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Introduction

Let M be an n-dimensional (n=>2) manifold with a projective structure.
It is well known that there exists a unique projective normal Cartan connec-
tion which induces the original projective structure. E. Cartan proved this
fact locally by his method of moving frames ([1], [2]), and later it was
settled in the rigorous form using principal fibre bundles by Tanaka, Kobaya-
shi and Nagano ([5], [6], [11].

In this paper we shall study, as an application of the theory of Cartan
connections, invariant flat projective structures (which we abbreviate IFPS)
on a homogeneous space M=L/K. Our first main result is that there exists
a natural one-to-one correspondence between the set of IFPS on M=L/K
and the set of projective equivalence classes of Lie algebra homomorphisms
f:1-8l(n+1, R) (I is a Lie algebra of L) satisfying certain conditions (Theo-
rem 2.12). This is a natural generalization of the classical theory concerning
invariant affine connections on M=L/K (cf. Vol. II [7]. Using this cor-
respondence we can determine the existence or non-existence of IFPS on
many real simple Lie groups and irreducible Riemannian symmetric spaces.
It will be proved that, among them, M=S0O(3), SL(m, R) (m=2), SU*(2m)
(m=2), SL(m, R)/SO(m) (m=2) and SU*(2m)/Sp(m) (m=2) admit an IFPS.
We determine the number of IFPS on these spaces (Theorem 5.3, 5.11,
7.1 and 8.5). For example M=SL(m, R)/SO(m) (m=3) admits two projec-
tively flat invariant affine connections and neither of them is the canonical

(Riemannian) connection.

In and a projective structure on M is defined by a reduction of
structure group of P M), the bundle of 2-jet frames over M, to a certain
subgroup of G?(n). But for the later convenience we take the standpoint
of Tanaka [12], not using the jet theory. For this reason, in § 1 we review
the theory of projective Cartan connections and fix our notations, following
[12]. In §2 we prove the first main result in this paper (Theorem 2.12).
Let M=L/K be an n-dimensional homogeneous space with an invariant
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projective structure and let (P, ) be the corresponding projective normal
Cartan connection. Then a natural bundle mapj: L—P is constructed and
an 8l(n+1, R)-valued 1-form j*w on L is left invariant. If the projective
structure on M is flat, j*w: [—>8l(n+1, R) is a Lie algebra homomorphism
and thus we obtain a homomorphism corresponding to the original projective
structure. In §3 we study the case where an IFPS on M=L/K admits
an invariant affine connection. We prove that there is a one-to-one cor-
respondence between the set of projectively flat invariant affine connections
on M=L/K and the set of Lie algebra homomorphisms f: [—8[(n+1, R)
satisfying certain conditions (Theorem 3.5) and that a projectively flat invari-
ant affine connection on M is affinely flat if and only if the corresponding
homomorphism is g_,+g,-valued. (Note that g=8[(n+1, R) has a graded Lie
algebra structure: g=g_,+go+g, and g_,+g, is isomorphic to the affine Lie
algebra a(n, R). See §1.) In §4 we show that for each projective equivalence
class of Lie algebra homomorphisms there exists a unique normalized one
(which we call an (N)-homomorphism). As an application it will be proved
that an IFPS on a reductive homogeneous space admits an invariant affine
connection. Furthermore we give an algorism to obtain all (N)-homomor-
phisms for M= L/K (Proposition 4.8). Since we know all the real irreducible
representations for each real simple Lie algebra, we can determine the
existence or non-existence of an IFPS on many homogeneous spaces M=L/K
where L is real simple. In §5, 6 and 7 we treat the case where M=1L
is a Lie group and in §8 the case where M=L/K is an irreducible Rie-
mannian symmetric space of the classical type.

The author expresses his sincere thanks to Dr. K. Yamaguchi who
kindly read through the manuscript and gave valuable advices during the
preparation of this paper.

Preliminary remarks

Throughout this paper we always assume the differentiability of class
C>. We denote by X(M) the set of all vector fields on a manifold M and
a°, /¢ the complexification of a real Lie algebra g and a real Lie algebra
homomorphism f respectively. We assume that the dimension of M is
always not less than two.

§ 1. Projective Cartan connections

In this section we shall review the theory of projective Cartan connections
and fix our notations and terminology, following Tanaka [12]. For the proof
of some known facts, see [12].
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1.1. Let M be a manifold of dimension 7(=2) and let I/, /' be two
torsionfree affine connections on M. We say that F and I’ are projectively
equivalent (which we denote by F~F’) if there exists a 1-form ¢ on M
such that

PeY -0 Y=¢(X) Y+o(Y) X

for all X, YEX(M). Obviously ~ is an equivalence relation and an equi-
valence class [F'] containing F is called a projective structure on M.

Let M (resp. M) be a manifold of dimension n and [F] (resp. [I']) be
a projective structure on M (resp. M’). A diffeomorphism f: M—M' is
said to be a projective isomorphism if f*F’ ~F where f*/’ is an affine con-
nection on M defined by (V) xY=F:'(V ;xfxY) for X, YEX(M).

Let V, be the standard affine connection on R"® defined by Voiin:O
(X,=d/0x,), for i, j=1,--,n. A projective structure [] on M is said to
be projectively flat if for each point p of M there exists a neighborhood
U of p and a diffeomorphism f from U to an open subset of R" such that
Vo~V on U.

ReMARK 1.1. Let (M, g) be a pseudo-Riemannian manifold. It is well
known that a projective structure on M defined by the Levi-Civita connec-
tion of (M, g) is projectively flat if and only if (M, ¢) is a space of constant

curvature (cf. §34 [3]).

There exists a standard projective structure on an n-dimensional real
projective space P”(R) defined by a constant curvature metric.

1.2. Let G be a projective transformation group of P*(R) and G’ be
an isotropy subgroup at the point 0o=[0, -+, 0, 1]=P*(R).

G = PGL(n, R) = GL(n+1, R)/center,
G = {aEGIa-o = o} .

Since G acts transitively on P"(R), we regard G/G'=P"(R). The Lie
algebra g of G is isomorphic to 8[(n+1, R) and has a graded Lie algebra
structure g=g_;+g,+¢g; given by
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Let V be the n-dimensional real vector space of column n-vectors and
V* be the dual space of V consisting of row n-vectors. Then g may be
identified with the Lie algebra V+gl(V)+ V* under the correspondence ;

0 v
gD 0 0 —veV,

A 0
= —sA+TrA.-Legl(V),
8o (O Ty A) +Ir cgl(V)

0 0

(For the bracket operation of V+gl(V)+ V*, see p. 133 [5]). In particular
a subalgebra g, is isomorphic to gl(V) and the Lie algebra ¢ of G’ is
go+gi. Since G/G' =P"(R), the tangent space of P*(R) at o may be identified
with the vector space g_;=V. The linear isotropy representation o: G—

GL(V) of P"(R)=G/G" is given by

p(A O):iAeGL(V) for (A 0
¢ a a & a

and is a surjective homomorphism. (We express the equivalence class of
BeGL(n+1, R) by the same letter B€G.) Let G” be the kernel of p and
G be a general linear group of V. The group G'/G" is naturally isomorphic
to G and the Lie algebra of G” is g;. The induced Lie algebra homo-
morphism ¢ =gy+g,—@ of p: G'—G is a natural projection and we denote
it by the same letter p. We define an injective homomorphism ¢: G—G’ by
A 0
(0 1

)eG’

t(A) = ) for AeG.
¢ satisfies por=id and the induced Lie algebra homomorphism ¢: gy—q =
go+4: is a natural inclusion. It is known that an element g of G’ is uniquely
expressed in the form g=((§)-exp& where G=G, §=g, and exp is the
exponential map of G’ (p. 109 [12]). In particular G'/¢(G) is diffeomorphic
to R*. The group G=GL(V) acts naturally on g1=V (resp. ¢g=V*) on
the left (resp. on the right).

The principal fibre bundle G—G/G' =P*(R) and the Maurer-Cartan
form ® on G give the prototype of the (flat) projective Cartan connection
described below.

Let M be an n-dimensional manifold and P be the frame bundle of
M. The structure group of #: P—M is G=GL(V). We denote by @
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the canonical form of P. ¢ is a g_,-valued 1-form on P. For later use
we give an equivalent definition of projective equivalence of two torsionfree
affine connections in terms of connection 1-forms on P. Let X and X be
two connection 1-forms on P. We say that X and X are projectively equi-
valent if there exists a g-valued function F on P such that ¥ —x=I[6, F]
(cf. [8], p. 128 [12]). It is easy to see that F satisfies the equality :

(1.1) F(zea) =F(2)+a for all 2P, ac(G.

Note that [, F] is a g,-valued 1-form on P since [g-, ;] Cgy. An equivalence
class containing X is denoted by [X] and a pair (B, [X]) is called a projective
structure on M. Let P (resp. P) be the frame bundle of M (resp. M') and
6 (resp. &) be the canonical form of P (resp. P') and let (B, []) (resp. (P, [x'n)
be a projective structure on M (resp. M’). A bundle isomorphism ¢: P—P
is said to be a projective isomorphism of (P, [X]) onto (P, [X']) if
o6 =0,
[g*1'] =[],
where ¢*¥' is a connection 1-form on P induced by §.
1.3. Under the above notations we shall review the theory of projec-
tive Cartan connections.
Let P be a principal G’ bundle over an 7n-dimensional manifold M. Let
o be a g-valued 1-form on P. Then we say that the pair (P, w) is a pro-
jective Cartan connection if
1) Rfo=Adatew for ae(G,
2) w(A¥=A for Aeg,
where A* is the fundamental vector field corresponding to A.
3) Let X be a tangent vector to P. If w(X)=0, then X=0.

Let (P, w) (resp. (P, «)) be a projective Cartan connection on M (resp. M’).
A bundle isomorphism ¢: P—P’ is called an isomorphism of (P, w) onto
(P, ) if ¢*d'=0. We define a g-valued 2-form 2 on P by

(1. 2) Q:dw—l—%[w, o],

and we call 2 the curvature form of (P, w). The equation (1.2) is called
the structure equation. If £ is identically zero on P, we say that (P, w) is
a flat projective Cartan connection. We denote by w, (resp. 2,) the g,-
component of o (resp. 0).

ReMARk 1.2. @, is a linear isomorphism of T, P onto g for all ucP.
Hence for any Xe&g, we can define a vector field & (X) by o(@(X))=X.
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Conversely a linear map & : g—X(P) satisfying some conditions defines a
projective Cartan connection o (see p. 135 [13]). In Tanaka [12], the vector
field corresponding to £€&g_; is denoted by C(§) and a (projective) Cartan
connection is called “a connection of type (L)”.

1.4. Let (P, w) be a projective Cartan connection and P be a factor
manifold P/G" where G” is the kernel of p: G'—G. P is a principal fibre
bundle over M and the structure group of P is G'/G" =G (see §1.2). We
denote the projection P—P by the same letter p. p: P—P is a bundle map

corresponding to the homomorphism p: G’ —G. The following lemma is
easy to verify (cf. p. 136 [13].

LemMMA 1.3. Let (P, w) be a projective Cartan connection on M. Then
there exists a unique §_i-valued l-form 0 on P satisfying the following
conditions :

1) R¥¢=a'0  for acG,

2) Let X be a tangent wvector to P. Then 6(X)=0 if and only if
X is a vertical vector.

3) p*=w_.

By this lemma the factor manifold P may be regarded as a frame
bundle of M having the above 6 as a canonical form.

Let (P, w) be a projective Cartan connection on M satisfying 2_;=0.
Then (P, ») naturally induces a projective structure on M as follows. Since
G /:(G) is diffeomorphic to R”, there exists a bundle map A: P—P cor-
responding to ¢: G—G' and satisfies poh=id, where p: P—»P=P/G" is a
projection. Since p*@=w_;, we have h*w_;=6 and we can easily check that
go-valued 1-form h*w, on P satisfies the usual conditions of a connection
1-form. Pulling back the g_-component of the structure equation (1.2) by
h, we have

df+[h* wy, 0] = h*2_, =0,

i.e, h*w, is a torsionfree connection. Let %' : P—P be any bundle map
corresponding to ¢ : G—G' and satisfies poi’ =id. Then there exists a unique
a;-valued function F on P which satisfies (1.1) and the equality :

(1. 3) K (2) = h(z)-exp F(2) for 2P,

where exp is the exponential map of G (exp F(2)&G"”). It is easy to see
that if A and /' are related by (1. 3), the equality

(1. 4) h,*(l)g-"h*wo:[ﬁ’ F] s
holds on P (cf. p. 126 [12]). Therefore a projective structure is induced on
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M independent of the choice of A. This projective structure is called a
projective structure induced by (P, w).

1.5. Conversely every projective structure on M is induced by a unique
projective Cartan connection satisfying certain curvature conditions.

Let {¢;} be a base of g_, and let {¢j} be the base of g such that
Ble;, ef)=0d,; where B is the Killing form of g. Let (P, w) be a projective
Cartan connection on M. For any X&g, we define a vector field @& (X)
on P by w(@(X))=X. A ¢-valued 1-form £* on P defined by

(1. 5) 25(X)=Z[ef, 2(B(e), X)]  for ueP, XET,P,

7
is called a *-curvature of (P, w). 2% does not depend on the choice of {e;}.
A projective Cartan connection (P, w) is called normal if 2*=0. Clearly
a flat projective Cartan connection is normal. If (P, w) is normal, the g_;-
component of 2 is zero since 2%=0.

Tueorem A ([12]). (1) Let (P, w) be a projective normal Cartan con-
nection on M. Then (P, ®) induces a projective structure (P,[%]) on M.
Conversely if (B,[X]) is a projective structure on M, there is a projective
normal Cartan connection which induces the given (P, [X]).

(2) Let (P, ) (resp. (P, &)) be a projective normal Cartan connection
on M (resp. M") and (P, [X]) (resp. (P', [X']) be an induced projective structure.
Then every isomorphism ¢ : (P, w)—(P', o) induces a projective isomorphism
$: (B, [X)—(P, [X]) such that $op=p o¢ where p (resp. p) is the projection
P—P (resp. P—P'). Conversely for every projective isomorphism ¢: (B, [x])—
(P',[X']) there is a unique isomorphism ¢ : (P, w)—(P', /) such that dop=yp °¢.

(3) A projective normal Cartan connection (P, w) is flat if and only
if the induced projective structure on M is projectively flat.

For the proof of this theorem, see [11], (cf. [6].

ReMARK 1.4. (1) In Tanaka [12], the g, (resp. gi)-component of the
x-curvature is denoted by S* (resp. W*).

(2) We may regard the principal G' bundle P—M as the extended
bundle of P—M by the injective homomorphism ¢: G—G’ (see p. 119, 129
[12]). In particular the construction of the principal bundle P—M is inde-
pendent of the projective structure on M. The treatment in [5], is
somewhat different from ours, namely in [5], [6] a subbundle Q of P*(M)
with structure group G’ is called a projective structure on M, where P* M)
is the bundle of 2-jet frames over M. Using the canonical form on P%M),
a projective normal Cartan connection is constructed on  uniquely. But
once a projective structure (in our sense) on M is given, there exists a
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unique bundle isomorphism ¢: P—(Q which preserves the projective normal
Cartan connection. For later convenience we adopt the former standpoint.

In the proof of A (Theorem 9.1 in [12]) the following fact

is proved. It plays an important role in our argument.

PropoSITION B. Let P be the frame bundle of M, P be a principal
G bundle on M and let h: P—P be a bundle map corresponding to
t: G—G'. Then for each torsionfree connection % on P, there exists a
unique projective normal Cartan connection (P, w) satisfying the following
conditions :

h*ﬂ)g—:x,

1.6
( ) h*w_,_:ﬁ,

where 0 is the canonical form of P.

§ 2. Invariant flat projective structures on L/K and the main
theorem

In this section we shall prove the first main theorem (Theorem 2.12)
of this paper.

Let L be a Lie group and K be a connected closed subgroup of L and
we set M=L/K (dim M=mn). Let [ (resp. f) be the Lie algebra of L (resp. K).

DEerFiNITION 2.1. A projective structure on M= L/K is invariant if the
left action L,: M—M of L is a projective transformation for any a< L.

Let P be the frame bundle of M=L/K and h: P—P be an extension
of the principal bundle P by the injective homomorphism ¢: G—G’ and let
o: P—P be the bundle map corresponding to p: G'—G such that poh=id.
In the standpoint of [5], [6], the map p: P—P corresponds to the restriction
of the canonical projection PZ(M)—>P1(M):13 to the subbundle P of P*(M).
We fix a linear frame ¢ at the origin o&M throughout. Then there is

a natural bundle map 7: L—P corresponding to the linear isotropy repre-
sentation pq: K—G of M=L/K, i.e,

j(@=(Ly)x(6)  for aelL.

We set ¢ =h(@cP. The group L acts on P on the left and the map j
is compatible with this left action. We denote by L,: P—P the left action
of acL on P. '

Let [Z] be an invariant projective structure on M=L/K and X be a
(not necessary invariant) connection belonging to [X]. We first construct
a linear map from I to g=8l(n+1, R) depending on the choice of x. By
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Proposition B, there is a unique projective normal Cartan connection w on
P such that A*wy=X and h*w_,=6. Since L,: M—M is a projective trans-
formation for any a& L, there is a unique bundle isomorphism L!: P—P
such that L*w=w and poL,=L,0p (Theoreml A). We define a map j:
L—P by jla)= L,(d) for acL. The equality L,oL,=L!, holds for any
a, b&L and L,=id where e is the unit element of L. Therefore {L/}
defines a left action of L on P and the map j: L—P is compatible with
this left action. For any a=K, L,: M—M fixes the origin oM, and
hence j(a) and ¢ lie in the same fibre of P. We define a map p,: K—G'
by ¢ +pi(a)=j(a) for ac K. The following two lemmas are easy to verify
and we omit the proofs.

LEMMA 2.2, p,: K—G' is a group homomorphism and the map j:
L—P is a bundle map corresponding to p.

LEmMA 2.3. The following diagram is commutative

L / P
S
P

In particular pop,=p,: K—G, where p: G'—G is the linear isotropy repre-
sentation of P"(R)=G/G'.

For later use, we shall write down the homomorphism p; explicitly.
Since L,: M—M is a projective transformation for any a& L, there exists
a g;-valued function F, on P satisfying (1.1) and the equality :

Lxx—x =10, F.].

LemMma 2.4, For any a, b L, we have
(2.1) Fo=F,+L:F,.
The proof is trivial.
LEmMMA 2.5. pi(a)=(copy) (a)sexp {— F,(6)} for ac K.

Proor. In the proof of Theorem 9.2 in [12], it is shown that the
bundle map L, : P—P satisfies the relation hol,=L’oh, where h,: P—P
is a bundle map defined by h,(2)=h(2)-exp F,(2). Hence for a= K, d +(¢op,)
(@)=h(6+po(a) =(hoLy)(8)=(L}oh,) (5) L, (0 +exp Fo(5) =j(a) -exp Fo(6)=d + p:(a)*
exp F,(6). Therefore we have p,(a)=(cop,) (a)+exp {— F,(6)}. q. e. d.

CoROLLARY 2.6. If X is an invariant affine connection, we have
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py=topy and h: PP is compatible with the left action of L. In particular
j=hoj: L—P. :

We consider the g=38l(n+1, R)-valued 1-form j*@ on L. Since the
map j is compatible with the left action of L and L.*w=w for any a€L,
j*w is a g-valued left invariant form on L and defines a linear map j*o:
[—»g. Note that the map j*: [—>g depends on the choice of X.

LemMA 2.7. The projective structure defined by X is projectively flat
if and only if j*w is a Lie algebra homomorphism.

Proor. If [x] is projectively flat, the corresponding projective normal

: . 1 . .
Cartan connection o is flat, i. e, dw+—2~[w, 0] =0. Pulling back by j, we

have d(j* a))—}—%[]* w,7*w]=0 on L. We put left invariant vector fields
X, Y on L in this equation and obtain the equality

—j* o[ X, Y]+[ j* o(X), j*0(Y)] =0,
which implies that j*® is a Lie algebra homomorphism. Conversely if j*w
is a Lie algebra homomorphism, we have j*(dw—}—é—[w, w])zo on L. Since
j«(ToL) contains a complement of the vertical subspace of T, P for any

1
ac= L, the equality dw—}—?[a), 0]=0 holds on P, i.e., the corresponding

projective normal Cartan connection is flat. g.e.d.
Now we define a linear map c: l—>g_;=R" as follows. We consider
the frame 6P as a linear isomorphism &: g_,—7,M. Then c is defined by

c(X)=0"Yry X) for Xel=T.L,
where 7: L—-M=L/K is the projection.

DerFINITION 2.8. A Lie algebra homomorphism f: [—g satisfies condi-
tion (P) (which we say that f is a (P)-homomorphism) if

1) foi=c: =g,

2) fIY)ed =g+ for all Y&,

3) fo(Y)=po(Y) for Yet,
where f, is the g,-component of f and p,: f—g, is the homomorphism
induced by the linear isotropy representation p,: K—G of M=L/K. Note
that po(Y) is expressed in the matrix form since we have fixed the frame
seP at o M.

PROPOSITION 2.9. Let % be a connection l-form on P such that the
projective structure [X] defined by 1 is invariant and flat. Then the cor-
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responding Lie algebra homomorphism j* w: l—q satisfies condition (P).

Proor. We identify | with the tangent space of L at e. Then for X&l,
we have f_4(X)=j* 0_4(X)=(j* p* ) (X) =(7*0) (X) =0:(j4 X) =07} (74 j5 X) =
0" ny X) =c(X), where #: P—~M is the projection. For Ye&¥{(CT,.L) we
have jlexptY)=d -p,(exptY)=d -exp to,(Y) where p,: f—>¢ is the induced
Lie algebra homomorphism of p,: K—G'. Differentiating the above equality
at t=0 we have j«(Y)=p,(Y)*, and hence f(Y)=(*w)(Y)=p(Y)egd. 3) is
clear from the identity pop;=p,: f—g, and the fact that the homomorphism
0: g =go+a—0 induced by p: G'—G is a natural projection. q.e.d.

Let ¥ be a connection 1-form on P which is projectively equivalent to
X. Then the Lie algebra homomorphism satisfying condition (P) is con-
structed in the same manner. We shall study the difference between these
two homomorphisms. | ‘

DeriniTION 2.10. Let £ and f' be (P)-homomorphisms. We say that
f is projectively equivalent to f* (which we denote by f~f") if there exists
é=g; such that

(2.2) So=fo=156S 4 100,

where f, (resp. f',) is the g,-component of f (resp. f).
Clearly ~ is an equivalence relation.

ProposiTioN 2.11. Let X and X be projectively equivalent connection
1-forms on P such that the projective structure defined by ¥ is invariant
and flat. Let f (resp. f') be the (P)-homomorphism corresponding to X
(resp. X'). Then f is projectively equivalent to f.

Proor. Let o (resp. o) be the flat Cartan connection corresponding
to % (resp. X). For any Z&T,P, (p*h*w)(Z)=wlhyxpoxZ)=w(Z+Y*)=
o(Z)+Y, for some Yeg. Hence p*X=p*h*wy=w, at ¢ EP where o, is
the gy-component of . Pulling back this equality by j, we have j*w,=
J¥p*A=j*% at e€ L, i.e., fo(X)=%(jx X) for X&[=T,L. In the same way,
we have fo(X)=% (4« X). Since Z and X are projectively equivalent, there
exists a function F: P—gq, satisfying (1. 1) and ¥ —X=[6, F]. Then fo(X)—
So(X) = =0 (G5 X) =055 X), F@)] = [¢(X), F(3)] for XEL  Setting {=—
F(0)=g;. the equality (2.2) holds on I. q. e. d.

By this proposition we obtain the following map :

@ : {an invariant flat projective structure on M=L/K}—{f: l—g|f is a
(P)-homomorphism}/~.

The first main result in this paper is the following theorem.

THEOREM 2.12. @ is a bijective map.
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ReMARK 2.13. It is well known that there is a one-to-one correspond-
ence between the set of invariant (affinely) flat affine connections on P and
the set of Lie algebra homomorphisms f: [—q_,+g, satisfying certain con-
ditions (see Vol. II [7]). Theorem 2.12 is a natural generalization of this
correspondence to the projective geometry (cf. [Theorem 3. 7).
Proof of Theorem 2.12. We first prove that @ is injective. For this
purpose we prepare several lemmas. Let X and X be connection 1-forms
on P such that [X] and [¥'] are IFPS (an abbreviation of invariant flat
projective structure). Let f (resp. f’) be the (P)-homomorphism corresponding
to X (resp. X). We assume that f is projectively equivalent to f7, i.e,
Fo—fo=I[& f-1] for some ég,. We shall prove that ¥ is projectively equiva-
lent to X. Since [X] and [X'] are invariant, there exist g;-valued functions
F, and F! depending on a& L which satisfy (1.1) and
Lrx—x=1[6, F.],

(2.3) ~ for a&L.
Lix—2 =16, F]

Note that F, and F] satisfy (2. 1).

Lemma 2.14. If pEg, and if [y v]=0 for all veg_y, then p=0.
The proof is easy.

LEMMA 2.15. &ep(a)=E+F,(6)—F.@6)  for ac=K.
Proor. In the proof of Proposition 2, 11, we have already shown the
equations fo(X)=2(fxX) and fo(X)=% (jx« X) for X&l=T,L. Hence we

have X(]’*X)—X’(j*X):fo(X):f'o(X):[f_l(X), E1=[0(j4 X), &] at e L and
therefore X—X =[6,&] at 6=P. Applying (2. 3), for a= L, we have

Lix—Liv =[0,6+F.0)-F@)] atseP.

For XeT.P and for acK, we have Lx1(X) = Adpo(a) X (R, @~ 1+ Lar X).
Hence

Ly x(X)— Ly X (X) = Adpo(a) " (X —2) (R, Lo X)
= Adpy(@)[0(R,w- Lo X), €] = Adpo(@) [ 00 ()0 (X), €]

=[0(X), & p(a)]

for ac K. Therefore [, &-p4(a)]=[6, £+ F,(6)—F.(6)] at 6=P. The lemma
follows from Lemma 2. 14, since §: T,P—gq_, is a surjective map.
g.e. d.
Now we construct a g;-valued function F on P as follows. Any point
2€ P is expressed in the form a+6-g where ac L and g=G. We set F(z)=
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§.0+F.0):g—F)6)-g=g. Then by Lemma 2.4 and Lemma 2. 15, F is
well defined on P and satisfies (1. 1). It is easy to see that the equality
X—x =[6, F] holds on P and thus % and X are projectively equivalent, i.e.,
@ is injective.

Next we shall prove that @ is surjective. Let f: [—-g be a (P)-homo-
morphism. We shall construct a torsionfree affine connection X on P such
that [X] is an IFPS and the corresponding (P)-homomorphism is f. For
this purpose we shall prove two lemmas.

LEMMA 2.16. The notation being as above, there exists a unique Lie
group homomorphism p,: K—G' such that pop,=p,: K—G and the dif-
ferential of p, is the same as the restriction of f to k.

Proor. The uniqueness is evident since K is connected. We shall
prove the existence. First we show that for any a= K, there exists a unique
é(a)eg, satisfying the equality :

(2. 4) Ad p(a)ofioAd a—fo=[Fo E(@)]: 1og,.

Uniqueness of £(a) follows from Lemma 2. 14. For a= K, which is expressed
in the form a=exp Y (Y&¥), we set

oo

¢@) =~ L g7 ad(AM) AT

k=1

Then £(a) satisfies the equality (2. 4) and it is well defined on exptcC K by
the uniqueness of &(a). If &(a) and £(b) (a, b= K) satisfy (2.4), we set

(2.5) §(ab) = &(b)+&(a)+ py () .

Then &(ab) also satisfies (2.4) and thus we obtain the map €: K—g, since
K is connected. Using & we define a map p,: K—G' by

01(a) = (op)) (@) +exp {—E(@)]  for acK.

It is easily checked that p, is a group homomorphism and satisfies the
desired conditions. g. e. d.

LEmMmA 2.17. The notations being as above, there exists a map j:
L—P satisfying the following conditions :

1) jlzea)=j(2)epy(a)  for z€L, a=K,

2) poj=j: L—P,

3) Jjle)=d.

Proor. Let M= U U, be a locally finite open covering of M such

acAd

that the bundle 7: L—M is trivial on U, and let {f,)} be a partition of
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unity subordinating to {U,}. For each a= A, we fix a section ¢,: U,—L
satisfying o,(0)=ec L if 0ocU,. We define a map j,: z=Y(U,)—=P by j.(0.(x)+a)
=hojoe(x)+pi(a) for z&U, and ac K. Obviously j, satisfies the conditions 1),
2) and 3) locally. If U,N U;# ¢, there exists a uniqu function z,,: z7Y(U, N Uy)
—q;, such that j,(2) =j:(2)-expr.,(2) for zexa(U,NU,). 1, satisfies the
equality 7,(z+a) = Adp (@) e7,(2) for 2€a}(U,NU,) and a€ K, and if
U.NnU,NU,#¢, then 7,,=7,+7s. We define a map j: L—P by

j@) =@ exp (~ Lfi(a(2)rala)  for zex(UL).

It is easy to see that j is well defined on L and satisfies the conditions 1),
2) and 3). q. e. d.

Now we show that @ is surjective. Let j: L—P be the bundle map
constructed in Lemma 2.17. First we define a flat projective Cartan connec-
tion @ on P such that j*e is the given (P)-homomorphism f. For any a&L,
a tangent vector at j(a) can be expressed in the form jy X+ A* where
Xel=T,L and Acg. We set w;u(jx X+A¥)=f(X)+Ac=g and extend
it to any point of P by wjw.,=Adg'*R;-iw;q for acL and gCG. o
is well defined on P and satisfles the conditions of a flat Cartan connection.
It is easy to verify that A*w_;=6 and h*w, is a torsionfree connection on
P. We show that the projective structure defined by X=~h*w, is invariant.
Any point of P is expressed in the form j(2).g (2 L,g&G’). For each
acL we define a map L,: P—P by L,(j(2)-9)=j(a*2)-g. Then L is
well defined and is a bundle isomorphism. {L.} defines a left action of L
on P and j is compatible with this action. L}: P—P satisfies the equality
pol!=L,00: P—P and preserves o, i.e., L;*o=w. Therefore, by
A, L,: (B, [x)—(P, [x]) is a projective isomorphism for all ac L and hence
[] is an IFPS. It is easy to check that the homomorphism corresponding
to X is j*@=f and therefore @ is surjective. q. e. d.

§ 3. The case where an IFPS admits invariant affine connections

Let [] be an IFPS on a homogeneous space M=L/K. In general an
IFPS [X] does not admit an invariant affine connection. For example the
model space P"(R)=G/G' does not admit an invariant affine connection since
the dimension of G(=n?+2n) exceeds the largest dimension n?*4n of the
affine transformation group. In this section we shall study the case where
an IFPS admits invariant affine connections. First we answer the question :
when does an IFPS on M=L/K admit an invariant affine connection (Pro-
position 3.1) and next we show that there is a one-to-one correspondence
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between the set of projectively flat invariant affine connections on P and the
set of homomorphisms f: [—g which satisfy certain conditions (Theorem 3. 5).

Let X be an affine connection on M=L/K such that [X] is an IFPS
and let p,: K—G" be the corresponding homomorphism constructed in § 2.
We have already shown in [Corollary 2.6 that if X is an invariant affine
connection, then p;=¢op,. Conversely we have

PropoSITION 3.1. If py=top,, then there is a unique invariant connec-
tion X' such that X' is projectively equivalent to X and the (P)-homomorphism
f: I>g corresponding to X' is the same as that of X.

CoroLLARY 3.2. If M is a Lie group, i.e., K={e}, every IFPS on
M admits an invariant affine connection.

First we prove the following lemma.
LemmMA 3.3. Let f and ' be (P)-homomorphisms. If fu=f", then f=f.
Proor. For X;, X,=l, we have

[ £ X0, AR |~ [ foa (X, A | =/ X Xl —[ /o0, /ol X)]
:flo[Xv Xz] —[f'o(X1),f’o(X2)]
= [l X0, 1K) |~ [ fa (X0, F1(XD)]

[/ (X0, (=) ()] = [ £ (30, (i=F) (XD)].

Since f_;: I—>g_, is surjective, the above equality implies that fi=f"; on [
and hence f=f". q.e.d.

Proof of [Proposition 3.1. We first show the uniqueness. Let o (resp.
o) be the flat Cartan connection corresponding to X (resp. X'). We have
already proved that j* wy=j*X and j* o/ (=j7*X at e L. Therefore if f=f",
we have X=2 at §&P. Since ¥ is invariant, ¥ is uniquely determined on
P. Now we show the existence. Let F, (ac L) be a g;-valued function on
P defined by L*x—x=[6, F,]. Since p1=topy, we have F,(0.9)=0 for ac K
and gG (Lemma 2.6). We define a gy-valued 1-form X' on P by X;,=
L, (%) for acL and geG. Then ¥ is a well defined connection 1-form
on P and is invariant by the left action of L. We define a g;-valued function
F on P by F(a:6+9)=F,-(a+6+q) for acL and g=G. F is well defined
and satisfies (1.1) and the equality ¥ —X=[6, F]. Hence X' is projectively
equivalent to Z. Since X=X at 6P and j*w,=7*%, j* & ,=7*¥ at ecL,
we have fy=f",. Therefore by Lemma 3.3, we have f=f". q.e.d.
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In §4, we shall show that every IFPS on a reductive homogeneous
space admits an invariant affine connection (Proposition 4. 5).

DEFINITION 3.4. Let f: |—>g be a Lie algebra homomorphism. We
say that f satisfies condition (A) (or f is an (A)-homomorphism) if

1) foi=c:l->g_,

2) fAY)=p(Y)Eg for all Y&,
where p, is the linear isotropy representation of M= L/K.

It is obvious that an (A)-homomorphism is a (P)-homomorphism.

If p,=top,: K—G', then the induced Lie algebra homomorphism p;:
t—q =go+g; coincides with the linear isotropy representation p, since ¢: gy—¢’
is a natural inclusion. If X is a projectively flat invariant affine connection,
then the corresponding (P)-homomorphism f: [—g satisfies condition (A)
(Corollary 2.6). Thus we obtain the following map :

¥ : {a projectively flat invariant affine connection X on M}—{f: [—g| f
is an (A)-homomorphism}.

TueoreM 3.5. ¥ is a bijective map.

Proor. We first prove that ¥ is injective. Let X and X' be projectively
flat invariant affine connections on M and let f and f* be the corresponding
(A)-homomorphisms. Since X and X' are invariant, we have Cra=x, L1 =
X for all aL and hence 7*X and j*X are go-valued left invariant forms on
L. If f=F, then we have j*X=j*wy=fi=f=7*o/q=j*1 at e L where
o and « be the corresponding flat Cartan connections on P. Since j*X
and j*X are left invariant, we have 7*X=7*X on L and hence X=X on P.

Next we prove that ¥ is surjective. Let f: I—g be an (A)-homomor-
phism. Then in the proof of Theorem 2.12, we showed that there is an
affine connection X such that [X] is invariant and flat and the corresponding
homomorphism is f. Let p,: K—G be the Lie group homomorphism
determined by %. Then the differential of p, is the restriction of f to f
and hence we have p;=t¢op, by the uniqueness in Lemma 2. 16. Thus by
Proposition 3.1, there exists an invariant affine connection X' such that
[¥]1=[%] and the homomorphism corresponding to ¥ is f, i.e., ¥ (X)=f.

q.e.d.

COROLLARY 3.6. Let [X] be an IFPS on M. Then [X] admits an
invariant affine connection if and only if the projective equivalence class
@([X]) contains an (A)-homomorphism.

The following theorem implies that the correspondence ¥ is a natural
generalization of the correspondence in the affine geometry explained in
Remark 2.13 to the projective geometry.
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THEOREM 3.7. Let X be a projectively flat invariant affine connection.
Then X is affinely flat (i. e., dX—I—;—[X, X]=0 and dO+[X,0]=0 on P) if
and only if the (A)-homomorphism W (X): l>g is g_;+@go-valued.

Proor. Let w be the corresponding flat Cartan connection on P. Then

by |Corollary 2.6, we have j*w,=j*h*w,=j*x. If ¥'(X) is g_,+go,-valued,
7¥®;=0 on L and hence O:j*<dwo+é [y, @o] + [, w_1]> :j*<dw0+ é—[wo, w0]>

:j*<dx+%[x, X]) Therefore we have dX-}-%[X; X1=0 on P. Conversely

if 1 is affinely flat, the linear map f’ : [—g_,+g, defined by ' (X)=7*(@+2) (X)
(note that %@ and j*X are left invariant 1-forms on L) is a Lie algebra
homomorphism satisfying condition (A). Since j*X=j*w, the g_,+g,-com-
ponent of ¥(X) coincides with f’. Thus by Lemma 3.3, we have f' =f.
In particular f is g_;+go-valued. q. e. d.

§4. A normalization of Lie algebra homomorphisms

In § 2, we have proved that there is a natural one-to-one correspondence
between the set of IFPS on M=L/K and the set of projective equivalence
classes of (P)-homomorphisms f: [—g. In this section we first show that
for each projective equivalence class of (P)-homomorphisms, there exists
a unique normalized homomorphism ((N)-homomorphism) which satisfies an
additional condition (Proposition 4.2) and give the procedure to obtain all
(N)-homomorphisms for many classes of homogeneous spaces. As an applica-
tion of [Proposition 4. 2, we show that any IFPS on a reductive homogeneous
space admits an invariant affine connection (Proposition 4. 5).

We fix, once for all, a complementary subspace m of f in I:

[=f+m (direct sum).

Since we have fixed the frame 6: R"—T,M at the origin o= M, there is
a base {X,, -+, X,} of m such that ¢(X,)=e; (k=1,---,n), where {e, -, €,}
is the standard base of g_;=R". Note that if f is a (P)-homomorphism,
fo(Xy)=e, for k=1, .-, n.

DEFINITION 4.1. Let f be a (P)-homomorphism. We say that f satisfies
condition (N) (or f is an (N)-homomorphism) if the (n+1, n41)-component
of f(X) is zero for all Xem, namely, A(Xi)ap1=a; for k=1, ---, n, where
{ay, -+, ay,1} is the standard base of R**1. -

Then we have

ProposITION 4.2. Let f be a (P)-homomorphism. Then there exists
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’

a unique (N)-homomorphism f' such that f* is projectively equivalent to f.
Combining with [Theorem 2.12, we have

CoROLLARY 4.3. There is a one-to-one correspondence between the set

of IFPS on M=L/K and the set of (N)-homomorphisms.

We first prove the following lemma.

LEMMA 4.4. Let f be a (P)-homomorphism and let & be an element
of @. We define linear maps f'_, and f, by

Sli=f: =g
and fo=fotl&6fa]: I—0.

Then there exists a unique (P)-homomorphism f' such that the g_; (resp. g,)-
component of f is f.y (resp. o). In particular there is a one-to-one cor-
respondence between the elements of g, and the set of (P)-homomorphisms f
that are projectively equivalent to f.

Proor. The uniqueness is clear from Lemma 3.3. We prove the
existence. We define a linear map f',: [—q, by

FAX) = A0 +[6 A0+ 5 [6 [ (X0]]

for Xe&l, and set f'=f_;+f"y+f"1: I—g. Then direct calculations show that
f' is a Lie algebra homomorphism and satisfies the desired conditions. By
Lemma 2. 14, it follows that the correspondence &—>f" is a bijective map from
a; to the set of (P)-homomorphisms that are projectively equivalent to f.
g. e. d.
Proof of Propositicn 4.2, Let f be a (P)-homomorphism. We denote
by & (k=1,---,n) the (n+1, n+1)-component of —f(X;) and we set &=
(&, .-+, éMeg. Using f and & we construct a (P)-homomorphism f’ as in
Lemma 4.4. Then it is easy to check that the (n+1, n+1)-component of

f(X;) is zero for k=1, .-+, n, i.e., f’ is an (N)-homomorphism. The unique-
ness is evident. q. e. d.

As applications of [Proposition 4.2, we prove the following two propo-
sitions.

ProrositioN 4.5. Every IFPS on a reductive homogeneous space
admits an invariant affine connection.

Proor. Since M=L/K is reductive, we can choose the complementary
subspace m satisfying [f,m]Cm. Let f be the (N)-homomorphism cor-
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responding to the given projective structure. For X&m and Y&t, the matrix

F(X) and f(Y) are expressed in the form :

folX) fa(X)\}n
X =
7 (ﬁ(X) o
(R(Y) 0
e ¢ m“(mm T hm)'

By a direct calculation, the (n+1, n+1)-component of [ f(Y), /(X)] is g(Y)-
f_1(X) and the (n+1, n+1)-component of f[Y, X] is zero since [Y, X]em.
Therefore g(Y).f_1(X)=0 for all Xem and Ye&tf. Since f_;(X) takes any
value of g_,, we have g(Y)=0 for all Y&¥, i.e., f satisfies condition (A).
Thus by [Corollary 3.6, M=L/K admits an invariant affine connection be-
longing to the given projective structure. q. e. d.

ProprosITION 4.6. Let M=L/K be a reductive homogeneous space and
let m be a complementary subspace of t in | such that [m,fjCm. Suppose
that M satisfies the following conditions :

1) TrpY)=0  for all Yet,

2) m={Yp(Y)- X|Yet, X&m}.

Then any (A)-homomorphism f is an (N)-homomorphism. In particular
every IFPS on M admits a unique invariant affine connection.

Proor. The latter part of this proposition follows from the uniqueness
of an (N)-homomorphism in [Proposition 4. 2. Let f be an (A)-homomorphism.
Then for Xem and Y&f, the matrix f(X) and f(Y) are expressed in the

form :

(Q(X) S(X) )} n
AX) —Tr 9(X)/} 1,

oY) 0

0 0

The (n+1, n+1)-component of [f(Y),f(X)] is zero and hence the (n-+1,
n+1)-component of f[Y, X] is zero. By condition 2), the elements of the
form [Y, X] (Y&, X&em) span m. Therefore the (n+1, n+1)-component of

f(X) is zero for XEm, i.e., fis an (N)-homomorphism. q.e. d.
Note that irreducible Riemannian symmetric spaces satisfy the coditions

SX) =

AY) = (”

in [Proposition 4.6, As an another application of [Proposition 4. 2, we prove
the following theorem.

THEOREM 4.7. Let M=L/K be a homogeneous space such that Tr
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po(Y)=0 for all YEY, and admits a projectively flat invariant affine con-
nection. Let f be the corresponding (A)-homomorphism. If f satisfies
condition (N), the homogeneous space MXR'=LXR'/KX{e} (or MXS§'=
LxSYK x{e})) admits an invariant (affinely) flat affine connection.

Proor. Let IR be the direct sum of two Lie algebras | and R and
let {Z} be a base of R. We have only to construct a g_;+go-valued (A)-
homomorphism f: IPR—g=38l(n+2, R) (cf. [Theorem 3.7). Since f is an
(N)-homomorphism and Trp,(Y)=0 for Ye&f, the matrix f(X) (X&) is
expressed in the form:

fo(X) f_1<X>)}" for Xel.

X) —
I
We define a linear map f: IPQR—38l(n+2, R) by

Fo(X) foa(X) fo(X\}n
F(X)=| A(X) 0 0 b1 for Xel,

0 0 0 31
1
P L, 0O 0
N 1
and flZ)= 0 P 1
n+1
\ 0  n+2 /.

Then it is easily checked that fis a Lie algebra homomorphism satisfying
condition (A). Obviously £ is g_,+ge-valued. q. e. d.

Note that if M is a Lie group (i.e., K={¢}) or satisfies the conditions
in [Proposition 4.6, then the conditions in [Theorem 4, 7 are fulfilled.

In the rest of this section we assume that a homogeneous space M= L/K

satisfies one of the following conditions :
A) K={e}, i.e.,, M is a Lie group.
B) M=L/K is reductive and Trp,(Y)=0 for all Yt.
(In this case we assume that a complementary space m satisfies [m, f]Cm.)
Then by |Corollary 3.2 and [Proposition 4.5, every IFPS on M admits
an invariant affine connection and in the proof of [Proposition 4. 5, we showed

that every (N)-homomorphism is necessarily an (A)-homomorphism. In
particular the restriction of an (N)-homomorphism f to f is a direct sum
of the linear isotropy representation p, of M=L/K and the 1-dimensional
trivial representation, i.e.,
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for Yet.

@Y AY)=p(Y) = (”"m 0) &

0 0/})1

Let f be a representation of ! with degree n+1. We assume that f
is 8[(n+1, R)-valued. The following proposition enables us to decide whether
the equivalence class of the Lie algebra representation f contains an (N)-
homomorphism.

ProposiTiON 4.8. Let f: [—-8l(n+1,R) be a Lie algebra homomor-
phism such that the restriction of f to t is a direct sum of p, and the 1-
dimensional trivial representation (i.e., f(Y) is expressed in the form (4.1)
Jor Yei).

(1) Let P be an element of GL(n+1,R). If P\fP: |—q satisfies
condition (N), there exists an element v of R"*! such that P=(f(X)v, -,
f(Xa) v, v) and PA(Y)=F(Y)P for all Yt (Note that f(Xy) v is a column
n-vector for k=1, ---, n).

(2) For veR"\, we define an (n+1, n+1)-matriz P by P=(f(X) v,
< f(X) v, v). If det P#0 and PA(Y)=Ff(Y) P for all YEY, then P-fP:
l>g satisfies condition (N) (and hence satisfies condition (A)).

Proor. (1) If P'fP:1—g is an (N)-homomorphism, we have P-lf
(Xe) Pay1,=a, for k=1,---,n. We set v=Pa,;=R". Then we have
f(Xy) v="Pa. Therefore P=(Pay, ---, Pa,, Pa,.,) =(f(X) v, e f(X,) v, v).
Since P~'fP is an (A)-homomorphism, we have PU(Y) P=po(Y)=£(Y) for
Y&t and hence f(Y) P=PF(Y).

(2) Since PAY)=f(Y)P for all Yet, we have PAY)P=AY)=
oo(Y). For k=1, .-, n, we have f(X,) Pa, ., =f(X;) v=Pa; and hence PP
is an (N)-homomorphism. g.e.d.

Using this proposition we can determine the number of (N)-homomor-
phisms for many classes of homogeneous spaces. We carry out this pro-
cedure in §5, 6, 7 and 8.

ProPosITION 4.9. Let f: 1>g be an (N)-homomorphism. If the linear
isotropy representation p,: t—g, of M=L/K does not contain a 1-dimensional
trivial representation (i.e., if p(Y) w=0 for all YEL, then w=0R"), an
(N)-homomorphism which is equivalent to f (as a representation) is neces-
sarily identical to f.

Proor. Let P be an element of GL(n+1, R). If P-ifP: —q satisfies
condition (N), we have, by [Proposition 4.8, P=(f(X) v, ---, /(X,) v, v) for
some vER".  We write ‘v=(‘z,y) where x&R" and y=R". Since f(Y)
is expressed in the form (4.1) for Y&f, the n+1-th column vector of
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f(Y)P is 4¥po(Y) x),0) and the n+1-th column vector of Pf(Y) is zero.
Thus po(Y)z=0 for all YEf. Since p, does not contain a 1-dimensional
trivial representation, we have =0 and hence v=%0,¥). Therefore P=
(F(X) v, - (X)) 0, 0) =Y (XD @nsss = f(Xa) Gnyss Gni) =Y Lnns and we have
PYfP=fif det P#0. q.e. d.

§5. The case M=S0 (3) and SL(2, R)

In the rest of this paper we shall determine the number of IFPS on
many classical simple Lie groups and on the classical irreducible Riemannian
symmetric spaces. In §5, 6 and 7 we shall treat the case where M is
a simple Lie group (i.e., K={e} and | is real simple).

The following proposition is already known.

ProrositioN C (Matsushima-Okamoto [9]). Let L be a real semi-simple
Lie group. Then L does not admit a left invariant torsionfree (affinely)
flat affine connection.

For the proof of this proposition, see [9].

Let I be an n-dimensional real semi-simple Lie algebra. We fix a base
{X,, -+, Xu} of I once for all. The following proposition and its corollary
play an important role in our argument.

ProrositioN 5.1. Let | be an n-dimensional real semi-simple Lie
algebra and let f: l—>g be an (N)-homomorphism (i.e., f(Xy)ap.1=ay for
k=1,---,n). We decompose the representation f to real irreducible com-
ponents =D DBfs. Then none of f; is a l-dimensinal (trivial) repre-

sentation.

Proor. We assume that f contains a 1-dimensional trivial representa-
tion. We define invariant subspaces W; and W, by

W, ={veER™|f(X)v=0 for all xel,
Wo={Z/(Z) vl ZEL veeR.

Since [ is semi-simple, we have R""'=W,PW, (direct sum) and by the as-
sumption we have W;#0. Since f is an (N)-homomorphism, W, contains
the space {a, -+, a,}. Therefore we have W;={a, -+-, a,} and dim W;=1.
Since W, is an invariant subspace of f, f(Xya,eW, for k, m=1, .-, n,
i.e., f(X) is expressed in the form

* *) }n

for k=1, n,
0 0/}1

X)) = (
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and hence f is a g_;+g,-valued (A)-homomorphism. Then by [Theorem 3.7,
a Lie group L with Lie algebra | admits an left invariant flat affine connec-
tion, which contradicts to [Proposition Cl g.e.d.

Since a 1-dimensional representation of [ is a trivial representation, we
have

COROLLARY 5.2. In the same situation as Proposition 5.1, the com-
plexification f¢: I'—»g*=8l(n+1, C) of f does not contain a 1-dimensional
representation.

Using the above proposition we shall study the case L=S0(3). We
fix the base {Xj, X,, X5} of 0(3) by

0 1 0 0 01 0O 0 O
X1: —1 0 O X2: 0 0 O} and X3: 0 0 1
00 0, 1.0 0 0 —1 0.

We define a Riemannian metric ¢ on SO (3) by ¢(X;, X;)=6;;. Then the
Riemannian connection determined by ¢ is a bi-invariant connection VY=
lew [X,Y] for X, YE0(8) and (SO(3),¢9) is a space of (positive) constant

curvature. Hence the left invariant projective structure defined by F/ is
projectively flat. The Lie algebra homomorphism corresponding to this
bi-invariant connection is given by

( 1
1
2
f(X) = 1
2
1
\ 4 ,
( 1
2
1
(5.1) fiX)=|1
2
1
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f<X3> - 2

Obviously f satisfies condition (N) and it is easily checked that f is a real
irreducible representation. We shall prove the following theorem.

TuEOREM 5.3. Let f: 0(3)—>g=8l(4,R) be an (N)-homomorphism.
Then f is given by (5.1). In particular M=S50 (3) admits a unique IFPS.

To prove this theorem we shall review the theory of Cartan-Iwahori
concerning real irreducible representations of real semi-simple Lie algebras.
For the notations and the terminology which we use in the following, see
Iwahori [4].

The rank of 0(3) is 1. Let {o,} be the fundamental system of irreducible

representations of 0(3) given by

1 - ~1 - 1

Let A be the highest weight of p, and let g, (m is a non-negative integer)
be the irreducible complex representation with highest weight m4. Note
that the degree of p, is m+1. By an easy calculation p, is self-conjugate
for all m and the index of p, is (—1)™. Hence if m is even, [pn] EC} ()=

1 () and if m is odd, [p,] ECHE, () =Ci () = Ri% (). Therefore the degrees
of real irreducible representations of o (3) are given by 1, 3, 4, 5, 7, 8,---. By
Proposition 5.1, any homomorphism f’: o (3)—8[(4, R) which satisfies con-
dition (N) is necessarily equivalent (as a representation) to the real irreducible
representation (5.1). By an easy calculation we have

LEMMA 5.4. Let f be an (N)-homomorphism (5.1) and let v be an
element of Rt. We define a (4, 4)-matriz P by P=(f(X) v, f(Xo) v, f(X;) v, v).
Then f(X)P=PFA(X,) for k=1,2,3. |

Therefore by [Proposition 4.8, (5.1) is the unique (N)-homomorphism
for I=0(3) and we complete the proof of [Theorem 5.3

Next we shall study the case M=SL(2, R). We fix the base {Xj, X5, X}
of 1=38l(2, R) by
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1 0 0 1 0 0
XIZ ( ) y X2: ( ) and X3: ( ) .
0 —1 0 O 1 0

We define a pseudo-Riemannian metric ¢ by ¢(X, Y)=TrXY for X, Y&
8l(2, R). Then (SL(2,R),g) is a space of constant curvature and hence

the Levi-Civita connection Fy Y:%[X, Y] (X, Ye8l(2, R)) is projectively

flat. The corresponding Lie algebra homomorphism f: 8l(2, R)—g=8I(4, R)
is given by

0 0 0 1
=0 0
Y7lo 0 -1 o0
1 0 0 0/,
1 \
0 0 o 0
5.3 pxg=|" 5 0 01
71 o 0o o o
1
0 0 5 O’
1
0—7 0 0
f(X)— 0 0 0 0
Y711 0 o 1
1
0 > 0 0

Obviously f satisfies condition (N). Let {ay, a5, a5, a} be the canonical base
of Rt Then {a+a,a} and {a,—ay, a} are invariant subspaces of f and
f is equivalent to the direct sum of two real irreducible representations
with degree two.

The rank of [=8[(2, R) is 1 and the standard inclusion p,: 8[(2, R)—
al(2, C) forms the fundamental system of irreducible representations. Let
A be the highest weight of p;, and let p, (m be a non-negative integer) be
the irreducible complex representation of 8[(2, R) with highest weight mA.
The degree of p, is m+1. By an easy calculation p, is self-conjugate and
the index of g, is 1 for all m. Therefore [p,]EC, . ()=RL () for m=0,
1, 2, ---, and Cﬂfg’(l)zRﬁf\,(I):qﬁ and hence for each positive integer k&, 8[(2, R)
has a unique equivalence class of real irreducible representations with degree

k. It f: 1—>g=38l(4, R) satisfies condition (N), then by [Proposition 5.1, f
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is equivalent to the real irreducible representation or the direct sum of two
real irreducible representations with degree two. If f is not real irreducible,
f is equivalent (as a representation) to (5.3). In this case we have

LEMMA 5.5. Let f be the homomorphism (5.3). For vER!, we set
P=(f(X) v, f(Xo) v, f(Xs) v,v). Then we have f(X;) P=Ff(Xy) for k=1, 2
and 3.

The proof is easy. Therefore by [Proposition 4.8, an (N)-homomor-
phism which is not real irreducible uniquely exists and it is the homomor-
phism (5. 3).

Next we shall study the case where f is real irreducible. Let f be
a real irreducible representation of 8[(2, R) with degree four given by

3
=t
—3/,
0 3
0 4
6.4 fX)= 0 s
o/,
0
1 0
f(Xy) = 1 0
1 0

In this case the similar result as in Lemma 5.5 does not hold. Indeed
there are many (N)-homomorphisms which are equivalent to (5.4). In the
following we shall identify two (N)-homomorphisms f; and f; which are
equivalent to (5. 4) if two invariant affine connections 2, and X, corresponding
to f; and f; are mapped to each other by an automorphism of L=SL(2, R).
Under this identification we shall determine the number of (N)-homomor-
phisms which are equivalent to (5.4). For this purpose we review the
general theory.

Let §: L—L be an automorphism of L and ¢: [—[ be an induced
isomorphism. ¢ is expressed in the matrix form with respect to the base
{X;, -+, X,} of . Let ' be a projectively flat invariant affine connection on
L and ¢*F be the induced connection by ¢. Then ¢*/ is also invariant and
projectively flat. Let f (resp. f,) be the (N)-homomorphism corresponding
to V (resp. 4*F). Then by an easy calculation f; is expressed in the form



Invariant flat projective structures on homogeneous spaces 151

0\t 0
(5. 5) f,,,(X):(g) 1) (fo¢<X>) (g 1) for Xel.

Note that ¢ is expressed in the matrix form and hence

¢ 0 GL LR
(0 1) eGL(n+1, R).
We say that f is transformed into f; by ¢ and two (N)-homomorphisms f
and ¢ are called a-equivalent if there is an automorphism ¢ of L such
that f,=¢. Obviously a-equivalence is an equivalence relation. Let f be the
(N)-homomorphism (5.3). Then we have f,=f for all automorphisms ¢
of [=38[(2, R).

In the case of L=SL(2, R) it is known that any automorphism of
[=38l(2, R) is induced by an automorphism of SL(2, R). We shall determine
the number of a-equivalence classes of (N)-homomorphisms which are
equivalent to (5. 4).

We denote by A(l) and I(I) the automorphism group and the inner
automorphism group of | respectively. It is well known that for [=8[(2, R)
the order of the factor group A(l)/I(l) is two (Murakami [10]). The typical
outer automorphism ¢ of [=38[(2, R) is given by

(5. 6) (X)) =X, (X)) =—X, and ¢(Xy)=—Xs.

[ t 1
We define v; and v,eR* by v,= (1, 0, %, 0) and v,= (1, 0, — 5 0),

and we set P,&GL(4, R) (k=1, 2) by P,=(f(X) v, f(Xz) Vs> f(Xs) Vs, Vi) Where
f is the homomorphism (5. 4). We define homomorphisms ¢,, g;: 8[(2, R)—
3[(4, R) by ¢.(X)=P;'f(X) P}, for Xe38l(2, R), k=1, 2. Then ¢, and ¢, satisfy
condition (N). The explicit form of ¢, and ¢, are given by

29 0 0 1 o%o 0
x) 0 1 2 0 X 1 0 0 1
- g -
WA= o g o ™ 0 0 0 0
3 0 0 0, 0—3-3 0/,
(5.7)
1
0—1——2*0
- 2 0 0 0
g -
YTl 0 o0 1
3
0 3 5 o).
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2 0 0 1 o—g_ 0 0
0 1 -2 0 1 0 0 1
Q'z(Xl) = Qz(Xz) =
0 0—3 0 0 0 0 0
3 0 0 0, 0—% 3 0/,
(5. 8) ,
-1 =
0 >0
X 2 0 0 0
Y= 1 0 0 1
3
0 3-5 0

Then we have

ProrosiTION 5.6. Let g: 8[(2, R)—38l(4, R) be a real irreducible re-
presentation satisfying condition (N). Then ¢ is a-equivalent to ¢, or g,
g, is not a-equivalent to (.

For the proof of this proposition we prepare several lemmas. Let H
be the set of all real irreducible representations f: 8[(2, R)—8l(4, R) satisfying
condition (N). For v=%x,¥, 2, u) € R* we have det (f(X) v, A(Xy) v, f(X5) v, V)
=2 (182yzu — 92 u? — 8x2* — 6y u+3y*2%) where f is the homomorphism (5. 4).
We denote by 2F(v)=2F(x,¥, 2, #) the right-hand side of the above equality
and we set

Wo ={ve R—{0}|F(v) =0},
W+ ={ve R F(v)>0},
W-={veR|F(v)< }

and W==W+ruw-.

Then by [Proposition 4.8 (2) we can define a map &: W*—H by
d(v) (X)=Pf(X) P for veW* and Xe38l(2, R) where P=(f(X) v, f(Xy) v,
f(X;) v, v). By [Proposition 4.8 (1) ® is a surjective map. Let z: Rt—{0}—
P3(R) be the natural projection. We set

P¥R) =rn(WY),

PYR)* =z(W),
PYR)™ =z (W")
and PYR)* = P{R)" U PXR)".

ll

|l
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Then P¥R)* and P¥R)~ are connected open subsets of P%R) and P¥R)
is a disjoint union of P¥R)*, P¥R)~ and P¥R)". For k=R—{0} we have
@ (kv)=0(v) (veW=) and hence @ induces the map @: P} R)*—H.

LEMMA 5.7. The map @ is bijective.

Proor. We have only to prove that @ is injective. Let v, w be
elements of W*. We assume that @(v)=0(w), i.e., P;1A(X) P,=P'f(X) P,
for Xe!l where

P, = (X)) v, (X)) v, f(Xy) v, )
and P, = (A(X) w, AX:) w, AIX) w, ).

Since the complexification f* of fis a complex irreducible representation, we
have by Schur’s lemma P,=aP, for some a=C—{0}. Since v and w are
real vectors, we have a€ R—{0} and v=aw. Hence z(v)=n(w)=PYR)*,
i.e., @ is injective. qg.e.d.

By definition we have @(v;)=g¢; for k=1, 2 and hence 9-!(g)=P3R)"
and @ Y(g,)=P¥R)*. By an easy calculation we have

LEMMA 5.8. Let ¢ be the outer automorphism (5.6). Then we have
(00s=0r for k=1, 2. Accordingly we have (9i),s=(0); (k=1,2) for any
inner automorphism ¢ of 38l(2, R).

By this lemma any real irreducible (N)-homomorphism which is a-
equivalent to ¢, (k=1,2) can be obtained by transforming ¢, by an inner
automorphism of 8[(2, R).

For veW* we define a (4, 4)-matrix P, by P,=(fA(X)) v, f(X,) v, f(X;) v, v)
were f is the homomorphism (5. 4). We transform the (N)-homomorphism
P;1fP, by the inner automorphism Ad A~!: 8l(2, R)—8[(2, R) (A=.SL(2, R)).
We denote by f,: 8[(2, R)—8l(4, R) the transformed (N)-homomorphism.
Let f: SL(2, R—SL(4, R) be the Lie group homomorphism given by

a® 3a’b 6ab? 6b°

, atc  a*d+2abc 2b%c+4abd 6b*d

~[a

(5.9 f(c d) = %ac2 %bcz-}—acd ad?+2bcd  3bd?
%c3 —é—czd cd? a3

C

b
for (“ d) eSL(2, R).

The differential of £ is nothing but the Lie algebra homomorphism (5. 4).
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Obviously we have foAd A~'=Ad f(A)"'f: 8l(2, R)—8l(4, R) for AcSL(2, R).
Thus by the formula (5.5) we have

Ad A~ \! Ad A™!
ﬁmz( 1)%%%#%%% J

AdA™ N\ Ad A
= (4 ) pr(aararms) 2 (47

Ad At \7! ~ N Ad A
=( J(&VMWﬂMﬂ&HM J
for Xe=8l(2, R). Note that Ad A™! is expressed in the matrix form with
respect to the base {Xi, Xi Xi} of 8l(2, R). We set

- Ad At
Q:ﬂma( )

Then f,=Q7'fQ and by [Proposition 4.8 (1) Q is expressed in the form
Q=(f(X) w, f(X) w, f(Xs) w, w) for some weR: Since the fourth column
vector of Q is f(A)v, we have w=f(A) v&W* and hence O ([ f(A) v]) =Ff4
where [f(A)v] is the element of P¥R)* determined by f(A)veW*. By
Lemma 5.7 and Lemma 5.8, we have

LemMMA 5.9. Let v, we W= Then @([v]) is a-equivalent to ®([w])
if and only if [w]=[f(A)v] for some ASL(2, R).

We define a left action of SL(2, R) on P¥R) by ¥ (A) [v]=[f(A)v]=P*R)
for A=SL(2, R) and [v]=P¥R). Then for any A=SL(2, R), ¥ (A) preserves
the connected open subsets P¥R)* and P¥R)~. By Lemma 5.7 and Lemma
5.9 the number of g-equivalence classes is equal to the number of orbit
spaces of P3R)*. Since @V (g)=[v]EPR)~ and O g,)=[v] =P} R)*, g,
is not g-equivalent to ¢, (Lemma 5.9). Thus in order to prove
5.6, we have only to show the following lemma.

LEMMA 5.10. The orbital decomposition of P3(R)* by SL(2, R) is given
by P¥(R)*=PR)" U P¥R)".

Proor. For vER!*—{0} we define a map ¢,: SL(2, R)— P} R) by
do(A)=[f(A) v] for ASL(2, R). Then it is easy to check that the rank
of the map ¢, at eSL(2, R) is three if and only if [v]=P}R)*. Therefore
the orbit space of P3(R)* is open and connected. Since P¥R)* and PR)~
are open and connected, the orbital decomposition of P3}R)* is given by
Py(R)* U P(R)". q.e. d.

By Lemma 5.5 and [Proposition 5.6, we have
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THEOREM 5.11. We identify two left invariant flat projective struc-
tures [V] and [V'] on SL(2, R) if [¢*V]=[V'] for some automorphism & of
SL(2, R). Then there exists three left invariant flat projective structures on
SL(2, R). The typical (N)-homomorphisms are given by (5.3), (5.7) and (5.8).

§ 6. The case [ is a real form of B,, C, or D,

In this section we shall study the case where | is a real form of the
classical complex simple Lie algebra B, =0(2m+1,C), C,=8p(m,C) or
D,,=0(2m, C). The main result in this section is [Theorem 6.6 indicating
that for most of such a real simple Lie algebra an (N)-homomorphism
does not exist. |Corollary 5.2 plays an important role in the following

argument.

6.1. The case | is a real form of B,=02m+1,C) (m=2)

¢=p(2m+1,C) is a complex simple Lie algebra of rank m. Let
{01, -, pm} be the fundamental system of irreducible representations of
0(2m+1,C) and let {4, ---, 4,} be the corresponding highest weights. (We

take the standard numbering.) We denote by d (i‘ m; Ai> the degree of the

complex irreducible representation with highest weight >, myd;. Then it is

i=1

well known that

2m—+1

d(4y) = ( L

) for k=1,---,m—1

and d(A,)=2m

ProrositioN 6.1. Let | be a real form of B,=0(2m+1,C) (m=2
or m=4). Then there is no (N)-homomorphism f: —>g=8l(n+1, R) where
n=dimpl=m(2m+1).

Proor. We shall show that a complex representation of I° with degree
n+1 not containing a trivial representation does not exist for such a Lie
algebra.

The case m=7. It is clear that d(/4)<d(4)<--<d(An_,) and d(4y),
d(4,)>n+1. By Weyl’s formula we have d(24;) =m(2m+3)>n+1 and

d(ZAZ)Z%(m—l-l) (m—1)(2m+1)(2m+3)>n+1. We have also d(4,)+1=

n+1. Therefore by [Corollary 5.2, the complexification f* of an (N)-
homomorphism f is equivalent to the direct sum of py, i.e., f=pPD - Dp:.
Hence if an (N)-homomorphism exists, there is a positive integer x such
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that n+1=m(@2m+1)+1=x(2m+1). But such an integer does not exist
and therefore there is no (N)-homomorphism for m=7.

The case m<6. The degrees of irreducible representations of 0(2m -1,
C) less than n+1=m(2m+1)+1 are given by 1, 4, 5, 10 (for m=2), 1, 9,
16, 36 (for m=4), 1, 11, 32, 55 (for m=5) and 1, 13, 64, 78 (for m=56).
In each case there is no representation with degree n+1 not containing
a 1-dimensional representation and hence an (N)-homomorphism does not
exist for such a Lie algebra. g. e. d.

ReEMARK 6.2. Let | be a real form of o(7,C) (i.e., the case m=3).
Then the degrees of irreducible representations of 0(7, C) are given by 1, 7,
8, 21, 27, ---. In this case there exists a combination n+1=22=7+7+8
and hence in order to determine the existence or non-existence of (N)-
homomorphisms, we have to decide the self-conjugateness and the index
of py, p, and p; for each real form of o(7, C). Next for each 22-dimensional
real representation f of [ not containing a 1-dimensional representation, we
construct a matrix P=(f(X) v, -+, f(X») v,v) for v&R®? and determine
whether det P40 for some vE R?2, which requires a considerably complicated
polynomial computations.

6.2. The case | is a real form of D,=002m, C) (m=4)

[c=p(2m, C) is a complex simple Lie algebra of rank m. Let {py, -, o}
be the fundamental system of irreducible representations of 0(2m, C) and let
{4y, -+, 4} be the corresponding highest weights. It is well known that

2m

d(Ay) = ( i

) for k=1,--,m—2

and d(A4,_)=d(4,)=2m""

ProrosiTioN 6.3. Let [ be a real form of D,=0(2m,C) (m=4, 6 or
m=8). Then there is no (N)-homomorphism f: l—>g=28l(n+1, R) where
n=dimgl=m(2m—1).

Proor. The case m=8. We have d(4)<d(4y) < - <d(Ap_y) and d(As),
d(Ap_y), d(4y)>n+1. By Weyl’s formula we have d(24)=(m+1) 2m—1)>

n+1 and d(ZAZ):%m(m—}—l) (2m+1)(2m—3)>n+1. We have also d(4,)+

1=n+1. Thus if an (N)-homomorphism f: [—8l(n+1, R) exists, the com-
plexification f* is equivalent to the direct sum of p,, i.e., ff=p,P---Pp, and
hence there is a positive integer x such that n+1=m@2m—1)+1=x-2m.
But such an integer does not exist and therefore there is no (N)-homo-
morphism for m=8.
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The case m=4 and 6. The degrees of irreducible representations of
0(2m, C) less than n+1=m(2m—1)+1 are given by 1, 8, 28 (for m=4)
and 1, 12, 32, 66 (for m=6). Hence in each case there is no representa-
tion with degree n+1 not containing a 1-dimensional representation and
therefore an (N)-homomorphism does not exist. g.e.d.

REMARK 6.4. For m=3, 0(6,C) is isomorphic to 3[(4,C) and in §7
we shall show that a Lie group with Lie algebra [=8[(4, R) or 8u*(4) admits
a left invariant flat projective structure. For m =25, the degrees of irreducible
representations of 0(10, C) are given by 1, 10, 16, 45, --- and in this case
there is a combination 74+1=46=104+10+10+416. For m=7, the degrees
of 0(14, C) are given by 1, 14, 64, 91, --- and there is a combination n+1=
92=14+14+64. Thus we can not determine the existence or non-existence
of (N)-homomorphisms for the real form of 0(10, C) or 0(14, C) without
complicated computations.

6.3. The case | is a real form of C,=8p(m, C) (m=3)

[e=8p(m, C) is a complex simple Lie algebra of rank m. Let {0y, ‘", on}
be the fundamental system of irreducible representations of 8p(m, C) and
let {4y, ---, 4,} be the corresponding highest weights. It is well known that
d(A)=2m and

2m 2m _
d(/lk):<k >_(k—2> for k=2,--,m.
ProposiTION 6.5. Let | be a real form of Cn=38p(m, C) (m=3). Then
there is no (N)-homomorphism f: 1—g=8l(n+1, R) where n=dimgpl=
2mi+m.
Proor. The case m=4. It is easy to check that d(4;)>n+1 for
k=3,4,---,m and by Weyl’s formula we have d(24,)=2m?+m=n, d(34)=

= m(m+1) @mA 1) >+, d(d+A) =5 m(m+1) (m—1)>n+1 and d(24)=

é m(m—1)(2m—1) (2m+3)>n-+1. Hence the degrees of irreducible repre-

sentations less than n+1 are given by d(0)=1, d(4)=2m, d(A)=2m*—m—1
and d(2/4)=2m?+m. If an (N)-homomorphism f exists, f* is equivalent to
the direct sum of p; and p, i.e, £f=pP - PoPp:PD---Pp.. Therefore
there are non-negative integers x and ¥y such that n+1=2m?’4m+1=
2xm~+y(2m*—m—1). But such integers do not exist for m=4 and hence
there is no (N)-homomorphism.

The case m=3. The degrees of irreducible representations of 8p(3, C)
are given by 1, 6, 14, 21, ---, and hence there is no 22-dimensional repre-
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sentation not containing a 1-dimensional respresentation. Therefore an (N)-
homomorphism does not exist. q.e. d.
Summarizing the above propositions, we have

THEOREM 6.6. Let 1 be a real form of one of the following classical
simple complex Lie algebras:

B,=02m+1,C) (m=2 or m=4),
Cn=8p(m, C) (m=3),
D,, =0(2m, C) (m=4, 6 or m=8).

Then a Lie group L with Lie algebra | does not admit a left invariant
flat projective structure.

§7. The case | is a real form of 3l(m, C)

Different from a real form of B,, C, or D,, some real form of A,=
8l(m, C) admits an (N)-homomorphism. In this section we shall prove the
following theorem.

TueorREM 7.1. Let [=8l(m, R) (m=2) or 38u*(2m) (m=2). Then a Lie
group L with Lie algebra | admits a left invariant flat projective structure.

Proor. By [Corollary 4.3 we have only to construct an (N)-homomor-
phism for each I.

(1) The case [=8[(m, R) (m=2). We fix the base {X;, X, ---, Xm:_4}
of | by

1 010 -.-0 0..01
X1: 0. X2: 0 oo, Xm: 0
-1/, ; ’

0 oo 0 0 e« « 0 /0
Xm+1: 10 .. 0 Xm+2: 010 -- O) °*y sz—lz .l
0 , oo -1/, -1

/.

We shall construct an (N)-homomorphism f: 8[(m, R)—38l(m? R). Note that
dimpl4+1=m2 Let ¢: 8l(m, R)—8l(m? R) be a homomorphism defined by

g X)=| X (m times) for Xe8l(m, R)
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and we set P=(g(X)) v, -+, ¢(Xonz_y) v, v) for v=%Yay, az, **, Atms Ao1> ***» Amm) E

R™. Then it is easy to see that det P=+m(det (a;;))™. If we choose v&R™

such that det(a;;)%0, the homomorphism f=P-lgP: [—8l(m? R) satisfies

condition (N) and hence a left invariant flat projective structure exists onL.
(2) The case [=8u*(2m) (m=2). The Lie algebra [=38u*(2m) is

expressed in the form:

J’ A B) A, Begl(m, C)

l(—-B Al|ITr A+ TrA=0f"

We define the elements X;, Yy;, Z;, S;; and T;; of | by

Xi f— Eii_Emm+Em+1;,m+i—E2m’2m fOr i: 1, ey m_l ,
Xm—1+j:x/—71Ejj—x/—1 Em+j,m+j for j=1,---,m,

Yij = Eijt Envime for 1<i,j<m (i#j),
Ziy=V—=1Ej;~A—1 Enyimy; for 1<i,j<m (i),
Sij = Eimyj— Ensij for 154, 7<m,

and Tij=V—1E;ni;+V—1 Enyi; for 1<i,j<m,

where E;; is the (2m, 2m)-matrix such that the entry at i-th row and the
j-th column is 1 and other entries are all zero. Then {Xi, Yij Zij, Sijs Tij}
is a base of I. Note that dimpl=4m?—1. We define a Lie algebra homo-
morphism ¢: [—8[(4m? R) by

Re X —Im X O

ImX ReX
9(X) = . =3al(4m? R)
O Re X —Im X

ImX RelX

for X!, where Re X (resp. Im X) is a real part (resp. imaginary part) of X.

We set P:(f(Xl) o, "'sf(XZm—1> U,f( YIZ) v, "°’f(Ym—1,M> U,f(Z12> v, ’f(Tmm) v, “U)
for veR"™. If v is given by

v :t<1’ O’ ) O’ O’ 1) O; Y 0’ Oa O’ 17 0’ Tt 09 T O) "ty 07 1, 09 ) 0) ’
4dm dm 4dm Adm
then we have det P=+m. Therefore f=P1gP: [-8[(4m? R) is an (N)-

homomorphism and hence a left invariant flat projective structure exists
on L. q. e. d.
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ReEMARK 7.2. Let JV be the projectively flat invariant affine connection

on SL(m, R) corresponding to the above (N) (and hence (A))-homomorphism.
1

If m=2, then V is given by VXY:7[X Y] for X, Ye38l(2, R), i.e., the
corresponding homomorphism is (5.3). However for m=3, V is not the
bi-invariant connection. In fact it is easily checked that the bi-invariant
affine connection given by 'y Y= %[X, Y] (X, Ye8l(m, R)) is not projectively
flat for m=3.

Applying [Theorem 4.7 we have

CoroLLARY 7.3. The Lie group L=GL(m, R) (m=2) admits a left
invariant (affinely) flat affine connection.

Applying the similar method as in § 6, we have

THEOREM 7.4. Let L be a Lie group with Lie algebra 1=3u(p, q)
such that m=p+q=3, p=q=1 and m is odd. Then L does not admit
a left invariant flat projective structure.

The proof of this theorem is quite analogous to that of [Theorem 6.6
and we left it to the reader. As for the other real forms of 8l(m, C) it is
hard to determine the existence or non-existence of (N)-homomorphisms

by using [Proposition 4. § and Proposition 5.1. For example the Lie algebra
[=38u(4) admits real irreducible representations with degree 1, 6, 8, 15, 20, ---,
and there is a combination n+1=16=8+8. Thus in order to determine

the existence or non-existence we have to calculate the determinant of
(16, 16)-matrix P, for each veR*. But if we use the following theorem
we know that [=8u(m) (m=3) does not admit an (N)-homomorphism since
SU(m) is compact, simply connected and is not diffeomorphic to the standard
sphere for m=3.

TureoreM D ([6]). Let M be an n-dimensional compact, simply con-
nected manifold with a flat projective structure [V]. Then (M,[V]) is
projectively isomorphic to the standard flat projective structure on S™

Note that [=81(2) admits a unique (N)-homomorphism since 81t(2) =p(3).
For the Lie algebra [=8u(p, q) (m=p+qg=4, p=qg=1 and m is even), we do
not know whether [ admits an (N)-homomorphism or not.
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§ 8. The case M is an irreducible Riemannian symmetric space
of the classical type

In this section we shall determine the existence or non-existence of
IFPS for each irreducible Riemannian symmetric space of the classical type.
(We assume that M is not a Lie group.) The spaces M=.50 (n+1)/SO (n)
and SO(n, 1)/SO(n) (type BDII) are the spaces of constant curvature and
hence admit IFPS. We shall show that the spaces M=SL(m, R)/SO(m)
(the non-compact type of AI) and M =.SU*(2m)/Sp(m) (the non-compact
type of AIl) also admit IFPS and the rest of (simply connected) irreducible
Riemannian symmetric spaces of the classical type do not admit IFPS.

Let M=L/K be an irreducible Riemannian symmetric space and let
[=f+m be the canonical decomposition. We fix the base {X,, -, X.} (n=
dim M) of m. M satisfies the following conditions.

1) The linear isotropy representation py: f—gq, is irreducible. In
particular m={}; p,(Y,) Z,| Y, €¥t, Z,cm}.

2) Trp(Y)=0 for all Ye&t.
Therefore by [Proposition 4.6 any IFPS on M admits a unique invariant
affine connection. In the following we shall decide all projectively flat invari-
ant affine connections for each irreducible Riemannian symmetric space of
the classical type. The following proposition plays an important role in our
arguments.

ProposiTION 8.1. Let M=L/K be an irreducible Riemannian sym-
metric space of dimension n=3. Let V be a projectively flat invariant
affine connection and f: l—>g=8l(n+1, R) be the corresponding (N)-homo-
morphism. Then the complexification ft: l‘—>g°=8l(n+1,C) is a complex
irreducible representation of I°. In particular f is a real irreducible repre-
sentation of the 1-st class.

To prove this proposition we use the following two lemmas.

LEMMA 8.2. Let Yy be a complex Lie algebra and let g: H)—gl(m, C)
(m=2) be a complex irreducible representation of Y. Then invariant sub-
spaces of the representation gP1: H—gl(m+1, C) (direct sum of g and a
1-dimensional trivial representation) are given by {0}, C', C™ and C™".

LEMMA 8.3. Let Y) be a complex Lie algebra and let g;: H—gl(m, C)
(k=1, 2, m=2) be complex irreducible representations. Then the dimensions
of invariant subspaces of ¢, Pg,P1: hb—gl(2m+1, C) are given by 0, 1, m,
m+1, 2m and 2m+1. The subspace {1} (resp. {ay, -+, agm}) s the unique
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1-dimensional (resp. 2m-dimensional) invariant subspace, where {a, -+, Aymi1)
is the standard base of C™*.

The proofs of these lemmas are easy and are left to the reader.

Proof of Proposition 8.1. We divide the proof according as the com-
plexification py° : ¥—gs=gl(n, C) of p, is irreducible or reducible.

(1) The case pS is irreducible. We assume that f* is reducible. Since
I° is semi-simple, C**! is a direct sum of invariant subspaces V; and V,
(Vo#{0} for k=1, 2). The restriction of % to ¥ is a direct sum of p,° and
a 1-dimensional trivial representation. Note that f(Y) is expressed in the form

po(Y) O)

f(Y>=( o 0

since Tr po(Y) =0 for Yet. Thus V, and V; are also invariant subspaces
of p¢@P1 and hence by Lemma 8.2 we have dim¢V,=n and dim, V,=1.
The space {amsi) is obviously an invariant subspace of pfPl and by the
uniqueness of a 1-dimensional invariant subspace we have Vo={an41}. Since
f is an (N)-homomorphism we have f*(Xj) Ay =ayE Vy={a,4y for k=1,
..., n, which is a contradiction. Therefore f* is irreducible.

(2) The case pf is reducible. It is well known that oy is a direct
sum of two complex irreducible representations of the same degree (cf. [4).
We set n=2m (m=2) and o¢=0¢,P¢»> Now we assume that f* is reducible.
Then we have C*1=V,PV, as before. The restriction of f* to f* is pfP1=
0:PDg:P1 and Vi (k=1, 2) are invariant subspaces of p®1l. By Lemma 8.3
we have dimg Vy=1, m, m+1 or 2m. If dim¢V,=1, we have V,={a,+1} and
a contradiction follows in the same way as above. Therefore dim¢ V,=m+1
and dimgV,=m. We assume that {a,,} Vi Then {a @V, is an
m~+2-dimensional invariant subspace of ¢,Pg,P1 which is impossible for
m=3. If m=2, {a,, 0@V, is a 4-dimensional invariant subspace and by
Lemma 8.3 {dui)@®Vi={aiP®Vi={ay, a a5 ai} which is also impossible.
Thus we have {a,. C V.. Since f is an (N)-homomorphism, f*(Xj)as.1=
a,cV, for k=1, ---,n and hence {a;, -, an, dns CVy. It is a contradiction
and therefore f* is irreducible. g.e.d.

Applying [Proposition 8.1 we can prove the non-existence of IFPS on
many irreducible Riemannian symmetric spaces.

PrROPOSITION 8.4. Let V be an invariant projectively flat affine con-
nection on an irreducible Riemannian symmetric space M and let f: 1I—g
be the corresponding (N)-homomorphism. Then the induced connection
o*V by the symmetry ¢ at oEM is also invariant and projectively flat.
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The corresponding homomorphism ' is given by f (X)=f_1(X)—fo(X)+£1(X)
for Xem and f'(Y)=£Y) for YEL, where f, is the g,-component of f. If
V is identical to the canonical (Riemannian) connection on M, we have f' =f

(i. e., fo(X)=0 for Xem).

The proof of this proposition is easy and is left to the reader.

In the following we shall determine the existence or non-existence of
IFPS for each irreducible Riemannian symmetric space of the classical type
using [Proposition 8. 1. By D we have already known the non-
existence of IFPS on compact simply connected symmetric spaces which are
not diffeomorphic to the standard sphere (for example M=SO(p+q)/SO(p) X
SO(q) (p=q=2), SU(m)/SO(m) (m=3)). But we shall prove the non-exist-
ence of IFPS on these spaces using the representation theory for the sake
of completeness.

(a) M=S80(n+1)/SO(n), SOy(n,1)/SO(n) (type BD II)

Since these spaces are the spaces of constant curvature, the canonical

affine connection (i. e., Riemannian connection) is projectively flat. We shall
show that this connection is the unique projectively flat invariant affine
connection on M. Let M=SO(n+1)/SO(n) (n=2) and let I=t+m be the

canonical decomposition :
f(4 0 1
= Aco(n)
llo o

[
" {(_(2,0 Z)

al
veER [

We define the base {Xj, -, X,} of m by Xy=E;,y1—Eny1x for k=1, .-, n,
where E;; is the (n+1, n+1)-matrix such that the entry at the i-th row
and the j-th column is 1 and other entries are all zero. Then the natural
inclusion ¢: o(n+1)—>g=8l(n+1, R) satisfies condition (N). This homomor-
phism corresponds to the canonical affine connection on M. In the case
of M =.S50y(n,1)/SO(n) the natural inclusion ¢: o(n,1)—8l(n+1, R) is an
(N)-homomorphism corresponding to the canonical affine connection if we
set Xpe=FE; i1+ E,x for k=1,.--,n as a base of m. We shall show the
uniqueness of (N)-homomorphism. Let f: [—>g be an (N)-homomorphism
(I=o0(n+1) or o(n,1)). If n=3, then by [Proposition 8 1 f* is a complex
irreducible representation of o(n+1, C) with degree n+1. We first show
that f* is equivalent to the standard inclusion ¢: o(n+1, C)—8l(n+1, C).
We divide the proof according as n is even or odd.

(a-1) n=2m (m=2). The rank of 0(2m—+1,C) is m. Let {4, -, A}
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be the highest weights of fundamental system of irreducible representations.
In the following we denote an irreducible representation by its highest weight.
It is well known that

2m—+1

d(dy) = ( ;

and d(4,)=2" If m=3, we have d(4,)=2">n+1=2m+1. Hence the
irreducible representation of 0(2m+1, C) with degree 2m+1 is equivalent
to 4. In the case m=2 0(5, C) admits a unique representation with degree
n-+1=5 and it is the standard inclusion.

(a-2) n=2m—1 (m=2). The rank of 0(2m, C) is m. Let {4, -, An}
be the highest weights of fundamental system of irreducible representations.
Then

) for k=1,---,m—1

d() = ( ’

and d(Ap_)=d(4y)=2""1. If m=5, we have d(An_)=d(4y)=2""1>n+1=
2m. Thus f* must be equivalent to 4. For m=2, there are three ir-
reducible representations of 0(4, C) with degree 4: 34, 34, and 4,4+ /s
But for [ =0(4) and 0(3,1), the complex representations 3/4; and 34, are
both of the 2-nd class and hence f* is equivalent to A,+ 4, which is the
standard inclusion. For m=3, the irreducible representation of 0(6, C) with

) for k=1,---,m—2

degree 6 is A, only. For m=4, there are three irreducible representations
of 0(8, C) with degree 8: A;, A3 and A, /A; and /A, are the spin representa-
tions and the restrictions of /4; and 4, to 0(7, C) are also the spin represen-
tations of 0(7, C). In particular they are irreducible. But the restriction
of ft to f* must be a direct sum of pf and a 1-dimensional trivial repre-
sentation. Thus f* is equivalent to /4. Therefore the complexification f
of an (N)-homomorphism is equivalent to the standard inclusion for n=3.
It is easy to see that for both Lie algebras I=o(n+1) and o(n, 1), the stan-
dard inclusion ¢: [—8l(n+1, R) is the unique equivalence class of irreducible
representation of | whose complexification is equivalent to ¢: o(n+41, C)—
8[(n+1,C). Hence by [Proposition 4.9 the standard inclusion is the unique
(N)-homomorphism for both Lie algebras I=o(n-+1) and o(n, 1) (n=3).
In the case n=2 since we know all the real irreducible representations of
[=0(3) and 0(2, 1)=8l(2, R), we can prove the uniqueness of an (N)-homo-
morphism using [Proposition 4.8 We omit the details.

(b) M=S8O0(p+q)/SO(p)x.SO(q), SO«p, 9)/SO(p)*xSO(q)
(p=q=2, (p,9#(2,2): type BD I)
In this case an IFPS does not exist on M, except the case M=S50,(3, 3)/




Invariant flat projective structures on homogeneous spaces 165

SO(3) x SO(3), which is isomorphic to SL(4, R)/SO(4) (type AI. The
dimension of M is pg and I'=o(p+q, C). We show that for (p, q)#(3, 3)
there is no irreducible representation of I° with degree pg+1. Then by
[Proposition 8 1 an IFPS does not exist on M. We divide the proof into
two cases.

(b-1) p4+g=2m+1 (m=2). The maximum of pq is m*+m (p=m+1
and g=m). Let {4,, ---, A4,,} be the highest weights of fundamental system of
irreducible representations. Then d(4)<d(4) <+ <d(Am_y), d(4) =2m+1
and d(4y)=2m*+m>m?*+m+1. By Weyl’s formula we have d(24,)=2m2+
3m>m?*+m+1. I m=5, then d(4,)=2">m?+m+1 and hence 4, is the
unique (non-trivial) irreducible representation with degree less than m2+m+1.
But there are no integers p and g (p=qg=2) satisfying p+qg=2m-+1 and
Pq+1=2m+1. Therefore, by Proposition 8.1, an (N)-homomorphism does
not exist. For m=2, 3 and 4 we can easily prove the non-existence of
an irreducible representation with degree pg-+1, calculating the degrees of
irreducible representations by Weyl’s formula.

(b-2) p+q=2m (m=3). The maximum of pg is m? (p=qg=m). If
m=7, we can prove in the same way as above that /4, is the unique (non-
trivial) irreducible representation with degree less than m?+1. But there
are no integers p and ¢ satisfying p+qg=2m and pg+1=d(4)=2m. For
m=4,5 and 6 we can prove the non-existence of an (N)-homomorphism
in the same manner. We omit the details. For m=3, there exists a
possible combination (p, g)=(3,3). For the compact type, the degrees of
real irreducible representations of [=p(6) are given by 1, 6, 8, 15, ---. Hence
there is no (N)-homomorphism. (Note that dim M+1=10.) For the non-

compact type, SOy(3, 3)/SO(3) X SO(3) is isomorphic to SL(4, R)/SO(4) (type

Al) and we shall show in (c) that SL(m, R)/SO(m) (m=2) adimts an IFPS.

(c) M=SU(m)/SO(m), SL(m, R)/SO(m) (m=2: type Al

If m=2, SU(2)/S0(2)=S50(3)/SO(2) and SL(2, R)/SO(2)=.50,(2, 1)/SO(2)
(local isomorphism) and we have already proved the uniqueness of an IFPS on
these spaces in (a). Now we assume that m>3. The dimension of M is 5

(m—1) (m+2). First we shall determine the complex irreducible representa-

tions of [°=8l(m, C) with degree %(m—l) (m—|—2)—l—1:é m(m—+1). Let

{4y, -++, A_y} be the highest weights of fundamental system of irreducible
representations. Note that the rank of 8l(m, C) is m—1. If m=7, we have

d(4s) =d(Ap_s) = —é*m(m—l) (m—2)>%m(m—{— 1),
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1 1
d(A+ A =d(Am_oF Am—y) = gm(m—l) (m+1)> —Z—m(m—l—l) ,

d(24) = d(2An ) =15 M (m—1) (m+1)> 5 m(m+1)

and

d(M+ Ap_y)) =(m—1) (m+1)> %m(m—}— 1).
We have also

d) = d(dp) = m# 5 m(m+1),

d(4) = d(dn_) = 5 mlm—1) % 5 m{m+1)

and

d(24) = d(2 A ) =5 mim+1).

. . . . 1
Hence irreducible representations with degree —2~m(m—|—1) are 2/, and 2/4,_;.

For m=3, 4, 5 and 6 we can easily prove that the same result holds as above.

(c-1) The case M=SU(m)/SO(m) (m=3). In this case an IFPS does
not exist on M. In general, for the Lie algebra 8u(n+1) the complex ir-
reducible representation with highest weight m4,+ ---+m,4, (m; are non-
negative integers) is of the 1-st class (cf. [4]) if and only if my=my,,_; for
k:1,----,n (the case n=2i or 4i+3), my=mn1_x for k=1, -, n and my,
is even (the case n=4i+1). Thus if m=3, both 24, and 24,_, are of the
2.nd class and hence there is no real irreducible representation of iut(m)

with degree —é—m(m—l—l). Therefore M does not admit an IFPS for m=3.

(c-2) The case M =.SL(m, R)/SO(m) (m=3). In this case it is easy
to check that both representations 24, and 24,_, are of the 1-st class and
hence 1=38l(m, R) admits two (inequivalent) real irreducible representations

1 .
with degree o m(m~+1). We show that each equivalence class of represen-

tations contains a unique (N)-homomorphism. Let [=f+4m be the canonical
decomposition: ¥ =0(m) and m={E;;+E; (1=i<j=m), Ey—Emn (1=i=
m—1)}. Then the linear isotropy representation p,: f—gl(m) is given by
200% _,Ej') (Epg+ Egp) = 0p(Eigt Egi) + 05q(Eipt+ Ep)
—0ip(Ejt+Egj) —0u(Ejpt+ Epy) for 1=i<jsm, 1=p<g=m,
po(Eij— Eji) (Eui — Enm) = 0 4 (Ege+ Egg) — 0 jm (Eim ~+ Ena)
"‘am(Ejk‘*‘Ekj) fOI' 1§l<]§m, 1§k§m—-l

8.1)
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It is well known that the representatioh space V of 24, is the space
of polynomials of degree two with variables {z;, ‘-, xn}. We define the
base of V by {4dx;x; (1=Zi<j<m), 2222242 -+, 2Zp_2— 22,2 22+ + 202
and express the real irreducible representation f: [—8[(V)Cgl(V) corre-
sponding to 2/, in the matrix form with respect to this base. Then for
E,—E;ct (1=i<j<m), we have

SE ;—Ej) (dapxg) = 4(8p 20 2470 g 23 Tp— 01 T Ty — 03 L5 Tp)
for 1=5p<qg<m,
f(Eij_Eji) (2x2—2xn%) = 4(5ﬂc X5 Ly — 0 jom Ty Tn — Ot T k)

for 1<k=m—1 and f(E;;—E;) (x2+ -+ x,2)=0. Therefore the restriction
of fto tis p@P1 (compare with (8.1)). Next for the elements E;;+Ej;
(1=i<j=<m) and E;—E,, 1<i<m—1) of m, we have

SEj+Ep) (2 + -+ x0%) = 4z, 2
and
f(Eii - Emm) (x12+ o + xm2> =2 (xi2“ xm2) .

Thus f: 1-8[(V) satisfies condition (N). Note that we identify two spaces
M@PR and V by the correspondence :

Eij‘|‘ Eji — 4dx; x5,
Eu_Emm < > 2xi2—2xm2

and 1 — x24---+x,2.

By [Proposition 4.9 f is the unique (N)-homomorphism which is equi-
valent to 24,. '
Next we consider the representation 24,_,. We define a linear map

g: [-38(V) by

=}
>
[

SaX)—fo(X)+fi(X)  for Xem,
g(Y)=£Y) for Yef,

where f: [—>8[(V) is the homomorphism constructed as above. Then by
[Proposition 8.4 g is an (N)-homomorphism and it is easy to see that ¢ is
a real irreducible representation corresponding to 24,_;. By [Proposition 4.9 ¢
is the unique (N)-homomorphism which is equivalent to 24,,_,. Since f#g¢, f
and ¢ are not the canonical (Riemannian) connection on M=SL(m, R)/SO(m).

(d) M=Sp(m)/U(m), Sp(m, R)/U(m) (m=3: type CI)

In this case an IFPS does not exist on M. The dimension of M is
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m?:+m. We show that there is no complex irreducible representation of
le=8p(m, C) with degree m*+m+1. Let {4, ---, 4,} be the highest weights
of fundamental system of irreducible representations of 8p(m, C). Then
d(4)=2m and

k k—2

By Weyls formula d(24;)=2m*+m>m?+m+1. It is easy to see that
d(4) >m?+m+1 for k=2 and there is no integer m such that 2m=m’+
m+1. Hence M=Sp(m)/U(m) and Sp(m, R)/U(m) do not admit an IFPS
for m=3.

(e) M=Sp(p+q)Sp(p)xSplq), Sp(p, q)/Sp(p)xXSplg) (p=qg=1: type
CII)

If p=g=1, then Sp(2)/Sp(1) X Sp(1) =.SO(5)/SO(4) and Sp(1,1)/Sp(1) X
Sp(1)=2.S0,(4, 1)/SO(4) and in this case we have already proved the uniqueness
of an IFPS on M. Now assume that (p,q)#(1,1). Then an IFPS does
not exist on M. The dimension of M is 4pg and 4pg+1=m?+1 if we
set m=p+q(=3). Let {4, -, 4,} be the highest weights of fundamental
system of irreducible representations of 8p(m, C). Then d(4)>m?+1 for
k=2, -, m and d24)=2m*+m>m?*+1. Hence 4, is the unique (non-
trivial) irreducible representation of I°=8p(m, C) with degree less than m?*+1.
But there are no integers p and ¢ such that 4pg+1=2m=2(p+q). There-

fore M= Sp(p+q)/Sp(p)xSplq) and Sp(p, q)/Sp(p)xX.Sp(g) do not admit
an 1FPS.

(f) M=S8S002m)/U(m), SO*(2m)/U(m) (m=4: type DIII)

In this case an IFPS does not exist on M. The dimension of M is
m?—m and we show that there is no irreducible representation of I°=0o(2m, C)
with degree m?—m-+1. Let {4, .-, 4,} be the highest weights of funda-
mental system of irreducible representations of o(2m, C). If m=6, we have

d(Ay_) =d(Ay) =271 >m2—m-+1 and

d(A) = (2’”) _ ( 2"’) for k=2, -, m.

2m
d(/lk):( X )>m2—m+1 for k=2,---,m—2.

By Weyl’s formula d(24))=2m?+m—1>m?—m+1. Since there is no inte-
ger m such that d(4)=2m=m*—m+1, an IFPS does not exist on M for
m=6. For m=4 and 5 we can prove that there is not an irreducible

representation of o0(2m, C) with degree m?—m+1 using Weyl’s formula.
We omit the details.
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(g) M=SU(@2m)/Sp(m), SU*2m)/Sp(m) (m=2: type Al

If m=2, we have SU(4)/Sp(2) =.SO(6)/SO(5) and SU*(4)/Sp(2) =.SO,(5, 1)/
SO(5) and both spaces admit a unique IFPS. We assume that m>3. The
dimension of M is (2m+1) (m—1). Let {4, -+, Ayn_,} be the highest weights
of fundamental system of irreducible representations of I°=8[(2m, C). Then
d24) =d2Am-y) =2m*+m>2m*—m=02m+1) (m — 1)+ 1, d(4, + Aogm_q) =
4m*—1>2m"—m and there is no positive integer m such that d(4)=d(Aym_,)
=2m=2m*—m. Therefore irreducible representations of 8[(2m, C) with
degree 2m?—m are given by 4, and As,_s.

(g-1) The case M =SU((2m)/Sp(m) (m=3). Let p, (k=1,---,2m—1) be
the complex irreducible representations of [=81t(2m) corresponding to .
Then it is easy to see that p, is conjugate to psn_j for k=1, .-, 2m—1 and
the index of g, is (—1)™. In particular p, and p,n_, are of the 2-nd class.
Hence there is no real irreducible representation of [=8u(2m) with degree
2m?—m and an IFPS does not exist on M.

(@-2) The case M=SU*(2m)/Sp(m) (m=3). Let p, (k=1,---.2m—1)
be the complex irreducible representations of I=8u*(2m) corresponding to
Ay. In this case p; is self-conjugate for k=1, -.-,2m—1 and the index of
px is (—1)%. In particular p, and p,,_, are of the 1-st class. First we shall
construct an (N)-homomorphism f: [—g which is equivalent to A,

Let I=f+4m be the canonical decomposition :

t=38p(m),

m = [( A B)IA Begl(im,C). tA=A,TrA=0 and ‘B+B=0
=\\_5 a]|AB=dm O A=A TrA= =y
We set W=C" and fix a base {a, -, am, by, -+, b} of W. Let F: [=8u*(2m)
& 8l(2m, C)—gl(A2W) be the composite of the natural inclusion and the
irreducible representation of 8[(2m, C) corresponding to A,, We express f
in the matrix form with respect to the above base. We define the 2m?—m
dimensional real subspace V of A2W by

V= {\/ —1 (aipnbj—ajnby), aip b+ a;n by, asp a;+ binbj A —1(aja;— b bj)
1<i<j<m), a,bs <1§kgm>}.

It is easy to see that V¢ is isomorphic to A?W and for each Xe&l, f(X)
preserves the real subspace V. Therefore we obtain the homomorphism
pz: [=gl(V) corresponding to A4,, We consider W to be a real vector space
of dimension 4m and define a linear map ¢: mPR— AW by

H(X, 1) = po(X) c+7c for Xel and reR,
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where c=a;\b;+ +anbn V. Then ¢ is an injective linear map over R
and the image of ¢ is V. We identify V and m@R by this map and obtain
the homomorphism f: [—>gl(m@PR), i.e., f(X) =¢ lopy(X)od: mPR-MPR
for Xel. Since | is simple the image of f is contained in SI(MPR). We
show that f is an (N)-homomorphism. First we observe that p,(Y)c=0
for all Yet. Then for Xem, Y&t and rER, we have p,(Y) ¢(X, ) =p,(Y)
(0 X) ¢+ 70) = pal ¥, XIe + po(X) oY) ¢ + 70u( Y} = [ Y, X] e = $([Y, X, 0).
(Note that [Y, X]€m.) Hence by definition we have f(Y) (X, n)=([Y, X], 0),
which implies that the restriction of f to ¥ is a direct sum of p,=ad : f—gl(m)
and a 1-dimensional trivial representation. Next for Xe&m, we have
02(X) ¢(0, 1) = po(X) c = $(X, 0), i. e, £(X)(0,1) =(X, 0) which implies that f
satisfies condition (N). By [Proposition 4.9 f is the unique (N)-homomor-
phism which is equivalent to .

Using [Proposition 8.4 we obtain another (N)-homomorphism f’. It is
easy to see that f’ is equivalent to A, o f and f are not the canonical

(Riemannian) connection on M since f#f".

(h) M=SU(p+q/S(Upx Uy, SU(p, 9)/S(Upyx Uy (p=g=1: type Alll)

If p=qg=1, we have SU2)/S(U, x U;) =.50(3)/S0(2) and SU(1,1)/S(U; x U))
=~,50,(2,1)/SO(2) and we have already proved the uniqueness of an IFPS
on M. Now we assume that (p,q) #(1,1). The dimension of M is 2pq.
We consider the complex irreducible representation of 1°=8l(n, C) with degree
2pg+1 where n=p+qg=3.

(h-1) The case n=2m (m=2). The maximum of 2pq is 2m® (p=qg=m).
Let {A,, -, Asm_1} be the highest weights of fundamental system of irreducible

representations of 8[(2m, C). Then d(/k)z%m(m——l) (2m—1)>2m?*+1 for

m=3, d2A)=d24m_) =2m*+m>2m*+1 and d(4+ Aem_y) =4m>*—1>2m*
+1. Thus the irreducible representations of 8[(2m, C) with degree less
than 2m?+1 are A;, Ay Apm_p and Ay,_;. Let pp (k=1,--,2m—1) be the
complex irreducible representations of [ (I=8u(p+g¢q) or 8u(p, q)) correspond-
ing to A4,. Then for both Lie algebras 3u(p+q) and 8u(p, ¢) pi is conjugate
t0 Opiqr for k=1,--,2m—1. Hence if m=3, then p;, 05 Om-2 and pom_y
are of the 2-nd class and there is no real irreducible representation of
I=8u(p+q), du(p,q) with degree less than 2m?+1 whose complexification
is complex irreducible. For m=2, p, and p; are of the 2-nd class for both
Lie algebras. Therefore if an (N)-homomorphism f exists, f¢ must be equi-
valent to p,. But it is easily checked that positive integers p and g satisfying
p+qg=4 and 2pg+1=d(4)=6 do not exist. Hence an IFPS does not
exist on M. -
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(h-2) ' The case n=2m+1 (m=1). The maximum of 2pq is 2m?+2m
(p=m+1 and g=m). As in the case n=2m, it can be proved that the
irreducible representations of 8l(2m+1, C) with degree less than 2m242m <1
are Ay, Ay Aym_y and Ay, In this case py, p5 pym_y and oy, are of the 2-nd
class and hence there is no real irreducible representation of I=8u(p+gq),
3u(p, g) with degree less than 2m?+2m+1 whose complexification is complex
irreducible. Therefore an IFPS does not exist on M.

Summarizing the above results, we obtain

THEOREM 8.5. Let M=L/K be a simply connected irreducible Rieman-
nian symmetric space of the classical type. If M admits an IFPS, then
M must be one of the following spaces :

(1) M,=S8L(m, R)/SO(m)  for m=3 (the non-compact type of Al),

(2) M,=SU*(2m)/Sp(m)  for m=3 (the non-compact type of AII),

(3) M;=SO(n+1)/SO(n)  for n=2 (the compact type of BD II),

(4) M,=S50(n, 1)/S0O(n) for n=2 (the non-compact type of BD II).
M, and M, admit two IFPS, while M; and M, admit a unique IFPS.
Each IFPS admits a unique invariant affine connection, which is the
canonical affine connection in the cases (3) and (4). Two projectively flat
invariant affine connections on M, and M, are not the canonical affine

connections and they are mapped to each other by the symmetry g at o= M,
(k=1, 2).
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