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\S 1. Introduction

Throughout this paper, we assume that every ring has an identity 1,
every module over a ring is unitary and a ring extension A/B has the same
identity. Let R be a commutative ring. An R-algebra \Lambda is called separable
if \Lambda is left \Lambda^{e}=\Lambda\bigotimes_{R}\Lambda^{0}-projective where \Lambda^{0} is an opposite ring of \Lambda . An R-

algebra \Lambda which is finitely generated and projective as an R-module is called
a symmetric R-algebra if \Lambda is isomorphic to Hom_{R}(\Lambda, R) as a left \Lambda^{e}-

module ([1], [3]).
Let S be a commutative ring which is a finite Abel extension of R with

Galois group G=<\sigma_{1}>\cross\cdots\cross<\sigma_{l}> (direct product of cyclic groups) such
that the order of \sigma_{i}=n_{i} . We consider a twisted polynomial ring of l-
variables B=S[X_{1}, \cdots, X_{l }; \sigma_{1}, \cdots, \sigma_{l}] . That is, B= \{\sum X_{1}^{p_{1}}\cdots X_{l}^{p_{l}}a_{p_{1},\cdots,p_{l}}|a_{p_{1}}p_{1},\cdots,p_{l} ’

..., p’\in S}; and B has the following arithmetics; for any a\in S, aX_{i}=X_{i}a^{\sigma_{i}} and
X_{i}X_{f}=X_{f}X_{i} .

For a f(X_{1}, \cdots, X_{l})=F(X_{1}^{n_{1 }},\cdots, X_{l}^{n_{l}})\in R[X_{1}, \cdots, X_{l}] , we have f(X_{1}, \cdots, X_{l})B

=Bf(X_{1}, \cdots, X_{l}) . Let f_{i}(X_{i})=F_{i}(X_{i}^{n_{i}})\in R[X_{i}](i=1, \cdots, l) be monic polyn0-

mials. Put I= \sum_{i=1}^{l}Bf_{i}(X_{i}) , A=B/I and u_{i}=X_{i}+I\in A . Then we have a fol-

lowing theorem.
THEOREM 2. If f_{i}(0)=F_{i}(0) is a unit of R(i=1, \cdots, l) , thm

A= \sum_{0\leqq\alpha_{f}\leqq n_{f}-1}\oplus u_{1}^{\alpha_{1}}\cdots u_{l}^{\alpha_{l}}S[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n_{l}}]

=\Delta(c_{\sigma_{1}\sigma_{l}\sigma_{1}\sigma_{t^{l}}}\ldots a_{1}\alpha_{l},\beta_{1}\ldots\beta,, S[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}], G=\langle\sigma_{1}\rangle\cross\cdots\cross\langle\sigma_{l}\rangle)

(crossed product where the factor set is defined by the

following way. C_{\alpha_{1}\alpha_{l}\beta_{1}\beta_{l}}\ldots_{l} \sigma_{1}\sigma’\sigma_{1}\ldots\sigma_{l}’=\prod_{i=1}^{l}u_{i}^{\nu_{b}}

. where

\nu_{i}=\{\begin{array}{l}n_{i} if\alpha_{i}+\beta_{i}\geqq n_{i}0 if\alpha_{i}+\beta_{i}\leqq n_{i}-1).\end{array}

=\Delta(u_{1}^{n_{1}}, S_{1}[u_{1}^{n}‘, \cdots, u_{l}^{n_{t}}], \langle\sigma_{1}\rangle)\otimes\cdots\cdots\otimes\Delta(u_{l}^{n_{l}}, S_{l}[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}], \langle\sigma_{l}\rangle)

R\mathfrak{c}u_{1}^{n_{1}}’\ldots,u_{l}^{n_{l}}3



A note on twisted polynomial rings 207

(tmsor product of cyclic crossed products where S_{i}[u_{1}^{n_{l}},\cdots,u_{l}^{n_{l}}]

=S[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}]^{G_{l}}=\{x\in S[u_{1}^{n_{1}},\cdots, u_{l}^{n_{l}}]|x^{\omega}=x for all \omega\in G_{i}\rangle and
G_{i}=\langle\sigma_{1}\rangle\cross_{\backslash }\cdots\cross_{\backslash }\langle\sigma_{i-1}\rangle\cross\langle\sigma_{i+1}‘\rangle\cross\cdots\cross\langle\sigma_{l}\rangle) .

The authors extend their hearty thanks to Professor Y. Miyashita for
his kind suggestion and encouragement.

\S 2. The proos of Theorem 2 and some results

We use notations which is written in \S 1. In the case that \llcorner l=1 , we
dehote B=S[X; \sigma]=\{\sum_{p}X^{p}a_{p}|a_{p}\in S\rangle etc.

PROPOSITION 1. In the case that l=1, for a monic polynmial f(X)=
\sum X^{p}a_{p}\in B, the followings are equivalmt.

(1) f(X)B=Bf(X).
If a a_{p}\neq 0 , it is a non zero divisor in S and a_{0}\neq 0 .

(2) f(X)=F(X^{n})\in R[X] .
If a a_{p}\neq 0 , it is a non zero divisor in S and a_{0}\neq 0 .

PROOF.
(2)\Rightarrow(1) trivial.
(1)\Rightarrow(2) By the condition that Bf(X)=f(X)B, for any \alpha\in S, there

exists \beta\in S such that \alpha f=f\beta . That is, \sum X^{p\sigma^{p}}\alpha a_{p}=\alpha\sum X^{p}a_{p}=\sum X^{p}a_{p}\beta So,
\alpha^{\sigma}a_{p}=a_{p}\beta p . By the condition that a_{0}\neq 0 and that this is a non zero divisor,
\alpha=\beta . For a p such that a_{p}\neq 0 , \alpha^{\sigma^{p}}=\beta=\alpha. So, \sigma^{p}=1 and n|p(i.e. n di-
vides p). This denotes that f(X)=F(X^{n}) . By the condition that Bf(X)=
f(X)B, there exists \alpha\in S such that Xf(X)=f(X)(X+\alpha) . That is,
\sum_{t}X^{nt+1}a_{n\ell}=\sum_{t}X^{nt+1\sigma}a_{nt}+\sum_{t}X^{nt}a_{nt}\alpha. So, a_{nt}\alpha=0 for all t, and by the fact
that a_{0}\neq 0 , \alpha=0 . This denotes that a_{nt}^{\sigma}=a_{nt} . That is, f(X)=F(X^{n})\in R[X] .
Q. E. D.

Let f_{i}(X_{t})=F_{i}(X_{\dot{l}}^{n} i)\in R[X_{i}](i=1, \cdots, l) be monic polynomials. Put I=
\sum_{\dot{\iota}=1}^{l}Bf_{i}(X_{i}), A=B/I and u_{i}=X_{\dot{l}}+I\in A . If deg F_{i}(X_{i})=m_{i} , degf‘(X_{l})=n_{i}m‘ .
Here, deg f_{i}(X_{i})(i=1, \cdots, l) is the degree of f_{i}(X_{i}) . Then, we have A=
\sum_{0\leqq p_{f}\leqq n_{f^{m}f^{-}}1}\oplus u_{i}^{p_{i}}\cdots u_{l}^{v_{l}}S

.

The PROOF of THEOREM 2 see (\S 1). As f_{i}(0) is a unit of R, f‘(X_{i})B+

X_{i}B=B and Bf_{i}(X_{i})+BX_{i}=B, each u_{i} is a unit of A. S[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}] is a
free_{S}^{\eta}S-module of rank i=1fl^{l}m_{i} , R[u_{1}^{n_{1}}, \cdots, u_{l}^{n_{l}}] is a free R-module rank l=.1\mathbb{I}^{l}m_{i}

and S[u_{1}^{n_{1_{ }}}, \cdots, u_{l}^{n_{l}}]=R[u_{1}^{n} l_{ },\cdots, u_{l}^{n_{l}}]\bigotimes_{R}S. By ordinary computations, we have
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A^{\iota}.\cdot=,\sum_{f}0\leqq p_{fff_{\lambda}}\leqq n\grave{m}-1\oplus u_{1}^{p_{1}}\cdots u_{l}^{p_{l}}S=\sum_{\alpha_{j}0\leqq\leqq n_{f}-1}\oplus u_{1}^{\alpha_{1}}\cdots u_{l}^{\alpha_{l}}.S[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}]

. By our as-
:s^{J}\dot{u}\dot{m}p\dot{t}ions , f\dot{o}r any\backslash a\in S, au_{i}=u_{i}a^{\sigma_{i}} . As S[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}] is a G-Galois extension
of R[u_{1}^{n_{1 }}, \cdots, u_{l}^{n_{l}}],\sum_{0\leqq a_{f}\leqq n_{f}-I}\oplus u_{1}^{a_{1}}\cdots u_{l}^{\alpha_{l}}S[u_{1}^{n_{1}}\cdots u_{l}^{n}’]

is a crossed product. As

th^{1ef}(\lrcorner

actor set, we take { C_{\alpha_{1}\alpha_{l}\beta_{1}\beta_{l}}\ldots\ldots=I^{l}1_{i}u_{i}^{\nu_{i}}\sigma_{1}\sigma_{l}

,\sigma_{1}\sigma_{l}i=
where \nu_{i}=n_{i} if \alpha_{i}+\beta_{i}\geqq n_{i} and

\nu_{i}=0 if \alpha_{i}+\beta_{i}\leqq n_{i}-1 }. The fact that A can be written \Delta(u_{1}^{n_{1}}, S_{1}[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}] ,
\langle\sigma_{1}\rangle)\otimes\cdots\cdots\otimes\Delta(u_{l}^{n}’,\tilde{S}_{l}[\dot{u}_{1}^{n_{1\dot{i}\sim}\iota},\cdot,u_{l}^{n_{l}}], \langle\sigma_{l}\rangle) (tmsor \grave{p}roduct of cyclic crossed

‘ R\mathfrak{c}u_{!}^{n_{1}}, \cdots,.u_{l}^{n_{l}}.J

p\dot{r}od^{4}ucts where. S_{i}[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}]=S[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n_{l}}]^{G_{i}}=\{x\in S[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n_{l}}]|x^{\prime g}=x for
all \omega\in G_{i}} and G_{i}=\langle\sigma_{1}\rangle\cross\cdots\cross\langle\sigma_{i-1}\rangle\cross\langle\sigma_{i+1}\rangle\cross\cdots\cross\langle\sigma_{l}\rangle.) is a result of general
Ga1\dot{o} is_{\veethe}\theta ry\backslash of commutative r\veeings ([2]). Q.E. D.

COROLLARY 3. In Theorem 2, furthermore we assume that f_{i}(X_{i})=

X_{i}^{n_{i}}-a_{i}(i.e. F_{i}(X_{\dot{l}})=X_{i}-a_{i}) and a_{i} is a unit of R(i= arrow 1,\cdots, l) , we have

A= \Delta(a_{1}, S_{1}^{\cdot}, \langle\sigma_{1}\rangle)\bigotimes_{R}\cdots\bigotimes_{R}\Delta(a_{l}, S_{l}, \langle\sigma_{l}\rangle) where S_{i}=S^{G_{\acute{\iota}}}\iota

PROOF. In^{-} this caSe,u_{i}=a_{i}\in n_{f-}..R. So, this follows immed\dot{r}ately from
THEOREM 2.

PROPOSITION 4. Under the same assnmptions as in THEOREM 2, A is
\dot\dot{a}_{4}..s^{r^{d}}Jm\acute{m}\grave{d}^{-}t^{b}ric^{1_{\acute{*}}},\cdot R’-algebra.

\cdot

,\nu t

P.R^{I}OOF . As^{1} R^{\cdot}[u_{l}^{n_{i}}I] is a free R-module of rank m_{i}(i=1, \cdots, l), R[u_{1}^{n_{1}} ,
\tau.’.\cdot’\iota_{i’\cdot r}’\cdot k’.u_{l}^{rt}’]\cong\dot{R}.[u_{1}^{n_{1}}]’,\bigotimes_{R4^{\backslash }}\cdots\bigotimes_{R}R[u_{l}^{n}i] . R[u_{i}^{n_{i}}]\cong R[X_{i}]/F_{i}(X_{i})R[X_{i}] is a free sym-

metric: R-algebra ([,6] THEOREM2.1). So, R[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n}’] is also a symmetric
R- alge\dot{b}ra([3]). As A is a central separable R[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n_{l}}] -algebra, by [4]
,T_{|HEOREM}4.2 , A is a syminetric R[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}]-algebra. So, A is a sym-
Inetri_{1c}R-algebra. Q. E. D.

LEMMA. 5. Let R be a commufative ring and R[X_{1}, \cdots, X_{l}] be a poly-
nomial ring of l-variables ( l\geqq 1 , not twisted). Let \mathfrak{A} be a proper ideal
of_{!} R. I^{\zeta}X_{1’ f}\ldots,X_{l}J)’ such that \mathfrak{A}\overline{rightarrow}\sum_{i=1}^{l}\backslash f_{i}(X_{1}, \cdots, X_{l})R[X_{1}, \cdots, X_{l}](f_{i}(X_{1}, \cdots, X_{l})\in

R.EX_{1} , \cdots,
, X_{l}]\rangle , (i=1, ’\cdot\cdot, l)) . tWe pult S=R[\backslash X_{1}, \cdots, X_{l}]/\mathfrak{A} , and assume that S

is
{
a finitely gmerated R-module. Thm S is a separable R-algebra ij and

only ij’J
’

\{ . \{det(_{\vee}^{\frac{\partial f_{i}}{\partial X_{f}}I_{1\leqq i,f\leqq l}) }+\mathfrak{A}=R[X_{1},\cdots, X_{l}] .
.,,

PRooF.
,A

This is.e.asily seen. \cdot

COROLLARY 6. In LEMMA 5, moreover we assume that f_{i}(i=1, \cdots, l)

\dot{i}\dot{s}\acute{a}^{\dot{f}}\grave{m},oni\check{c}j polynomial of R[X_{i}] . Then S is separable R-algebra if and
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So,

only if each f_{i}=f_{i}(X_{i}) is a separable polynomial of R[X_{i}]..infit\dot{h}es^{\mu}ence^{f}of

[5](i=1, \cdots, l) .
PROOF. only if part; By LEMMA 5,

(det( \frac{\partial f_{i}}{\partial X_{f}})_{1\leqq i,f\leqq l})+\mathfrak{U}=R[X_{1}, \cdots, X_{l}]

( \frac{df_{1}}{dX_{1}}\cdots\frac{df_{l}}{dX_{l}})+\mathfrak{A}=R[X_{1}, \cdots, X_{l}] . Especially,

( \frac{df_{i}}{dX_{i}})+\mathfrak{A}=R[X_{1}, \cdots, X_{l}] and ( \frac{df_{i}}{dX_{i}})+(f_{i}(X_{i}))=R[X_{i}](i=1, \cdots, l) .

So, by LEMMA 5, each f_{i}(X_{i}) is a separable polynomial (i=1, \cdots, l) . if part;

By LEMMA 5 ( \frac{df_{i}}{dX_{i}})+(f_{i}(X_{i}))=R[X_{i}] for each i(i=1, \cdots, l) . So, (

\frac{df_{l}}{dX_{l}})+\sum_{i=1}^{l}f_{i}(X_{i})R[X_{1}, \cdots, X_{l}]=R[X_{1}, \cdots, X_{l}] . By LEMMA 5, S is

\frac{df_{1}}{dX_{1}}\ldots

a sepa-

rable R-algebra. Q. E. D.
PROPOSITION 7. Under the same assumptions as in THEOREM 2, the

followings are equivalmt.
(1) Each F_{i}(X_{i}) is a separable polynomial of R[X_{i}](i=1, \cdots, l) .
(2) A is a separable R-algebra.
PROOF. (1)\Rightarrow(2) . It is sufficient if we prove that R[u_{1}^{n_{1 }},\cdots, u_{l}^{n_{l}}] is a

separable R-algebra. But this is similarly proved as PROPOSITION 4.
(2)\Rightarrow(1) . By our assumptipns, R[u_{1}^{n_{1_{ }}},\cdots, u_{l}^{n_{l}}] is a separable R-algebra.

But as R[u_{1}^{n_{1 }}, \cdots, u_{l}^{n} l]\cong R[X_{1}, \cdots, X_{l}]/\sum_{i=1}^{l}F_{i}(X_{i})R[X_{1}, \cdots, X_{l}] , by COROLLARY 6,
each F_{i}(X_{i}) is a separable polynomial of R[X_{i}](i=1, \cdots, l) . Q.E. D.
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