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0. Introduction. Throughout this paper every ring will be associa-
tive and have the identity 1, and every subring of it will contain 1. Further,
every module over a ring will be unital. All terminologies and notations are
the same as those in [6] and [7].

In the case where A is an algebra over a commutative ring K, A in an
H -separable extension of R if and only if A is central separable over C and
C®,C =C by the map = such that z(a® b)=ab, for a, b&C (See Proposi-
tion 1.1 [4]). The aim of this paper is to generalize this result to the case
of non commutative ring extensions. We will show that in the case where A
is an H -separable extension of a subring B and flat as left B-module we have
V,(V,(B))=B,, whered isthe Gabriel topology on B consisting of the
right ideals a of B such that aA=A4 and B ; =lim Hom(ag, Bg) (Theorem
2). will induce an interesting result that if A is an H -separable
extension of a regular ring B then B=V,(V,(B)) (Theorem 3). The rest
of this paper will be devoted to the study on H -separable extension of a
regular ring. We will give the complete improvement of Theorems 2 and 3
[9] concerning with H -separable extensions of full linear rings (Theorem 4).

1. Let R be a ring and M a flat left R-module. A right ideal a of R
satisfies aM =M if and only if R/a®,M =0. Denote the class of all right
ideals of R which satisfy this condition by &. & is a Gabriel topology on R,
namely, & satisfies the following four conditions (see page 156 [6]).

(G.1) IfaeF and b is a right ideal of R containing a, then b €.

(G.2) Ifa, bef, thenaNbeEy.

(G.3) Ifaed, then (a:q)ET for any aER,

where (a:q@)={r&ER|arca}.
(G.4) If ais a right ideal of R, and if there exists b €& such that
(a:b)EF for any beb, then a EF.

Now for any Gabriel topology ¥ on R, we can construct rings R, =
li_n_l)Hom(aR, Ry) and Rgzl_ir_n)Hom(aR, R/t(R)g),wherea runs over &, and
t(R) is the &-torsion submodule of R, which is an ideal of R. A left
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R-module N is said to be ¥-divisible if a N = N holds for eacha in §. Now
let N be any F-divisible flat left R-module. We can give N a left R,
-module structure as follows ;

Let xR, nEN, and let £ Hom(ag, Ry) with a €3 represent x.
Since aN =N, we have n=>a;n; with ¢;€a and n,€N. Now put xn=21&
(a)n;. If x is represented by € Hom(b,, R,) with bE3d, too, then there
exists ¢ €8 such that cCanb and &|c=#|c. Here &| ¢ means the restriction
of £ on ¢. Now we have in R®,N 1® n=21a:® n;=2150;® m;=2.¢x® s
with a;€a, b,eb, c,ec and m;, n;, p.EN, and consequently, 2 &(a;)®
n;=28(c)® pr=27(c)® pp=223(b;)® m;. Then & (a) ni=2n (b)) m;,
which implies that x» does not depend on the choice of the representation of
x nor ¢;€a, n,&N with Dlan;=xn. Thus this multiplication is well defined,
and it is easy to see that this gives N an R g -module structure which is

compatible with the original R-module structure of N. The formulae (xy)
n=x(yn), for x, yER, nEN, follows from Lemma IX 1.1 [6].

For any right R-module X denote the canonical R-homomorphism of X
to X; by @x. Then Lemma IX 1.4 shows that if » in X , is repre-

sented by £€Hom(a,, X,) with a g, then @y &(a)=na for each a&a.

Now let x€R ,,, and suppose that x is represented by § €Hom(a,, Ry)
whtha&eg. For any nEN, let n=3an; with a;€a, n,€N. Thenin R 3 ®
<N we have 1@ xn=31® &(a) n:=2L pp& (@) ® n;=22%a;® n;=x@ Da;n;=x
® n. This means that R ;,®,N =N by x® n—xn. By this isomorphism we
have Hom(gN, N)=Hom(z N, N for any left R ; -module N’. Next

suppose that xN =0. Then for any a€a we see that 0=x(aN)=&(a)N.
Thus we have E€Hom(a,, Ann(xN)g), and we can easily see that Ann(gg,

N)=Ann(xzN)) 4.

Now since t (R)C Ann(xN), N is also a left R/¢t(R)-module. Then by
the same method as the above argument we can give N a left R;-module
structure, and have R;® N =N, Hom(,N, (N)= Hom(R% N, Ry N’ for any
left Ry-module N and Ann(x, N)=(Ann(xN));. If t(R)=Ann(xN), R;
can be regarded as a subring of Bicom(,N).

Now we can obtain a little more explicite proof of Theorems 1.4 and 1.6

THEOREM 1. F={a,CRylaM =M} is a Gabriel topology, and M is a
flat and faithful left R.-module such that R.® (M =M and Hom(;M, ;M)=
Hom(Rg M, R%M ). Thus R, can be regarded as a subring of Bicom(zM)
(See Theorem 1.4 and Theorem 1.6 [5]).
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Proor. Since M is R-flat, we have 0=Ann(;M)M =Ann( M )® M.
Then Ann(,M)Ct(R) (See page 156 [6]). Hence we have Ann(,M)=t

(R). Then the proof of this Theorem is immediate from the above
argument.

2. Now we will consider the case where A is a ring and B is a subring
of A such that A is left B-flat. Let & be the Gabriel topology on B consisting
of right ideals a of B such that aA=A. Note that the functor L of Mod-B
to Mod-B;, deflned by L(N)= N, for each Nj is left exact (see page 199

[6]). Thus we can regard B; as a subring of A by virtue of the next
lemma, which has already been proved by Y. Kurata in [4].

LemMa 1. A is an §-closed right B-module.

Proor. Letacd. Since aA=A and zA is flat, the map =, of a®; A to
A defined by 7,(a® x) =ax, for aca, x&€ A, is an isomorphism. Let 1=3}a;
x; with ¢;€a, x,€A. Then a®1=21a¢;® x;a for each a=a. Hence for any &
eHom(a 5 Ap) we have £(a) =2&(a:)xa. This means that A is §-injec-
tive. On the other hand if xa=0for x€A and a €%, then we have xaA=xA=
0 and x=0. Thus A is $-torsion free.

Now ¢, is an isomorphism, and B can be identified with the subring
Im(p2'L(7)), where i is the inclusion map of B to A and L is the functor
introduced above. Put B*=Im(@,'L(7)). Now we will investigate the
structure of B*. Note that B; and A can be identified with B; and A4;,
respectively, since B and A are §-torsion free.

LEmMMA 2.  Let yEA, be represented by EEHom(ag, Ag) with a EF.
Then @' (y)=2&(a)x;, where a;€a, ;€A with Y ax;=1.

Proor. By Lemma IX 1.4 we have ¢,&(a)=ya for each a&a.
Let Xax;=1 with g;&a, x;€A. Then &(a)=2'&(a;)x;a for each a€a as is
shown in the proof of Lemma 1. Then ya=¢,&(a)=¢,(3&(a;)x)a, and we
have (@,(Z&(a)x)—y)a=0. But A; is F-closed by Proposition IX 1.8 [6].
Hence we have y=¢,(32&(a)x;).

ProposITION 1. B*(=Im(p AL())={2&(a)x:|a P, & Hom(a g,
By) 2axi=1, a;ca, x,€A}C V,(V,(B)). B*®;A=A, and A 1s left B*
-flat.

Proor. If £é€Hom(a,, By) with aed and 2ax; =1 with g;€a, x. €A,
then we have ¢, (32 (a)x) =2 L) (@& (a)) @, (x) =2 L) (ya) o, (x) =L
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O W esXax;)=L(1)(y) where y is the element of B, represented by &.
Hence 2 & (a)x.€lm(p 2t L(7)). Conversely if x&Im(L(7)), x is represen-
ted by & for some £Hom(a,, By), ac¥. Therefore the converse inclu-
sion is immediate by Lemma 2. Next, let Ylaxx; =1 with a;€a €F, x,€A and
&€Hom(a,, By), and put D=V,(B). Then we have 21 a:® dx;=21a:® x;d
in a®; A for each d <D, because both are mapped to d by the isomorphism
w,.a®;A—>A. Then X &(a)xd=2&(a;)dx;=d2&(a;)x;. This means
that B*C V,(D).

Let C be the center of A, and denote D= V,(B) and B'=V,(V,(B)).
A is an H-separable extension of B if and only if D is C-finitely generated
projective and the map » of A®A to Hom (.D, ;A) defined by »(x®y)
(d)=uxdy, for x, y€A, d&D, is an isomorphism.

THeEOREM 2 If A is an H-separable extension of B and left B-flat, then
we have B*=FB'.

Proor. Let b&B’=V,(D), and consider the isomorphism » of A®,A
to Hom(.D, A) introduced above. Clearly #(b®1)=2(1®b), and we
have b® 1=1® b in A®; A. Then since zA is flat, b® 1=1® b holds in B'®
g4, too, for each b&B’. This implies B'®; A=A by ny (nz(b®x)=10bx, b
eB’, x€A). Then (B'/B)®; A=0, and we see that B’/B is¥-torsion (see
page 156 [6]). Thus if b&B’, there exists a €F such that baC B, and we
see that the left multiplication 5 of b on a yields a right B-homomorphism
of a to B. Then for a;€a and x,€A with Xax;=1, we have b6=3)(b"%a,)
x,€B*. Thus we have B'C B*. The converse inclusion has been shown
in Proposition 1.

Let ¥ denote the class of right ideals a of B such that aB;= B;.
Obviously we have §'CF in the present situation. Now the problem whether
or not B’ is a right perfect localization of B in this case comes out. This is

affirmative if a B’= B’ holds for each a€¥ by Theorem IX 2.1 [6]. Thus we
have

ProPOSITION 2.  Let A be an H-separble extension of B, and suppose that
A is left B-flat and B’ is a left B-divect summand of A. Then B’ is a perfect
right localization of B.

Proor. We can prove this without using Theorem XI2.1 [6]. In the
proof of we have shown that 5® 1=1® b holds in B'® ,A for each

beB’. But now B'®;B’ is a direct summand of B'®;A. Hence for each
beB’, b®1=1® b holds in B'®;B’.  This implies B'®,B'=B’. Of course,
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B’ is also left B-fllat.
3. In this section we will deal with H-separable extensions of von
Neumann regular ring. First applying we obtain

THEOREM 3. If B is a regular ring, and A is an H-separable extension
of B, then we have B=V,(V,(B)).

Proor. First, A is left B-flat, since B is a regular ring. Next leta&
%. There exist finite ¢;€a and x.€A such that Xax,=1. Put b=2aB.
Then b is also in & and generated by an idempotent e in B, since B is regular.
Then A=bA=¢eA, and we see that e=1. Thus b=a=B, and we see that §=
{B}, which implies that B'’=B*=B.

REMARK. It is already known that A is also a regular ring under the
assumption of (See Proposition 5. 4).

LEMMA 3. Let B be a regular ving and A an H-sepavable extension of
B. Then if A is finitely generated as left B-module, A is left B-finitely
genevated projective. In partiqular if B is a right B-divect summand of A,
A is left B-finitely generated projective.

Proor. By assumption we see that A is left B-flat and A®zA is left
A-projective. Thus, if A is left B-finitely generated, A is left B-projective
by Proposition I 11.6 [6]. If B is right B-direct summand of A, A is left
B-finitely generated by (2.2) [8]. Hence A is left B-projective.

PROPOSITION 3. Let B be an indecomposable regular ving, and A an
H-separable extension of B. If A is left B-finitely generated, then A 1s an
indecomposable regular ring and D is a simple artinian ring.

Proor. Let Z be the center of B. Then Z is a field, and we have CC
Z =the center of D, because B=V,(V,(B)) by Theorem 3 Thus A is an
indecomposable regular ring, and C is a field. On the other hand we have a
ring isomorphism D®,A°=Hom(A, zA) (See e.g. (1.5 [8]). Now,
Hom( A4, zA) is regular, since B is regular and A is left B-finitely generated
projective by Lemma 3. Then D has no nilpotent ideal, and we see that D
is semisimple artinian, because [D : C]<oco. Then D is simple, since its
center Z is a field.

A ring A is a left full linear ring if there exist a division ring K and a left
K-vector space V such that A=Hom(,V, (V). This is indecomposable
regular and left self injective. In left full linear ring is called right
closed irreducible ring, and sometimes was called right closed primitive ring.
Now by Lemma 3 we can improve as follows ;
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THEOREM 4.  Let B be a left full linear ving. Then A is an H-separable
extension of B if and only if following three conditions are satisfied

(1) A is also a left full linear ring

2) VA<VA<B>>:B

B) D(=V,(B)) s a simple C-algebra with [D : C]<oo.
If these conditions are satisfied, A is a free Frobenius extension of B having
a left (or right) free basis over B comsisting of [D :C] elements.

3

Proor. Now we can give a proof of the “ only if ” part different from
the one given in [9]. Suppose that A is an H-separable extension of B.
Then by [Proposition 3 we have already (2) and (3). Also we can see that
A is an indecomposable regular ring and right B-finitely generated projective.
Furthermore, A is left A-injective by (2.3) [8], since B is left B-injective.
It is already well known that the left socle of B coincides with the right socle
of B and is contained in every two sided ideal of B (See e.g., Theorem 15.
1 [ID. In addition, we have A=A(BN9) for every two sided ideal ¥ of A
by (2.2) [8], since B is a left B-direct summand of A. Thus ASA is
contained in every two sided ideal of A, where S is the socle of B. Then,
since A has the Jacobson radical 0, there exists a maximal right ideal I of A
such that ASAZ I Put M=A/I. If M is not faithful, we have /DOAnn
(uM)DASA, a contradiction. Thus M is a faithful simple right A-module.
On the other hand, B has a faithful minimal left ideal (. Then since (M #0,
there exists an x in M such that 0#(x={. This isomorphism is extended to
a left B-homomorphism of M to B, since B is left B-injective. Thus we
have 0#+Hom(zM, ;A)DHom(zM, zgB). Then since A is an H-separable
extension of B, for an A-A-module X =Hom(.M, ;A) we have Hom( M,
sA)=XP=De X" (See (1.3) [8]). Thus we have X*=Hom(,M, ,A) 0.
This means that A has a faithful minimal left ideal isomorphic to M. Then
by Theorem 15. 3 A has also a faithful minimal right ideal v. Set L=
Hom(r 4, v ) and A*=Hom(,r, ;v). Clearly AC A*, and we can easily see
that v is also a faithful minimal right ideal of A*. While, we have A*=A4
® N for some left A-submodule N of A*, since A is left A-injective. Then
r=vA*=v@®r N, and we have t N =0. Hence N =0, and A=A*. Thus we
have (1), and have finished the proof of the “only if ” part. Conversely,
suppose that A and B satisfy the conditions (1), (2) and (3). Let [D:
C]=#n. Now we will show that A has a right V,(D)-free basis consisting
of n elements. This assertion has already been shown in Theorem 36. 2
by a little bit different proof. By (1) there exist division ring K and a left
K-module m such that A=End(,m). As usual we regard 4m, as a left K®
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cD°-module. Now K®.D?is a simple artinian ring, since C coincides with
the center of K and [K®.D°: K]=n<co. Hence m is a direct sum of
simple K ®.D°-submodules {I,},c,, which are mutually isomorphic and
finite dimensional over K, where A is an index set. Let I be one of {I,}
chosen arbitrarily, and set L=End(,/,), S=End(,/). Then A=End(,m)
is isomorphic to M ,(S), the ring of A X A-row finite matrices over S, and V,
(D)=End(,mp) is isomorphic to M,(L). On the other hand, since K®
D=LeoLe... oL withIZ[(1<7<n) asleft K®.D° module, wehave K
®-End(.D%) = End (K ®:D")=M,(S) and K® D°=End(xq, n:K®:D%) =

M,(L). Here, K®:End(.D° is a right K® .D°free module (See Propo-
sition 3.4 [10]), and its rank is [K® End(.D):K]/[K®.D:K]=mn.

Hence S must be a right L-free module of rank #», and we see that M ,(S)
has a right M ,(L)-free basis consisting of » elements. Thus we have the
conclusion. Note that the above proof shows that this assertion holds
for any left full linear ring A and any simple C-subalgebra S of A with [S:

C]<co(Theorem 36.2 [1]). As for the rest of the proof, see
and [Theorem 3 [9].
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