dP/dQ] + Eqllog dQ/dP] when P ~ Q
= o when P 1 Q

@.1)

Thus defined, J (P, @) is nonnegative. For an example of J(P, Q) = «
when P ~ @, see Footnote 3, p. 80, [9]. We note also that any two n-dimen-
sional normal distributions on (R", B") are equivalent.

Let X:(t, @), ¢ = 1, 2, be two stochastic processes on a probability space
(@, B, P) and an interval D of the real line. Let ux, be the probability measures
on the measurable space (R, ¥) induced by X;(t, w) as we defined in §1.
Assume that for any t;, -+, theD, t1 < ++ 0 < o, xsiyeet, = bxg| Fuaeot
the restrictions of px,; to F,...q,, ¢ = 1, 2, are either equivalent or singular and
let J,..., denote their J-divergence. According to Héjek, Theorem 2, [4],
if sup J4,...., where the supremum is over all the finite strictly increasing
sequences of points from D is finite then px;, ¢ = 1, 2, are equivalent on
§ and furthermore their J-divergence is equal to sup Jy,...., . (Actually
Theorem 2, [5] has a different setting from ours. H4jek considers one
stochastic process on two probability spaces (2, B, P) and (@, 8B, Q) and as-
sumes that the restrictions of P and @ to the o-field generated by a finite sub-
collection of random variables in the stochastic process are always either
equivalent or singular. Now unlike our §,...., and §, this o-field and the
o-field generated by the union of all such s-fields depend on the given stochastic
process. However our modified statement of Theorem 2, [5] can be proved
exactly in the same way as the original version of Héjek by means of his
Theorem 1, [5].) When X;(f, w) are Gaussian processes then the condition
that ux;, 4.1, , ¢ = 1, 2, be always either equivalent or singular is automatically
satisfied. Furthermore in this case, according to Hijek, Theorem [6],
sup Ji,..., = o implies the singularity of ux,, ¢ = 1, 2.

3. Generalized brownian motion processes

We define generalized Brownian motion processes with slightly more
generality than we actually need and state some immediate consequences.
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DreriniTiON 2. Let a(t), b(¢) be real valued functions on D = [f, =)
and let b(t) be monotone increasing. For ¢, t”" e D, t’ < ¢’ let

®vir = N(a(t") — a(®'),b(") — b('))

i.e. the normal distribution with mean a (") — a (¢’) and variance b (t”) — b (¥')
which, in case b (t” ) — b (') > 0, has the density function

1 _In—=la(") — a(t’)llz}
Nz = 5] exP{ ") — ()]’

and, in case b(t”) — b(t') = 0, is the unit distribution with the unit mass at
n=a(") —a"). LetceR. By a generalized Brownian motion process
Xiap.1 @t ), te D, we mean a stochastic process X (¢, w) on some probability
space (2, B, P) and D with independent increments such that for ¢, ¢t” ¢ D,
' < t’, the probability distribution of the increment X (¢, -) — X (¢, )
is given by ®,;» and X (f, w) = ¢, a.e.

q’c't”('ﬂ) =

R,

Such a process exists according to the Kolmogorov Extension Theorem
(Hauptsatz p. 27, [8]). In fact since the convolution of any two normal dis-
tributions is again a normal distribution with mean and variance equal to the
sum of those of the two normal distributions our collection {®. ., ¢, t” €D,
¢’ < t"} has the property that

hyb,leD, & <l <tg = Dy, * Dy, = Boyey.

The compatibility conditions in Kolmogorov’s theorem are satisfied by this
property and a generalized Brownian motion can be constructed.

LemmA 1. A generalized Brounian motion process
Xiaperty *), teD = [to, »)
18 a Gaussian process with the mean and the covariance function given by
@1) m@) = EX(¢ )] =al) —al)+c teD,
(32) v, t") = Cov[X(¥,-),X(t",-)] = b(min {#,t"}) — b(k), t',t” e D.

Proof. 'This lemma can be proved exactly in the same way as the cor-
responding statement for the standard Brownian motion process.

LemMMA 2. GivenBi, - ,BneR,B1 < - -+ < Bnand the matriz
(3.3) B = [min {,Bi},k1=1,2, - ,n] = Batapw,y, kl=1,2 ---,n]
we have (1)
(34) det B = 81(8: — B1) -+ (Bn — Bn1) 2 0

and in particular det B = 0f and only if B = Buya for somek = 1,2, -+ ;0 — 1,
(2) B s positive definite if and only of B < Braforallk = 1,2, -+ ,n — 1.



GAUSSIAN MEASURES ON FUNCTION SPACES 41

3) When By < Bpaforalll =1,2,---,n —1,

,

B2 -1 0
B1(B2 — B1) B: — B1
-1 Bs — B -1
B — B (B — B)(Bs — Be) Bs — Bs
0 -1 By — B
B = Bs — B (Bs — B2)(Bs — Bs)
0 0 0
L 0 0 0
(8.5)
0 0
0 0
0 0
Bn - 31;—2 -1
(ﬁn—l - ﬂn—2) (Bn - Bn—l) .Bn - lsn—l
=1 1
ﬂn - Bn—l 13» - Bn—l

Proof. (1)isimmediate. To prove (2) we quote the well known theorem
that ann X n matrix A, = [ai,;,1,] = 1,2, - -+, n], a,; € R, is positive definite
if and only if for every k = 1,2, ---, n det Ax > 0 where

A = [aij,%7 = 1,2, -+, k]

Then (2) follows from (1). Finally (3.5) can be verified by direct multiplica-
tion.

LemMmA 3. Given a generalized Brownian motion process

X[a-b:cl (t’ ‘ )’ teD = [tO y ® )7
where b (t) s strictly increasing. Forty < ty < « -+ < t, the probability distribu-
tion of the n-dimensional random vector [X (1, ), -+, X (ta, +)] 78 a nonde-

generate n-dimensional normal distribution with the density function
36) ((2m)" det Viet,) ™" €xp {—3 (Vortyta ¢ — m), £ — m)}
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where £ = [&1, -+, £ e R,
m=[EXG, ) k=12 -,n]

=lath) —alte) + ¢,k =1,2, -, n],
Vortgeota = [Cov [X (e, ), X (b1, ), byl = 1,2, -+, 7]

= [b(min {t,t}) — b(te), k, I = 1,2, -+, 7]
(3.9) det Vi,pyesy = {b(t1) — b)) — b)) -+ {b(ta) — b(tar)}
(3.10)  Vares, = B 4n (3.5) with B replaced by b(k) — b (%)
and finally the density function (3.6) can also be written as

{2r)" I () — ()} ™
(3.11) exp { L3~ {6 — a(t)] = fos — a(tk_on’}

3.7)

(3.8)

2= b(tx) — b(tk—y)

with Eo = (.

Proof. It suffices to note that with strictly increasing b (¢) the covariance
matrix (3.8)of X (t1, ), -+, X (tx, + ) is positive definite according to Lemma
2 so that the n-dimensional normal distribution of the random vector is non-
degenerate.

4. Proofs of the theorems

Proof of Theorem 1. (1) Lett;, -+ ,taeD, bty < --- < t,. Weevaluate
Jiy--1, , the J-divergence of px;,i;...t, = px; | Fero-tar ¢ = 1, 2. Now for every
E € §,...., there exists a unique B ¢ 8" such that E = pi,-..t,(B) and accord-
ing to (1.11), (3.6) and (3.8),

P'X.'(E) = P{weﬂ;[X(tl,w), T 7X(tn7w)]€B}
4.1)

Il

(@) det Vasne )™ [ exp (=3 (Vb ))ma (@)
where £ = [£&1, - -, &) € R", my, is the Lebesgue measure on (R", ") and
(4.2) Veigeot, = [b(min {&, &}, k, I = 1, 2, ---, n].

Thus px;, 4.1, , ¢ = 1, 2, are equivalent and their Radon-Nikodym derivatives
are given by

T FRIRTNL. /T R

4.3) = {det Vi;,upotn/det Vigiptad* xp (3 (Voitroota — Vool £},
i,j =12
From (2.1),
(44) Jtln-t,, = EMX [log d_u_‘_t_z’_t_‘___tl] + E"x [log .d_'u'_{lu‘]
? dp'xl,tlu-t" ! d”'xzr‘l'“tn
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Now it is well known that for any n X n matrices A and B where A is sym-
metric and B is positive definite we have

4.5) ((2m)" det B)"mfm (A%, £) exp {—3 (B, £)imu(dE) = Tr (C)
where ¢ = AB and Tr (C) = D i=iciy for C = [euk, 1 = 1,2, ---, nl.
Substituting (4.3) in (4.4) and simplifying by (4.5) we obtain

(4.6) Jiot, = 2 Tr Voot Vonstreootn + VogtgeortaVystgeorty — 211

(2) Now assume that \; = b:(0) exist, \s > 0,7 = 1,2, and Ay # \s.
Then

@.7) bi(t) = Nt + No(), t]0,i=12

Letn be fixed and &, = k/p, k = 1,2, - -+, n with an arbitrary positive integer
p. Then

bi(t) = N{k/p + 0(k/p)} = N{k/p + o(n/p)},
4.8)

p— x, k = 1’2)“" nyi"—" 1’2’
and from (4.2)

(49) Vbivh"'tn = )‘t[(l/p) min {k) l} + o(n/p), k>l = 1) 2’ et )nly
' i=102

Sinee b; (1), ¢ = 1, 2, are strictly increasing and Vy,.4;...s, as given by (4.2) are
positive definite, their inverses can be obtained by replacing 8 in (3.5) by
i) = Nik/p + o(n/p)} according to (4.8) and (3.10). Then

1/B: — B = (/N1 +polm/p)™ = (/N)[L + po(n/p)]
Br — Bi— = N[2/p + o(n/p)]

Br — Bi—2)/ Br—1 — Brz) Bx — Br—1) = (P/N)[2 + p o(n/p)]
so that

It

w v 0 O 0 0 0

v v vs O 0 0 O

Y3 T Vs 0 0 O

(4.10) Vitioe, = % 0 m m 0.0 0
1 3 O

Y3 Y1 Vs

l(o 0 Y3 Y2
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with

@411) m=2p+p on/p), =p+p0m/p), v =—p+p o(n/p)
From (4.9), (4.10), (4.11),

4.12) Tr [Vojuet, Vojtd = nO0/A)L 4+ p om/p)l, 4,45 = 1, 2
and from (4.12) and (4.6),

(413) Ty = @/2){Qe/N)"" = /M) + mp o(n/p)

Since n is fixed, np o(n/p) — 0 as p — «. For sufficiently large p chosen for
the given n, np o (n/p) is as small as we wish. Thus

(414.) Sup Jtl"'tn = 0,
This proves the singularity of ux;, % = 1,2, on §.

(3) Let us consider the case where \; = b ({) exist at some & > 0, \; > 0,
t=1,2 and M # N. Let

X{(t, w) = X, w) — Xilly, w), teD = [to, ©), 2 =1, 2.

Then X:(t, w), ¢ = 1, 2, are generalized Brownian motion processes on D
with @ (t) = 0, bi(t) = b:(t) — bsi(t), strictly increasing, b;(t,) = 0 and
& = 0so that forto < #; < -+ < t,, the random vectors [X;(t, -), -- -,
Xi(ta, -)], 7 = 1, 2, have normal distributions with covariance matrices

Vionoon, = Bmin {t, &) — b), k, 1 = 1,2, -+, n]
= [b(min {t, td) — b(k), b, L = 1,2, -+, 7]

in accordance with (3.8). From the independence of

Xi(h,-) and [XiCth, ), -, Xilta, )]

for each ¢ the probability distribution of [X; (o, - ), Xi(t, ), -+, Xi(ta, )]
is an (n + 1)-dimensional normal distribution with the density function at
£ = [t, &, -+, &] given by

(2mb ()™ exp { —3t0/bs ()}
- ((2r)" det Pty 2 exp {—3 (Piniener, & BN
where £ = [& — &, -+, & — &]. Writing for simplicity in notation

(4.16) W; = Vl;;,tlmt,,
we have

dﬂx,‘,to---t,, _ {bi(to) det Wi}1/2

(4.15)

B b;(t) det W;

1l 1 17, L — e
exp{é[m—m]so} eXp{—z—([Wz - J]E) E)}

Aux; toenotn
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and
Ellx. [log @M‘]
’ d“'X{ tgeecty
—_ ll bi(t) det W; 1 /.
(4.17) 2 %8 B;() det W; [(2,,)n+1bj(to) A TR Jans
1 1 1 112
{5 [b G b (to)] &+ 5 ([W7 - Wil é)}

-exp {— % &0/bi()} exp {— 3 (W;'E &) }mu(de)

By the linear transformation 7o = &, m = & — &,k = 1,2, ---, n whose
Jacobian is equal to 1 and by (4.5) the above integral reduces to

(4.18) 1 Tr [Wi'W; — I + ${b;(to)/bi(t) — 1}.
By (4.4), (4.17), (4.18),

=1Tr [W;1W2 + W;1W1 — 2T + 3[b2(t0)/b1(f0) + b1(to)/ba(to) — 2].

Now since

(4.19)

bi(t) — bi(h) = N — o) + Mot — &), t]0,7=12,
if we choose & = &t + k/p, k = 1,2, - - -, n, with an arbitrary positive integer
p then
bi(tx) = bi(to) + Nk/p + o(n/p)]
so that W, given by (4.16), (4.15) has exactly the same form as Vi, ..o,

in (4.9). Consequently in this case also (4.13), (4.14) hold and px,, 7 = 1, 2,
are singular on §. This completes the proof of the theorem.

Proof of Theorem 2. When b;(t), ¢ = 1, 2, exist and are continuous on
[0, T], T > 0, the conditions in the corollary in (1) are satisfied by X;(t, w)
on [0, T]. In particular the covariance functions are given by

vi(s,t) = bi(min {s,8}) = b(s) f0<s<t<T
=b() If0<t<s<T.
Since the random vector [X:(#, w), X«(t”, »)] on (Q, B, P) and the random
vector [x ('), z(t”)] on (R®, §, px,) have the same probability distribution we
conclude according to (4), [1] that for a.e. 2 ¢
T

i Y pe {2 (KT/2") — 2((k — 1)T/2M)} = fo bi(t) dt = bs(T).
This completes the proof.
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