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Abstract. For any positive integer n, let Cn be the cyclic group of order n. We

determine all possible values of the integer group determinant of C4 � C2
2 , which is

the only unsolved abelian group of order 16.

1. Introduction

A circulant determinant is the determinant of a square matrix in which

each row is obtained by a cyclic shift of the previous row one step to the

right. At the meeting of the American Mathematical Society in Hayward,

California, in April 1977, Olga Taussky-Todd [16] suggested a problem that

is to determine all the possible values of an n� n circulant determinant when

all the entries are integers (see e.g., [5, 7]). The solution for the case n ¼ 2

is well known. In the cases of n ¼ p and 2p, where p is an odd prime, the

problem was solved [3, 7]. Also, the problem was solved for the cases n ¼ 9

[6, Theorem 4], n ¼ 4 and 8 [2, Theorem 1.1], n ¼ 12 [13, Theorem 5.3], n ¼ 15

[8, Theorem 1.3], n ¼ 16 [20], and n ¼ 25 and 27 [5, Theorems 1.2 and 1.3].

For a finite group G, let xg be a variable for each g A G. The group

determinant of G is defined as detðxgh�1Þg;h AG. Let Cn be the cyclic group of

order n. Note that the group determinant of Cn becomes an n� n circulant

determinant. The group determinant of G is called an integer group deter-

minant of G when the variables xg are all integers. Let SðGÞ denote the set

of all possible values of the integer group determinant of G:

SðGÞ :¼ fdetðxgh�1Þg;h AG j xg A Zg:

The problem suggested by Taussky-Todd is extended to the problem that is to

determine SðGÞ for any finite group G. For some groups, the problem was

solved in [1, 4, 8, 9, 12, 13, 17, 22, 21]. As a result, for every group G of

order at most 15, SðGÞ was determined. Also, C4 � C2
2 is left as the only

unsolved abelian group of order 16 (the integer group determinants for the
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non-abelian groups of order 16 have also been characterized recently in [10,

Theorems 3.1 and 4.1], [11], [23], [14], [15] and [19]).

In this paper, we determine SðC4 � C2
2Þ. For any r A Z, let

Pr :¼ fp j p1 r ðmod 8Þ is a prime numberg;

P 0 :¼ fp j p ¼ a2 þ b2 1 1 ðmod 8Þ is a prime number satisfying

aþ b1G3 ðmod 8Þg;

A :¼ fð8k � 3Þð8l þ 3Þ j k; l A Zg � f8m� 1 jm A Zg;

B :¼ fpð8m� 1Þ j p A P 0; m A Zg � f8m� 1 jm A Zg:

Theorem 1.1. We have

SðC4 � C2
2Þ ¼ f16mþ 1; 216ð4mþ 1Þ; 216ð8mþ 3Þ; 217pð2mþ 1Þ; 218m j

m A Z; p A P5g [ f216m jm A A [ Bg:

Let Dn denote the dihedral group of order n and let

C :¼ fð8k � 3Þð8l � 3Þð8m� 3Þð8n� 3Þ j k A Z; 8l � 3; 8m� 3; 8n� 3 A P5;

k þ l2mþ n ðmod 2Þg � f16m� 7 jm A Zg;

D :¼ fð8k � 3Þð8l � 3Þ j k; l A Z; k1 l ðmod 2Þg � f16m� 7 jm A Zg:

Remark that C � D holds. In [21], [22], [17, Theorem 1.5], [1, Theorem 5.3]

and [20], the following are obtained respectively:

SðC4
2Þ ¼ f16mþ 1; 216ð4mþ 1Þ; 224ð4mþ 1Þ; 224ð8mþ 3Þ; 224m 0; 226m j

m A Z; m 0 A Ag;

SðC2
4Þ ¼ f16mþ 1; m 0; 215pð2mþ 1Þ; 216m jm A Z; m 0 A C; p A P5g;

SðC8 � C2Þ ¼ f16mþ 1; m 0; 210ð2mþ 1Þ; 211pð2mþ 1Þ; 211q2ð2mþ 1Þ; 212m j

m A Z; m 0 A D; p A P 0 [ P5; q A P3g;

SðD16Þ ¼ f4mþ 1; 210m jm A Zg;

SðC16Þ ¼ f2mþ 1; 26pð2mþ 1Þ; 26q2ð2mþ 1Þ; 27m j

m A Z; p A P 0 [ P5; q A P3g:

Pinner and Smyth [13, p. 427] noted the following inclusion relations for every

groups of order 8: SðC3
2Þ � SðC4 � C2Þ � SðQ8Þ � SðD8Þ � SðC8Þ, where Q8
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denotes the generalized quaternion group of order 8. From the above results,

we have SðC4
2Þ � SðC4 � C2

2Þ � SðC2
4Þ � SðC8 � C2Þ � SðD16Þ � SðC16Þ.

2. Preliminaries

For any r A Cn with r A f0; 1; . . . ; n� 1g, we denote the variable xr by xr,

and let Dnðx0; x1; . . . ; xn�1Þ :¼ detðxgh�1Þg;h ACn
. For any ðr; sÞ A C4 � C2 with

r A f0; 1; 2; 3g and s A f0; 1g, we denote the variable yðr; sÞ by yj, where j :¼
rþ 4s, and let D4�2ðy0; y1; . . . ; y7Þ :¼ detðygh�1Þg;h AC4�C2

. For any ðr; s; tÞ A
C4 � C2

2 with r A f0; 1; 2; 3g and s; t A f0; 1g, we denote the variable zðr; s; t Þ by zj ,

where j :¼ rþ 4sþ 8t, and let D4�2�2ðz0; z1; . . . ; z15Þ :¼ detðzgh�1Þg;h AC4�C2
2
.

From the G ¼ C4 and H ¼ f0; 2g case of [17, Theorem 1.1], we have the

following corollary.

Corollary 2.1. We have

D4ðx0; x1; x2; x3Þ ¼ D2ðx0 þ x2; x1 þ x3ÞD2ðx0 � x2;
ffiffiffiffiffiffiffi
�1

p
ðx1 � x3ÞÞ

¼ fðx0 þ x2Þ2 � ðx1 þ x3Þ2gfðx0 � x2Þ2 þ ðx1 � x3Þ2g:

Remark 2.2. From Corollary 2:1, we have

D4ðx0; x1; x2; x3Þ ¼ �D4ðx1; x2; x3; x0Þ:

Lemma 2.3. The following hold:

(1) D4�2ðy0; . . . ; y7Þ ¼ D4ðy0 þ y4; y1 þ y5; y2 þ y6; y3 þ y7ÞD4ðy0 � y4;

y1 � y5; y2 � y6; y3 � y7Þ;
(2) D4�2�2ðz0; . . . ; z15Þ ¼ D4�2ðz0 þ z8; z1 þ z9; . . . ; z7 þ z15ÞD4�2ðz0 � z8;

z1 � z9; . . . ; z7 � z15Þ.

Proof. Theorem 1:1 of [18] describes a formula for SðH � KÞ when H

and K are finite abelian groups. Part (1) follows from this by taking H ¼ C4

and K ¼ C2, and (2) by choosing H ¼ C4 � C2 and K ¼ C2. r

Throughout this paper, we assume that a0; a1; . . . ; a15 A Z, and for any

0a ia 3, let

bi :¼ ðai þ aiþ8Þ þ ðaiþ4 þ aiþ12Þ; ci :¼ ðai þ aiþ8Þ � ðaiþ4 þ aiþ12Þ;

di :¼ ðai � aiþ8Þ þ ðaiþ4 � aiþ12Þ; ei :¼ ðai � aiþ8Þ � ðaiþ4 � aiþ12Þ:

Also, let a :¼ ða0; a1; . . . ; a15Þ and let

b :¼ ðb0; b1; b2; b3Þ; c :¼ ðc0; c1; c2; c3Þ;

d :¼ ðd0; d1; d2; d3Þ; e :¼ ðe0; e1; e2; e3Þ:

361Integer group determinants for abelian groups of order 16



Then, from Lemma 2:3, we have

D4�2�2ðaÞ ¼ D4ðbÞD4ðcÞD4ðdÞD4ðeÞ: ð�Þ

Remark 2.4. For any 0a ia 3, the following hold:

(1) bi 1 ci 1 di 1 ei ðmod 2Þ;
(2) bi þ ci þ di þ ei 1 0 ðmod 4Þ.

Lemma 2.5. We have

D4�2�2ðaÞ1D4ðbÞ1D4ðcÞ1D4ðdÞ1D4ðeÞ ðmod 2Þ:

Proof. From Corollary 2:1, for any x0; x1; x2; x3 A Z,

D4ðx0; x1; x2; x3Þ1 x0 þ x1 þ x2 þ x3 ðmod 2Þ:

Therefore, we have

D4ðbÞ1D4ðcÞ1D4ðdÞ1D4ðeÞ ðmod 2Þ

from Remark 2:4 (1). r

3. Impossible odd numbers

In this section, we consider impossible odd numbers. Let Zodd be the set

of all odd numbers.

Lemma 3.1. We have SðC4 � C2
2Þ \ Zodd � f16mþ 1 jm A Zg.

To prove Lemma 3:1, we use the following lemma.

Lemma 3.2 ([17, Lemmas 4.6 and 4.7]). For any k; l;m; n A Z, the fol-

lowing hold:

(1) D4ð2k þ 1; 2l; 2m; 2nÞ1 8mþ 1 ðmod 16Þ;
(2) D4ð2k; 2l þ 1; 2mþ 1; 2nþ 1Þ1 8ðk þ l þ nÞ � 3 ðmod 16Þ.

Proof (Proof of Lemma 3:1). Let

D4�2�2ðaÞ ¼ D4ðbÞD4ðcÞD4ðdÞD4ðeÞ A Zodd:

Then D4ðbÞ A Zodd. From this and Corollary 2:1, we have b0 þ b2 2 b1 þ b3
ðmod 2Þ. Therefore, one of the following cases holds:

( i ) exactly three of b0, b1, b2, b3 are even;

(ii) exactly one of b0, b1, b2, b3 is even.

First, we consider the case (i). From Remarks 2:2 and 2:4 (1), we may assume

without loss of generality that b1 c1 d1 e1 ð1; 0; 0; 0Þ ðmod 2Þ. From

Remark 2:4, there exist mi A Z satisfying b2 ¼ 2m0, c2 ¼ 2m1, d2 ¼ 2m2,
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e2 ¼ 2m3 and
P3

i¼0 mi 1 0 ðmod 2Þ. Therefore, from Lemma 3:2 (1),

D4�2�2ðaÞ1
Y3
i¼0

ð8mi þ 1Þ1 1þ 8
X3

i¼0

mi 1 1 ðmod 16Þ:

Next, we consider the case (ii). From Remarks 2:2 and 2:4 (1), we may

assume without loss of generality that b1 c1 d1 e1 ð0; 1; 1; 1Þ ðmod 2Þ.
From Remark 2:4, there exist ki; li; ni A Z satisfying

ðb0; b1; b2Þ ¼ ð2k0; 2l0 þ 1; 2n0 þ 1Þ; ðc0; c1; c3Þ ¼ ð2k1; 2l1 þ 1; 2n1 þ 1Þ;

ðd0; d1; d3Þ ¼ ð2k2; 2l2 þ 1; 2n2 þ 1Þ; ðe0; e1; e3Þ ¼ ð2k3; 2l3 þ 1; 2n3 þ 1Þ

and
P3

i¼0 ki 1
P3

i¼0 li 1
P3

i¼0 ni 1 0 ðmod 2Þ. Therefore, from Lemma 3:2

(2), we have

D4�2�2ðaÞ1
Y3
i¼0

f8ðki þ li þ niÞ � 3g

1 1þ 8
X3

i¼0

ðki þ li þ niÞ1 1 ðmod 16Þ: r

4. Impossible even numbers

With P5, P 0, A, B as in Section 1, in this section we aim to establish

three statements regarding necessary conditions for even members of

SðC4 � C2
2Þ.

Lemma 4.1. We have SðC4 � C2
2Þ \ 2Z � 216Z.

Lemma 4.2. We have

SðC4 � C2
2Þ \ 216Zodd � f216ð4mþ 1Þ; 216ð8mþ 3Þ; 216m 0 jm A Z; m 0 A A [ Bg:

Lemma 4.3. We have

SðC4 � C2
2Þ \ 217Zodd � f217pð2mþ 1Þ j p A P5; m A Zg:

Lemma 4:1 is immediately obtained from Equation ð�Þ, Lemma 2:5 and

Kaiblinger’s [2, Theorem 1.1] result SðC4Þ ¼ Zodd [ 24Z. To prove Lemma

4:2, we use the following six lemmas.

Lemma 4.4 ([22, Lemma 3:2]). For any k; l;m; n A Z, the following

hold:

(1) D4ð2k; 2l; 2m; 2nÞ A 24Zodd; k þm2 l þ n ðmod 2Þ;
28Z; k þm1 l þ n ðmod 2Þ;

�
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(2) D4ð2k þ 1; 2l þ 1; 2mþ 1; 2nþ 1Þ

A
24Zodd; k þm2 l þ n ðmod 2Þ;
27Zodd; ðk þmÞðl þ nÞ1�1 ðmod 4Þ;
29Z; otherwise;

8<
:

(3) D4ð2k; 2l þ 1; 2m; 2nþ 1Þ

A
25Zodd; k �m1 l � n1 1 ðmod 2Þ;
26Zodd; k1m ðmod 2Þ; ð2k þ 2l þ 1Þð2mþ 2nþ 1Þ1G3 ðmod 8Þ;
27Z; otherwise;

8<
:
(4) D4ð2k; 2l; 2mþ 1; 2nþ 1Þ

A
24Zodd; ð2k þ 2mþ 1Þð2l þ 2nþ 1Þ1G3 ðmod 8Þ;
25Z; ð2k þ 2mþ 1Þð2l þ 2nþ 1Þ1G1 ðmod 8Þ:

�

Lemma 4.5. Suppose that ðx0; x1; x2; x3Þ1 ð0; 0; 1; 1Þ ðmod 2Þ and

ðx0 þ x2Þðx1 þ x3Þ1G3 ðmod 8Þ hold. Then the following hold:

(1) if x0 1 x1 ðmod 4Þ, then ðx0 � x2Þ2 þ ðx1 � x3Þ2 A f2ð8k � 3Þ j k A Zg;
(2) if x0 2 x1 ðmod 4Þ, then ðx0 � x2Þ2 þ ðx1 � x3Þ2 A f2ð8k þ 1Þ j k A Zg.

Proof. We prove (1). If x0 1 x1 ðmod 4Þ, then

ðx0 � x2Þðx1 � x3Þ ¼ ðx0 þ x2Þðx1 þ x3Þ � 2x0x3 � 2x2x1

1 ðx0 þ x2Þðx1 þ x3Þ � 2x0ðx3 þ x2Þ

1G3 ðmod 8Þ:

Thus, ðx0 � x2Þ2 þ ðx1 � x3Þ2 1�6 ðmod 16Þ holds. We prove (2). If

x0 2 x1 ðmod 4Þ, then

ðx0 � x2Þðx1 � x3Þ ¼ ðx0 þ x2Þðx1 þ x3Þ � 2x0x3 � 2x2x1

1 ðx0 þ x2Þðx1 þ x3Þ � 2x0x3 � 2x2ðx0 þ 2Þ

1 ðx0 þ x2Þðx1 þ x3Þ � 2x0ðx3 þ x2Þ � 4x2

1G1 ðmod 8Þ:

Thus, ðx0 � x2Þ2 þ ðx1 � x3Þ2 1 2 ðmod 16Þ holds. r

Lemma 4.6. Suppose that ðx0 þ x2Þ2 � ðx1 þ x3Þ2 has no prime factor of

the form 8kG 3. Then the following hold:

(1) if x0 þ x2 1G3, x1 þ x3 1G1 ðmod 8Þ, then ðx0 þ x2Þ2 � ðx1 þ x3Þ2 A
f8ð8k þ 1Þ j k A Zg;
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(2) if x0 þ x2 1G1, x1 þ x3 1G3 ðmod 8Þ, then ðx0 þ x2Þ2 � ðx1 þ x3Þ2 A
f8ð8k � 1Þ j k A Zg.

Proof. We prove (1). First, we consider the case of ðx0 þ x2; x1 þ x3Þ
1 ð3; 1Þ ðmod 8Þ. Then ðx0 þ x2; x1 þ x3Þ1 ð3; 1Þ; ð3;�7Þ; ð�5; 1Þ or ð�5;�7Þ
ðmod 16Þ. From

ð16l þ 3Þ2 � ð16mþ 1Þ2 ¼ ð16l þ 3þ 16mþ 1Þð16l þ 3� 16m� 1Þ

¼ 8ð4l þ 4mþ 1Þð8l � 8mþ 1Þ;

ð16l þ 3Þ2 � ð16m� 7Þ2 ¼ ð16l þ 3þ 16m� 7Þð16l þ 3� 16mþ 7Þ

¼ 8ð4l þ 4m� 1Þð8l � 8mþ 5Þ;

ð16l � 5Þ2 � ð16mþ 1Þ2 ¼ ð16l � 5þ 16mþ 1Þð16l � 5� 16m� 1Þ

¼ 8ð4l þ 4m� 1Þð8l � 8m� 3Þ;

ð16l � 5Þ2 � ð16m� 7Þ2 ¼ ð16l � 5þ 16m� 7Þð16l � 5� 16mþ 7Þ

¼ 8ð4l þ 4m� 3Þð8l � 8mþ 1Þ;

we find that if ðx0 þ x2; x1 þ x3Þ1 ð3;�7Þ or ð�5; 1Þ ðmod 16Þ, then

ðx0 þ x2Þ2 � ðx1 þ x3Þ2 has at least one prime factor of the form 8kG 3.

Also, if ðx0 þ x2; x1 þ x3Þ1 ð3; 1Þ or ð�5;�7Þ ðmod 16Þ, then ðx0 þ x2Þ2 �
ðx1 þ x3Þ2 is of the form 8ð8k þ 1Þ or has at least one prime factor of the

form 8kG 3. In the same way, we can prove for the cases ðx0 þ x2; x1 þ x3Þ
1 ð3;�1Þ; ð�3; 1Þ and ð�3;�1Þ ðmod 8Þ. Replacing ðx0; x1; x2; x3Þ with ðx1; x2;
x3; x0Þ in (1), we obtain (2). r

Lemma 4.7. Suppose that ðx0 � x2Þ2 þ ðx1 � x3Þ2 has no prime factor of

the form 8kG 3 and x0 � x2 1G3, x1 � x3 1G3 ðmod 8Þ hold. Then

ðx0 � x2Þ2 þ ðx1 � x3Þ2 A f2pm jm A Z; p ¼ a2 þ b2 1 1 ðmod 8Þ;

aþ b1G3 ðmod 8Þg:

Proof. From the assumption, there exist primes pi 1 1, qi 1�1 ðmod 8Þ
and integers ki; li b 0 satisfying ðx0 � x2Þ2 þ ðx1 � x3Þ2 ¼ 2pk1

1 � � � pkr
r q2l11 � � � q2lss .

We prove by contradiction. If pi ¼ a2i þ b2i with ai þ bi 1G1 ðmod 8Þ for any
1a ia r, then x0 � x2; x1 � x3 A f8kG 1 j k A Zg hold from [20, Lemma 4.8].

This is a contradiction. r

Lemma 4.8. Suppose that b0 þ b2 1 b1 þ b3 1 0 ðmod 2Þ and D4�2�2ðaÞ A
216Zodd. Then we have D4�2�2ðaÞ A f216ð4mþ 1Þ jm A Zg.
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Proof. From Equation ð�Þ, Remarks 2:2 and 2:4 (1) and Lemma 4:4, one

of the following cases holds:

( i ) b0 1 b1 1 b2 1 b3 1 0 ðmod 2Þ and D4ðbÞ; D4ðcÞ; D4ðdÞ; D4ðeÞ A
24Zodd;

(ii) b0 1 b1 1 b2 1 b3 1 1 ðmod 2Þ and D4ðbÞ; D4ðcÞ; D4ðdÞ; D4ðeÞ A
24Zodd.

First, we consider the case (i). From Remark 2:4, there exist ki; li;mi; ni A Z
satisfying

b ¼ ð2k0; 2l0; 2m0; 2n0Þ; c ¼ ð2k1; 2l1; 2m1; 2n1Þ;

d ¼ ð2k2; 2l2; 2m2; 2n2Þ; e ¼ ð2k3; 2l3; 2m3; 2n3Þ

and
P3

i¼0 ki 1
P3

i¼0 li 1
P3

i¼0 mi 1
P3

i¼0 ni 1 0 ðmod 2Þ. Here, from Lemma

4:4, ki þmi 2 li þ ni ðmod 2Þ holds for any 0a ia 3. Thus by Corollary 2:1

we have

2�4D4ð2ki; 2li; 2mi; 2niÞ ¼ fðki þmiÞ2 � ðli þ niÞ2gfðki �miÞ2 þ ðli � niÞ2g

1 ð�1Þ liþni ðmod 4Þ:

Therefore,

2�16D4�2�2ðaÞ ¼ 2�16
Y3
i¼0

D4ð2ki; 2li; 2mi; 2niÞ

1
Y3
i¼0

ð�1Þ liþni

1 ð�1Þ l0þl1þl2þl3ð�1Þn0þn1þn2þn3

1 1 ðmod 4Þ:

In the same way, we can prove for the case (ii). r

Lemma 4.9. Let b0 þ b2 1 b1 þ b3 1 1 ðmod 2Þ. If

D4�2�2ðaÞ A f216m jm1�1 ðmod 8Þg;

then D4�2�2ðaÞ A f216m jm A A [ Bg.

Proof. Let D4�2�2ðaÞ ¼ D4ðbÞD4ðcÞD4ðdÞD4ðeÞ ¼ 216m with m1�1

ðmod 8Þ. From Remarks 2:2 and 2:4 (1), we may assume without loss of

generality that b1 c1 d1 e1 ð0; 0; 1; 1Þ ðmod 2Þ. We prove that if m B A,

then m A B. Suppose that m B A and let
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Q :¼ fðx0; x1; x2; x3Þ A Z4 j ðx0; x1; x2; x3Þ1 ð0; 0; 1; 1Þ ðmod 2Þ;

ðx0 þ x2Þðx1 þ x3Þ1G3 ðmod 8Þ; x0 2 x1 ðmod 4Þg;

Q1 :¼ fðx0; x1; x2; x3Þ A Q j x0 þ x2 1G3; x1 þ x3 1G1 ðmod 8Þg;

Q2 :¼ fðx0; x1; x2; x3Þ A Q j x0 þ x2 1G1; x1 þ x3 1G3 ðmod 8Þg;

Q 0
1 :¼ fðx0; x1; x2; x3Þ A Q1 j x0 1 0; x1 1 2 ðmod 4Þg;

Q 0
2 :¼ fðx0; x1; x2; x3Þ A Q2 j x0 1 2; x1 1 0 ðmod 4Þg:

Since m B A, D4ðbÞD4ðcÞD4ðdÞD4ðeÞ has no prime factor of the form 8kG 3.

Thus, from Lemmas 4:4 (4) and 4:5, we have b; c; d; e A Q. Moreover, from

m1�1 ðmod 8Þ and Lemmas 4:5 and 4:6, either one of the following cases

holds:

( i ) one of b, c, d, e is an element of Q1 and the other three are elements

of Q2;

(ii) one of b, c, d, e is an element of Q2 and the other three are elements

of Q1.

Since b0 þ c0 þ d0 þ e0 1 0 ðmod 4Þ from Remark 2:4 (2), we find that in both

cases (i) and (ii), at least one of b, c, d, e is an element of Q 0
1 [Q 0

2. On the

other hand, for any x ¼ ðx0; x1; x2; x3Þ A Q 0
1, we have �x0 þ x2 1 x0 þ x2 1G3,

�x1 þ x3 1 x1 þ x3 � 41G3 ðmod 8Þ. Thus, it follows from Lemma 4:7 that

for any x A Q 0
1, if D4ðxÞ has no prime factor of the form 8kG 3, then D4ðxÞ has

at least one prime factor of the form p ¼ a2 þ b2 1 1 ðmod 8Þ with aþ b1G3

ðmod 8Þ. In the same way, we can obtain the same conclusion for any x A Q 0
2.

From the above, we have m A B. r

Proof (Proof of Lemma 4:2). Suppose that

D4�2�2ðaÞ ¼ D4ðbÞD4ðcÞD4ðdÞD4ðeÞ A 216Zodd:

From Corollary 2:1 and Lemma 2:5, we have b0 þ b2 1 b1 þ b3 ðmod 2Þ.
Therefore, we have

D4�2�2ðaÞ A f216ð4mþ 1Þ; 216ð8mþ 3Þ; 216m 0 jm A Z; m 0 A A [ Bg

from Lemmas 4:8 and 4:9. r

To prove Lemma 4:3, we use the following lemma.

Lemma 4.10. Suppose that x ¼ ðx0; x1; x2; x3Þ1 ð0; 0; 1; 1Þ ðmod 2Þ,
ðx0 þ x2Þðx1 þ x3Þ1G1 ðmod 8Þ and x0 2 x1 ðmod 4Þ. Then D4ðxÞ has at

least one prime factor of the form 8k � 3.
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Proof. From

ðx0 � x2Þðx1 � x3Þ ¼ ðx0 þ x2Þðx1 þ x3Þ � 2x0x3 � 2x2x1

1 ðx0 þ x2Þðx1 þ x3Þ � 2x0x3 � 2x2ðx0 þ 2Þ

1 ðx0 þ x2Þðx1 þ x3Þ � 2x0ðx3 þ x2Þ � 4x2

1G3 ðmod 8Þ;

we have ðx0 � x2Þ2 þ ðx1 � x3Þ2 1�6 ðmod 16Þ. This completes the proof.

r

Proof (Proof of Lemma 4:3). Suppose that

D4�2�2ðaÞ ¼ D4ðbÞD4ðcÞD4ðdÞD4ðeÞ A 217Zodd:

Then, from Corollary 2:1 and Lemma 2:5, we have b0 þ b2 1 b1 þ b3 ðmod 2Þ.
Therefore, from Remarks 2:2 and 2:4 (1) and Lemma 4:4, we have b0 þ b2 1
b1 þ b3 1 1 ðmod 2Þ. We may assume without loss of generality that b1 c1
d1 e1 ð0; 0; 1; 1Þ ðmod 2Þ. Let

Q3 :¼ fðx0; x1; x2; x3Þ A Z4 j ðx0; x1; x2; x3Þ1 ð0; 0; 1; 1Þ ðmod 2Þ;

ðx0 þ x2Þðx1 þ x3Þ1G3 ðmod 8Þg;

Q4 :¼ fðx0; x1; x2; x3Þ A Z4 j ðx0; x1; x2; x3Þ1 ð0; 0; 1; 1Þ ðmod 2Þ;

ðx0 þ x2Þðx1 þ x3Þ1G1 ðmod 8Þg;

Q 0
3 :¼ fðx0; x1; x2; x3Þ A Q3 j x0 1 x1 ðmod 4Þg;

Q 0
4 :¼ fðx0; x1; x2; x3Þ A Q4 j x0 2 x1 ðmod 4Þg:

From Lemma 4:4, three of b, c, d, e are elements of Q3 and the other one is an

element of Q4. Moreover, since ðb0 � b1Þ þ ðc0 � c1Þ þ ðd0 � d1Þ þ ðe0 � e1Þ1
0 ðmod 4Þ from Remark 2:4 (2), we find that at least one of b, c, d, e is an

element of Q 0
3 [Q 0

4. On the other hand, it follows from Lemmas 4:5 and 4:10

that for any x A Q 0
3 [Q 0

4, D4ðxÞ has at least one prime factor of the form

8k � 3. From the above, there exist p A P5 and m A Z satisfying D4�2�2ðaÞ ¼
217pð2mþ 1Þ. r

5. Possible numbers

In this section, we determine all possible numbers. Lemmas 3:1 and 4:1–

4:3 imply that SðC4 � C2
2Þ does not include every integer that is not mentioned

in the following Lemmas 5:1–5:3.
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Lemma 5.1. For any m A Z, the following are elements of SðC4 � C2
2Þ:

(1) 16mþ 1;

(2) 216ð4mþ 1Þ;
(3) 216ð4mþ 1Þð8nþ 3Þ;
(4) 218ð2mþ 1Þ;
(5) 218ð2mÞ.

Lemma 5.2. For any p A P 0 and m A Z, we have

216pð4m� 1Þ A SðC4 � C2
2Þ:

Lemma 5.3. For any p A P5 and m A Z, we have

217pð2mþ 1Þ A SðC4 � C2
2Þ:

Remark 5.4. From Lemma 5:1 ð3Þ, we have 216m A SðC4 � C2
2Þ for any

m A A. Also, from Lemma 5:2, we have 216m A SðC4 � C2
2Þ for any m A B.

Proof (Proof of Lemma 5:1). We obtain (1) from

D4�2�2ðmþ 1;m; . . . ;mÞ ¼ D4ð4mþ 1; 4m; 4m; 4mÞD4ð1; 0; 0; 0Þ3

¼ ð8mþ 1Þ2 � ð8mÞ2

¼ 16mþ 1:

We obtain (2) from

D4�2�2ðmþ 1;mþ 1;mþ 2;m; . . . ;mÞ ¼ D4ð4mþ 1; 4mþ 1; 4mþ 2; 4mÞ

�D4ð1; 1; 2; 0Þ3

¼ 2fð8mþ 3Þ2 � ð8mþ 1Þ2gð24Þ3

¼ 213ð32mþ 8Þ

¼ 216ð4mþ 1Þ:

We obtain (3) from

D4�2�2ðmþ nþ 1; . . . ;mþ nþ 1
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{4

;m� n; . . . ;m� n
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{4

;

mþ nþ 1;mþ n;mþ nþ 1;mþ n� 1;m� n� 1;m� n;m� n;m� nÞ

¼ D4ð4mþ 1; 4mþ 1; 4mþ 2; 4mÞD4ð4nþ 3; 4nþ 1; 4nþ 2; 4nÞ

�D4ð1; 1; 0; 2ÞD4ð�1; 1; 0; 2Þ
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¼ 2fð8mþ 3Þ2 � ð8mþ 1Þ2g2fð8nþ 5Þ2 � ð8nþ 1Þ2gð�24Þð�24Þ

¼ 210ð32mþ 8Þð64nþ 24Þ

¼ 216ð4mþ 1Þð8nþ 3Þ:

We obtain (4) from

D4�2�2ðmþ 2;m;mþ 2;mþ 1;m;m;m;m;

mþ 1;mþ 1;m;mþ 1;m;m;m;mÞ

¼ D4ð4mþ 3; 4mþ 1; 4mþ 2; 4mþ 2ÞD4ð3; 1; 2; 2ÞD4ð1;�1; 2; 0Þ2

¼ 2fð8mþ 5Þ2 � ð8mþ 3Þ2g25ð24Þ2

¼ 218ð2mþ 1Þ:

We obtain (5) from

D4�2�2ðmþ 1;m;mþ 1;m;m;m� 1;m;m;

m;mþ 1;m;mþ 1;m;m� 1;m� 1;m� 1Þ

¼ D4ð4mþ 1; 4m� 1; 4m; 4mÞD4ð1; 3; 2; 2ÞD4ð1;�1; 2; 0ÞD4ð1;�1; 0;�2Þ

¼ 2fð8mþ 1Þ2 � ð8m� 1Þ2gð�25Þ24ð�24Þ

¼ 218ð2mÞ:

This completes the proof. r

Proof (Proof of Lemma 5:2). For any p A P 0, there exist r; s A Z with

r2 s ðmod 2Þ satisfying p ¼ ð4rÞ2 þ ð4sþ 1Þ2. Let k :¼ rþsþ1
2 and l :¼ r�s�1

2 .

Then we have

2p ¼ ð4rþ 4sþ 1Þ2 þ ð4r� 4s� 1Þ2 ¼ ð8k � 3Þ2 þ ð8l þ 3Þ2:

Therefore, from

D4�2�2ðk �m; l �mþ 1;�k �mþ 1;�l �m; k þm; l þmþ 1;

�k þmþ 1;�l þm; k �m; l �mþ 1;�k �mþ 1;�l �m;

k þm� 1; l þm;�k þm� 1;�l þmÞ

¼ D4ð4k � 1; 4l þ 3; 2� 4k;�4lÞD4ð1� 4m; 1� 4m; 2� 4m;�4mÞ

�D4ð1; 1; 2; 0ÞD4ð�1;�1;�2; 0Þ
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¼ �23fð8k � 3Þ2 þ ð8l þ 3Þ2g2fð3� 8mÞ2 � ð1� 8mÞ2g2424

¼ �212fð8k � 3Þ2 þ ð8l þ 3Þ2gð�32mþ 8Þ

¼ 215fð8k � 3Þ2 þ ð8l þ 3Þ2gð4m� 1Þ;

we have 216pð4m� 1Þ A SðC4 � C2
2Þ. r

Proof (Proof of Lemma 5:3). For any p A P5, there exist r; s A Z with

r1 s ðmod 2Þ satisfying p ¼ ð4rþ 2Þ2 þ ð4sþ 1Þ2. Let k :¼ rþs
2 and l :¼ r�s

2 .

Then we have

2p ¼ ð4rþ 4sþ 3Þ2 þ ð4r� 4sþ 1Þ2 ¼ ð8k þ 3Þ2 þ ð8l þ 1Þ2:

Therefore, from

D4�2�2ðmþ l þ 1;mþ k þ 1;m� l þ 1;m� k;mþ l þ 1;mþ k þ 1;

m� l þ 1;m� k;mþ l þ 1;mþ k þ 1;m� l þ 1;m� k;

mþ l;mþ k;m� l � 1;m� kÞ

¼ D4ð4mþ 4l þ 3; 4mþ 4k þ 3; 4m� 4l þ 2; 4m� 4kÞ

�D4ð1; 1; 2; 0Þ2D4ð�1;�1;�2; 0Þ

¼ fð8mþ 5Þ2 � ð8mþ 3Þ2gfð8l þ 1Þ2 þ ð8k þ 3Þ2gð24Þ224

¼ 212ð32mþ 16Þfð8k þ 3Þ2 þ ð8l þ 1Þ2g

¼ 216fð8k þ 3Þ2 þ ð8l þ 1Þ2gð2mþ 1Þ;

we have 217pð2mþ 1Þ A SðC4 � C2
2Þ. r

From Lemmas 3:1, 4:1–4:3 and 5:1–5:3, Theorem 1:1 is proved.
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