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Abstract. An extension of Fatou’s lemma for generalized s-numbers of
measurable operators associated with a semifinite von Neumann algebra is
obtained. We extend several fundamental results on non-commutative
Banach function spaces associated with finite von Neumann algebras to
those of semifinite cases. They are such as correspondence between re-
arrangement invariant function norms and non-commutative Banach func-
tion spaces, heredity of absolute continuity of norms and separability.

0. Introduction

Let .# be a semifinite von Neumann algebra with a faithful normal
semifinite trace r.

We defined in a system of axioms for non-commutative Banach
function spaces, and we proved that if .# is a II,-factor then non-com-
mutative Banach function spaces bijectively correspond to rearrangement
invariant function norms on (0, 7(1)). We also obtained a necessary and
sufficient condition for a non-commutative Banach function space to be
separable.

Our aim in this article is to extend the results obtained in to
general o-finite semifinite von Neumann algebras by a simple device
related to convergence in measure.

The notion of convergence in measure has played a fundamental role
in the non-commutative integration theory after the elegant treatment by
E. Nelson. The convergence in measure is easily expressed in terms of
generalized s-numbers. A non-commutative version of Fatou’s lemma or
dominated convergence theorem is proved for sequences assumed to be
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converging in measure [FK; Lemma 3. 3, Theorem 3. 5]). However, for
various operations of r-measurable operators, sometimes it is not enough
to consider the convergence in measure. If r(1)<co, since the strong oper-
ator topology agrees with the L*-norm topology induced by r on the unit
ball of .#, there exist few such problems. On the contrary, if z(1)=o,
then even a sequence of monotone increasing projections in .# may not
converge in measure. In order to treat with such natural objects, we will
introduce the notion of convergence locally in measure, which is an inter-
pretation of the convergence almost everywhere in the commutative con-
text.

Since several commutative methods (such as taking the supremum
function of a family of functions) seem no more available, our theorems
will be stated in form as how one can employ commutative results in the
non-commutative context.

The first half of Sectionl consists of some preliminaries related to
commutative Banach function spaces or to measurable operators. In the
rest, we give a slight modification of the axioms for non-commutative
Banach function spaces, and we show that the associate space itself
satisfies the modified axioms.

One of the principal results of this paper (Theorem 2.5)) is that if .#
is a o-finite semifinite factor then non-commutative Banach function
spaces bijectively correspond to rearrangement invariant function norms
on (0, (1)). By the way, using some techniques developed in [H], we
obtain an extension of Fatou’s lemma for generalized s-numbers of mea-
surable operators which seems to be important itself.

Finally, in Section 3, we show that a non-commutative Banach func-
tion space determined by a rearrangement invariant function norm has
absolutely continuous norm if and only if the function norm is absolutely
continuous (Theorem 3.4). As a consequence, we obtain an extension of
separability condition for non-commutative Banach function spaces to gen-
eral semifinite cases (Theorem 3.8).

1. Preliminaries

Let (X, 1) be a totally o-finite measure space. Let M be the collec-
tion of all extended complex valued g-measurable functions on X and let
Mo be the class of functions in M that are finite x-a.e. We denote by L, a
Banach function space determined by a Banach function norm o (see [BS;
Chapter 1, Definition 1. 1] for definition). We also denote by f* the
decreasing rearragement of /. Two functions f, gEMo are said to be
equimeasurable if f*(t)=g*(¢), t>0. A function norm p is said to be 7e-
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arvangement invariant if o(f)=p(g) for every pair of equimeasurable func-
t t
tions f, gEMe. When f, g=EMy, we write g<f if '£ g*(s)ds££ F*(s)ds, t

>0. For basic properties of rearrangement invariant Banach function

spaces, the reader is referred to [BS], [CR], [L]

Next, we shall collect some fundamental definitions concerning to
measurable operators. Throughout this paper, we denote by .# a o-finite
semifinite von Neumann algebra on a Hilbert space # with faithful nor-
mal semifinite trace r. A closed densely defined operator x on # with its
domain 2(x) is said to be affiliated with .# if, for each unitary « in the
commutant of .#, the identity #*xu=x holds. Then x is said to be
r-measurable if, for every >0, there exists a projection e .# such that
e#CP(x) and r(e*)<e, where e* denotes 1—e. The set of all r-measur-
able operators will be denoted by ./, which is a *-algebra with sum and
product being the respective closure of the algebraic operations. For any
g, 0 >0, we put

N(e, 0)={x& # ; there exists a projection e€ .# such that
|xel<e and r(e*)<6}.

The family {N(e, 8); &, 6>0} forms a base at 0 for a complete Hausdorff
topology on .#, which is called the measure topology. The proofs of

these facts may be found in and [Te].

Now we recall several preliminary facts related to generalized s-num-
bers of r-measurable operators. We state them here in a form suitable
for our purposes. Details and proofs are found in or [H]

For a closed densely defined operator x affiliated with .#, the general-
ized s-number x.(x) is defined by

w:(x)=inf{||xe| : e is a projection in .# with r(e*)<t}.

Then x is r-measurable if and only if u:(x)<oo for all £>0. For each x
& 7, the map ¢ — w:(x) from (0, c©) into [0, ©) is non-increasing and
right-continuous. If we put vs(x)=1(Es«(|x])), s=0, then u(x)=inf{s>0:
vs(x)<t}, +>0, where Es«(|x|) denotes the spectral projection of |x| cor-
responding to the interval (s, o).

For each x& _7, the following conditions are equivalent ;
(1) x€ex+LY 2, 7),

(2) _/O‘sut(x)a’t<oo for some s>0,
3) |x|Exr.o(xNELN 2, ) for some 7 >0.
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An operator x& .Z is said to be r-compact if x belongs to the closure
of {x&€ .# : t(s(|x|))<oo} under the measure topology, where s(|x|) denotes
the support projection of |x|.

For each x&.#, the following conditions are equivalent ;
(1) x is r-compact,
(2) wvs(x)<oo for all s>0,
(3) lim pe(x)=0,
1) |x|Eqnn(x)EL 2, ) for all n=1.
Now we introduce the notion of convergence locally in measure.

DEFINITION 1.1. We say that a sequence {xn}7-1 in A converges
locally in measure to an element x in # if, for any projection p in A
with 7(p)< oo, the sequence {pxp}rn-1 converges in measure to pxp.

REMARK 1.2. Clearly, the convergence in measure leads to the con-
vergence locally in measure. If z(1)<co, then the above two convergences
are equivalent each other.

Consider the case .#=B(#) and r=canonical trace. Then there
exists a sequence {pa}n-1 of increasing projections such that p. 11 strongly
and r(p.)=n. It is easy to see that {p.}n-1 does not converge in measure.
However, p» 11 locally in measure by [W1; Lemma 2. 1].

In order to complete the theory of non-commutative Banach function
spaces for infinite von Neumann algebras, we should modify the system of
axioms for symmetric norms. We would like to take the modification as
slightly as possible.

DEFINITION 1.3. A mapping |||l : .#Z + = [0, o] is called a symmetric
Banach function norm (or simply symmetric norm) if, for all x, y, x,E A 4,
for all a&.#, for all constants @=0, and for all projections p in .#, the
following properties hold :

(P-1) |llxlll=0 e x=0, lllaxlll=alllxll, llx+yl[|<]llx]||+]v]I
(P-1I) 0<y<x= ||yl <]lx]l

(P-MI)  x» — x(locally in measure) = |||x||| <liminf |||x.|]|
(P-IV)  z(p)<oo= |||p]l|< oo,

(P-V)  z(p)<co= t(px)< Cpl|x]

(P-VD)  |lla*xalll<|all lllx|ll |].

For the convenience in after, we consider two conditions for a sym-
metric norm.
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(h-1) The value |||pll| in (P-IV) depends only on the value z(p).
(4-2) The constant C, in (P-V) depends only on the value z(p).

Let ||| - ||| be a symmetric norm. We denote by &y.; the collection of
all operators x in .Z for which ||||x||]|<cc. Define |||x||| for x&€&.;; by
lxlll=Ill|x!|ll. The statements corresponding to [W2; Lemma 1.2, Propo-
sition 1. 3] hold without any change. We summarize them as follows.

PROPOSITION 1. 4.
(1) If xn, x in Sy and |||xn—x||| = 0, then |xn—x|— 0 locally in mea-
sure.
(2) If ||l - || satisfies (4-2) and # has no minimal projection, then .y
is an A -bimodule Banach space with Sy C A + Lz, 1).

Let ||| - ||| be a symmetric norm on .Z. Its associate norm ||| - |||’ is
defined without any change. That is,

Iyl =sup{z(x v): x4, |lIxll|<1}, yEL..

PROPOSITION 1.5.  Let ||| - ||| be a symmetric norm. Then the associ-
ate novm ||| ||| satisfies (P-1I1), and it is a symmetric norm.

PROOF. To show that ||| - ||| satisfies (P-III), let y», vE A + and y»
— y locally in measure. Put ex=FEjx(y) and ¥ =ye.. Fix a number k.
Take a family {p;}521 of increasing projections in .# such that z(p;)<oo
and p; T e strongly. Then we have

piynd; = psyp;i=p;y*®p; in measure as #n— .
Hence, for any element x in .#+ with |||x]|| <1,

x 2 piyapixt? = x2piy P px'®  in measure as n — .
It follows from the Fatou’s lemma of trace version that

r(x'piy ™ pix'®) <liminf (x"*pynpix'”)

=liminf c(yY2pxp;vy'%).
n-o00

Since |||p;xp;]||<1, this implies that r(x”zpjy(k’pjx”z)SlirﬂrlioanUnm'.

On the other hand, x'2p;y‘®px"? — x'?y*®x"* strongly in # as j — 0.
By the lower semi-continuity of 7, we have z(x"?y*®x'?)<liminf ||[yal|"
n-—-oco

Since x"2y®x121 xY2yx12 in measure, we have r(x"2y®x'?) 1 r(x'?yx'?).
Therefore we have r(x"?yx"?)<liminf |||v.|||. It is easy to see that
n-—oo
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Iyl =supl{z(xy) ; xE2, llixlll<1), yEL..
Thus the desired inequality is proved. |

The normed space €. is called the associate space of =G .; and is
simply denoted by &. We can obtain elementary facts on & such as
Holder’s inequality in the same way as [W2; Remark 2.3 — Lemma 2. 6].
Here we summarize them.

PROPOSITION 1. 6.
(1) If Il - Il satisfies (h-1), thenm the associate norm ||| « ||| satisfies (h1-2).
If Il + |l| satisfies (§-2), then the associate norm ||| - ||| satisfies (§-1).
(2) Let © be the associate space of &. If xEG and yES', then
xyeL' (#, 1) and

r(ley <l I

(3) Suppose that © is complete. Let y be an element in 4. Then y is
in @ is equivalent to that xyE LN #, 1) for all xE6G.

THEOREM 1.7. If r(1)<oo, or if ||| - ||| satisfies (h-1) and (4-2) and
A has no minimal projection, then ©=&",

PROOF. At first, from the assumption, the spaces © and & are both
complete. Clearly ||| - |l|” is a symmetric norm. If xE€®, then Hélder’s
inequality leads that x€&” and |||x|||” <|||x]|l.

For the converse, let p be a projection in # with (p)<oo. The
argument in the proof of [W2; Theorem 3.7] shows that [||x|||<I||x|ll”
whenever xEp.#p. Choose an increasing sequence {p}n-1 of projections
in # which converges to 1 in the strong operator topology and satisfies
r(pn)<oo. For x4, we have |l|palx|palll <|l|palx|palll”<|lIxll|”. Let ¢ be
a projection in # with 7(g)<co. Since gp.— q in measure by [W1;
Lemma 2. 1], we have gpn|x|png = qlx|qg in measure. Hence pa|x|p. — |x]
locally in measure, so (P-III) implies that |||x|||Slirnrlionf|||19n|x|pn|||. Thus

we get the desired inequality |||x|||<|l|x]||”. |
2. Correspondence between symmetric norms and R. I. function norms

Recall that a measure space (X, ) is said to be resonant if, for each
pair of measurable functions f and g with finite absolute values almost
everywhere, the identity

/wa*(t)g*(t)dt=sup[(|f§|a’#
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holds, where the supremum is taken over all functions § on X
equimeasurable with ¢. In [H], Hiai introduced an analogue of
equimeasurability for measurable operators. A pair x, yE # is said to be
spectral equivalent if p(x)=p(y) and denoted by x ~ y (in [H], it is
denoted by x = y).

DEFINITION 2.1. (_#, r) is said to be resomant if, for each pair of
elements x and v in .Z ., the identity holds ;

| o dt=suple(x3); 5€4 1, 5~ )

PROPOSITION 2.2. Let # be a semifinite von Neumann algebra with
a faithful novmal semifinite trace t. If .# has no minimal projection,
then (_g#, t) is resonant.

To prove this proposition, we need the following lemma. It is an
extension of [FK; Lemma 3. 4], and it plays a crucial role in this article.

LEMMA 2.3.  Suppose that # has no minimal projection. Let x<
A+ and let {xn}n1 be a sequence in A .. If xn— x locally in measure,
then ut(x)élirnninf 1(xn) for each t>0.

PROOF. Let p be a projection in .# with 7(p)<oo. Since pxnp — pxp
in measure, we obtain by [FK; Lemma 3. 4] that u:(pxp)< lir’llzinf 1 pxnd)

<liminf u:(x.) for each t>0. Now we divide the proof into three cases.

n-oo

Case (1) Suppose that ltipl 1:«(x)=0. This is equivalent to that

T(Es,m(x)) <00 for each s>0. Putting pr=~FEur«(x), we have {(ps)<oo
and prxpr T x in measure. Hence p:(puxpr) T 1:(x) for each ¢ >0.

Case (2) Suppose that ltifn tx)=a>0 and w(x)>a for all +>0. Put-
ting pr=Ea+1/m=(x), we have r(pr)<oo and

Eorne(x) if 0<s<a+1/k,

E(s,m)(ﬂkxpk):{ Es.0(%) if s=a+1/k.

Therefore we get

welx) if 0<t<z(pn),

ﬂt(ﬁkxpk):{ 0 if t=>1(pw).

Since (pr) T o0 by wm(x)>a for all >0, we obtain w(paxpe) 1 p(x) for
each ¢ >0.
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Case (3) Suppose that ltizg t(x)=a>0 and u:(x)=a for some ¢>0. This

is equivalent to that 7(E(s,e(x))< 0, t(E@-em(x))=c0, Ye>0. Note that
(E@-c.af(x))=, Ye>0. Since # has no minimal projection, we can
take a projection gr<Ea-1/xa(x) such that £<7(gx)<oo. Putting p.=
E(2.=(x)+qx, we have

T(pk) < 007
DPuxpr=XE(a,0)(x)+ qrxqr and

<af—%> Gr < qQrXqr < Qqe.

We denote a=xFEaw(x)+(@—1/k)qr and b=xFE(a,«(x)+aq:. Then it fol-
lows that a<ppxpr<b,

Euo(x)+qge if 0<s<a—1/k,
E<s,m)(a)={ Ee(x) if a—1/k<s<a,

E(S,m)(x) lf S 2 a,
and
| E@e(x)t+q. if 0<s<g,
E(s"”’(b)_{ Eso(x) if s2a

Put to=1(Ewe(x)), tr=1(E@~(x)+qr). It follows from elementary prop-
erties of s-numbers (x) and distribution functions 7(E.«(x)) that
to=inf{t >0; n:(x)=a}. Then we get

ﬂt(d):{ a—1/k if t<t<ty,
0 if =t

and

(b):{ we(x) if 0<t<te,
e 0 if >t

Hence we have w(puxpe)=pe(x) if 0<t<ty and a—1/k=p(a) < pe(prxpr) <
w(b)=a if th<t <t

Fix an arbitrary number ¢>#. Since k<r7(gz) = o, we can find a
number ko such that f,<¢<t. for each £>k,.. Then we have a—1/k<
we(prxpr)<a for each k=>k, Hence upuxps) = a=p:(x). Thus we con-
clude that p:(pexpr) = w:(x) for each ¢>0.

In any case, taking the supremum in the inequality u:(pxp)<



Some results on non-commutative Banach function spaces II (Infinite cases) 357

liminf z(x,), V>0 over projections p in .# with z(p)<oo, we have the
desired inquality ,Ut(x)slil’}linfﬂt(xn), Y ¢ >0. ]

PrROOF OF PROPOSITION 2.2. We may assume 0</0‘ e () pe(y)dt.

Fix any number A satisfying 0<A< ﬁ " (%) e(y)dt. We can choose a

sequence {pn}n-1 of projections in .# such that p, 11 strongly, t(p,)<oo
and each p» commutes with v. Then x'p.x"*t x and y*?p.v"* 1 y locally
in measure. By the previous lemma and the monotone convergence theo-
rem, there exists a number N such that

B< [ e oaac®) (3 2oy V2t = [ pe(pwscw) e (paypw)dt.
0 0

Now (pn # pn, (pn-pn)) is strongly resonant by [W2; Proposition 3. 2].
We can therefore take a positive element z& py 4 py with z ~ pyvpy such
that

T(PnN)
’/O‘ e pnxpw) e (paypn) di = t(paxzpw).

It follws from w:(pxxpn)=0, Vt=>1(pn) that B<t(paxzpn)=1(xz). Put y
=z+pyypy. Since py commutes with y, we have

pe(¥)=inf{s 20 ; 7(Es,0(2)) + 1( Es,(payon) < t}

=inf{s >0 ; 1(E(se)(pnvvon)) + 1(Ese(pyyon)) <t}
=inf{s=0; 1(Eo(y)) <t}
= 1(v).

Hence A< t(xz)<tr(xy). This completes the proof. n

The following lemma is shown by the previous proposition and Theo-
rem 1.7 as in the proof of [W2; Lemma 3. 3].

LEMMA 2.4. Let A be a semifinite von Neumann algebrva which has
no minimal projection. Let ||| ||| be a symmetric norm. Suppose the fol-
lowing condition (#) is satisfied ;

#) 1(x)=p(y) almost everywhere = |||xlll=lylll, x yE.7.
Then the following identities hold ;

sl =sup{ [“ )t ; lxll<1},  yes.

and
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el =sup{ [“uey)dt s sllv <1}, xe ..

Now we are in a position to characterize the symmetric norms in the
case of # is a o-finite semifinite factor.

THEOREM 2.5. Let # be a o-finite semifinite factor and let T be a
faithful normal semifinite trace on # . Then there exists a bijective corre-
spondence between the collection of all symmetric norms |||« ||| on A and
the collection of all rearrangement invariant function norms o on Mo((0,
(1)), m), wheve m denotes the Lebesgue measure.

PrROOF. We may assume that .# is a factor of type Il.. Suppose
that p is a rearrangement invariant function norm on Mo=MWo((0, o), mz).
Define |||x||l,=p(x(x)). As in the proof of [DDP: Theorem4.2], we
already have |||x+ v/, <l|lx|llo+1lllllo by the majorization x(x+y)
<p(x)+ply), x,ye4. For (P-III), suppose that x» = x locally in mea-
sure as 7 — 0. Then we have s(x)<liminf x(x.) by Cemma 2.3 Hence

llxlllo= o(2.(x)) < o(liminf z.(xx)) <liminf o(s(x~)) =lminf |||xx|ll,.

Conversely, let ||| - ||| be a symmetric norm on .#. Considering m as a
trace on L=((0, o), m), let M, be the set of all functions whose multiplica-
tion operators are m-measurable. Note that L*+L'CI. For any f&
M1, we want to take an element xE.#, such that f*=u(x) almost every-
where, and to define as oy.(#)=l||x]|l. Since .# has no minimal projec-
tion, there exists a family of increasing projections {e:}o<i<w in .# such

that e: 11 strongly and z(e:)=t. If we put xZ/ONf*(t)det, then we have

w(x)=r* and x is r-measurable. Suppose that y<.# is another element
satisfying w(x)=p(y)=r* It follows from [H; Proposition 1.2 (1)] that
the condition xE .# + L'(_#, r) is equivalent to y& # +L'(_z, 7). If x&
A + LN _#, 1), then we have |||x|||=c0=]|||ly||| by [Proposition1.4 Assume
that x€ #+L'(_#, ). Take an increasing sequence {p»}n-1 of projec-
tions in # such that p» 11 strongly and (p.)<co. Then u(pnypn)< pe(x)
for all >0 and each p.vp» is a r-compact operator, that is u:(p»ypn) = 0
as t — . By the assumption that # is a factor and by [H; Theorem 3.
1], we can conclude that |||p-vp.ll|<|lIxlll. It is clear that payp» — v locally
in measure. By (P-III), we get |||v|||<liminfl||paypall|<||lx]ll. Similarly
we have |||lx|||</l|y|ll, so the condition (#) is satisfied and the value ©y.;(f)
is independent of the choice of an element such that w(x)=/f* Thus oy
is well-defined. If FEM,, then we define as oy.n(f)=o. We simply
denote 0= pjjj.iyi.
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Suppose that g<f. Take an elements x, y&.# . such that u(x)=r*,

w(v)=g* respectively. It follows from Hardy’s Lemma (cf. [BS; Propo-
sition 3. 6]) and that o(g)=||||l|<|llx|]|= o(¥).

Let f, g=Mo. We put x=_£mf*(t)det, fe=F*x0.» and xk=£wfk(t)a’et.

We also define ¢. and y. similarly. Then we have x—x.= f[ \ )f*(t)det=

x(1—er). It follows that x. 1 x locally in measure. By (P-III)’, we have

P(fk):|||xk||| 7 ”|x|||:P(f) Since (f+g)*7((o,k)<(f*+g*)7((o,k):fk+gk:(fk
+g.)* for each £>0, we have

p(f +g)=sup o((f +9)* x0.)
ésgp o((f*+g*) x0.m)
=sup [l +yill| <sup [/l +sup [yl
=sup o(f)+sup p(gx)= (/) + 0(9g).
For (P3) in [BS; Chapter 1, Definition 1. 1], let 0</, T f almost every-

where. Then for any %£>0, we have f¥xo.n T f*xo0.» in measure.

If we
define x, x. as in the above argument and

xn,k:_/o’ I xo.0(t)de:,
then

Xnr T xr in measure as #n T o,
xXne T xn locally in measure as k1o and
xx T x locally in measure as £ 1 co.

It follows from (P-III)’ that
o(f)=lllxll[=sup [llxx[ll=sup llxxl[|[=sup llxxlll =sup o(7).
(P4) follows from (P-IV).
Finally, for any measurable set £ and for 0<7& M,
*
[rwar< [ gndr< [ gt

=r(emErxren)) < Crl||xel|| < Cro(f),

by (P-V). Letting £ — oo, we have (P5).

Obviously, this correspondence in bijective. This completes the proof.
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REMARK 2.6. In the proof of the previous theorem, we saw that, if
# is a factor, then any symmetric norm satisfies the condition (#).

Suppose that .# has no minimal projection. If a symmetric norm
||| + |l satisfies the condition (#), then it immediately satisfies (§-1), so
Il - Il satisfies (h-2). Moreover, by the identity

Iyl =sup{ "t ldll<1f,  ve.z.,

if 1(x)=p(y) then we have |||x||'=|l|y|l. Therefore, ||| - ||| satisfies (§-1),
so ||| « |l| satisfies (8-2), too.

3. Absolutely continuity of symmetric norms

In this section we study absolutely continuity of a symmetric norm
|l| - ||| which is defined by a rearrangement invariant function norm p. We
also consider the separability of &. ..

Recall that a function f&L, is said to have absolutely continuous
norm if o(fxe,) — 0 for every sequence {En}5-1 of measurable sets satisfy-
ing xe, — 0 almost everywhere. A function norm p is said to be absolutely
continuous if each function in L, has absolutely continuous norm.

Let {E.}7-1 be a sequence of measurable sets satisfying yz, — 0 almost
everywhere. Then the sequence F,= kaJn E.(n=1,2,-) is decreasing and

xra 4 0. So one can see the following fact. A function f has absolutely
continuous norm if and only if o(fxe,) | 0 for every sequence {E.}5-1 satis-
fying xe. | 0 almost everywhere (cf. [BS; Chapter 1, Proposition 3. 2]).

Let {pn}n-1 be a sequence of projections satisfying p» — 0 in the strong
operator topology. Although the sequence ¢.= k\/ pe(n=1,2,+) is
>n

decreasing, we can not assure that g» | 0 strongly.

EXAMPLE 3.1. Let {x.}%-1 be a sequence of unit vectors in L2([0, 1])
defined by

()=V2n+1t", t<[0,1].

If we define one-rank projections by p»=x.®x», then p, — 0 strongly and
Qn:k\/ p»=1 for each n.

2n

As a formulation considering semifinite cases in general, we should
define the absolute continuity for an element in a non-commutative
Banach function spaces as follows.
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DEFINITION 3.2. Let ||| - ||| be a symmetric norm on .Z. An element
xEG=@,. is said to have absolutely continuous norm if |||xp||| {0 for
every sequence {p.}n-1 of projections in .# satisfying p» {0 in the strong
operator topology. The set of all elements in © of absolutely continuous
norm is denoted by &,. If ©=&,, then ||| - ||| itself is said to have absolute-
ly continuous norm.

LEMMA 3.3. Let ||| |ll be a symmetric norm on A . Let xE.47.
Let p and q be projections in # such that q<p. Then we have

(1) llxplll=I11xl o1l
(2)  llxglll<lllxall

PROOF. (1) is clear by the polar decomposition. So we may assume
that x>0 to show (2). Since w(xp)=p(xpx)"?, we have w(xq)<p(xp) and
llxcglll = 0(e(xq)) < o(pe.(x0)) =Il| 2. |

THEOREM 3.4.  Suppose that # is a o-finite semifinite von Neumann
algebva which has no minimal projection. Let o be a rearrangement invar-
iant function norm. Let ||| - |[|=|ll - [llo be the symmetvic norm determined
by p. An element xS, has absolutely continuous norm if and only if
w(x) has absolutely continuous norm in Lo.. Especially, ||| - ||| is absolutely
continuous if and only if o is absolutely continuous.

PrOOF. Clearly we may assume that x>0. From the assumption,
for an arbitrary x€&,, there exists a family {e:}o<:<.1) of increasing pro-

(1)
jections such that x=‘£ ue(x)de: and t(es)=t (cf.[HN2; the proof of

Theorem 4. 4]).
Suppose that x has absolutely continuous norm. Let {E.}5-1 be a
sequence of measurable subsets of (0, z(1)) such that ys, | 0 almost every-

(1)
where. Putting pn:‘/o‘ xe.(t)de:, we have p, L0 strongly, by the

dominated convergence theorem (applied to d||e:£l)?, & is a vector). Since
o is rearrangement invariant, we have o(u(x)xe,)=0(u(xp))=|llx04|l| { 0.
This implies that «(x) has absolutely continuous norm.

To prove the converse, suppose that u(x)EL, has absolutely continu-
ous norm. Let {pn}n=1 be an arbitrary family of projections in # such
that p. ! 0 strongly. Put x,=(xp.x)"®. For each projection ¢ in .# with
r(g)<co, we have gx2 ¢ = 0 in measure and (gx2q)"*= p(xngxn)"*< p(x).
It follows from [BS; Chapter 1, Proposition 3. 6] that |||gxaql|] <
o(u(gxig)’®) 1 0. Fix an arbitrary positive number e. Since x(x) has
absolutely continuous norm, we can take a number % such that |||x(1—ex)|l|
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=o(u(x(1—ew))=p((x)xn)<e. Then there exists a number #o, such
that o(u.(erxier)’?)<e for any n=no by the previous argument. Thus we
have

lexxnerlll=o(r(ewxrer))=o(plertner xner)'?) < p(u(erxien)') < e.

Similarly, |||lexxnexlll, llleixnexlll<e. We also obtain |||lexxzeill|<|llerxeilll
<¢ for any n=mn,. Therefore we get

2cpalll = Cepn) 2= 2]
<|||lexxnenlll +ller xnexlll +llexxnei |l +llei xnek |l
<4e

for any #=mno. Thus x has absolutely continuous norm. This completes
the proof. H

The next proposition is similarly proved as [W2; Proposition 4. 3].

PROPOSITION 3.5.  Suppose that # has no minimal projection. Let x
ES=06.,.. Consider the following conditions :

(1) whenever xn and v are in A satisfying p(x»)<p(x) and xn—y
locally in measure, then |||x.—yl|| = 0,

(2) x has absolutely continuous norm,

(3) whenever x» and v are in A satisfying nx.)<up(x) and x,—y in
measure, then |||x.—yl|| = 0.

Then we have implications (1) = (2) = (3).

Let ||| - ||| be a symmetric norm on .#. In [W2; Definition 4. 4], we
defined &, as the closure of the set {x&_7 ; r(s(|x])) <o} in &

PROPOSITION 3.6. &, C &) C &y
PrROOF. Let x€8,. Clearly we may assume that x=0. Let x=

£ tde: be the spectral decomposition. Take a family {pa}m-1 of projec-
tions in _# such that p» 11 strongly and r(p=)<co. Put

xﬁzm’Ipm<£nta’et>pm and x"™=pmxpm.

It is obvious that x{"€ .7, t(s(x™)N<r(pn)<oo and x¥ 1 x™ in mea-
sure. By [Proposition 3.5, we have [|lx/—x™||{0. Hence x™&E&f}..
Moreover, since 1—pm | 0 strongly and xE8,, we have |[|lx —x™|||<
(1= pu)lll+11I(1—pm)xll| L 0. This implies that xESff.




Some results on non-commutative Banach function spaces II (Infinite cases) 363

The second inclusion is trivial from the definition of &(},. [ ]
COROLLARY 3.7. If p is absolutely continuous, then S5.,=C ..

Finally, we obtain a necessary and sufficient condition for &.;, to be
separable, in terms of .# and p.

THEOREM 3.8.  Suppose that # is a o-finite semifinite von Neumann
algebva which has no minimal projection. Let p be a rearrangement invar-
iant function norm on Mo((0, (1)), m) and let ||| - ||= - |llo. Then the
symmetrically novmed .#-bimodule Banach space ©y ., is separable if and
only if o is absolutely continuous and M « is separable.

PROOF. Suppose first that =8, is separable. Take a family
{et}o<i<» of increasing projections in .# such that e, 11 strongly and z(e:)

=¢. For each f€L,, we put ®(f)= oof(l‘)a’ete A#. Then we have u(d
0

(FN=r* and [[[@Nll=o(f*)=0(f). Thus @®:L,—Sy.; is a linear
isometric embedding. Hence L, is separable. It follows from [BS; Chap-
ter 1, Theorem 5.5] that o is absolutely continuous.

Take a sequence {p,}3-1 such that p; 11 strongly and r(p;)<oo. Then
bi ©uinp;i is a non-commutative Banach function space associated with (p;
A bs, T(p;*p;)), constructed by the function norm plo.r», and it is sepa-
rable. By the result of finite cases ((W2; Theorem4.6]), we conclude

that p;,L'( .#, t)p; is separable. Since ijLl(/, T)p; is dense in L .7, 1),

we have the separability of LY #, 1)= #+.

Conversely, suppose that o is absolutely continuous and #x« is sepa-
rable. Notice that &, =&,.,; by [Corollary 3. 7. Take {p;})5: as above.
Then we conclude that p;&.p; is separable by the result of finite cases.
Since each x€&,.; has absolutely continuous norm by [Theorem 3.4, we

have |/|pixp;—x||| = 0. This implies that ij@m.mpj is dense in &y..
Thus &y is separable. |
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