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On maximal hyperbolic sets

By Masahiro KuraTa
(Received May 29, 1976 : Revised December 7, 1976)

In this paper we study structures of hyperbolic sets which are maximal
invariant sets in their sufficiently small neighbourhoods. One of their im-
portant examples is an Anosov diffcomorphism (not necessarily assumed to
be topologically transitive).

First we give some definitions.

DEeFINITION. Suppose U is an open set of a manifold M, f: U-M
is a diffeomorphism onto an open set of M. AcCU is called a hyperbolic
set if 4 is a compact invariant set which satisfies the followings; 7T, M
splits into a Whitney sum of Tf-invariant subbundles

TAM:ES®E”'
such that there are ¢>0 and 0<1<1 with
NTf || < ca*||v|] if veks

| Tf ~"v|| < ca*||v]] it vek*
for n=0.
Definition. Let . ={A,, A, --- A,} be a finite set, and .«% be a space
of functions from Z to .« with the compact-open topology. (Here we assume
& and Z have the discrete topologies.) Let

p:A%— A7
be given by p((a))icz) =(b:)icz Where b;=a;,;. Let T=(t;;)i j=...n b€ @ nXn
0--1 matrix. The p-invariant set

Z = {(ai)iezedzltniniﬂ = 1 were ai:Ani}

is called a subshift of finite tyoe (on symbols .« determined by 7). p is
called a shift transformation.

DEeriNiTION. A hyperbolic set 4 has a local product structure if there
is a positive number & such that for any z&4

S Wix: )X W¥(zx: 4)— A

is a homeomorphism onto a neighbourhood of x in 4. Here ¢ is given by
¢, 2)=Wgy: )N Wii(z: 4).
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DEerFINITION. A closed set DCW;(A4) is called a proper fundamental
domain for Wi(4) if Uf*(D)DWi(d)—A and DNA=¢. A proper funda-
nz0

mental domain for W¥(4) is defined similarly. Where W:(4)= U W(x).
z€A
We define for 6 >0 and z& 4,

Wi(z: 4)=Wi(x)n 4
and for BC 4
Wi(B; )= UWi(x: 4).

x€B

Similarly we define W¥(x: 4) and W¥(B: ). int,B denotes the interior of
B in A. Per(f) is the set of periodic points of f.
In we proved the following.

TueEOREM 0. Suppose U is a neighbourhood of a hyperbolic set A.
Then there is a hyperbolic set A with ACA CU satisfying the followings.
There are a subshift of finite type X and a surjection n:3—A with fr=

mp. Here p denotes a shift transformation. (z is called a semi-conjugacy
Jrom X to A.)

implies

CoROLLARY. Suppose A is a hyperbolic set which is a maximal invar-
tant set in its sufficiently small neighbourhood. Then there are a subshift
of finite type X and a semi-conjugacy n: 22— /.

LemMA 1. Suppose A is a hyperbolic set. Then the followings are
equivalent.

(1) A4 is a maximal invariant set in its sufficiantly small neighbour-
hood U. ,

(2) 4 has a local product structure.

(3) A4 has a proper fundamental domain.

ProOOF. Suppose A satisfies (1). Let >0 be sufficiently small such
that 20<d(4, M—U) and W:i(x)CW*(y)=one point for any z, yed. It
is sufficient to prove W3(x)N W¢(y)={2} C4. Because d(f*(x), f*z))<é and
d(f™y), f™(2))<é for n=0, we have c/Uf*(z)CU. Because 4 is a maximal

nezZ

invariant set in U, we have c/Uf*(z)Cc 4. Thus 2z&4. We proved that

. nezZ
(1) implies (2). (2) implies (3) ([5]), and (3) implies (1) (cf. [4]). ‘
LEMMA 2. Let A be a hyperbolic set. Suppose there are a subshift

of finite type X, and a semi-conjugacy n:2X—/A. Then there are periodic
points xy, -+, 2,4 such that
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A= U clWo(z;: A) .
i=1

i=

ReMARk. In the above we may assume c/W*(z;:4) (i=1,--+,1) con-
tains interior points in A.
Proor. Foe any (a;)€2 and a positive integer m, there are integers

n and n+k such that
Ay = Antr
m<n<nt+tkE<m+N+1,
here N is a number of symbols of ¥. Then there is an element ()€
defined by
b, = a; for i<n+k
bsser; = any; for i=l, 0<j<k—L.
So #((b;))eWs(z(c)), where c€2X is the periodic point with period % deter-

mind by the segment (a,, -, dnyx). Because the number of periodic points
with period less than N+1 is finite, the lemma is proved.

THEOREM 1. Suppose A is a hyperbolic set which is a maximal in-
variant set in its sufficiently small neighbourhood. Then

(1) there are closed invariant subsets @, -+, 2,C A such that Q;=clPer(f2,),
A= 0 dWH(Q: ), WHQ;: 4) is an open set in A, and W*(Q: 4)=9; for
i=1:=-{-,n. Moreover Wé(Q,: AN WH(Q,: A)=¢ if i#].

(2) There are closed invariant subsets 2, --+, 2, C A such that 2,=clPer(f]2)),
A= ('31 AWS(20: A), We(Q.: A) is an open set in A and W*(Q,: A) =} for

1=

i=1, -, m. Moreover We(2,: H\W*(Q2,: A)=¢ if i+].

ProoF. Suppose that z, -+, z, are periodic points given in lemma 2
and it clWe(z;: )#=¢ for i=1,---,n. Let x&Wx;:4) be an interior
point of cIW*(x;: 4) in 4. Suppose d>0 is sufficiently small. Then for a
positive integer n with d(f"(z), x;)=0, the map

¢: Wi(fr(z): 4)— Wg(xi: 4)
given by ¢(y)=W3i(y : 4) N Wg(x;: A) is a homeomorphism onto a neighour-
hood of z; in W¥(x;: 4). Therefore

We(x;: A)Cint ,cIW(x; 2 A) .

If int,cdWe(x;: A) N intcdWe(x;: A) # ¢, it follows that cdW*(x;: A)=cIW?*
(z;: 4). So we may assume cIW¥(x;: A)NclW(x;: A)=¢ if i+#].
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Define 2;=cIW*(z;: 4). Because W¥(x;: /) contains dense homoclinic
points, we have clPer(f|2;)=%2..

W3(Q,: A) is open in 4, becasue for any x& W*(Q;: A) there are a positive
integer n, a positive number d and a point pef; such that Wj(p:4) X
We(p: A) is homeomorphic to an open set in 4 which contains f*(x).

‘ Because we have cIW*(x;: A) D Q;, cIWs(x;: A) D Ws(Q,: A) D W3 (x; : A).
Then

W (02, : A) = int ;clWs(z;: A)
and

A=U cIW¥(x;: A)
i
=U cIW3(Q;: 4).
2

This completes the proof of (1). the proof of (2) is similar.

THEOREM 2. Suppose A is a hyperbolic set which is maximal invari-
ant set in its sufficiently small neighbourhood. Let A=A,U---UAd, is the
minimal decomposition into disjoint closed invariant sets.

Then for any i (i=1,--+,1) A; satisfies one of the followings.

(1) Per(f|4;) is dense in A,
(2) Per(f|4;) is nowhere dense in ;.

Proor. Let 9, -, 2,, and 2, ---, 2/, be given in theorem 1. Let 4,
---, 4; be the minimal decomposition into disjoint closed sets such that for
any ¢ A; N cIW*(2;: A)# ¢ implies 4, D clW*(Q;: A) and A;NcIW(Q2;: A+ ¢
implies A4, DcIW*(2); : A).

If 2,NWu2;:4)=¢, we have that cIW*(Q;:A)=cIW*(2}:4) and
clW#(2;: 4) has dense periodic points. If ¢/W*(Q2,: 4) has dense periodic
points and cIW*(Q2,: )N clW?(Q; : A)# ¢, it follows that c/W*(2;: A) has dense

periodic points.
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