Hokkaido Mathematical Journal Vol. 36 (2007) p. 585-613

Boundedness of multilinear singular integral operators
on Hardy and Herz-type spaces
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Abstract. In this paper, the authors study a class of multilinear singular integral op-
erators on product of Hardy spaces. The boundedness of another class of multilinear
singular integral operators is also discussed on product of Herz-type spaces. Moreover,
as their special cases, the corresponding results of multilinear fractional integral operator
and multilinear Calderén-Zygmund operator can be obtained, respectively.
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1. Introduction

The study of multilinear singular integrals was motivated not only as the
generalization of the theory of linear ones but also their natural appearance
in analysis. It has received increasing attention and well development in
recent years, such as the study of bilinear Hilbert transform by Lacey and
Thiele [7, 8] and the systemic treatment of multilinear Calderén-Zygmund
operators by Grafakos-Torres [2, 3] and Grafakos-Kalton [1].

Let m € N and K (yo, y1,---, Ym) be a function defined away from the
diagonal yg = y; = -+ = Y in (R")™!. We consider that T is a m-linear
operator defined on product of test functions such that for K, the integral
representation below is valid

T fdla) = [ o [ B
< [ £iwi)dys -+ dym, (1.1)
j=1

whenever f;, 7 = 1, ..., m, are smooth functions with compact support
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and x ¢ ML, supp f;.
Especially, we call K a m-Calderén-Zygmund kernel if it satisfies the
following size and smoothness estimates.

C
Ky07yla"-,y < s 1.2
‘( R N T 2
for some C > 0 and all (yo, ¥1, ..., ¥m) € (R?)™H! away from the diagonal.
‘K(yf)? ceey ij teey ym)_K(yO, ey y;a ceey ym)|
Cly; — y;il° (1.3)

= O =0 lyk — wl)mnre’

for some £ > 0, whenever 0 < j < m and |y; — y;| < (1/2) maxo<k<m |yj —
Ykl

If a multilinear operator 7' defined by (1.1) associated with a m-
Calderén-Zygmund kernel K, and satisfies either of the following two condi-
tions for given numbers 1 < ¢, to, ..., by, t < 0o with 1/t = 1/t; + 1/ta +
e 41 /tm‘
(C1) T maps L't x --- x Ltm1into L if t > 1,
(C2) T maps L' x ... x Lt 1into L' if t = 1,

where L*1, ..., Lt™1 and L% are Lorentz spaces. Then we say that
T is a m-linear Calderén-Zygmund operator.

Grafakos and Torres [2] proved that the multilinear Calderén-Zygmund
operator is bounded on product of Lebesgue spaces.

Theorem A ([2]) LetT be a m-linear Calderon-Zygmund operator. Then
for any numbers 1 < pi1, p2, ..., pm < 00 with 1/p = 1/p1 + 1/pa + -+ +
1/pm, T can be extended to a bounded operator from LP' X --- x LP™ into
LP.

After the boundedness of multilinear Calderén-Zygmund operators on
product of Lebesgue spaces has been established above, Grafakos and Kalton
[1] discussed their boundedness on product of Hardy spaces successively. In-
spired by them, in Section 2, we will discuss the boundedness of a class of
multilinear operators, whose special case is multilinear fractional integral
operator, i.e.

’—mn—&—oa

K($7 y17"'7ym>:’(x_y17"'7x_ym)

9

0<a<mn, (14)
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on product of Hardy spaces.

In addition, the boundedness of multilinear Calderén-Zygmund opera-
tor on Herz-type spaces is also interesting.

Let By = {z € R": |2| < 2%}, By = By \ Bx_1 and xi, = X, for k € Z,
where by xg we denote the characteristic function of a set F.

Definition 1.1 Let « € R and 0 < p, ¢ < o0.
(1) The homogeneous Herz space K ?(R") is defined by

K&P(R™) ={f: f€ L (R"\ {0}) and [f1l e p meny < 00}

where
o

1/p
1o ey = ( > 2’“apukauz)

k=—0o0
with usual modifications made when p = oo.
(2) The inhomogeneous Herz space Ky ?(R") is defined by
KPR = {f: f € L, (®") and | ]ran) < 00},

loc

where
o0 N 1/p
1 Fllicsor ey = <|rfxB0||z;+Zz apnkaug)
k=1

with usual modifications made when p = oo.

It is easy to see that Ky 9(R") = K" Y(R") = L4(R™) and Kg‘/q’q(R") =
fo‘a(R") for 0 < ¢ < co and o € R. Actually, for 1 < ¢ < oo, fo‘a(Rn
is a Lebesgue spaces with power weights if and only if —n < a < n(q —1).
Thus, Herz spaces are generalizations of Lebesgue spaces. Moreover, the
homogeneous Herz spaces include the Lebesgue spaces with power weights
as special cases.

For the standard singular integral operator defined by

7f(a) =pv. [ K~ 5)1 W)y (1.5
Stein [12] shows that if T is bounded on L4(R"), 1 < ¢ < oo, and
C
K@) < o) Vo £0, (1.6)
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then T is also bounded on the weighted spaces folﬂ (R™), —n < B < n(qg—
1), where the range of 3 is the best.

In 1994, the above Stein’s result was developed by Soria and Weiss [11]
in the following way. The singular integral operator satisfying (1.6) will be
replaced by any sublinear operator T satisfying the following size condition:
For any f € L'(R") with compact support and for = ¢ supp f,

ITF(2)] < C/Mdy. (1.7)

It should be pointed out that (1.7) is satisfied by many operators in
harmonic analysis, such as Calderén-Zygmund operator, C. Fefferman’s sin-
gular multiplier, R. Fefferman’s singular integral operator, Ricci-Stein’s os-
cillatory singular integral, the Bochner-Riesz means at the critical index,
and so on.

Inspired by them, recently the author in [14] established the correspond-
ing result of multi-sublinear operator on product of Herz spaces, which are
more extensive than Lebesgue spaces with power weights.

Theorem B ([14]) Let T be a multi-sublinear operator satisfying

IT(f1s -y fm)(2)]

<C |f1(yD)l - [ fm(ym)|

@y (T = y1, ooy T = ym) [

dyy -+ dym, (1.8)

for any integrable functions f1, ..., fm with compact support and
x ¢ N1y supp fj.

Suppose 0 < p;j < o0, 1 < ¢q; < o0, —n/q; < a; < n(l —1/g;),
J=1L...,m a= Z;.n:laj, 1/p = Z}nﬂl/m; 1/q = Z}nﬁl/(b" If T is
bounded from LT (R™) x ---x LI (R™) into LY(R™), then T is bounded from
KGUPHR™) x - - - x Kgm P (R™) dnto K°P(R™) and from Kg P (R™) x - - - x
Ko Pm(R™) into Kg°P(R™).

As their special cases, the boundedness of the multilinear Calderén-
Zygmund operator on product of Herz spaces can be deduced immediately.
On the other hand, the author in [14] also discussed the situation when o; >
n(l —1/g;), j =1, ..., m, but only focused on the multilinear Calderén-
Zygmund operator itself.

In Section 3, we will keep on studying the behaviors of the more general
multilinear operators with weaker kernel condition and a class of multi-
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sublinear operators when a; = n(l —1/¢;) and o > n(l — 1/q;), j =
1, ..., m.

2. Boundedness on product of Hardy spaces

In this section, we will discuss the boundedness of a class of multilin-
ear operators on product of Hardy spaces. First introduce some necessary
notations and requisite lemmas.

For any cube @ in R™ with side length [(Q), let Q be the cube with the
same center of () and side length l(@) = 2y/n 1(Q). For every set G C R",
denote G¢ the complementary set of G in R™. Here and in what follows, for
t € R, [t] is the largest integer no more than t.

Lemma 2.1 ([1]) Let 0 < p < 1. Then there is a constant C(p) such
that for all finite collections of cubes {Qk}ﬂil in R™ and all nonnegative
integrable functions g, with supp g C Qr, we have

M M 1
; 9k > (m 9 (fv)d:v> X5,

k=1
Lemma 2.2 ([6]) Let Iy m be a m-linear fractional integral operator with

<C(p)
Lp

Lp

kernel K satisfying (1.4). Suppose 1 < p1, p2y ..., Dm < 00, 1/qg = 1/p1 +
<+ 1/pm —a/n>0.
(1) Ifeachp;>1,j=1,..., m, then

o, m(frs oy Fd e < C Tl es -

j=1
(2) Ifpj =1 for some j, then

o, m(f1s - oy f)lnaee < CTT Il pes -

=1
Let us state our main result of this section.

Theorem 2.1  Suppose 0 < p1, ..., pm, ¢ < 1 satisfying 1/q = 1/p1 +
oo+ 1/pm—a/n, 0 < a<n. Let T be a m-linear operator defined by (1.1)
with kernel K and satisfy the following two conditions.

(2.1) K(yo, Y1, - -, Ym) is differentiable up to N + 1, where

v G )
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and
C
(Zzzzo lyk — gl )mmetlBl

forall |B|=N+1, 8= (5o, b1, --- Bm)-
(2.2) There ezists a 1 < p* < n/a such that T is bounded from L* X - - - X
L®XLP" X L®x---x L™ into LY, where 1/q* = 1/p* —a/n and LP"
is the j™ space of the m product of Lebesque spaces, j =1, ..., m.
Then T is a bounded operator from HP' (R™)x- - -x HP™(R™) into L4(R™)
which satisfies the norm estimate

050001 - P K (yo, yn, -+, ym)| <

m
||T(f17 SO fm)”Lq(]R") < C(m7 n, p*a by, Oé) H ”fj”HpJ(R")
j=1

Proof. The theorem will be proved by the atomic decomposition of Hardy
space HP. Write f;, j =1, ..., m, as a sum of HPi-atoms, f; = ij Aji k;
xaj, ;, where a; . are HPi-atoms and (ij RYRY Pi)1/Ps < O| f;]l s - Sup-
pose supp a; k; C Qj k;, where Q; g, is a cube centered at c; x; in R" with
side length 1(Q;, 1,). Then a; i, satisfies the following properties.

1) Nlajr;lloo < 1Qj ksl 7177,

(2) [aYaj,;(x)dx =0, for all |y| < [n(1/p; —1)].

By the theory of H? spaces [13, p. 112], the atoms a; ;; can have vanishing
moments up to any large fixed specified integer. In this discussion, we
will assume that all the a;,’s satisfy (2) for all |[y| < N, where N =
maxi<j<m{[mn(1/p; —1)]}.

For the decomposition of f;, j =1, ..., m, we can write
T(fh ceey fm)(l') = Z'“Z/\Lkl '“)‘m,k’m
k1 Em
X T(al,kl, ceey amykm)(x).
For x € R™ and fixed ki, ..., km, there are two cases.

10 ‘Teél,klﬁQO)km7 20 $€@§7k1UU@$ﬂ7km
Then

T(fr, s fm) (@) < N(z) + (),
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where
(@)=Y Y Akl A,k
k1 Ko
X|T(a1 ks -5 @ k) (@)IXG, | nnG s, ()5
L) =" Akl ok
ki Ko
X |T(a1,k1’ [ERE am,km)(I)|X@iklu...uéfmkm (iﬂ)
First, we consider the estimate of I;(x). For fixed ki, ..., ky,, assume
that Q1. 5, N+ N Q. k,, # 0, or else, this term in I1(x) can be cancelled.
Suppose that Qjo, k;, . Jo € {1, ..., m}, has the smallest size among all
these cubes. We can pick a cube Gy, ... k,, such that

Q1 N NCQmk C Gl ko
C Gry,ooobom, € Qi ey NV N @y ks

and |G, . k| = ClQjo, iy, |-

From (2.2) of the theorem, T maps L™ x - - - x L% x LP" x L™ x - - - x L*®
into LY, where 1/¢* = 1/p* —a/n and LP" is the j¢* space of the m product
of Lebesgue spaces. We have

/ T(@1, s G o) (@)l
Gry, .. km
<G 1=1/¢"p .
< |Gy, ... ko |T(a1,kys- -+ Qm, ko)l 1o
~ m
< C‘Qjo,kjopil/q Ha’jo,kjoHLP* H Haj,ijOO
=1, 340
m
< ClQjo ks, T T 1Quk, |17
j=1

Notice that |Gy, . k.| > C|Qj07k].0\ and Qjo,kjo has the smallest size,
then
1

Gi ‘T(al,kw SRR am,km)(x)‘dx
’ kl,...,km‘ le,

v km

< C1Qjo. kI T 1@y, 1, 1717

J=1
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<C H 1Qj.k,; ,a/(mn)fl/pj. (2.3)

Jj=1

It is easy to see that

AEED IR DU AN
k1 km

X ‘T(al,kp EE) am,km)(x)’Xle,...,km (7).

By using Lemma 2.1 and (2.3), we have

D D Mkl P
k1 km

< [T 1e; kj|a/(m”)_1/p"><§kly

=1

AP s0]

ciy km

La

<¢| S Tl Pl
ki Ko,
m
> o jo/(mn)=1/p; ., -
jl;[l ’Qj,k]| XQl,klm“'QO,km Lo
<C H(Z|)\j,kj!|Qj,kj|a/(mn)_l/pjxé§ > .
=1 k; I k5 / AlLa
Denote 1/g; = 1/pj —a/(mn), j =1, ..., m. Then 0 < ¢; < oo and
1 1 1 a 1 1
= =
q P Pm N q1 dm
By Holder’s inequality with exponents q1, ..., ¢, and ¢, we obtain
m
ITallze < CTTID 2 s 1@k /qjxa E
j=1"k, 3 kg 1l L9
For every ¢, j =1, ..., m,if 0 < g; <1, then since p; < gj,

Jr kj

Z I\j, k1@ & \_1/QjX5 < Z \)\j,kj|qj|Qj,kj|_1‘Qj,k]-‘
kj k;

N\ 4/P
SC(Z’)‘j,kg“pJ> .
k;

LY
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If 1 < g; < oo, then since 0 < p; <1,

ZIAM [1Qyk; 1™ 1/qﬂx~

L%

1| = 1/q;
<Y Nk Qi Q| o
kj

1/p;
gc(z Nk pj) .
k;

Thus,
m 1/p;
Il <C]] (Z \Aj,kjlpf)
7j=1 kj

<C 1Tl

J=1

Second, we consider the estimate of Is(x).

Let A be a non-empty subset of {1, ..., m}, and we denote the cardi-
nality of A by |A|. Tt is easy to see that 1 < |A| < m. Let A°={1, ..., m}\
A, 7= (y1, ..., ym) and 74 = (yj)jeac. It A={1, ..., m}, we define

(N@:)N(N @) - N
JjEA jeAe JjEA

Then we can write

oot U ((09)0(020))

Ac{1,....m JEA jEAC

For fixed A, we assume that the side length of the cube Qj* ks J* €
A, is the smallest among the side lengths of the cubes Qj x;, j € A. Let
PN (;13, Y, -+, Ym) be the N? order Taylor polynomial of K (z, y1, ...,

C * k
Ym) about the variable y;+ at the point Cj* Jou -
Since Aj*, o has zero vanishing moments up to N, by (2.1), it is true
that

’T a1,kys -+ a’m km)( )‘

’/ aj (ya)/ aje, ke (Yj+)
Rn)m 1 3 Rn

=1 J#J
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(K(a:, Yly vy Ym) —Pcl\_[*’kj* (x, y1, -, ym)>dgj‘

J

m
|N+1

<c/
(Rn)m 1

i ) [ 1 05 b =
J= 13751

—mn+a—N—1
(k-a+ 3 |x—yj|) @

i=1,j#5"
where ¢ is on the line segment joining y;« to ¢;« j.. by Taylor’s theorem.
FOI‘ o E (QJGAQ; k‘]) ﬁ (mjeAcQj’ kj)’

e I e o e RN T P E e o S

2

since x ¢ Qj*7k].*.
Similarly,

1 . .
\$—yj|25|l‘—cj,kj!, for y; € Qjr;,J€AN{T}
Since

/|ag i) e = oy N dyye < ClQye gy | NED/HI R,

we have

T jeAe
H ’ajvkg(y])’ ’Qj*,kj*|(N+l)/n+l_l/pj*
jeA\{5*}
1 —mn+a—N-—1
'<22’“"Cﬂfﬂ" 3l ) A\ v })
jeA jeae
<C —1/p;

JjeAc

H Q). |1 1/p; 1Q;-. ‘(N+1)/n+1 1/pjs
jeA\{7*}
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—mn+a—N-1
> dij?.

'(;Z’x—cj,kj\+ Z |z — y;]

jeA jeAc

By integrating the above over y; € R", j € A€, since the side length of
the cube @ ke 18 the smallest among the side lengths of the cubes Q) k;,

je€A and x € (ﬁjeA@; k]—) N (ﬁjeAc@j7 k;), We obtain

|T(a1,/€17 ceey Omy km)(x)|

<C H |Qj,kj|—1/pj H |Qj,kj|1_1/pj ’Qj*7kj* |(N+1)/n

jeAs JEA
1 —mn4a—N—1+4n(m—|A|)
<22 |x — Cj,kj‘)
jEA
< C T 1Qun, 1770 T 1@, 'Y/t N4/ (14D
JEAC jEA
1 —N-1-n|Al+a
(22 |l‘ — Cijj|)
jEA
o [1=1/pi+(N+1)/(n|A])
<C H |Q],]€j| J S H |Q], K |—1/pj
jea (|l = cjl +1UQj k) e
H |Qj g, |1~ /Pt (NFL/(nlA])
<C ’
N n+(N+1)/[A—a/]A
sen (12— e | + U@y, ) T 1AI=a/IA
H 1Q; kj‘l_l/Pj+(N+1)/(n|A\)
. n+(N+1)/]A]"
jene (17 = cjp | +1(Qy ) VDA
Thus,
I2($)SCZ"'Z’)‘L]CJ"")‘m,km’ Z
k1 kem Ac{1,...,m}

Q) |1~ H/PiH(NHD)/ (] A]

1

n+(N+1)/|Al—a/| A
iea (|2 =il +1Qj ;) +(N+1)/[A[=a/A]

1 Q. 1, [/ N+l AD

n+(N+1)/|A
jene (1T = cj | +1(Qy )TN TH/A
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<¢ >, H(kzjwm

AcC{l,...,m}jeA

|Q k; |1—1/p‘7'+(N+1)/(n|A|) )
n+(N+1)/|A|—a/|A

H (Z, | !Qj kjll 1/p]+(N+1)/(n\AI) )
j, kj n+(N+1)/|A

jeAe . (| Cj7k?j|+l(Qj7kj)) A

—c % (TIWas@) (I1 Wi ).

AC{1,...,m} “jeA jeEAC

Denote 1/sj =1/p; —a/(n|A|), j € A. Then 0 < s; < oo and
1

q pl +7_7_Z +Z

jEA 5j jEAC p]

By Hélder’s inequality with exponents s;, j € A, p;, j € A, and ¢, we
obtain

<j1€_£ WA,j) (ch Wiy, J>
< (TL0miasties ) (T 19530 )

jEA jEAC

Since 0 < p; <1, j € A% and np; + (N + 1)p;/|A| > n,

||VVIAI ]HLPJ

< S gy 1P1Qy g, PR/ 1 AD
kj

X /(!x —¢j k| + Q) kj))inpji(NH)pmA‘dx

<C Z N, ks [P71Q, ks |Ps ~1H(N+1)p;/ (nl A]) 1Qj.k,; 1P = (N+1)p;/ (nlA])

J
=C> kP
kj

For 0 < s; < o0, j € A, if 0 < s; <1, since ns; + (N + 1)s;/|A| —
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asj/|A] > n and s; > p;, then

W17
< Xk |51Qj . |53/t (NHL)s;/(n]Al)
— sy vy s vy

k;

—ns;j— sj/|Al+as;/|A
X/(m_cj’kjﬂ(%kj)) J=(N+D)s; /Al /4]y

<O Ak lY
k;j

. s;/pj
()"
kj

If 1 < s;5 < oo, since ns; + (N +1)s;/|A| —as;j/|A] >nand 0 < p; <1,
then

W4y, 51l L5
< 7 Ay Qg [P (014D
kj

I/Sj
—ns;—(N+1)s;/|Al+as;/|A
X</(‘a7 ijkj|+l(Qjakj)) 7 o 1) J/| | ]/l ‘]l >

< CZ‘)‘J}M
k;j

1/p;
< C(Z |)‘jak‘j|pj> :
k;
Since 0 < ¢ < 1,

q
IL¢.<C > H (H WALj) < I1 VV|CA|,j> HL
m} !

Ac{1,..., jEA jEAC
m 1/piy ¢
ceffi(£nr)”)
J=1 " k;

m q
§C<H\|fj\\Hpj> .
j=1



598 Y. Lin and S. Lu

In a conclusion, we can obtain

||T(fl) cecy fm)”L‘I S CH Hf]”HP]

j=1
This completes the proof of Theorem 2.1. O

It is easy to see from (1.4) and Lemma 2.2 that the multilinear fractional
integral operator obviously satisfies (2.1) and (2.2), thus we can get the
following corollary immediately.

Corollary 2.1 Let I, be a m-linear fractional integral operator with
kernel K satisfying (1.4). Suppose 0 < p1, ..., Pm, ¢ < 1 with 1/q =1/p1 +
-+ 1/pm —a/n. Then I, is a bounded operator from HP'(R™) x --- X
HPm(R™) into L1(R™) which satisfies the norm estimate

e, m(f1s - fm)lLawny < C(m, 0, pj, @) H 151l 73 ey -

j=1
3. Boundedness on product of Herz-type spaces

For k € Z and measurable function f(z) on R", let my(o, f) = {z €
Ei: |f(x)] > o}|; for k € N, let my (o, f) = mg(o, f) and mo(o, f) = |{z €
B(0, 1): |f(x)| > o}|. In [4] the authors introduced the following weak Herz
spaces.

Definition 3.1 Let a € R, 0 < g < 00, and 0 < p < oo.
(1) A measurable function f(x) on R" is said to belong to the homogeneous
weak Herz space W Kg"P(R"), if

o0

S0, D om —sup/\{
||f”WKq P(Rn) >0 Z

k=—o00

1/p
2h (A, f)p/q} < 0,

where the usual modification is made when p = cc.
(2) A measurable function f(x) on R" is said to belong to the inhomoge-
neous weak Herz space W K;"F(R"), if

> 1/p
£l scger ey = SHPA{Z 25 Pty (, f)”/q} < oo,
A>0 =0

where the usual modification is made when p = cc.
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In this section, we will study the boundedness of the multi-sublinear

operator satisfying (1.8) in Theorem B when o; = n(1-1/¢;),7 =1, ..., m.
In fact, the condition (1.8) can be weakened as follows in this situation.
m
T(f1, -y F) @) < Clal ™™ Tl emy. (3.1)
j=1

for any integrable functions f; with supp f; € B(0,7;), r; > 0, j =
1,...,m,and = ¢ ﬁ;":lB(O, 2rj).

Theorem 3.1 Let T be a multi-sublinear operator satisfying (3.1). Sup-
pose 0 < p; < 1,1 <gqj <oo,j=1,....,m, 1/p=737""1/p;, 1/q =
>t 1/g;. If T is bounded from LT (R™) x --- x LI (R") into LT *(R™),
then T is bounded from K;(l_l/ql)’pl (R™) x -+ x Kgngl_l/qm)’pm(R”) into
Wkg(m_l/Q)’p(R").

Proof. 1In order to simplify the proof, we only consider the situation when
m = 2. Actually, the similar procedure works for all m € N.

Let f1, f2 be functions in Kgl(lfl/ql)’pl (R™) and Kglfl/gl)’m (R™), re-
spectively.

Since fj(z) = Zf;:—oo fi(x)xi;(v), j =1, 2, and T is a multi-sublinear
operator, we have

HT(f17 fQ)HWI'(;L@*l/(I),P(Rn)

>0

X

p/q}l/p

{meEk: ‘T( i fix s i f2Xl2>(9€)

l1=k—2 lo=k—2

S
1

+csupx{ S gkne-yay

>0 S

X

p/tz}l/p

k-3 oo X
{J? € by Z Z |T(f1XlN f2X12)(33)‘ > 4}

li=—00 lo=k—2

+csupx{ S ghne1or

A>0

k=—o00
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p/t]}l/p

k—3 —
X {erk: Z Z lellafZXlz)(x)’>i}

l1=—00 la=—0

+C'sup )\{ okn(2—1/a)p
AP

k=—o00

Jfrem: > Sy T fra)@) > |

li=k—2 ly=—00
=0+ 1+ I3+ 14

p/q}l/p

Using the fact that 7" is bounded from L% (R™) x L% (R") into L% *°(R™)
and 0 <p; <1,1<¢qj <oo,j=1,2, by Holder’s inequality, we see that

o0 p y1/p
> foxis }
La2

lo=k—2

p1 y1/p1
qu}
Z f2Xl2

P2 }1/102
lo=k—2 L2

oo 1142 l/pl
so{ S ol S 2'm<“/m>m}

l1=—00 k=—o00

00 l2+2 1/p2
x{ S Il 3 20 1/q2>p2}

lo=—00 k=—o0

o0 1/p1
_ C’{ Z olin(1-1/q1)p1 I fixa, ||113qu1 }

l1=—00

° 1/p2
x{ Z 2l2n(1_1/QQ)P2’fQXZQHIz/Z‘D}

lg=—o00

o0

11<C{ Z 2k3n(2 1/q)p

k=—o00

La

o0

k=—o00

oo
X{ Z 2kn1 1/q2)p

k=—o00

Z:ﬁm

llk2

= CHfl ||K;l1<1*1/€11)v171 (R") ||f2 Hkglfl/qz),pz (Rn)’

For Iy, noticing that = € Ey, supp fjx;;, C {z € R": [z] < 2li}, i =1,2,
and I3 <k — 3, by (3.1) we have
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Z Z flxl17f2Xl2)( )’

l1=—o0log=k—2
k—3 [e'S)

<ol (X Il ) (2 Mol )

li=—00 lo=k—2
< Co27 M| fuxlaj<ar-ay o2 [ fax g af>2e-5y | 20
< Co2 | fill ol fal - (3:2)

It is easy to see from the definition of Herz space that K n(1=1/45). ; (R™)
C LYR™) and [|fjll ey < [fill na1/apns g, for 0 < p; <1<g <o
j=1,2 K

Given any fixed A > 0, if

erEk- Z Z f1X117f2X12)(:c)|>2H7A07

lh=—00 la=

(R™)

then by (3.2),

| >

< C 2" anHle n(l 1/41), Pl(Rn Hf?” n<1 1/42), pQ(R")
That is

k< 27 Ipt 10g2 (400)‘_1 Hfl Hkgl(lfl/qﬁ,m D) ||f2||K212(171/q2),p2 (]R”))
:= N,.

From this, we can obtain

[NA] /p
IQ<CSllp)\< Z an(g 1/Q)P2knp/q>
A>0 e —oo
=(C'sup A227NA]
A>0
<C’sup<)\ ACoA™ 1||f1|| "(1 1/a1), "P1(Rn) Hf?” n<1 1/42), PQ(Rn)>
:CHflHf(gl(lfl/ql)’pl(Rn)HfQHK;;(l*l/qz),pz(Rn)-

From the analogous argumentation of I, the similar estimates of I3 and
14 can be deduced. Combining all the estimates on Iy, Is, I3 and Iy, the
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desired result can be established. This completes the proof of Theorem 3.1.
O

Remark 3.1 It should be pointed out that there is a counterpart of the
above result on inhomogeneous Herz space, but we omit the details for their
similarity:.

If T is a m-linear Calderén-Zygmund operator, then from (1.2) and
Theorem A, we can obtain a corollary of Theorem 3.1.

Corollary 3.1 Let T be a m-linear Calderon-Zygmund operator. Sup-
pose 0 < p; < 1,1 <q;<o0,j=1,...,m, 1/p = E;"’:ll/pj, 1/q =
> 7t11/q;. Then T is a bounded operator from K;Ll(l_l/ql)’pl (R™) x -+ x
K;“‘f’l/qm)’pm (R™) into WKg(mfl/Q)’p(]R") and also from Kgl(lfl/ql)’pl (R™)
X - KT amb P Ry o WGP (R,

m

Remark 3.2 If an operator T satisfies the hypotheses of Theorem 3.1,
then 7" may be unbounded from Kgl(l_l/q”’pl (R™)x -+ x Kg,ﬁl‘l/qm)’pm (R™)

into Kg(mfl/Q)vl’(Rn) and from K;Ll(lfl/cn),m (Rn) X oo X Kg(lfl/Qm)»Pm (Rn)

m

into Ky (m=1/a).p (R™); see [9] for an example when m = 1.

Remark 3.3 The restriction 0 < p; < 1 in Theorem 3.1 can not be re-
moved; see [5] for an example when m = 1.

In order to study the behaviors of the multilinear operators when o; >
n(l —1/q;), j =1, ..., m, the appropriate substitute spaces for the Herz
spaces are the Herz-type Hardy spaces.

Definition 3.2 Let a € R and 0 < p, ¢ < o0.
(1) The homogeneous Herz-type Hardy space H Ky ¥ (R™) is defined by

HKJP(R") = {f € S'(R"): G(f) € K" P(R™)},

and
||f”Hf(fI’"p(R") - HG(f)HngP(Rn)'

(2) The inhomogeneous Herz-type Hardy space HKg P (R™) is defined by
HE;P(R") = {f € S'(R"): G(f) € K" (R")},
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and

[ fll e @ny = 1G ()l g w -

Here, S'(R™) is the space of the tempered distributions on R™ and G(f) is
the grand maximal function of f defined by

G(f)(x) = sup [p5(f)(@)],

pEAN
where Ay = {¢ € S(R"): supjq, |5<n lz*DPp(x)| <1} and N > n + 1.

We now consider the boundedness of a class of multilinear operators
defined by (1.1) on product of Herz-type Hardy spaces.

Theorem 3.2  Suppose 0 < p; < 00, 1 < gj < 00, n(1 —1/gj) < a; <
n(l—1/g;)+3d;,0; >0, j=1,...,m, a = Z;ﬂ:l aj, 1/p = Z;n:l 1/pj,
1/q=>""1/q5, q>1,8=377",06;. Let T be a m-linear operator defined
by (1.1) with kernel K(x, y1, ..., Ym) satisfying

sup </ |K (2, Y1, ooy Yj—15 Yj» Yitls -+ » Ym)
Yy; €8y, Ey,

1/q
—K(l‘, Yty oo o5 Yj—1, 07 Yj+1s -+ ym)|qda7>

< Cokn(/a=m)+(1;=k)5 (3.3)

for k,l; € Z and l; < k — 2, where C > 0 and C is independent of
(@, Y1, -y Ym), lj and k, j =1, ..., m.

If T is bounded from LT (R™) x --- x L9 (R™) into LY(R™), then T is
bounded from HK P (R™) x --- x HKg™P™(R™) into Kg°P(R™).

Proof. In order to simplify the proof, we only consider the situation when
m = 2. Actually, the similar procedure works for all m € N.

For f; € H Kg;j’p 7(R™), by the atomic decomposition of the Herz-type
Hardy space [10], we can write fj:ZZ-O:—oo Ay, where (327 | A |Pi)L/Ps
< C’Hfj”HK;ijij (Rn)’ each a; is a central (aj, ¢j)-atom supported on B,
and satisfies
(1) May Lo @y < | By, |/,

(ii) [y, (x)2Pde =0 for |B] < [ —n(1 —1/g;)], j =1, 2.
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||T(f17f2)||['(av? (R™)

k— py 1/p
scp{ 22"”?( S S Pulll T o) anm) }

k=—0o0 = 7ool2 —00
p}l/p

{2 (Y5 Bl a)xlis)
l
= & > 1/p
Cp{ Z 2 ap( Z Z |>\ll ’)\l2’”T ag,, al, XkHLq> }

k=—00 1= —oolg k—1

k=—00 lh=k— 1l2*—oo
o py 1/p
of Yre( % Z a1 e el )
k=—o00 li=k—1lp=
::Cp(11+12+13+14).

For I, we use the fact that [y < k—2,1ls < k—2 and x € E;. Without
loss of generality, for fixed {1 and Iy, we assume [; < [s.

Since a;, is a central (a1, ¢1)-atom, by the Minkowski inequality twice,
(3.3), Holder’s inequality and [ < Iy, we have

”T(alu CLZQ)(.%')Xk(x)HLq

— {/Ek /Bl2 %(yz)/Bl1 ai, (y1)
g/ lar, (y2 \/ lar, (y1)]

<K(93 Y1, y2) — K(z, 0, y2)> dyrdys
1/q
X </ |K(z, y1, y2) — K(z, 0, y2)|qd$> dy1dys
Ey
< C2 a2+ E=R0 g, | fag, | o
< C2kn(1/q1—1)2k‘n(1/q2—1)2(11—/4:)(512(l2—k‘)(52

x ||ag, || 20O~V a) || ay, || oo 2127 -1/ 42)

< Coli—h) (61+n(1-1/a1)) g1 o(l2—k) (8247(1-1/42)) 9~ lars (3.4)

q 1/q
da:}

By Holder’s inequality,
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> k—2

h< C{ Z < Z P\ll‘2(ll_k)(51+"(1_1/Q1)—a1)>p

k=—o0 “i=—00
k—2 .
A, 220 (52+n(1—1/q2>—a2)>”} v

><<Z

lo=—00

N < p1y 1/p1
cof £ (5 pptonmtm-a)))

k=—o00 “1=—00

3 > P2 1/p2
X{ Z ( Z |)\l2|2(12k)(52+n(11/q2)a2)> }

k=—00 Ma=-00

=C11 x Iho.

Notice that 61 +n(1 —1/q1) — a1 > 0. If 0 < p; < 1, then

> 2 1/pm
Ing{ Z Z I\, |p12(11k)p1(61+n(11/q1)a1)}

k=—oc0li=—0

3 S 1/p1
:{ Z [ Agy [P Z 2(l1k)p1(51+"(11/f11)a1)}

li——oo b2

s 1/p1

li=—00

S CHfIHH['(;ll’pl(Rn).

If 1 < p1 < o0, denote 1/py + 1/p} = 1, then by Holder’s inequality, we
obtain
00 k—2

I11§{ Z < Z Al ’p12(l1—k)(61+n(1—1/q1)_a1)>

k=—o00 “Mi=—00

S /Piy1
><< Z Q(ll_k)(‘51+7’L(1—1/q1)—a1)>p1 Pl} /p1

li=—00
1/p1

SC{ Z |\, [P Z 2(zl—k)(61+n(1_1/q1)_a1)}

lh=-00 k=l1+2

e 1/131
:C< Z |/\ll|p1>

l1=—00
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S C||f1||HK;¥11’Pl (R")

The estimate of I1; can be obtained from the two cases above. With
the same discussion, we get the estimate of I12. Thus,

I < CllAllgger v eyl F2ll oz w2 gy -

For Iy, observing that Iy < k —2,lo > k—1 and = € Ej, similar to
(3.4), we also have

1T (i, , az,) (@) xk(x)| Lo
< C2P a2 Rl gy o flag, | o
S Can(l/ql—l)—i-(h—k)62k‘n(1/q2—1)

2l1n(1—1/q1 22l2n(1—1/q2)

x|ag, [| Lo MNa, || e

< 0=k (3+n(1-1/0)) g—ha ola—k)n(1-1/g2) g —lacrz.

By Holder’s inequality,

00 k—2 )
I, < C{ Z < Z |)\ll|2(l1—k)(5+n(1—1/q1)—a1))

P
X( Z |>‘12|2(l2_k)(n(l_l/%)—fm)>p} P
l2:k—]_
> 3 P1 l/pl
- C{ Z < Z |)‘11|2(llk)(5+”(11/q1)a1)> }
k=—oc0 \Mj=—00
X{ Z < Z |)‘12|2(12_k)(”(1—1/Q2)—a2)>p2} P2
w5
= Oy x Iy,

Since 6 +n(l —1/q1) —a3 > 61 +n(l —1/q1) — g > 0, similarly to 11,
we get o) < CHfl”HK?ll’m(R")‘
Notice that n(1 —1/g2) — a2 < 0. If 0 < p2 < 1, then

lo+1

= 1/p2
I22§{ ST e Y 2(12k)p2(”(11/QQ)042)}

l2:—oo k=—0o0
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0 1/p2
= C( Z | AL, |p2>

lo=—00
S C||f2||HKqO‘22*p2(Rn)'
If 1 < pa < o0, denote 1/ps + 1/p, = 1, then by Holder’s inequality, we

obtain

[e.9] [e.9]

I22§{ Z ( Z ’)\lg’p22(l2—k)(”(1—1/Q2)—042)>

k=—o00 “Mao=k—1

><< i 2“2—’6)(”(1—1/@)—&2)>p2/1’2}1/p2

lo=k—1
lo+1

3 1/P2
SC{ Z ]/\12’P2 Z 2([2—k‘)(n(1—1/q2)_a2)}

l2:—oo k=—oc0

i 1/p2
—C< Z ‘)\12‘102>

lo=—00

SC||f2HHK(‘1)‘227p2(Rn)'
The estimate of Iy2 can be obtained from the two cases above. Thus,
I, < CHleHKgll*pl(Rn)”f2||HK§22”’2(Rn)'

From the analogous argumentation of I, we get the estimate of I3.
For I, using the fact that T is bounded from L% (R™) x L% (R") into
L%(R™), by Holder’s inequality we get

o0 o0 P
Iy < C{ Z Qk’ap< Z I)\11|Hah||L‘11>
k=—00 li=k—1

00 py 1/p
( 3 \Amuamm) }

lo=k—1

o o p1y 1/p1
o[ (5 mpem))

k=—o0 “Mi=k—1

o0 o0 p2y 1/p2
L5 (5 o))

k=—o00 “Mao=k—1
= 0141 X 142.



608 Y. Lin and S. Lu

Observing a;; > 0, we also consider two cases 0 <p; < 1and 1 <p; <
00, j =1, 2, respectively. Then we have

Iy < Cll Al gger v eyl foll ez 2 gy

The estimates for I, Io, I3 and I4 lead to the desired result of the
theorem. 0

Remark 3.4 If (3.3) is true only for k € N, I; € NU{0} and [; < k —
2, j = 1,...,m, then the operator 7' in Theorem (3.2) is bounded from
HEKg P (R™) x -+ x HKgmP™(R™) into Kg"P(R™).

It is easy to see that the multilinear Calderén-Zygmund operator obvi-
ously satisfies the condition (3.3) by taking € = § in (1.3), however, Theo-
rem 3.2 does not assume any pointwise smoothness condition of the kernel,
s0 (3.3) is weaker than (1.3). Uniting Theorem A, we can obtain a corollary
of Theorem 3.2.

Corollary 3.2 Let T be a m-linear Calderdn-Zygmund operator and &
be as in (1.3). Then for any €1, ..., em > 0 with e = Y70 ¢, T is
bounded from HEKG P (R™) x - - x HKg™P™(R™) into Kg'P(R™) and from

HEKGVP (R™) x - - - x HKgm™P™ (R™) into Kg'P(R™), where 0 < p; < 00, 1 <

gj <oo,n(l—1/g;) <aj <n(l-1/g;) +ej, j=1,...,m, a=37"" aj;
Lp=>32""1/pj, V/g=23T111/q; and ¢ > 1.

When a; = n(1 —1/g;) +9;, j =1, ..., m, we can get the following
result.

Theorem 3.3 Let T be a m-linear operator defined by (1.1) with kernel
K(x7 Yty -y ym) satzsfymg

’K($, Y1y ooy Yj—15 Yj5 Yj+1, - oy ym)
ly;°
- K(.’E, Y1y - oy yj—17 07 yj+17 DRI ym)} S C‘x|ﬂ"zn+5’ (35)
if 2|y;| < |z|, for some § >0, j=1,..., m.
Suppose 0 < p; < 1,1 < ¢qj <o0,j=1,....m, 1/p=737",1/pj,

1/qg = >0, 1/qj. If T is bounded from L%(R™) x --- x LI (R") into
L% (R™), then for any 61, ..., 6y > 0 with 6 = Z;nzl d;, T is bounded
from HK;(I—I/QI)+51,p1 (R") X -+ % Hkg(l—l/Qm)+5m7pm(Rn) into

m
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WK;L(mfl/‘I)+5ap(Rn) ]

Proof. 1In order to simplify the proof, we only consider the situation when
m = 2. Actually, the similar procedure works for all m € N.

For f; € HK(Z(I_I/%H&]"M (R™), by the atomic decomposition of the
Herz-type Hardy space [10], we can write f; = ZZ‘OZ—OO A, ay;, where

oo . 1/pj
<l Z |)‘lj |pj> < CHfjHHK;;(l—l/Qj)-ﬁ-%,Pj(Rn)?

j=—00
each a; is a central (n(1—1/g;)+0;, gj)-atom supported on B, and satisfies
(i) ”alequ(R") < 2-Li(n(1=1/g;)+8;)
(ii) falj(m):nﬁdx =0 for [B] < [0;], 5 =1, 2.

Then

1T (f1, fQ)HWK;(%l/q)M,p(Rn) <C(L + I + I + 1),

where
Ilzsup)\{ Z 2k(n(2—1/q)+6)P
A>0 k= —o0
0 © £\ [Play L/
X {xEEk: T( Z Aay, Z )\Qal2>(x) >4} } ,
li=k—1 lo=k—1
I =sup )\{ Z 2k(n(2_1/Q)+5)p
oo

X

p/q}l/p

k—2 k—2 A
x € By Z Z |)‘11||)‘l2”T(al17a’lz)($)|>7
4

li=—oc0 lg=—0c0

Igzsup)\{ i Qk(”(2_1/‘1)+5)p

A>0 k= —o0

X

p/q}l/p

k—2 [e's)
A
x € Ej: § E |/\11H)‘Z2HT(allﬂalz)(x)| >~
4

l1=—c0las=k—1

Iy =sup )\{ i Qk(”@*l/q)*‘;)p

x>0 =
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o0

k—2 N\ [P/ay U
feem: Y ¥ Ml a)@i> 3} )
li=k—1la=—00

Using the fact that 7" is bounded from L% (R™) x L% (R™) into L% *°(R"™)
and 0 <p; <1,1<¢qj <oo, j=1,2, by Holder’s inequality, we see that

s s p Ylp
> | |3 e}
L2

li=k—1 lo=k—1

o0 pr \1/p1
> na, |
L1

li=k—1
P2 }l/pz
La2
I1+1

Z )\l2al2
3 1/1171
SC{ Z ’)\lllpl Z 2(kl1)(n(ll/q1)+51)p1}

X

p

I < c{ 3 o1/

k=—o00

L1

)
SC{ z Qk(n(l—l/q1)+§1)p1

k=—o00

X{ i 2k(n(1—1/qz)+62)p2

k=—oc0

lo=k—1
llz—oo k=—0o0

N ™ 1/p2
X{ Z | A, [2 Z Q(k_l2)("(1—1/q2)+52)p2}

lo=—00 k=—o00
0 1/p1 0 1/p2
—o( X ) (X )
l1=—00 lo=—00
< CHfl‘|HK;1(1—1/‘11)+517P1(R71)Hf2”HK;LQ(I—U%)‘W%?’?(Rn)'
For I, noticing that I; < k—2, lo < k—2 and x € Ej. Without loss of
generality, for fixed I; and ls, we assume [; < ls.

Since a;, is a central (n(1 — 1/q1) + 01, q1)-atom, by (3.5), Holder’s
inequality and [} < la, we have

‘T(alwab)(x)’
[ i) [ | ah(yl)(K(x, . 2) — K (2, 0, y2>)dy1dy2

l2 By
<0 [ el [ ol
By, By, |$|

S Czllész(2n+6) Ha/ll Hqu 2[177,(171/(]1) Hal2 HLq2 2[277,(171/(]2)

< C2(li—12)629—k(2n+4)
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< Cz—k(?ﬂri‘é) .

Therefore,
k—2 k—2
Z Z |)‘l1”)‘l2||T(al1’ alQ)($)|
l1=—00 lo=—00
k=2 lp1 o k=2 1/p2
sc2’“<2"+‘”< > IAhI’“) ( > !Amm)
l1=—00 lo=—00

< CoQ_k(Zn—Hs) ||f1 HHkgl(lfl/anLm R™)

<ol g gpa-/a452. 02 gy (3:6)

Given any fixed A > 0, if

k—2 k—2
A
erEk: S Dl an)@)] > H#O,

4
l1=—00 lg=—00

then by (3.6),

—k(2n+9)
Co2 1 1ll gy geni=1a0 0.1 o 12l gy g =1/020482.2 ey
That is

k< (2n+06)7"
x log, (40())‘_1”flHHK;ll(lfl/ql)Jrél,m(Rn)Hf2||HK;12(1*1/q2)+527p2 &)
= N).
From this, we can obtain

[NA]

1/p
IgSCsupA( Z zk(n(21/q)+6)p2knp/q>

A>0 k——o0

=C sup )\2(2n+6) (VA
A>0

<C'sup(X-4CoA~" on(1-
< ililg( oA 1l g1/ 0,01 ey

X Hf2 ||HK;LQ(1*1/‘12)+52’P2 (R"))

:CHfl ||HK21(1_1/‘11)+‘51”’1 (R™) ||f2 HHK;12(1—1/42)+52,P2 (R
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From the analogous argumentation of I, the similar estimates of I3 and

14 can be deduced. Combining all the estimates on Iy, Is, I3 and Iy, the
desired result can be established. This completes the proof of Theorem 3.3.
O

Remark 3.5 It should be pointed out that there is a counterpart of the
above result on inhomogeneous Herz space, but we omit the details for their
similarity.

It is easy to see that the multilinear Calderén-Zygmund operator obvi-
ously satisfies the condition (3.5) by taking ¢ = ¢ in (1.3), so (3.5) is weaker
than (1.3). Uniting Theorem A, we can obtain a corollary of Theorem 3.3.

Corollary 3.3 Let T be a m-linear Calderdn-Zygmund operator and &

be as in (1.3). Then for any €1, ...,em > 0 with ¢ = ZTzlsj, T is

bounded from HK;Ll(l_l/mHel’pl (R?) x --- x H[.(;L,gl_l/qm)%m’pm(R”) into
WKg(mfl/qHE’p(R") and from

1-1 +e1, 1-1/qm)+em,pm
HK;‘l( /a)+e pl(Rn)X...xHK;l( [am)+em, pm (RM)

m

into WKgL(mfl/Q)JrE’p(]R"), where 0 < p; <1,1<¢q; <oo,j=1,...,m,
Ip=>2"1pj, Vg=23T111/q;.

Acknowledgment The authors would like to thank the referees for giving
us some very useful comments.
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