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A CONSTRUCTION OF QUOTIENT A, -CATEGORIES
VOLODYMYR LYUBASHENKO aAnD SERGIY OVSIENKO

(communicated by Jim Stasheff)

Abstract

We construct an A..-category D(C|B) from a given A.-cat-
egory C and its full subcategory B. The construction is similar
to a particular case of Drinfeld’s construction of the quotient
of differential graded categories. We use D(C|B) to construct
an As.-functor of K-injective resolutions of a complex, when
the ground ring is a field. The conventional derived category
is obtained as the 0-th cohomology of the quotient of the dif-
ferential graded category of complexes over acyclic complexes.
This result follows also from Drinfeld’s theory of quotients of
differential graded categories.

Introduction

In [Dri04] Drinfeld reviews and develops Keller’s construction of the quotient of
differential graded categories [Kel99] and gives a new construction of the quotient.
This construction consists of two parts. The first part replaces the given pair B C C
of a differential graded category € and its full subcategory B with another such
pair B C C, where € is homotopically flat over the ground ring k (K-flat) [Dri04
Section 3.3], and there is a quasi-equivalence € — € [Dri04] Section 2.3]. The first
step is not needed, when C is already homotopically flat, for instance, when k is a
field. In the second part, a new differential graded category C/B is produced from
a given pair B C C, by adding to € new morphisms ¢y : U — U of degree —1 for
every object U of B, such that d(ey) = idy.

In the present article we study an A..-analogue of the second part of Drinfeld’s
construction. Namely, to a given pair B C € of an A-category € and its full sub-
category B, we associate another A.-category D(C|B) via a construction related
to the bar resolution of €. The A.-category D(C|B) plays the role of the quotient
of € over B in some cases, for instance, when k is a field. When € is a differen-
tial graded category, D(C|B) is precisely the category C/B constructed by Drinfeld
[Dri04] Section 3.1].
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There exists another construction of quotient A..-category q(C|B), see [LIMO4].
It enjoys some universal property, and is significantly bigger in size than D(C|B).
However, when € is unital, the two quotient constructions turn out to be A..-equiv-
alent. When € is strictly unital, so is D(C|B), while q(C|B) is unital, but not strictly
unital.

We apply our construction to the case of practical interest: € = C(A) is the dif-
ferential graded category of complexes in an Abelian category A, and B = A(A)
is the full subcategory of acyclic complexes. When the full subcategory J C € of
K-injective complexes is big enough (every complex has a right K-injective resolu-
tion) and k is a field, we obtain an A.-functor i : € — J, which assigns a K-injective
resolution to a complex. Using it we get a new proof of the already known result:
HO(D(C(A)|A(A))) is equivalent to the derived category D(A) of A.

Outline of the article with comments

In the first section, we describe conventions and notations used in the article. In
particular, we recall some conventions and useful formulas from [Lyu03].

In the second section, we describe a construction of the quotient A..-category
D(C|B), departing from an A.-category B fully embedded into an A, -category
C. The underlying quiver of D(C|B) is described in Definition Its particu-
lar case D(C|C) is s71TFsC = @05 1 T"sC, where sC = €[1] stands for the sus-
pended quiver €. We introduce two A..-category structures for s~!7+s@. The first,
C = (s7'T*+5C,b) uses the differential b, whose components all vanish except b; =
b:T*s€ — T*s€, which is the A, -structure of C. The second, C = (s~ !T*sC,b)
is isomorphic to the first via a coalgebra automorphism g : T(T*sC) — T(T*sC),
whose components are multiplications in the tensor algebra T s€. The resulting dif-
ferential b = pbp~! : T(T*sC) — T(Ts€) is described componentwise in Proposi-
tion The subquiver D(C|B) C € turns out to be an A,-subcategory (Proposi-
tion [2.2). € and € are, in a sense, trivial (they are contractible if € is unital), but
D(C|B), in general, is not trivial. If € is strictly unital, then so are € and D(C|B) and
their units are identified (Section . Notice that C is never strictly unital except
when € = 0. Nevertheless, C can be unital. When B, € are differential graded cate-
gories, we show in Section [2.2] that D(C|B) coincides with the category C/B defined
by Drinfeld [Dri04) Section 3.1].

In the third section, we construct functors between the obtained A..-categories.
When B C €, J C J are full A,-subcategories, and i : € — J is an A.-functor which
maps objects of B into objects of J, we construct a strict A,.-functor i:C — J,
whose first component i; =i : TTsC — T+sJ is given by i itself. The components
of the conjugate A-functor 7= pip~!: C — J are described in Proposition
It turns out that 7 restricts to an A,-functor D(i) =7: D(C|B) — D(J|J) (Propo-
sition [B.1). If € is strictly unital, then € is unital (and contractible) and its unit
transformation is computed in Section (3.1

In the fourth section, we construct A,.-transformations between functors obtained
in the third section. When B — € and J — J are full A,.-subcategories, f,g: C —J
are A.o-functors, which map objects of B into objects of J, and r: f — ¢g: C —1J
is an As-transformation, we construct an As-transformation r: f —¢g:C — 7,
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whose only non-trivial components are ry = rg and r; = 7“| r+se- The components

of the conjugate A..-transformation 7= prpu=': f —g:C — J are computed in

Proposition[4.1] It turns out that 7 restricts to an A-transformation D(r) : D(f) —
D(g) : D(C|B) — D(J|g) (Proposition [4.1)). Thus, - and = are defined as maps on
objects, 1-morphisms and 2-morphisms of the 2-category A., of A,.-categories.
Actually, they are strict 2-functors Ay — Ao (Corollaries and . We prove
more: they are strict K-2-functors XA, — KA., where the 2-category KA, is
enriched in X — the category of differential graded k-modules, whose morphisms
are chain maps modulo homotopy (Proposition Corollary . Compatibility
of = with the composition of 2-morphisms is expressed via explicit homotopy .
Components of this homotopy are found in Proposition [£.7] It turns out that this
homotopy restricts to subcategories D(-|-) (Proposition |4.7)). Therefore, D is a K-
2-functor from the non-2-unital K-2-category of pairs (As-category, full A..-sub-
category) to KAy (Corollary . It can be viewed also as a 2-functor D from
the non-2-unital 2-category of pairs (As.-category, full A,-subcategory) to Ao

(Corollary [4.9).

In the fifth section, we consider unital A,.-categories and prove that some of our
A.-categories are contractible. If B is a full subcategory of a unital A..-category
€, then D(C|B) is unital as well, and D(i®) is its unit transformation (Proposi-
tion . In particular, for a unital A,-category €, both € and € are unital with
the unit transformation i® (resp. i) (Corollaries 5.2/ and [5.3)). If i : € — J is a uni-
tal Aso-functor, then 7: € — J, i: € — J and (whenever defined) D(i) : D(C|B) —
D(J]d) are unital as well (Corollaries and [5.6). When we restrict -, = or D to
unital A.-categories (and unital A-functors), we get strict 2-functors of (usual
1-2-unital) (X-)2-categories.

In the sixth section, we consider contractible A..-categories and A..-functors.
A unital As-functor f: A — B is called contractible if many equivalent condi-
tions hold, including contractibility of complexes (sB(X f,Y),b1), (sB(Y,Xf),b1)
for all X € ObA, Y € ObB (Propositions and Definition [6.4). A unital
Ao-category A is called contractible if several equivalent conditions hold, includ-
ing contractibility of complexes (sA(X,Y),b1) for all objects X, Y of A (Defini-
tion Proposition . If € is a unital A,-category, then C, € are contractible
(Example . Nevertheless, in general, the subcategories D(C|B) C € are not con-
tractible. Contractible A -categories B may be considered as trivial, because in this
case any natural A..-transformation r: f — g: A — B is equivalent to 0 (Corol-
lary . Moreover, non-empty contractible categories are equivalent to the 1-
object-1-morphism A, -category 1, such that Ob1 = {x} and 1(x,*) = 0 (Proposi-

tion Remark .

In the seventh section, we consider the case of a contractible full subcategory F
of a unital A.-category €. In this case the canonical strict embedding & — D(&|F)
is an equivalence (Proposition [7.4)).

In the eighth section, we prepare to construct the K-injective resolution A..-func-
tor. This concrete construction is deferred until the next section. In the eighth
section we consider an abstract version of it. Given an A, -functor f : B — €, a map
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g:0bB — ObC and cycles rx € CO(X f, Xg), X € Ob B, producing certain quasi-
isomorphisms, we make g into an A,.-functor g : B — € and rx into 0-th component
xTos ! of a natural A.-transformation r: f — g : B — € (Proposition . Next
we prove the uniqueness of so constructed g and r. Assuming that the initial data
(g: ObB — ObC,(rx)scobs) give rise to two A.-functors g,¢’ : B — € and two
natural Ae-transformations r: f —g: B —C, r': f — ¢’ : B — €, we construct
another natural A..-transformation p:g — ¢’ : B — @, such that r’ is the compo-
sition (f AN N ¢') in the 2-category A, (Proposition . Moreover, such
p is unique up to an equivalence (Proposition . If, in addition, C is unital, then
the constructed p is invertible (Corollary [8.4)). If f is unital, then the constructed
Aso-functor g is unital as well (Propositio

In the ninth section, we consider categories of complexes. Let k be a field, let A
be an Abelian k-linear category, and let € = C(A) be the differential graded cate-
gory of complexes in A. Let B = A(A) be its full subcategory of acyclic complexes,
J = I(A) denotes K-injective complexes, § = Al(A) denotes acyclic K-injective com-
plexes. We assume that each complex X € ObC has a right K-injective resolution
rx : X — Xi (a quasi-isomorphism with K-injective Xi € ObJ). We notice that
quasi-isomorphisms from € become “invertible modulo boundary” in the differential
graded category D(C|B) (Section. From the identity functor f =ide : € — €, a
map g : ObC — ObC, X — X7 and quasi-isomorphisms rx we produce an A,.-func-

tor g : € — €, which factors as g = (G SN SN (?)7 into “K-injective resolution”
unital As-functor ¢ and the full embedding e (Section [0.2). The unital A-functor
7:D(C|B) — D(J|9) and the faithful differential graded functor e : D(J|J) — D(C|B)
are A.-equivalences quasi-inverse to each other. Due to contractibility of J the nat-
ural embedding J — D(J|J) is an equivalence. Since D(C|B) and J are A-equivalent,
their 0-th cohomology categories are equivalent as usual k-linear categories. That is,
HO(D(C|B)) = H°(D(C(A)|A(A))) is equivalent to H°(J) = H°(I(A)) — homotopy
category of K-injective complexes, which is equivalent to the derived category D(A)
of A. This result (Section motivated our studies. It follows also from Drin-
feld’s theory of quotients of differential graded categories [Dri04]. This agrees with
Bondal and Kapranov’s proposal to produce triangulated categories as homotopy
categories of some differential graded categories [BK90].

1. Conventions

We keep the notations and conventions of [Lyu03], sometimes without explicitly
mentioning them. Some of the conventions are recalled here.

We assume as in [Lyu03] that quivers, A.-categories, etc. are small with respect
to some universe % .

The ground ring k € % is a unital associative commutative ring.

We use the right operators: the composition of two maps (or morphisms) f :
X —>Y and g:Y — Z is denoted fg: X — Z; a map is written on elements as
fixz—af = (z)f. However, these conventions are not used systematically, and
f(z) might be used instead.

If C is a Z-graded k-module, then sC = C[1] denotes the same k-module with
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the grading (sC)? = C%*!, the suspension of C. The shift “identity” map C' — sC
of degree —1 is also denoted s. Getzler and Jones demonstrated in [GJ90] that the
suspension s and the shift map s are useful in the theory of A,-algebras. We follow
the Koszul sign convention:

(zey)(fog) =(—)"af@yg= (—1)%Evielzf g yg.

A chain complex is called contractible if its identity endomorphism is homotopic
to zero.

The category 2/S of % -small graded k-linear quivers with fixed set of objects
S admits a monoidal structure with the tensor product A X B+— AR B, (AR
B)(X,Y) = PzesA(X, Z) @ B(Z,Y). Thus, we have tensor powers T"A = A®"
of a given graded k-quiver A, such that ObT"A = Ob A. Explicitly,

T"A(X,Y) = b A(Xo, X1) @k A(X1, X2) @k -+ O A(Xp—1, Xn),
X1, Xn_1€0b A

where X = X and X,, = Y. In particular, T°A denotes the unit object kS, where
kS(X,Y) =k if X =Y and vanishes otherwise.

As in any monoidal category, there is a notion of coassociative coalgebras (B, A :
B—-B®B) in Z2/S5 (in general, without counit). For A.-category theory, we
need only coalgebras (B,A) in 2/S that satisfy an additional requirement: for
all XY € §

B(X,V) = U2, Ker(A™ : B(X,Y) > BER(X,Y)),

where A = A, A% = A1®A)=A(A®1): B — B etc. Such coalgebras are
named cocomplete cocategories by Keller [Kel05]. A counital coassociative coalge-
bra(A=T'B®B,A:A—-ARA,e:A— T°A)in 2/8 is associated with (B, A),

namely:

TOB = TOB @ TOB <2200, 4 & A),
B " BeTOB L, 4 A)
+(B 20 BeB ANEM, 46 4)

+ (B T'BeB PN, 4w A),

A‘TO‘B:(
AB:(

or simply fA=f®1+fA+1® f for f€B(X,Y), and ¢ =pry: A — T'B =
TOA. The triple (A, A,€) is a cocategory in the sense of [Lyu03]. In the present
article, we shall use only one kind of cocategory associated with quivers €, namely,
the cocomplete cocategory B = T+C = &2 ,T"C, equipped with the comultiplica-
tion A:B—-BOB, (M Qhy® - Qh)A=S1"1h @ h Qhpy1®--®
hn, gives rise to the cocategory A = TC = @22, T"C, equipped with the cut comul-
tiplication At A - AQA, (M @he @+ Qhy)A=31_h1 Q@ @ hp @ hjps1 ®
-++® hy, and with the counit e = pry : A — T°C = TOA.

By definition, cocategory homomorphisms (in particular, A.-functors) respect
the cut comultiplication A, and A.-transformations are coderivations with respect
to A (see e.g. [Lyu03|).
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We use the following standard equations for a differential b in an A..-category
> (A% @by @19 )by =0: TFsA — sA. (1)
r+n+t==k

Since b is a differential and a coderivation, it may be called a codifferential. Com-
mutation relation fb = bf for an A, -functor f : A — B expands to the following

Z (fll ®fi2 ®"'®fiz)bl = Z (1®T®bn®1®t)fr+1+t :

1>05i+-+4=k r+ntt==k
TFsA — sB. (2)

Given A.-functors f,g,h: B — C and coderivations f AN g L h:B=C
of arbitrary degree we construct a map 6 : T'sB — T'sC as in Section 3 of [Lyu03].
We view 0 as a bilinear function (r ® p)6 of r, p. Its components 0; = G}T’@sﬁ pr; :
T*sB — T'sC are given by Formula (3.0.1) of [Lyu03]

Ot :Zfal Q@ fa, ®Tj ®Ge, @ @ Gey @Dt @ hey @+ @ he,  (3)
where the summation is taken over all terms with
at+fB+y+2=1I, a1+ tantjta+tegttter+--t+ey =k
The same formula can be presented as

O = Z faa QT @ Gep Pt ® he'y7 (4)

atf+y+2=I1
atjtcttte=k

where f,o : T*A — TB are matrix elements of f and similarly for g, h. By Propo-
sition 3.1 of [Lyu03] the map 6 satisfies the equation

IAN=A(fRO0+r@p+0h).

Given A.-categories A and B, one constructs an A, -category Ao (A, B) of
Aso-functors A — B, equipped with a differential B [Fuk02], [Kel05l, [KS06, [KS|,
LHO03|, [Lyu03|, Section 5].

The category of graded k-linear quivers admits a symmetric monoidal struc-
ture with the tensor product A x B — AKX B, where ObAX B = Ob A x ObB
and (AR B)((X,U),(Y,V)) = A(X,Y) ® B(U,V). The same tensor product was
denoted ® in [Lyu03]. Given A, -categories A, B, C, there is a graded cocategory
morphism of degree 0

M :TsAx(A,B) X TsAx(B,C) — TsAx (A, C),
which satisfies equation (1X B + BX 1)M = M B [Lyu03] Section 6].

2. An A_-category

Let B — € be a full As-subcategory. It means that ObB C ObC, B(X,Y) =
C(X,Y) for all X,Y € Ob B, and the operations for B coincide with those for C. Let
us define another A..-category D(C|B). If B, € are differential graded categories,
then D(C|B) is differential graded as well, and it coincides with the category C/B
defined by Drinfeld in [Dri04] Section 3.1].
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Definition 2.1. Let T7s€ = @®,507"sC and & = D(C|B) be the following graded
k-quivers: the class of objects is Ob Tt sC = Ob €& = Ob €, the modules of morphisms
for X, Y € Ob¢€ are

TtsC(X,Y)

Ch_1€0Db QSG(_X7 Cl) (9 88(01, CQ) R Se(Cn,Q, Cn71) & Se(Cnfl, Y)7

.....

=Pcy,...0n_1c0bBSC(X,C1) @ sC(C1,C2) @ - -+ ® sC(Ch—2,Chr_1) ® sC(Ch—1,Y),

where in the second case summation extends over all sequences of objects (Cy, ...,
Cp—1) of B. To the empty sequence (n = 1) corresponds the summand sC(X,Y).

Let us endow s~ 1T sC with a structure of A, -category, given by b : T(T+sC) —
T(T*s€), with the components by =0, by =b: TTs€ — T*sC, b, =0 for k> 1.
This A-category is denoted C = (s~ 'TTsC,b). There is an A, -functor j:C—
(s71T*sC,b), specified by its components j : T*sC — T*sC, k > 1, where J, i
the canonical embedding of the direct summand. The property bj = jb, or

Z (1%" @ by, ® 1®t)ir+1+t =J,b:T"sC— T s,
r+k+t=n

is clear — this is just the expression of b in terms of its components.

There is a coalgebra automorphism p : TTTs€ — TT+sC, specified by its compo-
nents p;, = p®) : TFT+s€@ — THsC, k > 1, where p: T+s€® THsC — TFsC is the
multiplication in the tensor algebra, pu(®) =0 for k <0, uM =1:T+sC — TsC,
p® = p, 41 = (p@)p: (TTsC)®3 — T+sC and so on. Its inverse is the coal-
gebra automorphism p=! = pu~ : TT+sC — TT*sC, specified by its components
p = (=) 1u® . TFT+s€ — T+sC. The fact that p and p~ are inverse to each
other is proven as follows:

(e e = D (@0 = Y, ()™

li++Hlg=n lit++l=n
D ] i T
— k-1 ’

which equals id for n = 1 and vanishes for n > 1. Similarly, = p = id.
Proposition 2.2. The conjugate codifferential b= pbpu~™" : T(Ts€) — T(T*sC)

has the following components: by = 0, by = b and forn > 2
by = p™ Z 191 @b, @19 : TFsC® (TTsC)®" 2 @ T'sC — TTsC, (5)
mig<k;t<l
by =p™b— (1@ " V) — (" Vo Dp+ (1@ b 1)u®
(THs@)®™ — TTsC,  (6)
for all n > 0. The operations b, restrict to maps s€®™ — s& via the natural embed-

ding s& C T+ sC of graded k-quivers. Hence, b turns & and C = (s71T+sC,b) into
an A -category.
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Proof. Let us define a (1, 1)-coderivation b of degree 1 by its components @ Sub-
stituting the definition of b via its components, we get formula . Clearly, pbp ="

is also a (1, 1)-coderivation of degree 1. Let us show that it coincides with b, that
is, by = pb. This equation expands to

Z (18" @ by, ® 18T+ = My = ,Mp, |
r+k+t=n
which follows immediately from and from the standard expression of b via its
components.
Clearly, b*> = pub’p~" = 0, hence, € = (s~ T sC,b) is an A-category. Map

is a sum of maps of the form

199 ® by, @ 198 sC(X,C1) @ -+ @ sC(Cy_1,Cy) ® sC(Cy, Cyy1) @ - - -

A(T*sC)*" 2@ - @ 5C(Dy—t—1, Di—t) @ $€(Dy—4, Dy—p11) @ -+ @

Se(Dl_l, Y) — SG(X, Cl) (SR SG(Cq_l, Cq) X SG(C’q, Dl_t)(g)

sC(Di—t, Di—441) ® -+ ® sC(D;—1,Y),
where Cp =X for ¢q=0 and D; =Y for t=0. If the source is contained in
(s€)®™(X,Y), then C;, D; are in ObB for all 0 <i < k, 0 < j <. Therefore,
the target is a direct summand of s€(X,Y). Thus the maps by, restrict to maps
bn : (s€)¥™(X,Y) — s&(X,Y). The obtained (1,1)-coderivation b : T's€ — T's€ also
satisfies b> = 0. Thus it makes € into an A, -category. O

In particular, @ gives
bo=pb—(1®b+b®1)pu,
by = b — (1@ pb)u— (ub @ Dp+ (1@ b 1)u),
by =pPo— 1@ uPb)p— (Db D+ (1o b 1)u®.

Remark 2.3. Let A be an A,-category, defined by a codifferential b : T'sA — T'sA,
let B be a graded k-quiver and let f : TsA — T'sB (resp. g : T'sB — T'sA) be an iso-
morphism of graded cocategories. Then the codifferential f=1bf (resp. gbg—!) is the
unique codifferential on T'sB, which turns f (resp. g) into an invertible A,-functor
between A and B.

Corollary 2.4. The coalgebra  isomorphism p~!:C= (s7'T+sCb) — €=
(s71T*sC,b) is an As-functor. Its composition with J 15 a strict As-functor
7=jn" " :C— D(CB), X — X, whose components are the direct summand embed-
ding 7, : sC(X,Y) = T1sC(X,Y) — s&(X,Y) and 7, = 0 for n > 1.

Indeed,
i n—1
=2 <jh®-~-®jlk><—1>’“—1u<’“>=Z<—1>k‘1(k_1)jn=<1—1>”‘1J'n7
L tlp=n k=1

which equals j | for n = 1, and vanishes for n > 1.



Homology, Homotopy and Applications, vol. 8(2), 2006 165

2.1. Strict unitality.

Assume that A.-category C is strictly unital. It means that for each object X
of € there is an element 1y € C°(X, X), such that the map i§ : k — (s€)~1(X, X),
1+ 1xs of degree —1 satisfies equations (1 ®i§)by = 1: sC(Y, X) — sC(Y, X) and
(S @ 1)by = —1:5C(X,Z) — sC(X,Z) forallY,Z € ObC,and (--- ®@ 1xs®...)b,
=0 if n # 2. Since C is strictly unital, its full A,,-subcategory B is strictly unital
as well.

Let us show that in these assumptions € = D(C|B) is also strictly unital. We
take the same elements 1x € C%(X, X) C €%(X, X) as strict units of & We have
1xsb; = 1xsb = 1xsb; = 0. Explicit formulas give (--- ® 1xs®...)b, = 0 for n >
2. The map by : T*sC(Y, X) ® sC(X, X) — T*sC(Y, X) is the sum of maps

19t @b,y sC(Y,C1) ® - ®5C(Cr—t,Cht41) ® - ® 8C(Cl_1, X) ® sC(X, X)
—sC(Y,C1) ® -+ ® sC(Cr—t, X)

over t > 0. Therefore, the map i§ : k — (s&)71(X, X), 1 — 1xs satisfies equations
1®i8)by = (1%F @i§)(1®* "L @ by) = 19¥~1 ® 1 = 1. Similarly, for by: sC(X, X) ®
TFsC(X,Z) — TTsC(X,Z) we have (i§®1)by = (i ® 19%)(by ® 19F71) =
—1®1%F~1 = _1. Therefore, €& and € are strictly unital with the unit i¢.

2.2. Differential graded categories.

If by, = 0 for k > 2, then explicit formulae in the case of € show that we also have
b = 0 for k > 2. Combining this fact with the above unitality considerations, we see
that if C is a differential graded category, then so is D(C|B). The differential graded
category € = D(C|B) = €/B was constructed by Drinfeld [Dri04), Section 3.1]. This
construction was a starting point of the present article. Let us describe it in detail.

Write down elements of E(X,Y") as sequences fiec, fa...€c,_, fn, Where f; €
C(Ci—1,Cy), Cho =X, C,, =Y, and C; € ObB for 0 < i < n. The symbol ec for
C € Ob B is assigned degree —1. Its differential is set equal to ecd = 1¢. The graded
Leibniz rule gives

(fiec,fa...ec,_, fn)d

= Z (_)fn7t+1+“‘+fn—tflgcl fa.. -Ec, (fq+1m1)€cq+lfq+2 . €0, 1 fn
q+1+t=n

i Z (_)fn_t+_.-+f"7tf1501f2---ECq(fq-‘rl .fq+2)€cq+2fq+3"'Ecn—lf'f“
q+2+t=n

where fo11 - for2 = (fq+1 ® fq+2)me is the composition. Introduce a degree —1 map
s:&—sEC T*s@, f15C1f2 .. .ECn_lfn — f1s® fas®@ - ® fps.

One can check that ds = sb;, where, naturally, by = b = D gtiii=n 12T @ b @19 +
D g4a4ten 19T @ by ® 19"

The composition M9 in € consists of the concatenation and the composition mso
in C:
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(frec, - fa—16Cn 1 fn ® 916D, G2 - - €Dy Gm ) T2
= f1501 .- ~fn715Cn_1 (fn : 91)5D192 <€Dy 19m-

One can check that mas = (s ® s)by; here by = 19771 ® by @ 19m~L,

Specifically, this construction applies to the case of the differential graded cate-
gory € = C(A) of complexes of objects of an Abelian category A. One may take for
B the subcategory of acyclic complexes B = A(A).

3. An A -functor

Let B — €, J < J be full A,-subcategories. Let i : € — J be an A.-functor, such
that Xi € ObJ for X € ObB. Then it restricts to an A,.-functor B — J, denoted
by i’. We are going to construct an extension of this functor to the A..-categories
€ =D(C|B) and F = D(J|J).

Let us begin with a strict Ao -functor ¢ : € — J, given by its components i; =
i:TTs€ — T%sJ and i, =0 for k > 1. The equation ib = bi reduces to familiar
ib = bi. Therefore, 7 def pwip~ ' : C — Jis an A,-functor as well.

The following diagram of A..-functors commutes

e 1 .
B C c—= e —* c
I T |
gc g ) g m 5
Indeed, l'eg' = il'a expands to
iGi= Y (i, @ @i, Tse — T,

L+ +l=n

which expresses 7 in terms of its components.

Proposition 3.1. The Ao -functor @ has the following components:
- Z (_)k—l(u(h) R ® ,u(lk-))Z@ku(k) . (T+Se)®n Tt (7)
i+ +lg=n
The restriction of this map to T*'sC® --- ® T*sC is

=i Y (i ®@i) TSR 0 ThaE — T, (8)
(ll ..... lt)GL(kl ..... kn)

L(kl,...,kn):Ut>0{(ll7...,lt)€Z75>0 |Vg,s € Zsp,q < t,s<n
L+ Flg=k+ 4k <= qg=ts=n}

These maps restrict to maps @, : T"sD(C|B) — sD(J|d), which are components
of an As-functor D(i) =7:D(C|B) — D(J|d). The restriction of 1w, to

—®n _
Ts€ sy TsD(C|B) equals T™sC —2— sJ <1y sD(7]7).
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Proof. Let us prove . Let 7 denote the cocategory homomorphism 7: € — J,
defined by its components (8)). We are going to prove that it satisfies 1 = ui.
Indeed, this equation expands to the following

> (i ® @2 )l = p i TsCw - @ T%sC — TTsI,  (9)
ni+-+na=p
which has to be proven for all p > 1. The right-hand side is the sum of terms
Imy ® @ by, such that my +---4+my =c; + - + ¢p. Consider a set of positive
integers
N={my,mi+mg,....,mi+---+m}tN{ci,c1 +ca,...,c1+ - +cp}.

It contains ¢y + - - - + ¢p. Clearly, iy, ® -+ ® iy,, Will appear in the term 7,,, ® - -+ ®
Tn, if and only if N = {nj,n1 +na,...,n1 + -+ ny}. Since any finite subset N C
Z~o has a unique presentation of this form via nq, ..., n,, Equation @ holds.

Let X, Z;, Y be objects of € and let C; be objects of B. When 7,, is applied to
the k-module

SC(X,Cl) @+ @ sC(Ch, 1, Z1) Q) s€(Z1,CF) @ -+~ @ 5C(CF, 1, Z2) ) - -
Q) 5C(Zy2,Cy ) @+ @sC(CRT" 4, Zn1)
®SG(ZTL*17C{L) PR ®SG(CI?,L717Y)7 (10)
the target space for the term ¢,,, ® - - - ® i,,, has the form
sI(Xi,C%0) @ -+ @ sI(C*i,C*0) @ - - - @ sI(C*i, Vi),

where C? are objects of B (no Z; will appear!). Since Xi¢,Y4i € ObJ and C?i € Ob{,
the above space is a direct summand of sD(J|7)(X 74, Yi). Therefore, the required map
7 T™sD(C|B) — sD(J|3) is constructed.

The last statement is a particular case of . Indeed, if k&, =--- = k,, = 1, then

L(1,...,1) consists of only one sequence (n) of the length ¢ = 1.

Since i is strict and i; = ¢, Equation @ is the expansion of the definition 7
1

pip O
For example,
1 =1,
1o = pi— (I ®1)u,
i3 =i — (i@ pi)p— (i@ ip+ (@i,
1= pWi— (i@ @i — (i @ pi)p — (i@ i)
+(@iou)p® +(eueiu® +(weiei)u® - (ieigii)u®.

Corollary 3.2. We have a commutative diagram of Ao, -functors

BC e — - D(B)

I

gc J . D(I]9)
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When A PN B 2. ¢ are Aso-functors, then fg= fg: A — C. This implies
fg=fg: A — C.Assume that A’ — A, B’ — B, ¢’ — C are full A,.-subcategories

such that (ObA’)f C ObB’, (ObB’')g C Ob €. Denote f’' = f g+ Since
D(f) and D(g) are just the restrictions of f and g, we conclude that
D(f)D(g) = D(fg) : D(AJA") — D(€|C"). (11)

3.1. Strict unitality.

Assume that the A, .-category C is strictly unital. As we know from Section [2.1}
D(€|B) and € are strictly unital with the unit transformation i®. Since p=1: € — €
is an invertible As-functor, C is unital (see [Lyu03| Section 8.12]). Notice that
C is never strictly unital except when € = 0, because b, = 0. The transformation

e TR ide — ide : € — C, whose components are

€
10 5

e

(i§ @1+ 101§,
(1®il @ 1)u®,
for k > 2,

e Yo Se Sk

e
Il
e}

is a unit transformation of C. Indeed, let us define it by the above components and
let us prove that pi® = i®u. Clearly, (ui%)y = i§ = (i®u)o. For n > 0 we have

(l’l’ig) — M(n)li"' Z (k) ®M(l) 1—

k+l=n
_ (10@@) 1®n)lu(n+1) +(1®"® ig)‘u(nqu) + Z (1®k ® i0§® 1®l)‘u(n+1)
k,1>0k4+1l=n
= > (1% eif@1¥)ulmt = (i),
k1>03k+l=n

4. An A_-transformation

Let B — € and J — J be full A-subcategories. Let f,g: € — J be two A,-func-
tors such that (ObB)f C Obgd, (ObB)g C Obg, and let r: f — ¢g:C —J be an
Aso-transformation. Denote by 7/ : f" — ¢’ : B — § the restriction of r to B. We
already have C and € for A.-categories @, f and f for A.-functors f. Now let us
proceed with A..-transformations. B

Let us define an A-transformation r : f — g : € — J via its components
Zozroip Ty = [k/)(Sj)(Xf7Xg) (Sj)(Xfan)]
Ty =T, ﬁlzr‘TJrse:T s€=sC — TTsJ = sJ; (12)
r, =0 for k > 1.

Let us check that - maps the w-globular set A,, [Lyu03|, Definition 6.4] into itself
(so that sources and targets are preserved). It suffices to notice that the correspon-
dence r — 7 is additive, and if r = [v,b], then r = [v, b]. Indeed,
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=

sblo = voby = voj, b= vob1j, = T0j, = Iy,
bl =w01by — (=)"hyvy =vb— (=)o =r =1y, (13)

v, bl = by — (=)’ =0£0=0=1r, for k > 1.

b
b

=

In particular, a natural A,.-transformation r: f — ¢g: € — J goes to the natural
Aso-transformation r : f — g: € — J, and equivalent natural A..-transformations
7, p go to equivalent r, .

We claim that
v =i fi=jf—9i=jg:€—1

Indeed, (rj)o — (jr)o =r0j, — 19 =0, and for n >0

= Z (fa1®"'®fal®Tk®gc1®"'®gcm)il+1+m*inzl
ar+--+ajt+k+ei+-+em=n

= T‘T”s@ - T‘T"se =0.

We define also the A -transformation conjugate to r
F=prp ' f=pfp ' —g=pgp ' :€—7T

(not necessarily natural). Summing up, we have a commutative cylinder

i€ pot =
B C e ¢ ¢
f{ N Jg, ji N Jg fJ L Jg fl N Lq (14)
59 —1 _
g c j J Q 12 j

The correspondence = also maps the w-globular set A, into itself. Indeed, if r =
[v,b], then

F=prp ' = plo,blp! = [pop", pbp ) = [3,0].

Proposition 4.1. The Ao -transformation T has the following components

0<gst
Ty = Z (Ve fe--. ®/~L(ZQ)f®7”Oil @ula)g ... @ pl)g)t+t)
L1t +ly=n
1<gst
+ Z (—)t_l(u(ll)fé@---®,u(lq’l)f®u(l‘I)’r®u(lq+l)g®~--®u(l‘)g)u(t).
Li++l=n

(15)



Homology, Homotopy and Applications, vol. 8(2), 2006 170

Explicitly, 7o = ro = roj, and forn > 0 the restriction of 7, to T*1sC ® - - - @ T*nsC
18

T = p™ > (fo, ® @ fa, ®TE ® ge, ® ...
(at,..saaikictye..,cg)EP(k,....kn)

® gca)ia+1+ﬁ (THsC® - @ ThsC — TFsd, (16)

P(kl,...,kn) = Ua,ﬁgo{(ll,...,la;la+1;la+2,...,la+1+5) EZ(;O X Zixo XZQO‘
Vg€ Zso,q<a+1+5VYs€Zzg,s<n
b+t tlg=k+ - +keqg=a+1+08s=n}.

These maps restrict to maps 7, : T"sD(C|B) — sD(J|J), which are components of
an Aoo-transformation D(r) =7: f — g: D(C|B) — D(J|g). The restriction of T,

-@n -
to T"s€ L TsD(C|B) equals T"s€ —— sJ <L sD(J]7).

Proof. Similarly to the case of A,-functors, discussed in Proposition let us
define an A.-transformation 7: f — g: € — J by its components and prove
that the equation 7 = pr holds. Clearly, (Tu)o = 7o =1, = (ur)o. We have to
prove that for n > 0

> (Fune-of, 0705, 05w =n"r:
i1+ tir=n
TMsC® - @ T sC — TTsJ. (17)

The right-hand side is the sum of terms fo, ® -+ ® fa, ® 1% @ ge; @ - -+ @ ge,y, SUCh
that a1 +---4+aa+k+c1+---+cg=ki +---+ky. Denote by (I1,...,lat148)
the sequence (a1, ...,aq, k, c1,...,c3). Consider the subsequence N of the sequence
L=(0,l1,l1+12,...,0a +---+lat14p) consisting of all elements which belong to
the set {0,k1,k1 +ko,..., k1 + -+ kn}. The term fo, ® - @ fo, @16 @ ge, ®

- ® ge, will appear as a summand of the term f;, ®---® fz-q_1 QT ®7;, ., ®
- ®g;,, if and only if

N:(O,ilail +i2a--~7i1+"'+it)a (18)
11+ tigo1 < ap+ o+ g, ar+ -t ag+ k< F g, (19)
Vi<y<t iy, =0 = y=gq. (20)

Let us prove that for a given sequence (a1,...,aq;k;c1,...,¢8) € ZSy X Zxo X
Zgo there exists exactly one sequence (i1,...,4;q) € Zt)o X Z~q such that condi-
tions f are satisfied. Indeed, the sequence N determines uniquely a sequence
(i1,...,1t) of non-negative integers such that holds. If k>0 or a; +---+
ao does not belong to N, then all i, are positive. This implies that the inter-
val [a; + - -+ aq,a1 + -+ 4+ aq + k] is contained in a unique interval of the form
[Z'1_|_..._|_iq7177;1 +"'+iq].

Ifk=0anda; + -+ a, belongsto N, thena; +---+aq =a1 + -+ aq + kis
repeated in N. Hence, there exists ¢ > 0 such that a; +--- +aq =41 + -+ 14-1,
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iq = 0. Since M and N may contain no more than one repeated element, i, is

positive for y # q. Therefore, conditions 1) are satisfied.
We conclude that holds. Formula ((15)) is the expansion of the proven property

= -1
TF=prp .
The target space for map applied to k-module has the form

sIXS,CL) @+ @sI(CLf,Clg) ® -+ ©sI(Clg, Y g),

where C? are objects of B (and no Z; will appear). Since objects C;f and C?g
belong to J, the above space is a direct summand of sD(J|3)(X f,Yg). Therefore,
the required map 7, : T"sD(C|B) — sD(J|J) is constructed.

The last statement is a particular case of . Indeed, if Ky = --- =k, = 1, then
P(1,...,1) consists of only one element (;n; ), thatis,« = 8=0,91 =n € Z>o. O

In particular, the correspondence r +— D(r) =7 maps natural A..-transforma-
tions to natural ones, and equivalent r,p: f — g : B — C are mapped to equivalent

D(r),D(p) : f — g : D(€|B) — D(J|J).
For example,
Fr=r—(f®7r0+710R9)U,
Fo=pr—(fOr+r@g)u—p(f@ro+7r0®9)p
+(fRf@rM+fRro®g+r®g®g)u®.

Corollary 4.2. We have a commutative cylinder

B C e ! D(C|B)
12l A=k o=
gc g 7 D(J|9)

4.1. X-2-categories and K-2-functors.

Let X denote the category K(k-mod) = H°(C(k-mod)) of differential graded
complexes of k-modules, whose morphisms are chain maps modulo homotopy. A
1-unital, non-2-unital K-2-category KA., of A-categories is described in [Lyu03]
Proposition 7.1]. Instead of the complex of 2-morphisms (A (A, B)(f,g9),m1), m1 =
sB1s™t, we work with the shifted complex (sAx (A, B)(f,g), B1). There is an obvi-
ous notion of a strict K-2-functor between such K-2-categories — a map of objects,
maps of I-morphisms and chain maps of 2-morphisms, which preserve all opera-
tions. The operations involving 2-morphisms are subject to equations in X, which
mean equations between chain maps up to homotopy.

We have applied the “underline” construction - to three kinds of arguments
- Ao-categories, A,.-functors and A.-transformations. Let us summarize the
properties of this construction.

Proposition 4.3. The following assignment defines a strict X-2-functor - : KA
— KAy 1 an A -category A is mapped to A, an A -functor f : A — B is mapped
to f: A — B, and the chain map of complexes of 2-morphisms is
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= (5A(A, B)(f,9), B1) = (sAx(A, B)(f,9),B1), r—r,

where B denotes the codifferential in TsAx (A, B), in particular, vB; = [v,b)].

Proof. We have seen in that 7By = [r,b] = [r,b] = r By, thus, r — r is a chain
map. The composition of A -functors is preserved, fg = f g. The right action of
a 1-morphism A on a 2-morphism r is preserved, since rh ;GOhlila rh,0,0,...) =
r h. The left action of a 1-morphism e on a 2-morphism 7 is preserved, since er =
(757"01'1, er,0,0,...) = e r. The identity As-functor id4 is mapped to the identity

Axo-functor idg = idg.

It remains to prove that the vertical composition of 2-morphisms
ma = (S ® S)BQS_l : AOO(‘Av B)(fv g) ® AOO(‘Av B)(gv h) - Aoo(Av B)(fv h’)

is preserved, that is, the diagram

A4, B)(£,9) ® Ao (A, B)(g,h) =222 A (A, B)(f,9) @ Asc(A, B)(g, )

| ) o

is commutative in K. Here s - s~! denotes the composition

—1

Aso (A, B)(f, h) —— 5Axc(A, B)(f, h) — $Ac(A, B)(f, k) —— Asc(A, B)(f,h).

Since by, = 0 for k > 2, we have B, =0 due to [Lyu03] Equation (5.1.3)], hence,
ms = 0. Let us prove that ma(s-s~1) ~ 0. The homotopy is sought in the form
(s ® s)Hs™ !, where

H : sAx (A, B)(f,9) ® sAco(A, B) (g, h) — sA4xc (A, B)(f, 1)
is a k-linear map of degree 0. It has to satisfy the equation
By- =HB,—-(1® By +B1®1)H,
that is, for each r € sAx (A, B)(f,9), p € sAx(A, B)(g,h)
(r@p)Bs =[(r@p)H,b —[(r®p)(l® B+ B ®1)]H. (21)

A candidate for H is chosen similarly to Equation . We choose the components
of the (f, h)-coderivation (r @ p)H as follows:

[(r®p)H]o = (10 ® po)J,
[(r@p)H]1 = (r®p)d:sAX,Y) — sB(Xf,Yh),
[(r®p)H]k =0 for k > 1.
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Let us verify Equation for this H. Both sides of are (f,h)-coderivations.
It suffices to check that all their components coincide. The 0-th component of the
right-hand side of is
[(r @ p)H]oby — [(r ® [p, b] + (—)"[r,0] ® p)H]o
= (ro ® po)j,b — (ro ® pob1 + (—)rob1 ® po)j,
=(ro®@po)(b—1®b1 — b1 ®1) = (ro @ po)b2j,,
which equals [(r ® p)Ba]o. Due to [Lyu03|, Equation (5.1.2)] the first component of
the right-hand side of 1) equals
[(r® p)H]1by — (=)""Pby[(r @ p)H]1 — [(r @ p)(1 ® By + B1 ® 1)H]x
= (r@p)fb—(=)""b(r@p)f — [(r®p)(1® Bi+ B @ 1)]f
= (r®p)Ba,
which is [(r ® p)Ba]1. The k-th component of the right-hand side of vanishes

for k> 1, and so does [(r ® p)Bs]r = 0. Therefore, and the proposition are
proven. O

Corollary 4.4. The same assignment A — A, f— f, r—1 asin Propositz'on
gives a strict 2-functor - : Ase — Ao of non-2-unital 2-categories.

This is obtained by taking the 0-th cohomology of KA., in Proposition
Similarly, the “overline” construction =, applied to three kinds of arguments,
Ao-categories, Ay-functors and A, -transformations, gives a strict K-2-functor.

Corollary 4.5. The following assignment defines a strict X-2-functor = : KAo, —
KAx: an A -category A is mapped to A, an Aoo-functor f: A — B is mapped to
f: A — B, and the chain map of complexes of 2-morphisms is

= (34 (A, B)(f,9), Br) = (sAx(A,B)(f,9), B1),  re—T,

where B denotes the codifferential in TsA (A, B), in particular, vBy = [v,b]. There
is an invertible strict KX-2-transformation p: = — -, py A — A.

Proof. Starting with a X-2-functor -, a mapping ObK A, — ObKA.,, A — A,
and a family of invertible A.-functors g, : A — A, one may construct another
XK-2-functor =, which maps an A.-category A to A, so that u is a strict K-2-
transformation. Since p is strict and invertible, the values of f and 7 are fixed by
the requirements fp = puf, 7 = pr for each Ao-functor f and A..-transforma-
tion r. O

The detailed definition of strict X-2-transformations is left to the interested
reader.

Corollary 4.6. The same assignment A — A, f f, r+— 7 as in Corollary @
gives a strict 2-functor = : Ao — Aso of non-2-unital categories.

This is obtained by taking the 0-th cohomology of KA., in Corollary
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It is instructive to find the homotopy which forces = to preserve the vertical com-
position of 2-morphisms. Denote ad g the maps s Ao (A, B)(f, g) = 54 (A, B)(f,7),
v — popu~!. The following diagram commutes modulo homotopy:

sAoo (A, B)(f,9)® “e= sAco(A,B)(f,9)®
®5Ac0(A, B)(g, h) ®5Ac0 (A, B)(7, h)

-®- SAQO(A;@)(f;Q)@ ad p®ad p

sAoo (A, B)(f, h) 5400 (A, B)(f, 1)

The right homotopy commutative square is obtained from [Lyu03], Equation (7.1.2)]:

Y= (pp @ mpTh) By

=(p@m | u)MxBr — [(p@7)(1® By + By @ 1)|p~ "] Moo

for all p € sAs(A,B)(f,9), ™ € sAx(A,B)(g,h). Recall that B, = 0 and compose
with @ to get

(p@m)Byp™

— (ppp™' @ prp ') B,y
=[ulp@m | p ' )My]B1 — pl(p©7)(1® By + B; @ 1)~ M.
In particular, for p = r, 7 = p we have

- (r®p)Bs
= [ @p| p™)Mao]B1 — p{[(r@p)(1® Bi + B1 @ 1)](= ® =) ™" } Mao.
The left homotopy commutative square, that is, composed with ad p gives
@PBs = [u(r ® p)Hp ' JB1 — ul(r @ p)(1© By + By @ 1] Hp"".

We conclude that the exterior of diagram is commutative modulo homotopy
R:5Ax(A, B)(f,9) ® sAs(A, B)(g,h) — sAx (A, B)(f, ),
(r@p)R=pr@p)Hp™" +prep | p™")Ms,

that is,
(r@p)Bs— (F®P)Ba = (r@p)RB1 — [(r@p)1@ B+ B1® )R (23)

Proposition 4.7. The (f, h)-transformation (r®@p)R has the following components:
[(r ® p)R]o = 0, and for n > 0 the restriction of [(r @ p)R], to TF1sA® -+ @ TFrsA

18
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[(r @ p)R]n

:/J'(n) Z (fa1®"'®faa®Tk®gc1®"'®gc5®pt®he1®"'
(ask;ct;e)€Q (k.. kn )

; .k e Thn +
®he, )y, gy THsA® - QT sA =T sB, (24)
where (a; k; ¢t e) = (a1,...,an;k;c1,...,c85t5e1,...,ey) and
Q(k1,. .. ky)
= ua,ﬁ,w}O{(ll, coolaslat1ilat2y o laprts larpt2s latpess - - - la+6+’y+2)

GZ‘;OXZ?OXZQOXZ?OXZZO\Vq€Z>0,q<a+ﬂ—|—’y+2V8€Z>(],S<n
b+ tlg=k+  +kseg=a+8+7+2,5=n}.

If A C A, B CB are full Ax-subcategories and (ObA’")f C ObB’, (ObA')g C
ObB’, (Ob A" )h C ObB’, then [(r ® p)R], restrict to maps

[(r®@p)R], : T"sD(AJA')(X,Y) — sD(B|B')(X f,Yh),
which are components of an A -transformation
(r @ p)R € sAx (D(A[A"), D(B|B))(f,h).
Proof. Denote by R’ an (f, h)-coderivation, whose components are R, = 0 and R/,

is given by the right-hand side of (24). We want to prove that (r @ p)R = R'. This
is equivalent to the equation

Rp=p(ro@p)H+prep|p™")Mop. (25)

Let us transform the last term. Applying the identity (1 X M)M pr; =(MX1)M pr,
|[Lyu03], Proposition 4.1] to an element

10r @ p®1€T A (A, A)(p, 1) ® T?s A (A, B)(f, h)RT sAse (B, B) (")
we find from

(lerepe1)(1® M)Mpr
=1@@Eep|p )Mo +10rp " @pu IMpr; = p(r@p | p= ") Mao,

(1®r®pe1)(M@1)Mpry = (ur ® pup @ 1)M pry = (ur @ pp | p~ ') My,

that p(r @p| p ') May = (ur @ pp | p=)Mso. Applying the same identity to an
element

pRT@1®1 € T?*sAx(A,B)(1nf, ph) @ T sAse (B, B)(A\, N RT 54 (B, B) (1, p)
we find from
(pmR1I®1)(1®M)Mpr; = (p@7®1)Mpr; = (p®@ 7 | Ap)Mao,
(P71 1)(M@1)Mpr; =[(p@7 | \) My @1+ pA @ A ® 1]M pry
=(p@7 | AN)Maop 4 (pA @ A | pu) Moy,
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that
(p@7 | App) Moo = (pR 7 | A)Maops + (pA @ A | ) Mayg.
When A\ = p~1, the left-hand side vanishes. Indeed, for each k > 0
[(p® 7 | idg)Magle = Y (p® m)0sid; = 0.
1>2
Hence,
(p@m|p YMoop = —(pp™ ' @ mp™" | ) Mao.

In particular, for p = pr, m = pp we have

(ur @ pp | p~ ") Maop = —(F B | p) M.
Therefore, Equation can be rewritten as follows:
p(r@p)H =Rp+ (TP | p)Mao. (26)

Both sides are (p.f, pth)-coderivations, or (fp, hp)-coderivations, which is the same
thing. Let us prove that all their components coincide.
The 0-th components coincide, since

[(r @ p)H]o = (10 ®@ po)j, = (T ® D)2ty = [(T @ P | p)Mao]o.
For n > 0 we have to verify the following equation for n-th components
pMeepi= > (fao-of, @R, ®hi, @ @h )"
i1 tig=n
+ Z(?@ﬁ)ﬁmum THMsA® .- @TFsA — TTsB.

x

The left-hand side is
Z fa1®"'®faa®rk®gcl®...
a1+-+agtktcittegtttert+te,=n
@ Gey @Pt @hey, @+ @ he . (27)

Both sums in the right-hand side consist of some of the above summands. Let
us verify that each summand of will occur exactly once either in ) (f;, ®

®ﬁ ® R;, @ Riyyy ® ~®Eim) 2 or in Y, (F @ P)0npn™®. Let us rewrlte
the sequence (al,.. , Qs ks cl,...,clg,t,el,...,ev) as
(sl lagtslag2s - s lag1s lasB+25 lat B3y - - > Lt By+2)-

Consider the subsequence N of the sequence L = (0,l1,l1 +1a,..., 01 +---+
la+8+~+2) consisting of all elements which belong to the set {0, k1, k1 + ko, ..., k1 +
-+ 4k, }. The term

fu®---®fi,® Tlag1 @ Jloyz @ D Gigig11 @ Platpie @ hla+ﬁ+3 Q- hlcl+ﬁ+'v+2
(28)
will appear as a summand of

(?il R ?i ® Rl by hzq+1 - ® Ezz):u(m)v (29)
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if and only if

N = (041,41 +d2y... 01+ +iz), (30)
i+t <h+ -+, bt Flaypra St -+ g, (31)
Vi<y<z =0 = y=g¢q. (32)

The term will appear as a summand of
(Jiy® @ f;,  ®T, @G, © G _, 0%, ®hi, ® - @h,)u® (33)

x

(which is a term of (7 ® p)f.u™®)) if and only if holds and

i1+"'+iy—1<l1+"'+la’ l1_|_..._|_la+1§i1_|_..._|_7;y’ (34)
ivteFieor KA oy, bt lagpre <t +is, (35)
y<zandVi<y<z iy=0 = ve{yz} (36)

A given non-decreasing sequence N determines uniquely a sequence (ig,...,4;) of
non-negative integers such that holds.

Ifloy1 >0o0r ly +--- 41, does not belong to N, then there exists exactly one
element y =y’ such that holds. If I,17 =0 and [y + -+ + 1, belongs to N,
then there are at least 2 such elements. Denote by 3’ > 0 the least of them. Then
L+--+lg=%91++1iy_1 and iy = 0. If y satisfies both and , then
y < %/, hence, y = 3/ is the only solution.

Ifla4g+2 > 0orly + - 4+ lo1341 does not belong to IV, then there exists exactly
one element z = 2’ such that holds. If lo454+2 = 0and Iy + - - + o441 belongs
to N, then there are at least 2 such elements. Denote by z’ the biggest of them.
Then I} + -+ lo4p41 =491+ +ix—1 and i, = 0. If 2 satisfies both and
, then 2’ < z, hence, z = 2’ is the only solution.

Since [iq + -+ 4+ 4y —1,81 + - - + i,] is the leftmost interval with ends in N con-
taining [I1 + -+ +la,l1 + -+ + lat1], and the latter lies to the left of [l + -+
la+p+1,01 + -+ + latp42], contained in the rightmost interval [i1 + -« - + 4, _1,41 +
-+ 4 iy], we deduce that y' < 2.

If 4/ = 2/, then ¢y < y < 2z < 2’ cannot be satisfied, hence, 7 has no solu-
tions (y, z). On the other hand, for ¢ = ¢’ = 2’ the interval [I; + -+ + 1o, 11 + -+ +
lo4p+2] is contained in [iy + -+ +dg_1,41 + - - - + 4], that is, holds. Only 1411
and lq4p84+2 might vanish, both are contained in [l + -+ o, li + -+ - + latg+2),
hence, i, might vanish only for v = g, that is, holds. Therefore, ¢ = 1’ satisfies
conditions f. This solution is unique, since if is satisfied for ¢ = ¢/,
then holds for y = ¢'.

If ' < 2/, then y =4/, 2 = 2’ is the only solution of system of conditions (34))—
(36). This is proved by examining the four cases which arise from the alternatives
in the two paragraphs that follow (36)). Let us prove that there are no solutions
q of the system of conditions 7. Suppose g satisfies these conditions, then
y = q satisfies and z = ¢ satisfies (36). Therefore, v’ < ¢ < 2,414+ +iy_1 =
i1+ +ig—1 and i1 + -+ =191 +--- +iy. Due to there exists no more
than one  such that i, = 0. Thus, two possibilities exist: either y = ¢ < ¢+ 1 =2/,
ory =q—1<q= 2" In the first case, and imply
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it tigSh+ o tlagpra Kb+ Flaypre S+ + g,

hence, i1 + - - +ig =101+ +latp+1 and loyg42 = 0. It follows that i,41 =0,
which contradicts . In the second case, and imply

i+ Figa <h+Flo<h+Flogr <+ + 11,

hence, i1 + -+ +ig—1 =1 + -+ + lo and lo+1 = 0. It follows that 7, = 0. From
we deduce that 42 + - - + lo4 842 = 0, which implies ¢44; = 0 and this contradicts
. We conclude that each term either occurs in a unique term (29) or in a

unique term . Therefore, is proven.
Since is proven, it implies the statement for the transformation (r ® p)R. O

Denote by KA. the non-2-unital X-2-category, whose objects are pairs (A, A’),
consisting of an A, -category A and a full A.-subcategory A’ C A; 1-morphisms
(A,A") — (B, B’) are Ax-functors f : A — B such that (ObA’)f C ObB';

KAL (A, AN, (B, B)(f, 9) = (Asc(A, B)(f,9),m1),
and the operations are induced by those of KA.,

Corollary 4.8. The following assignment defines a strict K-2-functor
D: XA — KA,
(A, A") — D(AJA),
[ (AA) ( B') +— f : D(AJA") — D(B|B'),
(sAu((A,A), (B, B) ,B1) — (54 (D(AJA'),D(B|B))(f,9), B1), 1T

Proof. Since the coderivation (r ® p)R :TsA — TsB restricts to a coderivation
(r@p)R:TsD(A|JA") — TsD(B|B’) by Proposition D preserves the vertical
composition of 2-morphisms modulo homotopy by (23)). O

Corollary 4.9. Let A’ be a non-2-unital 2-category, whose objects and 1-mor-
phisms are the same as for KAL_, and 2-morphisms are equivalence classes of nat-
ural Aso-transformations:

AL (A, A), (B, B))(f. 9) = H (Ass (A, B)(f, 9),m1),

and the operations are induced by those of As. Then the following assignment
defines a strict 2-functor

D: A — Ax
(A, A") — D(AA),
fi(AA) = (B,B') — f: D(AA") — D(B|B"),
r:f—g:(AA)— (B,B)—7:f—7g:DAA) — D(B|B).

The corollary follows from Corollary [4.8] by taking the 0-th cohomology.
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5. Unitality

Proposition 5.1. Let B be a full subcategory of a unital A -category C. Then the

Aqo-category D(C|B) is also unital. If i® is a unit transformation of C, then D(i%)

is a unit transformation of D(C|B).

Proof. The idempotent property (i® ® i®)By = i® implies by Corollary that
(D(i% ® D(i%)) B2 = D((i° ®i%)B,) = D(i°),

so D(i%) is an idempotent as well. Consider its 0-th component

D% = [k X 5C(X, X) < sD(C|B)(X, X)].
We have to prove that
(xD(i%)0 @ 1)ba, (1 ® yD(i%)g)bs : sD(C|B)(X,Y) — sD(€|B)(X,Y)

are homotopy invertible.

Consider the following Z~¢-grading of the A..-category D(C|B)

G =T*sensD(CB), k=1,
GF(X,Y) =®c,...cnrcopnsC(X,C1) @ sC(Ch,Ca) @ -+~ @ sC(Cy_1,Y).

Denote also Cy = X, C;, =Y. The corresponding increasing filtration
0=®CPC---C P, CPpyq C---CsD(CB)
is made of ®,, = ®7_, G*. The k-linear maps
by =b, (xi§ @by, (1® yi§)by:sD(CB)(X,Y) — sD(C|B)(X,Y)

preserve the filtration. Consider the Z x Z-graded quiver, associated with this
filtration. The above maps induce on graded components G* the following maps:

de= Y 1%°@b ©1%7: GHX,Y) - G*(X,Y), (37)
a+1+B8=k

(xi @ Dby @ 1971 . G*(X,Y) — GF(X,Y), (38)

191 o (1@ yi§)bs : G¥(X,Y) — G*(X,Y). (39)

Let i, A’ be homotopies as in
(1®yiS)by =14 he, ,ybi +bihe, vy : sC(Cr_1,Y) — sC(Ch_1,Y),
(xi§ ® 1)by = —1 + h'x ¢, b1 + bih/x ¢, : s€(X,C1) — sC(X,C1).

Using them we will present map restricted to sC(X,C1) ® - -+ ® sC(Ck—2,Crk_1)
® sC(Ck—1,Y) as follows:
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19571 2 (1@ yi§ )by = 1%F 71 @ (1 4 hby + b h)
=14 (1®k—1 ® h) Z 1®a Qb @ 198
a+14+8=k
+ ( Y 1% ebhe 1®ﬁ>(1®’H @ h)
a+14+8=k
=1+ (1%L @ h)dy + dp(1%* "1 @ h).
Let us define a k-linear map H : sD(C|B)(X,Y) — sD(C|B)(X,Y) of degree —1 as
a direct sum of maps
1% @ he, vy :8C(X,C1) @+ @ 8C(Ch_a,Cr_1) @ 5C(Cr_1,Y)
— SG(X, Cl) [0 Se(ck_g, Ck—l) X Se(Ck_l,Y).
Since H preserves the subquivers G*, it preserves also the filtration ®,,. Therefore,
the chain (with respect to b;) map

1+ N € (1®yil)by — Hby — b H : sD(€|B)(X,Y) — sD(C|B)(X,Y)

preserves the filtration and the associated map of graded complexes is the identity.
Hence, N has a strictly lower triangular matrix with respect to the decomposi-
tion sD(€|B) = ®y>1G*. Therefore, the map 1+ N is invertible with an inverse
> o(=N)i Hence, (1 ® yi§)bs is homotopy invertible.
Similarly,
(xi§ @ )by @ 1977 = (=1 + 1'by + b1 h) @ 19F71
=—1+ (K @17 > 19°gh @19
a+1+p=k
(Y 1T ene1®)w o1
a+1+p6=k
=1+ (W @ 1% d, + dip (W @ 19571,

Define a map H' as a direct sum of maps
/X701 ®1%k-1 . sC(X,C1) ® sC(C1,C2) @ -+ ® s€C(C-1,Y)
— sC(X,C1) ® sC(C1,Cs) ® - ® 8C(Cl_1,Y).
Then the chain map
14N (xi§ ® 1)by — H'by — b1 H' : sD(C|B)(X,Y) — sD(€|B)(X,Y)

preserves the filtration and gives —1 on the diagonal. Hence, N is strictly lower tri-
angular, and —1 + N’ is invertible with an inverse — Y 7% (N’)%. Therefore, (xif ®
1)bo is homotopy invertible. O

Corollary 5.2. If an A -category € is unital, then C is unital with a unit trans-
formation iC.

Indeed, € = D(€|C).
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Corollary 5.3. If an As-category C is unital, then C is unital with a unit trans-

formation i°.

Proof. The Ao-functor p=': € — E is invertible and € is unital. Hence, by [Lyu03],
—1;

Section 8.12] € is unital and p~'i%u = p~ TGM = i® is its unit transformation. [J
Remark 5.4. Functors 7° : € — D(€|3) 7°:6—-7¢C, j%:e—Care umtal This fol-
lows from Corollary for r = i€ and from commutative diagram (|1 .

Corollary 5.5. Leti: C — J be a unital A -functor. Then the A -functorsi : (G
Jandi:C— J are unital as well.

i€

Proof. Since ii’ i, we have Z Corollary Therefore, 7 is unital
by Corollary |5 . We have also i’ y Corollary - Hence, i is unital by
Corollary [5.3] O

Corollary 5.6. Let i: C — J be a unital A -functor, which maps objects of a full
Aso-subcategory B C C to objects of a full Ax-subcategory g C J. Then the Ao -func-
tor D(4) : D(C|B) — D(J|d) is unital as well.

Proof. Since i’ = i%, we have D( )D(i?) = D(i®)D(4) by Corollary Therefore,

D(4) is unital by Proposition O
Summing up, when we restrict - , = or D to unital A.,-categories, we get strict
2-functors of (ordinary 1-2-unital) (X-)2-categories. When we restrict -, = or D

further to unital A..-categories and unital A..-functors, we also get strict 2-functors
of (X-)2-categories.

6. Contractibility

A chain complex C' is contractible if id¢ is null-homotopic. We say that an
A-category is contractible if all its complexes of morphisms are contractible.
Such A -categories behave like categories with zero morphisms only, although con-
tractibility might not be obvious. An example of this kind is provided by € and €,
when € is unital. In this section, we also collect various notions of contractibility
for Aoo-functors. For unital A..-functors, all these definitions become equivalent.

Proposition 6.1. Let B be a unital A -category. Let f : A — B be an A -functor.
Then the following conditions are equivalent:

(C1) For any X € ObA and any V € ObB the complex (sB(X f,V),b1) is con-
tractible;

(C2) For anyU € ObB and any Y € A the complex (sB(U,Y f),b1) is contractible;

(C3) For any object X of A the complex (sB(X f, X f),b1) is acyclic;

(C4) For any object X of A there is an element xv € (sB)"2(X f, X f) such that
Xfi(? = X’Ubl,‘

(C5) fiP=0:f—f:A— B.
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Proof. Clearly, (C1) = (C3) = (C4), (C2) = (C3) and (C5) = (C4).
(C4) = (C1): Consider a k-linear map (xv ® 1)ba : sB(X f,V) — sB(X f,V) of
degree —1. Its commutator with by is

(XU® 1)[)2()1 + b1<XU® 1)b2 = —(val X 1)()2 = _(Xfi(Q)S X l)bg ~1:
sB(Xf,V)— sB(Xf,V)
by [Lyu03], Lemma 7.4]. Therefore, sB(X f, V) is contractible.
(C4) = (C2): Consider a k-linear map (1 ® xv)be : sB(U, X f) — sB(U, X f) of
degree —1. Its commutator with by is

(1 ® X’U)bgbl + b1<1 X X’U)bg = —(1 ® X’Ubl)bz = —(1 X Xfi(?)bg ~—1:
SBU,Xf) — sB(U, X f)
by [Lyu03], Lemma 7.4]. Therefore, sB(U, X f) is contractible.

(C1) = (C5): We look for an (f, f)-coderivation v of degree —2 such that vb —
bv = fi®. We choose its 0-th component as xvg:k — (sB)"2(X f,Xf), 1 — xv,
where xv satisfies condition (C4).

Let n be a positive integer. Assume that (vg,v1,...,v,-1) are already found
such that an (f, f)-coderivation o = (vg,v1,...,v5-1,0,0,...) of degree —2 satisfies
equations A, =0 for m < n, where the (f, f)-coderivation A of degree —1 is A =
fi® — @b + bi. To make the induction step, we look for a map

Unp * S'A(X07X1) Q- S\A(Xn—la XTL) - SB(XOfa Xn )7

such that
vaby = Y (1%9@ b @ 1%, = A, (40)
q+t=n
The identity Ab + b\ = 0 implies
And = Mpby + Y (197 @b @ 199\, =0,
q+t=n

where d is the differential in the complex

HOHI(S.A(XO, Xl) - ® S‘A(anla Xn)v Sg(XOfv an)) (41)

(all complexes are equipped with the differential ;). Since sB(Xof, X,,f) is con-
tractible, so is complex . As it is acyclic, there exists v, such that v,d = Ay,
that is, holds. Induction finishes the construction of v. O

Proposition 6.2. Let A be a unital As-category. Let f : A — B be an A -functor.

Then the following conditions are equivalent:

(C6) For all objects X, Y of A the chain map f1: (sA(X,Y),b1) — (sB(Xf,Y f),b1)
is homotopic to 0;

(C7) For any object X of A the chain map f1: (sA(X, X),b1) — (sB(Xf, X [),b1)
is homotopic to 0;

(C8) For any object X of A we have

H*(f1) =0: H*(sA(X, X),b1) — H*(sB(X f, X [),b1);
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(C9) For any object X of A there is an element xw € (sB) 2(Xf, X f) such that
xig' f1 = xwb.

Proof. Clearly, (C6) = (C7) = (C8) = (C9).
(C9) = (C6): Since f and b commute, we have

(1®ig) fobi + (1@1) (/1 @ f1)be = (1@ ig)bafi + (1 @) (1@ b1 + b1 © 1) fa,
bi(1@ 1) fa + (1 @) faby — (f1 @ yw)baby — by (f1 @ yw)by = (1 @i )baf1 ~ f1
by [Lyu03], Lemma 7.4]. Therefore, f; is homotopic to 0. O

Proposition 6.3. Let A, B be unital Aso-categories. Let f: A — B be a unital
Ao -functor. Then conditions (C1)-(C9) are equivalent to the following conditions:

(C10) There is an isomorphism of Aso-functors f ~ OF : A—B, where O/ is defined
as follows: XOF = X f, 0L =0 for all k > 1;
(C11) i*f=0:f— f: A— B.

Proof. Unitality implies that (C5) and (C11) are equivalent, and that (C4) and
(C9) are equivalent.

(C5) = (C10): Consider zero natural A.-transformations 0: f — 0 : A — B
and 0: O — f: A — B. Their composition in one order 0-0=0:f — f: A — B
is equivalent to fi® = #1s by (C5). Their composition in the other order 0-0=0:
0f — 0 : A — B is equivalent to Ofi®. Indeed, there exists an (f, f)-coderivation
w of degree —2 such that fi® = wb — bw. In particular, x (fi®)y = x ;i = xwob;.
Consider the (0f, OF)-coderivation v of degree —2, given by its components vy = wo
and v, = 0 for k > 0. Then x(07i®), = XfigB = xwvoby and

(Ofig)n =0=uv,b; — Z (127 @ by @ 19" )vgq 144 = (Vb — bv),
g+k+t=n

for n > 0. Therefore, Ofi® = vb — bv.
(C10) = (C4): Since f is unital, isomorphic to it A -functor O7 is unital. Thus,

0fi® =40 =0: 07 - 0f : A — B.

Therefore, there exists an (0F, 9f)-coderivation v of degree —2 such that 07i® =
vb — bv. In particular, x;if = x(0/i®)o = xvob1, hence, (C4) holds. O

Definition 6.4. Let A be a unital A, -category. An A ,-functor f: A — B is con-
tractible if it satisfies equivalent conditions (C6)—(C9) of Proposition An A-
category A is contractible if complexes (sA(X,Y), by) are contractible for all objects
X, Y of A.

A contractible A, -category A is unital. Indeed, xij' = 0 are unit elements of A.
The identity Ao-functor id : A — A is contractible if and only if A is contractible. A
unital As-functor f is contractible if and only if equivalent conditions (C1)—(C11)
hold.
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Example 6.5. If € is a unital A..-category, then @, € are contractible. Indeed, by
Corollaries [5.2] and these categories are unital. In particular, for all objects X,
Y of € the chain map

0=(1®yi{)b, : sC(X,Y) — sC(X,Y)

is homotopy_invertible. Hence, (s€(X,Y),b;) = (sC(X,Y),b1) is contractible. By
Proposition (C2) A-categories C and € are contractible.

Ezample 6.6. Let B be a full subcategory of a unital A-category €. Then the

Aso-functor 7 = (B —— € . D(€|B)) is contractible according to criterion
(C4): for any object X of B
(xi§ ® xig)b1 = (xi§ ® xi§)be = xi§ + xvob1 = Xig(el{B) + xvob1.
Proposition 6.7. A unital Ay -category A is contractible if and only if the follow-
g equivalent conditions hold:
(CO) A is equivalent in A% to an A-category O, such that O(U, V) =0 for all
objects U, V of O;
(C1') For all objects X, Y of A the complex (sA(X,Y),b1) is contractible;
(C2') For any object X of A the complex (sA(X,X),b1) is contractible;
(C3') For any object X of A the complex (sA(X,X),b1) is acyclic;
(CA') For any object X of A there is an element xv € (sA)™2%(X, X) such that
Xi‘él = val;
(C5') i*=0:idy —idy : A — A;
(C10') There is an isomorphism of Aso-functorsidg ~ 09 : A — A, where X014 =
X, 0 =0 for all k > 1.

Proof. Conditions (C1')—(C5'), (C10’) are just conditions (C1)—(C10) for f =id4,
hence, they are equivalent to contractibility of A. Notice that any O as in (C0) is
strictly unital.

(C10") = (C0): Denote by O the A.-category, whose class of objects is Ob A,
and O(X,Y) = 0 for all objects X,Y € ObA =0bO*. Let ¢p: O — A, ¢ : A —
O* be the unique A.-functors such that X¢ = X, X9 = X for all X € Ob.A. Then
¢ = idg and ¢ = 094 ~id, by (C10").

(C0) = (C3'): There is a 2-functor H*: A% — Cat such that Ob H*(A) = Ob A,
H*(A)(X,Y)=H*(A(X,Y),b1). If A is equivalent to O in A%, then H*(A) is
equivalent to H*(0) in Cat. Clearly, H*(0)(U,V) =0 for all objects U, V of O.
Hence, H*(A)(X,Y) = 0 for all objects X, Y of A. O

Corollary 6.8. If the Ay, -category B is contractible, then for any As-category A,
any natural Aso-transformation r: f — g: A — B is equivalent to 0.

Remark 6.9. Any As-category O, such that O(U,V) =0 for all objects U, V
of O with non-empty Ob O is equivalent to 1-object-1-morphism A.-category 1,
such that Ob 1 = {x} and 1(x, *) = 0. Indeed, choose an object Z € Ob O. Consider
Ayo-functors ¢ : O - 1, U *xand ¢ : 1 — O, x — Z. We have ¢ = idg and ¢
is isomorphic to idg via inverse 2-morphisms 0 : ¢1p — idp : O — O and 0 :idy —

o O — 0.
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Remark 6.10. Let C be strictly unital. Then D(C|B) has a strict unit i°(¢I®)
described in Section On the other hand, D(i®) is a unit of D(C|B) as well.
Hence, iP(¢/®) = D(i®) by [Lyu03, Corollary 7.10].

7. The case of a contractible subcategory

Taking the quotient D(E|F) can be interpreted as contracting the full A..-sub-
category F C €. If F were already contractible, one would expect that no further
contracting is required. And, in fact, if € is unital, we shall prove below that D(E|F)
is equivalent to €. In the proof we shall construct inductively a new A, -structure
on &. So first of all, we consider direct limits of A, -structures on a given graded
k-linear quiver.

Lemma 7.1. Let B be a graded k-quiver. Let Ay, k > 1, be a sequence of A -cate-
1 2

gories, whose underlying graded k-quiver is B. Let Ay 7, As L bea sequence

of Aso-functors, such that f¥ =ida, for all k, and let N;, i > 2 be an increasing

sequence of positive integers, such that fik =0 for k > N;. Then there exists a direct

(2-)limit A = limfi.Ai of this diagram, and the structure As-functors p* : A, — A

are invertible.

Proof. If g: D — Cisan Ay -functor, such that gy = idp and g; =0fori =2,...,k,
then for any such i there exists a commutative diagram

i e )
sD® 520, e®i

)

sD L2 e
which allows us to identify the A..-operations b;, ¢ =1,...,k on D and C.

Due to this remark, we take B as the underlying k-quiver of A, we set by : sA —
sA to be by : sA; — sA; and we set b; : A% — sA equal b; : sA%f — sAp,. This
equips A with an A-structure. We define p* setting its i-th component equal to
pk = (fF ALY, for [ = max(k, N;).

Given an As-category € and A..-functors 7% : A, — €, k=1,..., such that
7k = fErk+1 then there exists the unique As-functor 7: A — @, such that 7% =
pFr, defined by m; = 7TZN (i), 1 > 1. It shows that the constructed A is a direct limit

of the diagram (A;, f%,i > 1). O

Lemma 7.2. Let € be an A -category and let F be its full Ao, -subcategory such that
the complex of k-modules (s€(X,Y),b1) is contractible provided at least one of X, Y
belongs to Ob F. Denote by D,,(E|F), n =2,3,... the k-submodule in (s€)®", which
is a sum of s&(Xo, X1)® s&€(X1,X2)® ...® s&(Xp—2, Xn—1)® s&(Xpn_1, Xn), such
that at least for one i =0,...,n object X; belongs to ObF. Then there exists an
invertible Ao -functor g: & — €5, such that A -category (E,b) coincides with
& as a graded differential (with respect to by) k-quiver (that is, g1 =ide) and
(D, (E|F))b,, =0 for any n > 1.
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Proof. We construct a chain of A,-isomorphisms f:&; — &;41,i=1,...,& =&
as in Lemma, and then we set £ = limfiei and g = p'. For the constructed
&; and f7, j =1,... the following will hold: 1) bk|p,.(ej) = 0 holds in &; for k =
2,...,0:2) fl =0fori#1,j5+1.

Given an A.-category & and a k-quiver morphism f* = (idg,O,...,O,f,’jﬂ,
0,...): Ts&y — s& of degree 0, they define (following Remark aunique A,-cat-
egory structure €41 on the graded k-quiver € such that f* turns into an A, -func-
tor f*: & — Exy1. Assume f7:E€; — €11, j=1,...,k—1 are constructed (the
reasoning is valid for k = 1 too).

Let us fix, for any sequence Xy, X1,...,X, as in the hypothesis of the lemma,
an index [(Xo, ..., X,) such that X;x, . x,) belongs to ObJ. Any choice of f,’:H :
Tr+15€;, — sE€ determines by Remark|2.3|an A..-category &1 with the operations
b, = bg’““. Notice that the conditions by "™ |p, ey =0, .. ., b,f"'“ |y, (e]9) = 0 hold
automatically: in view of ff = ide in € and f]k =0,1 < j < i< kthei-th condition
shows, that by,...,b; in & and Exy1 coincide. The (k + 1)-th condition for
&k on Dy41(E|F) turns into

Z (1®T ®b ® 1®t)bk+1 + bry1b1 =0
r+l+t=k+1

(for any other summand in the sum % 0 (1%" ® b, ® 1¥%)b,.1 144, either the
first or the second factor vanishes by induction). On the other hand, by the induction
assumptions, the (k + 1)-th condition (2)) turns on Dy (€|F) into

(FE)EFE Dby + fllcnglbl = Z (1®" @b ® 1®t)f}§+1 + bes1 f1
rltt=k+1
sDk+1(8‘?) — 88k+1. (42)

We consider the condition “bk+1|Dk+1(5‘g‘) =0 holds in the A, .-category Epy1”
as an equation with respect to fF, ;. Denote | = min{l(Xy,..., Xk41),k}. Choose
a contracting homotopy, i.e. k-module morphism h : s€(X;, X;11) — s&(X7, Xi141)
of degree —1 such that hby + bih = idse(x, x,,,)- We define fF,, on Dyi1(E|F)
(Xo, PN ,Xk+1) as

i =-01%@he190 Dy,

On s&(Xo, X1) ® - -+ ® s&€(Xpn_1, Xy) such that all X; ¢ ObTF, we set ff, , =0.

Compare Equation restricted to Dyy1(E|F)(Xo, ..., Xk+1) with the follow-
ing computation



Homology, Homotopy and Applications, vol. 8(2), 2006 187

_(1®l Rh® 1®(/€—l))bk+1b1
=1 @he1®® D) N (197 @b @ 19)by
r+l1+t=k+1

= Y 0 eh )0 2 he1%¢ )by,
r+1+t=k+1

+ (1% @b1h @ 1°% by + (1% @ hby @ 1°F )by 4
= > (1T @b @1®)fF + b
r+l4+t=k+1

We deduce that in €41 the restriction of byi1 to Dyy1(E|F) vanishes. Now the

fllc€+1b1

lemma follows from the definition of the limit morphism g : & — limfié'i. O
Lemma 7.3. Let F C &g be a full As-subcategory such that b”|D (5]5) vanishes

for alln > 2. Then the canonical strict embedding 7 : E5 — D(E4|F) admits a split-
ting strict Aco-functor m: D(E5|F) — Eg, that is, jm = ide, . Its first component is
the projection

m = (sD(E]F) — THsEy =5 sE4).

Proof. Denote A = D(€5|F) N (s 1T%%s€5) = Ker ;. Then D(E5|F) = E5 @ A as
a graded k-quiver and sA C &,>2D,(E|F). Let us check that 7 is an A..-functor,
that is, 7%by, = bemry for all k > 1.

Notice that A(X,Y) =42 _opss€(X,X1)® - ®sE(X,_1,Y), and
each substring of such a tensor product of length k > 2 is in Dy (&|F). The restriction
to sES* of the equation 77%by = by follows from () or Corollary Both sides,
restricted to sX; ® - - - ® sXj, where X; is €5 or A, vanish if at least one A is present.
Indeed, by, vanishes in that case if k > 1 due to (5]). For k = 1, (sA)b; = (sA)b C sA
as equation by ’A = b|A = Zq+1+t:n 197 ® by ® 19t : sA — sA shows. Other claims
are clear. O

Proposition 7.4. Let JF be a contractible full subcategory of a unital A -category &.
Then there exists a quasi-inverse to the canonical strict embedding 7° : & — D(E|F)
unital Aoo-functor 7€ : D(E|F) — & such that 7¥w¢ = ide. In particular, D(E|F) is
equivalent to E.

Proof. First of all, we prove the statements for the full embedding F C £5 con-
structed in Lemma Since € is unital and g : € — €4 is invertible, the A,-cat-
egory €z is unital by [Lyu03] Section 8.12]. Let us prove that the A..-functor
€7 =1 :D(E5|F) — Eg from Lemmais unital, that is, 7i®s = D(i®7)r.

We look for a 3-morphism

v:mi®" > DI i — 1 D(E5|F) — Eg.

Since (7i¢7 )y = i57 = (D(i®7)7)o, we may take vy = 0. Let us proceed by induction.
Assume that we have already found components (vg, vy, ..., v,—1) of v such that v,
vanishes on (s€5)®™ for all m <n. Define a (m, ) transformation
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0 = (vo, V1. ..,0r-1,0,0,...) by these components. Denote by A the (r, 7)-trans-

formation 7i¢s — D(i®7)7 — @b+ bo. Our assumption is that A, =0 for m < n.

Clearly, Ab + bA = 0. This implies
0=(Ab+bNn =Xb1+ Y (1%9@b @19,
q+1+t=n
that is, A, € Hom™! ((sD(E5|F))®™, sE5) is a cocycle. We wish to prove that it is
a coboundary of an element v,, € Hom_Q((sD(Eg\ff))®", s€7), that is,
An = Unbl - Z (1®q (9 61 ® 1®t)’l}n = ’Und.
q+1+t=n

We have (sD(E5|F))®" = @y, cfes,a15X1 @ -+ @ sX,,. If at least one A is present
in $X1 ® -+ ® sX,, then this summand is contractible, hence, Hom(sX; ® --- ®
Xy, s€5) is contractible. Therefore, there are such v], € Hom ?(sX; @ - -- @ sX,,,
s€g) that v/, d = A\, on sX; ® - ® sX,,. It remains to look at the case sX1 ® -+ ®
sX, = (s€5)®™. By restriction to this submodule, we have
(ri),, =157 = (D7 )7m), : (s€5)®™ — s,
(0b —b0)p, =0 : (s€5)®™ — s€7.
Therefore, A, vanishes on (s€)®", and U"|(s £p)En = 0 satisfies the equation and

the induction assumptions.
Define the following natural A..-transformations

r:id — 77 : D(E5|F) — D(E4]TF),

p:7j— id: D(E5|F) — D(E4|TF)
via its components, restricted to sX1 @ - - - ® sX,, C (sD(E4|F))®", namely, 1, = i,‘zg
and py = i,‘:“ if sX1 ® - ®sX, = (s€5)®", and r, = 0, pr = 0 otherwise. We have
to check the equation rb+ br = 0. Its restriction to (s€5)®™ holds because on this

submodule b can be replaced with b and r with i. If {Xy,...,X,} contains A, then
all terms in the following sums vanish on sX; ® - -+ ® sX,,, hence,

S %@ @ (@) bgrrre+ Y (1%9@b @1%)rg 114 =0.
qt+k+t=n qt+k+t=n

In the same way, we prove that pb+ bp = 0. Thus, r and p are, indeed, natural
Ao-transformations.
Let us prove now that r» and p are inverse to each other 2-morphisms, that is,

(r ©p)Bs = D(i¢7) : id — id : D(€5]9) — D(Es]7),

(p®7r)By = mJD(i%7) : 77 — 77 : D(E5|F) — D(Ex|F).
We look for a 3-morphism

v: (r®p)Bs — D(i7) :id — id : D(E5|F) — D(E5|F).
Let us look at the restriction of the equation

(r®p)Bs — D(ig'f) =wvb—bv (43)
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to (s€5)®". First of all, (77); =1 on s€s. Summands by, contained in By, are
applied to elements of (s€5)®* only. Hence, they can be replaced with b,. Therefore,

BQ(E?‘?) is replaced with B57 on (s€5)®". The problem of finding a 3-morphism

w:(ig‘? ®i83)Bg —i®id—id: &y — &5

is solvable. We set the restriction of v, to (s€5)®™ equal v,, = wy, : (s€5)®" — s&
and it solves on this submodule. The restriction of Equation to sX1 ®
- ® sX,, that contains factor A, can be solved by induction due to contractibility
of sX; ® --- ® sX,, as above. Thus v is constructed.

Similarly, a 3-morphism

u: (p®r)By — mD(i%7) : 77 — 77 : D(E4|F) — D(E4|F)

is constructed.
The property jm = ide, is proved in Lemma
Now we turn to the general case. The invertible A, -functor g: & — €4, con-
structed in Lemma is the identity on objects. Denoting 7¢7 =7 as above,
g =g g:F— 5, and 7é =gné7¢71, we get a diagram
jé‘
Foe—— E —— D(&|F)

ﬂ_é,
g g l?
3¢

Fe—— &5 ;) D(E4|F)

TeF

All the required properties of 7€ follow immediately from those of w&7. O

7.1. Reducing a full contractible subcategory to 0.

Let F be a full contractible subcategory of a unital A..-category €. Let us consider
another A.-category €/, F, whose class of objects is Ob €. Here /, stands for the
plain quotient. The morphisms are £,F(X,Y) =&E(X,Y), if X, Y € ObE - ObF
and €/, F(X,Y) = 0 otherwise. The component of the differential for €/, F

by 1 sELHF (X0, X1) ® -+ ® sE, F(Xp—1, Xn) — s€ F(Xo, X))

equals b, for € if X,...,X,, ¢ ObF, and vanishes otherwise.

There is a strict embedding e : €/, F — &, which is the identity on objects, e; =
id:s€fpF(X,Y) = s€(X,Y) if X,Y ¢ ObF and vanishes otherwise.The identity
ei@”bﬁ = bfb/p gel is obvious.

If € is strictly unital with the strict unit i¢, then €/, F is strictly unital with the
strict unit 177 defined as follows. Its 0-th component is Xig/"Srr = xi§ if X ¢ Ob 7,
and vanishes otherwise.

Let us consider the general case of a unital €. Each complex (s&€(X,Y),b1)
is contractible if X or Y is an object of F due to Proposition (C1), (C2).
Therefore, e1 : s€/,F(X,Y) — s€(X,Y) is homotopy invertible for all pairs X, ¥
of objects of €. Consider the following data: identity map h =id: Ob& — Ob &/, F
and k-linear maps xro = xpo = xi§ : k — (s€)71(X, X). Clearly, xi§b; = 0 and
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(xi§ ® xi§)by — xi§ € Imb;. Therefore, the hypotheses of Theorem 8.8 of [Lyu03]
are satisfied. By this theorem we conclude that €/, F is unital and e: £,F — & is
a unital A,.-equivalence.

8. An A_-functor related by an A, -transformation to a given
A -functor

Given an Ao-functor f and the 0-th component 7y of a natural A,.-transforma-
tionr : f — g, we construct the A,.-functor g and extend ry to the whole A,.-trans-
formation r. We do it under additional assumptions on g which are satisfied, for
instance, when ¢ is invertible. In the next section we apply this construction to the
case of the quasi-isomorphisms rg.

8.1. Assumptions.

Let B, C be A, -categories, let f: B — € be an A, -functor and let g : ObB —
Ob € be a map. Assume that for each object X € Ob B, there is an element rx €
CO(X f, X g) such that rxsb; = 0. For any object Y € Ob B, this element determines
a chain map

(rxs®1)by : sC(Xg,Yg) — sC(Xf,Yg), pr (=)(rxs®p)bs.

Finally, we assume that for any chain complex of k-modules of the form N =
$B(Xo, X1) @k sB(X1,Xs2) ®k -+ - ®k sB(Xp—1,X5), n = 0, the following chain map

u=Hom(N, (rxs® 1)bs) : Homg (N, sC(Xg,Yg)) — Homg (N, sC(X f,Yg)) (44)

is a quasi-isomorphism. For n = 0, we have N =k and the 0-th condition means
that (rxs ® 1)bs is a quasi-isomorphism.

Proposition 8.1. Under the above assumptions, the map g : ObB — Ob C extends
to an Aeo-functor g : B — C. There exists a natural Ao -transformationr: f — g :
B — € such that its 0-th component is rg : k — sC(X f, Xg), 1 — rxs.

All statements in this section (existence of the A.-functor g and the natural
Ao-transformation r, their uniqueness in a certain sense, unitality of g and invert-
ibility of r) are proved in a similar fashion, using acyclicity of the cone of the
quasi-isomorphism u.

Proof. The components gy = 0 and r( are already known. Let us build the remaining
components by induction. Assume that we have already found components ¢,,, 7
of the sought for g, r for m < n, such that the equations

gbpr; = bgpr; : sB(Xo, X1) @k -+ - O $B(Xpo1, Xn) — 5€(Xog, Xm9),
(rb+br)pr; =0: sB(Xo, X1) Rk - - Qk sB(Xin—1,Xm) — sC(Xof, Xim9)

are satisfied for all m < n. Under these assumptions, we will find such g,, 7, that
the above equations are satisfied for m = n. Let us write down these equations
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explicitly. The terms which contain unknown maps g,, 7, are singled out on the
left-hand side. The right-hand side consists of already known terms:

—gabi+ Y (1%L ©1®)g = Y (9 ©9i, © @ gi)b
g+1+t=n I>1581 4 +i=n

— Z (1®q ® bk ® 1®t)gq+1+t7 (45)
k>1;q+k+t=n

rbi+ > (1900 @ 19)r, + (10 © gn)bs
qg+1+t=n

- ) (fi, @@ fi, @1k @ gjy @ -+ @ g, )bg1+4¢
k<n;(q,k,t)#(0,0,1)
R A R
— Y (@b @ 1% )1y (46)
k>1

qt+k+t=n
Let us prove that there exist k-linear maps g,, : sB(Xo, X1) ®k - - - @k $B(Xpn—1, X»)
— $B(Xog, Xng), mn : $B(Xo, X1) Qk - - Qk sB(X -1, Xp) — sB(Xof, Xng) which

solve the above equations.

Since the map uw = Hom(N, (rx,s ® 1)by) from is a quasi-isomorphism,

Cone(u) is acyclic. As a differential graded k-module

Cone(u) = Homg (N, s€(Xo f, X,g)) @ Homg (N, s€(Xog, Xng))[1],
(v,p)d = (vd + pu, —pd),

where N = sB(Xo, X1) ® - - ®k $B(X,—1, X,). Denote by A, € Homulg(N, sC(Xog,
X,g)) the right-hand side of (#5) and by v, € Hom{ (N, sC(Xof, X,,g)) the right-
hand side of ([46)). Equations nd mean that (ry, gn)d= (Vn, A ) € Cone® (u).
Since Cone(u) is acyclic, such a pair (r,,, g, ) € Cone™ ! (u) exists if and only if (v, \,)
€ Cone’(u) is a cycle, that is, equations —And = 0, v, d + \,u = 0 are satisfied. Let
us verify them now.

Introduce a cocategory homomorphism g:7TsB — T'sC by its components
(9155 gn—-1,0,0,...) (these are already known). The map A = gb — bg is a (g, §)-
coderivation. Its components (gb — bg)x vanish for 0 < k < n — 1, and

= > (u®g® - @g)bh — Y. (1%@b®1%)gei140 = An
I>15i1+-+i=n k>1;q+k+t=n

is the right-hand side of . This coderivation commutes with b, since (gb — bg)b +
b(gb — bg) = 0. Applying this identity to T"sB and composing it with pry : TsC —
sC, we get an identity
(3b—b@)abr + Y. (1%7 @by ©19)(gb— bg) = O,
q+1+t=n

which means precisely that \,d = 0.
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Introduce a (f,g)-coderivation 7:TsB — TsC by its components (rg,r1,...,
Tn-1,0,0,...) (these are already known). The commutator 7b 4 b7 has the following

property:

(Fo+ bF)A = A[f @ (Fb + bF) + (Fb+ bF) @ § + 7 ® (gb — bg)].
Let us construct a map 6=[F® (gb—bg)]0:TsB — TsC for the data
f N g RN g :TsB — TsC as in Section 3 of [Lyu03| (see also Section .

Its components O = 0|, Pr; : TFsB — T'sC are given by Formula

ekl = Z faa ®7:j ®§c[j®(§b7bg)t®§e'y~

a+B+y+2=I1
a+j+ctt+e=k

By Proposition 3.1 of [Lyu03] the map 6 satisfies the equation
OA=A[f@0+0®5+7® (gb—bg)].

Therefore, v = —7b —bF + [F @ (gb — b§)]0 : TsB — T'sC is a (f, §)-coderivation.
Since 01 = 0 for all k, the components v, vanish for £ < n, and

Vp = — Z ([, ® - ® fi, @1 @ gj, @+ @ g5, )bgr1+¢

k<n;(q,k,t)#(0,0,1)
i1 Fig ki +ji=n

- ) (1M1 gy
k>1;q+k+t=n

which is the right-hand side of . We have an obvious identity
vb— by = (—7b— b + 0)b — b(—7b — bi + 0) = 6b — bh.

Applying this identity to 7" sB and composing it with pry : TsC — sC, we get an
identity
vabi = > (1%9@b @19, = [ro ® (§b — b§)n] b2,
q+1+t=n
since [ ® (gb — bg)]0,; vanishes for | # 2, and equals rg ® (gb — bg),, for I = 2. The
above equation means precisely that v,d = —A\,u. Indeed, (gb— bg)n(rx, ® 1) =
—1r9 ® (gb — bg),. Thus, proposition is proved by induction. O

8.2. Transformations between the constructed A..-functors.

Let B, C be Ay.-categories, let f : B — € be an A,-functor, let g : ObB — ObC
be a map, and assume that for each object X € ObB there is a map rg:k —
(s€)~Y(X f, Xg) such that rgb; = 0. Let the assumptions of Section hold. Let
9,9 : B — € be two A,-functors, whose underlying map is the given g : ObB —
ObC. Let r: f—g:B—C, r:f—g :B— C be natural A,-transformations,
whose 0-th component 79 = r{, is the given map ro : k — (sC)~ (X f, Xg).

Proposition 8.2. Under the above assumptions, there exists a natural Ay -trans-
formation p:g— g : B — € such that ' = (f —— g —>— ¢') in the 2-cate-
gory Aso.
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Proof. Let us construct a (g, g’)-coderivation p: T'sB — T'sC of degree —1 and a
(f, g')-coderivation v : TsB — T'sC of degree —2 such that

pb+bp =0,
(r@p)By — 1" = [v,b],
thatis,p: g — ¢ : B — Cisa 2-morphismandv: (r®p)Bs —r' : f 5 ¢ : B —C
is a 3-morphism. Let us build the components of p and v by induction. We have

pr =0 and v = 0 for k£ < 0. Given non-negative n, assume that we have already
found components p,,, v, of the sought for p, v for m < n, such that equations

(pb+bp)pr; =0:sB(X0, X1)® - @ sB(Xpn—1, Xm) — sC(Xog, Xing),

{(r@p)By — 71" —[v,b]}pr; =0:
sB(X0, X1) ® - @ sB(Xp—1, Xm) — sC(Xof, Xing)

are satisfied for all m < n. Under these assumptions we will find such p,, v, that
the above equations are satisfied for m = n. Notice that for m = n = 0 the source
complexes reduce to k. Let us write down these equations explicitly. The terms
which contain unknown maps p,, v, are singled out on the left-hand side. The
right-hand side consists of already known terms:

k>1
— pub1 — Z (1% @by @ 1%)p, = Z (1%9 @ by @ 1% )pgy14¢
q+1+t=n q+k+t=n
k<n
_|_ Z (g“ ®®gzq®pk®g;1®®g;t)b€ﬂr1+t7 (47)

i1 Figthtgieje=n

vabt — Y (129 @b @ 1% v, — (ro @ pp)bo
q+1+t=n
k<n

= E (for ® @ fa, ®T; R ge, ® ...
a1t+-taatjtert-+egtkterttey=n

® goy ® Pk ® Goy @+ @ ge Yoot piqy+2

k<n
-, = Z (fu @ ®fi, 0 @ g5, @+ ® g5, )bgr14¢
i tig kgt de=n
k>1
+ ) (%0 @ 1% ) v (48)
q+k+t=n

The components of (r ® p)Bs are computed by Formula (5.1.3) of [Lyu03]:
[(r@p)Baln = Y _(r @ p)0nubi.
1

Denote by A, € Hom{ (N, s€(Xog, Xng)) the right-hand side of and by v, €
Hom; '(N, s€(Xof, X,,g)) the right-hand side of (d8), where N = sB(Xo, X1) ®x
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- ®k sB(X,—1, Xpn). In particular, N = k for n = 0. Equations and mean
that (v, pn)d = (Vn, An) € Cone™*(u). Since Cone(u) is acyclic, such a pair (v, py,)
€ Cone ?(u) exists if and only if (v, \,,) € Cone™*(u) is a cycle, that is, equations
—Ad =0, v,d+ Apu = 0 are satisfied. Let us verify them now.

Introduce a (g, g’)-coderivation p : TsB — T'sC of degree —1 by its components
(Po,P1y---sPn-1,0,0,...). The commutator A = pb + bp is also a (g, ¢’)-coderivation
(of degree 0). Its components A, vanish for m < n. The component \,, = (pb + bp),,
is the right-hand side of . Consider the identity

(pb + bp)b — b(pb + bp) = 0.
Applying this identity to T"sB and composing it with pry : TsC — sC, we get an
identity
Abi— D (1% @b ®1%)A, =0,
q+1+t=n
that is, A,d = 0.

Introduce a (f, g’')-coderivation v : TsB — T'sC of degree —2 by its components
(vo, V1., Un—-1,0,0,...). All summands of the map v = (r ® p)By — 1’ — [0, b] are
(f, g')-coderivations of degree —1. Hence, the same holds for v. The components v,

vanish for m < n. The component v, is the right-hand side of (48)). Consider the
commutator

[1/7 b] == I/Bl == (7" ®ﬁ)BQB]_ - ’I“/Bl - 53131 == —(’I“ ®ﬁ)(1 & B]_ + Bl & 1>BQ
=—(r®pB1)By = —(r @ \) Ba.
Applying this identity to T"sB and composing it with pr; : Ts€C — sC we get an
identity
vabi+ Y (1%1@b @ 19w, = —(ro @ Ap)ba,
g+1+t=n

that is, v,d = —A,u. Thus, the proposition is proved by induction. O
Proposition 8.3 (Uniqueness of the transformations). Let assumptions of Sections
and[8.4 hold. The natural A -transformationp: g — g : B — €, such that r' =
(f AN g £, g') in the 2-category Ao, is unique up to an equivalence.

Proof. Assume that we have two such 2-morphisms p,q: g — ¢’ : B — € and two
3-morphisms v: (r®@p)Bs — 7' : f—>¢ :B—->Cand w: (r®q)By —1': f = ¢ :
B — €. We are looking for a 3-morphism z : p — q: g — ¢’ : B — € and the follow-

ing 4-morphism, whose source depends on . Assuming that p — ¢ = B, we deduce
that

—(r®x)BaBy = (r®xzB1)By = (r ® p)Ba — (r ® q) Ba.

Since (r ® ¢)Bs — ' = wBj, we find out that (r @ p)By — 1’ = [w — (r ® ) Bs| B;.
Thus, we have two 3-morphisms with the common source and target v, w — (r ®
2)By: (r@p)By —r': f — ¢’ : B — €. We are looking for a 4-morphism

ziw—(r®@x)Bs—v:(r®@p)Bs—r' :f—4¢ :B—C,
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as well as for z. In other terms, we have to find coderivations x of degree —2 and z
of degree —3 such that the following equations hold:
p—q=2xb—bzr,
w— (r®x)By —v=2zb+bz.
Let us build the components of z and z by induction. We have x;, =0 and 2z =0

for k < 0. Given non-negative n, assume that we have already found components
T, 2m Of the sought x, z for m < n, such that equations

(p—q)pry = (zb—bx) pry : sB(Xo, X1) © - -+ @ sB(Xpn—1, Xm) = s€(Xog, Xmg),

[w— (r ®x)Bs — v]pry = (2b+ bz) pry :
$B(X0,X1) ® - ® sB(Xm—1, Xm) — sC(Xof, Xing)

are satisfied for all m < n. Under these assumptions, we will find such z,,, z, that
the above equations are satisfied for m = n. Notice that for m = n = 0 the source
complexes reduce to k. Let us write down these equations explicitly. The terms
which contain unknown maps x,, z, are singled out on the left-hand side. The
right-hand side consists of already known terms:

— Tpby + Z (1®a ®b ® 1®B)mn =dqn — Pn

a+148=n
k<n
+ Z (gi1®"'®gia®xk®g§1®"'®gzﬁ)ba+1+ﬁ
i1 ia ki1t ia=n
k>1
- Y (1% @b @1 )zariis, (49)
a+k+pB=n

b+ Y (1% @b ®1%%)z, + (rg @ zn)be
a+14+p8=n
k<n

= - > (fa,®  ®fo,®Tj®Ge, ® ...
ar+-+aa+jteit--tegtktert-+ey=n

® ey ®Tk ® G, @+ ® géw)ba+ﬁ+’y+2

k<n
+wn_vn_ Z (fil®"'®fia®Zk®g_;l®"'®g;ﬁ)ba+l+ﬁ
i1+ tiathtjit++ig=n
k>1
- Y (% @b @1%)z014s. (50)
a+k+p=n

Denote by A\, € Homﬂzl(N, sC(Xog, X,g)) the right-hand side of and by v, €
Hom, ?(N, sC(Xof, Xng)) the right-hand side of (B0), where N = sB(Xy, X1) ®k
- ®k sB(X,—1, Xpn). In particular, N = k for n = 0. Equations and mean
that (zn,2n)d = (Vp, \n) € Cone %(u). Since Cone(u) is acyclic, such a pair
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(2n, ) € Cone™3(u) exists if and only if (v, \,) € Cone 2(u) is a cycle, that is,
equations —\,d = 0, v,d + A,u = 0 are satisfied. Let us verify them now.

Introduce a (g, g')-coderivation Z : TsB — T'sC of degree —2 by its components
(0,21, -, Zn-1,0,0, ...). The commutator b — bz is also a (g, ¢’)-coderivation
(of degree —1). Hence, the map A = —p + g + &b — bZ is also a (g, ¢')-coderivation
of degree —1. Its components A, vanish for m < n. The component X\, is the
right-hand side of . Consider the identity

)\Bl = —pBl + qu + i‘BlBl =0.
Applying this identity to T"sB and composing it with pr; : T'sC — sC we get an
identity
Anbi+ Y (1% @b @ 189N, =0,
a+14+p8=n
that is, A,d = 0.

Introduce a (f, ¢')-coderivation Z : TsB — T'sC of degree —3 by its components
(20,21, -+ 2n-1,0,0, ...). All summands of the map v = w — (r ® )By — v — [Z, }]
are (f, g')-coderivations of degree —2. Hence, the same holds for v. The components
Vp, vanish for m < n. The component v,, is the right-hand side of . Consider
the commutator

[l/, b] = Z/Bl = ’U)B1 — (T X .i)BgBl — UBl — 2B1B1
(r@q)By —r'+ (r@2B1)By — (r@p)Ba + 1’
=r®(¢g—p+2B1)|Ba=(r®\)Bs.

Applying this identity to T"sB and composing it with pr; : TsC — sC we get an
identity
Upby — Z (1®a ®b ® 1®6)Vn = (TO & )\n)b%
a+1+8=n

that is, v,d = —\,u. Thus, the proposition is proved by induction. O

Corollary 8.4. In the assumptions of Proposition let C be unital. Then the
constructed 2-morphism p: g — g’ : B — C is invertible in As.

Proof. Exchanging the pairs (g,r) and (¢',7"), we see that there is a 2-morphism ¢ :
g —g:B— € suchthatr = (f — ¢ LN g). Therefore, r = (f —— ¢ LN g)-
Since € is unital, there is a unit 2-endomorphism 145 = gi® g — g: B — C. It sat-

isfies the equation r = (f AN g o2, g). The uniqueness proved in Proposition
implies that p-t = 14s. Similarly, ¢ -p = 14s. O

Proposition 8.5 (Unitality of A.-functors). Let the assumptions of Section
hold. If A -categories B, C are unital and Ao -functor f: B — € is unital, then
the Aoo-functor g : B — C constructed in Proposition[8.1) is unital as well.

Proof. We are given a 2-morphism r : f — g : B — € and a 3-morphism v : fi® —
i2f:f— f:B — C. Weare looking for a 3-morphism w : gi® - i%g:9g - g: B —
C and a 4-morphism z, whose target depends on w. Let us describe x now for the
above w.
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We have the following 3-morphisms

(fi®@r)By = (r®@gi®)By: f —g: B —C,

(v@7)By :(fi°@r)By »(if@7)By: f —g:B — C,

(r@w)By :(r®i?¢)By — (r®gi®)By: f - g: B — €,
(r@i®g)By —(i®f®@r)By: f —g: B —C.

Indeed, for the cocategory homomorphism M : TsAy X TsAs — TsAs we have

an equation MB = (1 X B+ BX 1)M, see Section 6 of [Lyu03]. It implies, in par-
ticular, that

(r@i®)YMu B — (fi°@r)By + (r® gi®) By = (r ®i®)(1 @ By + B; ® 1) M1 = 0,
(U X ’I‘)BQBl = (’UBl (29 T’)BQ = (fie [ T’)BQ — (iBf X T)BQ,

(r@w)BaBy = —(r @ wB)Ba = (r ®i%g)By — (r ® gi®)Ba,

)B2 = (

(iB ®7“)M1131 — (’I“ ® iBg)BQ —|— (iBf ® T BQ i3 ® 7“)(1 ® Bl —|— Bl ® 1)M11 = 0

Linear combinations of the above maps form 3-morphisms with the same source
and target

(r@i®) My —(v®r)By: iIBf@r)By — (r@gi®)By: f - g: B — C,
(row)By — (iP@r)My : (Pf@r)By — (r@gi®)By: f - g: B — €.

We are looking for a 4-morphism between the above 3-morphisms

z:(r® ie)Mll —(v®r)By — (r®w)Bs — (i® ® )My
(if@r)By = (r@gi®)By: f —g:B — €,

as well as for w.

In other words, we have to find a (g, g)-coderivation w of degree —2 and an
(f, g)-coderivation x of degree —3 such that the following equations hold:

—wb+bw =iPg — gi®,
zh+br = (r®i®My —(v@r)By — (r®@w)By + (i® @ r) M.

Let us construct the components of w and = by induction. We have wy = 0 and xj =
0 for k < 0. Given non-negative n, assume that we have already found components
Wy, Ty Of the sought for x, z for m < n, such that the above equations restricted
to T™sB are satisfied for all m < n. Under these assumptions, we will find such
Wy, Ty for m = n. Let us write down these equations explicitly. The terms which
contain unknown maps wy,, T, are singled out on the left-hand side. The right-hand
side consists of already known terms:
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—wpby + Z (1%7® by @ 1% w,
q+1+t=n
k<n
- Z (gil®.“®giq®wk®gjl®'“®gjt)bq+1+t
i1t Figthktjit+ii=n

k>1
- Z (127 @ b, ® 1% wgp144 + Z (1% @i} ® 19%)gg41 — i, (51)
q+k+t=n q+k+t=n

zabi+ > (1%7@ b @ 192, + (ro @ wy)be

qg+1+t=n
k<n
- Z (fil®.-.®fiq®xk®gj1®"'®gjt)bQ+l+t
i1beeetig kgt de=n
k>1
N Z (1%9® by @ 1% )2g 4144
qt+k+t=n
k<n
- > (far @ ® fa, ®V; ® f0r ® ...

a1+-tagtjtci++egtkter+-te,=n

® fcﬁ ®rk ®g€1 Q- ®g€w)ba+ﬁ+w+2
k<n

- > (fa,®  ® fo,®Tj®Ge, ® ...
a1+-Faag+jtceittegtktert+ey=n

® Gy @ Wk ® Gy @+ @ e, )batgrr+2

+ > (fu® ®fi, ®TE® gj, ® -~ ® gj, )igy 144
i1 Fig kit Ai=n

+ Z (1®q ® i? ® 1®t)Tq+1+t. (52)
qt+k+t=n

Denote by A, € Homk_l(N7 sC(Xog, X,g)) the right-hand side of and by v, €
Hom; *(N, s€(Xof, X,g)) the right-hand side of (52)), where N = sB(Xo, X1) ®x
- ®k sB(Xp—1, Xn). Equations and mean that (z,,w,)d = (Vp, An) €
Cone ™ ?(u). Since Cone(u) is acyclic, such a pair (z,,,w,) € Cone ®(u) exists if and
only if (v,,,\,) € Cone™?(u) is a cycle, that is, equations —\,d = 0, vpd + A\pyu = 0
are satisfied. Let us verify them now.

Introduce a (g, g)-coderivation w : TsB — T'sC of degree —2 by its components
(wo,wr, - -, Wy_1,0,0, ...). Hence, the map A=1wb — b +i2g — ¢i® is also a (g, g)-
coderivation of degree —1. Its components \,, vanish for m < n. The component
An is the right-hand side of . Consider the identity

AB; = wB,B; + (i®¢)B; — (4i°)B; = 0.

Applying this identity to T"sB and composing it with pr; : Ts€C — sC, we get an
identity
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Anbr+ Y (197 @b @ 199N, =0,
q+1+4+t=n

that is, A,d = 0.
Introduce a (f, g)-coderivation Z : T'sB — T'sC of degree —3 by its components
(0,21, ,2Zn-1,0,0, ...). All summands of the map

v=—-IB1+(r® ie)Mu —(v®r)By — (r®w)By + (i13 ® )M

are (f, g)-coderivations of degree —2. Hence, the same holds for v. The components
Vp, vanish for m < n. The component v, is the right-hand side of . Consider its
differential

I/Bl = —JEBlBl + (T (2] ie)MllBl - (’U X ’/‘)BQBl — (’/‘ X w)BgBl + (i‘B X® ’I“)MllBl

= (fi®®r)By — (r ® gi®) By — (vB, @ 7)Ba + (r ® wB1)Bs + (r ® i g) By

—({®fer)B,

=[r® (wB; — gi® +i%9)|B2 = (r ® \) Ba.
Applying identity vBy = (r ® A\)By to T"sB and composing it with pr; : T's€C — sC
we get an identity

vabi = Y (1%9@by @ 19w, = (r0 @ A )b,
qg+1+t=n

that is, v,d = —A,u. Thus, the proposition is proved by induction. O

8.3. Invertible transformations.
Let B, € be unital A,,-categories, and let f,g: ObB — Ob € be maps. Assume
that for each object X of B there are k-linear maps
x7ro k= (s€)7HXf, Xg), xPo : k — (s€)7H(Xg, X f),
xwo : k — (s@) (X f, Xf), xvo 1k — (s€)7%(Xg, Xg),
such that

xroby =0, xpob1 =0,
(x70 ® xpo)b2 — x £i§ = xwobi, (53)
(xPo ® x70)b2 — x4i5 = xvob1.

Proposition 8.6. Let the assumptions of Section [8.3 hold and, moreover, let f :
B — € be a unital As-functor. Then the map g extends to a unital As-functor
g:B — C and the given 1o, po extend to natural A -transformations r: f — g:
B—-C,p:g— f:B — C, inverse to each other.

Proof. Propositions and imply the existence and unitality of g. Indeed, since
(ro ® 1)bs is a homotopy invertible chain map, the map v = Hom(N, (1o ® 1)bs) is
also homotopy invertible, hence a quasi-isomorphism. Existence of r: f — g: B —
€ is shown in Proposition [8.1] Existence of p: g — f : B — €, inverse to r is proven
in [Lyu03| Proposition 7.15]. O
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9. Derived categories

Let A be a % -small Abelian k-linear category, and let € = C(A) or € = CT(A)
be the differential graded category of complexes (resp. bounded below complexes)
of objects of A. Denote by B = A(A) its full subcategory of acyclic complexes. Let
D = D(C|B) be the constructed % -small differential graded category. We observe
first that quasi-isomorphisms in € become (homotopy) invertible elements in D.

Assuming that the ground ring k is a field, we turn to the procedure of find-
ing a K-injective resolution (if they exist) into a unital A,-functor. Under these
assumptions, we also show that D = D(C|B) is Ax-equivalent to J C € — the full
subcategory of K-injective complexes. Hence, H°(D) is equivalent to the derived
category D(A).

9.1. Invertibility of quasi-isomorphisms.

Assume that X, Y are objects of € and ¢: X — Y is a quasi-isomorphism. In
particular, ¢ € C%(X,Y), gm; = 0. Let us prove that r = ¢s7, € (sD)"}(X,Y) is
invertible in the sense of Section that is, there are elements p € (sD)~1(Y, X),
w € (sD)"3(X,X), v e (sD)~%(Y,Y), such that

7‘51 = 0, pgl = 07
(r®p)by — 1xs = why, (54)
(p®@71)by — 1y s = vby.

Indeed, denote C' = Cone(q) = (Y & X[1],d“), where (y,2)d® = (yd* + 2q, —xdX)
for y € V!, 2 € X'*1. Since ¢ is a quasi-isomorphism, C is acyclic. There is a
standard exact sequence of complexes 0 — Y —— C rx [1] — 0 with the
chain maps n, k, yn = (y,0), (0,2)k = z. From now on we denote by n, k also
the corresponding elements n € C%(Y,C), k € €1(C, X). Define p as p=ns @ ks €
(s€)~1(Y,C) @ (s€)°(C, X) C (sD)~1(Y, X). Then

pbr =pb=(ns@ks)(1@by + by @1 +by) = —(n®k)mas = —(nk)s = 0.

Denote by h € C~1(X, C) the following k-linear embedding X — C, X! — C!'~! =
Y-l @ XY o+ (0,7). Define w as w = hs ® ks € (s€)72(X,C) ® (s€)°(C, X) C
(sD)~%(X, X). Then

wb=(hs®@ks)(1®@b; +b; @1 +by) =hmis®ks— (hk)s
=(qgn)s®ks—1xs=(gs®@ns)by ® ks — 1xs

wEl

2 1 - -
=[gs® (ns®ks)|ba —1xs = (r @ p)bs — 1xs.
Indeed, gn = hmy = hd + dh : X — C' as explicit computation shows:
zqn = (2q,0) = (zq, —xd™) + (0, 2d*) = (0,2)d° + (0, 2d) = z(hd + dh).

Denote by z € €°(C,Y) the following k-linear projection z:C — Y, (y,z) — y.
Define v as v = —ns @ zs € (s€)71(Y,C) @ (s€)~H(C,Y) C (sD)~*(Y,Y). Then
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vby =vb=—(ns®@25)(1 @by + by @1+by) = —ns @ zmys — (nz)s
=ns® (kg)s — lys =ns ® (ks ® gs)by — ly's

1 2 _
=[(ns®ks) ®qs|bs — lys = (p®1r)by — lys.
Indeed, —kq = zm; = 2zd — dz : C — Y as explicit computation shows:
—(y,2)kq = —xq = yd — yd — xq = (y,2)zd — (y,2)d"z = (y,2)(2d — dz).
Thus, Equations hold true.

9.2. K-injective complexes.

A complex A € ObC is K-injective if and only if for every quasi-isomorphism
t: X —»Y € C, the chain map C(¢, A) : C(Y, A) — C(X, A) is a quasi-isomorphism
[Spa88| Proposition 1.5]. Assume that each complex X € € has a right K-injec-
tive resolution rx : X — X4, that is, rx is a quasi-isomorphism and Xi € ObC is
K-injective. Moreover, if X is K-injective, we assume that X¢ = X and rx = 1x. By
definition, C(rx, A) : sC(Xi, A) — sC(X, A), fs+— (rxf)s is a quasi-isomorphism.
The assumption is satisfied, when A has enough injectives and € = CT(A), or when
A= R—modﬂ or when O is a sheaf of rings on a topological space, and A is the
category of sheaves of left O-modules, see [Spa88§].

Assume now that k is a field. Then for any chain complex of k-modules of the form
N = sC(Xp, X1) ®k sC(X1, X2) ®k « - - Qk sC(Xp—1,Xn), n 2 0, X; € Ob €, for any
quasi-isomorphism rx : X — Y and for any K-injective A € €, the following chain
map

u = Hom(N,C(rx, A)) : Homg, (N, sC(Y, A)) — Homg (N, sC(X, A)),

is a quasi-isomorphism (any k-module complex is K-projective). Therefore, we may
apply the results of Sectionto the differential graded category C = C or C*, and its
full subcategories B = A(A) (resp. I = I(A), d = Al(A)) of acyclic (resp. K-injective,
acyclic K-injective) complexes. Denote by e : I —— C the full embedding. Starting
with the identity functor f =ide, we get the existence of g = ie simultaneously
with the existence of a unital A.-functor ¢ : ¢ — J — the “K-injective resolution
functor” — and a natural A.-transformation r : id — ie : € — € (Propositions
and [8.5)). ¢ and 7 are unique in the sense of Propositions and Corollary
Moreover, while solving Equations 7 we will choose the solutions

’in =0gn = ldn . SG(X(),Xl) ®k e ®]k sG(Xn_l,Xn) — SG(Xo,Xn),
rn =iS: sC(Xo, X1) ®k + -+ R sC(Xp—1, X)) — sC(Xo, Xp),

n

if Xo, ..., X, are K-injective (recall that Xoi = X, X,i = X,,).

Extending e, i to Ao-functors between the constructed categories, we get a unital
strict Aoo-embedding (actually, a faithful differential graded functor) e: D(J|J) —
D(C|B), which is injective on objects, and a unital A,.-functor z: D(C|B) — D(J|9).

Y1 Re'% € %, where '% is a smaller universe, then A = R-mod is a % -small '% -category.
Is it possible to replace B = A(A) with some ‘% -small category B’ C B to get a '% -category
D = D(C|B’) Acc-equivalent to % -small D = D(C|B)?
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Let us prove that these A.-functors are quasi-inverse to each other. First of all,
ei = idg implies €7 = idp(y)5). Secondly, there is a natural A.-transformation 7 :
id — 7€ : D(C|B) — D(C|B). Let us prove that it is invertible.

The 0-th component is

xTo = [k 7% (s€) 71 (X, Xi) <2 (sD(€]B)) " (X, Xi)].

We have proved in Section that since rx is a quasi-isomorphism, the above
element is invertible modulo boundary in the sense of Section there exist pg,
vg, wo such that Equations hold. We conclude by Proposition that 7 is
invertible, hence, D(C|B) and D(J|J) are equivalent.

Each acyclic K-injective complex X is contractible. Indeed, K(A)(X, X) ~ D(A)
(X,X) =0 by [Spa88| Proposition 1.5]. Hence, J is a contractible subcategory of
J. Thus, 7:J — D(J|d) is an equivalence. We deduce that D(C|B) and J are equiv-
alent in A% . Taking H® we get equivalent categories H°(D(C|B)) and H°(J). The
latter is a full subcategory of K(A), whose objects are K-injective complexes. It is
equivalent to the derived category D(A) (e.g. by [KS90l Proposition 1.6.5]). Hence,
H°(D(C|B)) is equivalent to the derived category D(A). This result follows also from
Drinfeld’s theory [Dri04]. It motivated our study of A.-categories.

Let F': A — B be an additive k-linear functor between Abelian categories. The
standard recipe [Spa88]| of producing its right derived functor can be formulated
in terms of the K-injective resolution A..-functor i as follows. Apply H® to the
A -functor

D(C(A)|A(A)) —— D(I(A)AIA)) == D(C(B)IA(B))
(when F(ObAI(A)) C ObA(B)). Some work is required to identify the obtained
functor [Lyu03] Section 8.13]

H°(iD(F)) : D(A) ~ H°(D(C(A)|A(A))) — H°(D(C(B)|A(B))) ~ D(B)

with RF'; however, we shall not consider this topic here.
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