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Abstract. We investigate a class of second order fully nonlinear elliptic equations

containing gradient terms on compact almost Hermitian manifolds and show some a

priori estimates for solutions of these equations under some assumptions.

1. Introduction

Fully nonlinear elliptic equations have been considered important in com-

plex geometry, which includes complex Monge-Ampère equations. Recent

years, as a more general case, fully nonlinear elliptic equations containing

gradient terms have been attracted attention, and which have played a central

role in di¤erential geometry and mathematical physics. For instance, the

Fu-Yau equation which was introduced by J. Fu and S.-T. Yau as a natural

generalization of Strominger system in string theory is included in these kind

of generalized fully nonlinear equations. The equation related to Gauduchon

conjecture, which is a generalization of Calabi conjecture, is also included, and

this conjecture has been solved by showing the existence of the solution of the

equation by G. Székelyhidi, V. Tosatti and B. Weinkove. In terms of these

equations, it can be said that these fully nonlinear elliptic equation containing

gradient terms are widely considered as an interesting subject from the view

of not only di¤erential geometry but also mathematical physics. However,

the existence of gradient terms results in having the terms include ‘‘u for

a smooth solution u in some computations, and then controlling these terms

becomes a crucial part for obtaining a priori estimates. Székelyhidi has

obtained a priori estimates for solutions of a class of fully nonlinear equa-

tions on compact Hermitian manifolds (cf. [5]). By applying some of his

methods and dealing well with the terms including ‘‘u, R. Yuan has derived
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a priori estimates for a class of second order fully nonlinear elliptic equations

containing gradient terms on compact Hermitian manifolds (cf. [8]). Addi-

tionally, we have been able to find generalization of some results such as for

the Monge-Ampère equation in the complex geometry to the almost complex

geometry (cf. [3]). In the present paper, we extend Yuan’s results to the almost

Hermitian geometry.

Let ðM 2n; J; gÞ be a compact almost Hermitian manifold of real dimension

2n with smooth boundary qM and M ¼ M [ qM. Let o be the associated

real ð1; 1Þ-form with respect to the metric g on M. On ðM 2n; J; gÞ, we con-

sider the following equation containing gradient terms of the form

b1ðg½u�Þn�15oþ b2ðg½u�Þn�25o2 ¼ cðg½u�Þn

g½u� :¼ wð�; duÞ þ
ffiffiffiffiffiffiffi
�1

p
qqu > 0;

(
ð1:1Þ

where b1 and b2 are two nonnegative constants with b1 þ b2 > 0, c is a

smooth positive function on M, and wðp; zÞ, ðp; zÞ A T �
CM, is a smooth real

ð1; 1Þ-form.

We crucially need the following subsolution in order to derive estimates.

Definition 1.1 (cf. [8, Definition 1.1]). A function u A C2ðMÞ is called

a C-subsolution of the equation (1.1) if for any nonzero ð1; 0Þ-form g, one

obtains

lim
t!þy

½cðg½u; t; g�Þn � b1ðg½u; t; g�Þn�15o� b2ðg½u; t; g�Þn�25o2� > 0; ð1:2Þ

where g½u; t; g� :¼ g½u� þ t
ffiffiffiffiffiffiffi
�1

p
g5g, g½u� ¼ wðp; duÞ þ

ffiffiffiffiffiffiffi
�1

p
qqu.

Choosing a local ð1; 0Þ-frame fZrg, we write wij ¼ wðp; duÞðZi;Zj Þ,

wijk ¼ ‘Zk
wij ¼ wij;k þ wij; zauak þ w

ij; za
uak;

where ‘ is the Chern connection.

We assume that the real ð1; 1Þ-form w satisfies the following structural

condition

wij; za; zb ¼ 0; w
ij; za; zb

¼ 0; w
ij; za; zb

¼ 0: ð1:3Þ

By assuming the condition (1.3), we show the gradient estimates for the equa-

tion (1.1).

Theorem 1.1. Suppose that (1.3) holds and there exists a C-subsolution

u A C 2ðMÞ of the equation (1.1) in the sense of Definition 1.1. Then for any

solution u A C 3ðMÞ \ C1ðMÞ of the equation (1.1) with g½u� > 0, there is a uni-

form constant C depending on jujC 0ðMÞ and some geometric quantities such as
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Christo¤el symbols, coe‰cients of Lie bracket, Chern curvature, torsion and their

derivatives, such that

max
M

j‘ujaC 1þmax
qM

j‘uj
� �

;

where j � j :¼ j � jg, j‘uj
2
g ¼ gij‘iu‘j u.

We also prove a priori second order estimates.

Theorem 1.2. Let u A C4ðMÞ \ C2ðMÞ be a solution of the equation (1.1)

such that g½u� is positive. Suppose that the condition (1.3) holds and that at any

fixed point p A M, where gij ¼ dij and gij ¼ lidij with l1 b l2 b � � �b ln,X
a>1

jReð fawa1; zbÞja rðlÞl1 fb; for Eb; ð1:4Þ

where rðlÞ : Gn ! Rþ is a positive continuous function with rðlÞ ! 0 as

jlj ! þy, jlj ¼
ffiffiffiffiffiffiffiffiffiffiffiP

l2i

q
, Gn ¼ fl A Rn : li > 0g and

f ðlÞ ¼ �
X
i

d1

li
�
X
i<j

d2

lilj
; d1 ¼

b1

n
; d2 ¼

2b2
nðn� 1Þ : ð1:5Þ

Then, there exists a uniform bounded positive constant C depending on jujC 1ðMÞ,

jcjC 1; 1ðMÞ, jujC 1; 1ðMÞ, and some geometric quantities such as Christo¤el symbols,

coe‰cients of Lie bracket, Chern curvature, torsion and their derivatives, such

that

sup
M

jDujaC 1þ sup
qM

jDuj
� �

;

provided that there exists a C-subsolution u A C 2ðMÞ of the equation (1.1) in the

sense of Definition 1.1.

The following structural condition of the equation (1.1) plays a crucial role

for proving Theorem 1.2:

lim inf
jlj!y

f1l
2
1P
fi
> r0 in l A Gn : inf

M

ca f ðlÞa sup
M

c

( )
; ð1:6Þ

where f denotes the function appears in (4.1), l1 b l2 b � � �b ln, and r0
is a positive constant. We can verify the equation (1.1) satisfies the condi-

tion (1.6) in the same way as in [8]. For readers convenience, we introduce

the argument: If d2 ¼ 0 and d1 > 0, f ðlÞ ¼ �
P d1

li
, then fil

2
i ¼ f1l

2
1 ¼ d1,P

fi ¼
P d1

l2i
. Note that we have

P d1
li
¼ c. Since we have 1

nd1
c2

a
P

fi a
1
d1
c2 from the Cauchy-Schwarz inequality, the condition (1.6) holds for d2 ¼ 0.
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Assuming d2 > 0, then we have that using fili ac for any i ¼ 1; 2; . . . ; n,

f1l
2
1 ¼ d1 þ

X
j>1

d2

lj
;

f1l
2
1P
fi
b

f1l
2
1

nfn
b

f1l
2
1ln

nc
b

d2

nc
;

which completes the proof for verifying that the equation (1.1) satisfies (1.6).

Since combining Theorem 1.1 and 1.2, the equation (1.1) becomes a uni-

form elliptic equation, by assuming a priori C0 estimate for a smooth solution,

then one can derive the C2;a estimate for some 0 < a < 1 by applying the

Evans-Krylov theorem (cf. [1]) and one can apply the Schauder theory to derive

uniform Ck estimates for all kb 0, and we have the following corollary for

closed manifolds.

Corollary 1.1. Let ðM; J;oÞ be a closed Hermitian manifold and let u

be a smooth solution to equation (1.1). Suppose conditions (1.3), (1.4) hold and

that there is a function u A C2ðMÞ such that g½u� > 0 and

ncðg½u�Þn�1 � ðn� 1Þb1ðg½u�Þn�25o� ðn� 2Þb2ðg½u�Þn�35o2 > 0;

i.e., u is a C-subsolution of the equation (1.1). In addition, we assume that

we have a uniform bound for jujC 0ðMÞ. Then, there are uniform Cy a priori

estimates for u.

In almost Hermitian geometry, we need to handle some geometric quan-

tities which do not appear in Hermitian geometry, especially one of compo-

nents of torsion with respect to the Chern connection which is denoted by

T 00 in the present paper appears as a quite troublesome quantity in some

computations. For example, the computation in transferring ‘k‘k
‘1‘1

u to

‘1‘1‘k‘k
u, which appears in the proof of Theorem 1.2 (see Section 5), plays

a crucial role, and which includes, say ZkðBr

k1
ZrZ1ðuÞÞ for a local ð1; 0Þ-frame

fZrg and a smooth real function u satisfies the equation (1.1), that is, we need

to control some terms including third order derivatives of u such as T r

1k
‘k‘r‘1u.

This causes a problem for generalizing some estimates in the complex case to

the almost complex case. In the complex case, since we have T r

k1
¼ 0, indeed

we do not need to worry about the terms including third order derivatives of

u and what we have to deal with is up to second order derivatives of u such

as ‘‘u, ‘‘u and so on. In this sense, we need a new method for overcoming

this di‰culty in order to establish a priori estimates on almost Hermitian

manifolds. In Lemma 3.1, we show that, for instance, Br

k1
Z1ZrðuÞ can be in

fact expressed by T r

k1
ðT s

1rZsðuÞ þ T s
1rZsðuÞÞ. As a result, it turns out that the

terms including third order derivatives of u do not appear also in the almost

Hermitian case, and which works as a breakthrough for obtaining a priori esti-

mates as in the complex case.
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This paper is organized as follows: in section 2, we recall some basic

definitions and computations on an almost Hermitian manifold ðM; J; gÞ. In

section 3, for an arbitrary chosen smooth function j and a local ð1; 0Þ-frame

fZg on M, we show the result that on a particular occasion, ZZðjÞ and ZZðjÞ
depend only on ZðjÞ, ZðjÞ and some geometric quantities of ðM; J; gÞ. In

section 4, 5, we prove Theorem 1.1 and 1.2. Notice that we assume the

Einstein convention omitting the symbol of sum over repeated indexes and we

employ the standard raising and lower convention for indices in all this paper.

2. Preliminaries

2.1. The Nijenhuis tensor of the almost complex structure. Let M be a

2n-dimensional smooth di¤erentiable manifold. An almost complex structure

on M is an endomorphism J of TM, J A GðEndðTMÞÞ, satisfying J 2 ¼ �IdTM ,

where TM is the real tangent vector bundle of M. The pair ðM; JÞ is called

an almost complex manifold. Let ðM; JÞ be an almost complex manifold.

We define a bilinear map on CyðMÞ for X ;Y A GðTMÞ by

4NðX ;YÞ :¼ ½JX ; JY � � J½JX ;Y � � J½X ; JY � � ½X ;Y �; ð2:1Þ

which is the Nijenhuis tensor of J.

Let fZrg be a local ð1; 0Þ-frame on ðM; JÞ with an almost Hermitian

metric g and let fz rg be a local associated coframe with respect to fZrg, i.e.,
z iðZjÞ ¼ d ij for i; j ¼ 1; . . . ; n: Since g is almost Hermitian, its components sat-

isfy gij ¼ gi j ¼ 0 and gij ¼ gji ¼ gij . Using these local frame fZrg and coframe

fzrg, we have

NðZi ;Zj Þ ¼ �½Zi ;Zj �
ð1;0Þ ¼: Nk

i j
Zk; NðZi;ZjÞ ¼ �½Zi;Zj �ð0;1Þ ¼ Nk

i j
Z

k
;

and

N ¼ 1

2
Nk

i j
Z

k
n ðz i5z jÞ þ 1

2
Nk

i j
Zk n ðz i5z j Þ: ð2:2Þ

The complexified tangent vector bundle is given by T CM ¼ TRMnR C
for the real tangent vector bundle TM. By extending J C-linearly and g

C-bilinearly to T CM, they are also defined on T CM and we observe that the

complexified tangent vector bundle T CM can be decomposed as T CM ¼
T 1;0MlT 0;1M, where T 1;0M, T 0;1M are the eigenspaces of J corresponding

to eigenvalues
ffiffiffiffiffiffiffi
�1

p
and �

ffiffiffiffiffiffiffi
�1

p
, respectively:

T 1;0M ¼ fX �
ffiffiffiffiffiffiffi
�1

p
JX jX A TMg;

T 0;1M ¼ fX þ
ffiffiffiffiffiffiffi
�1

p
JX jX A TMg: ð2:3Þ
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Let LrM ¼ 0
pþq¼r

Lp;qM for 0a ra 2n denote the decomposition of

complex di¤erential r-forms into ðp; qÞ-forms, where Lp;qM ¼ LpðL1;0MÞn
LqðL0;1MÞ,

L1;0M ¼ fhþ
ffiffiffiffiffiffiffi
�1

p
Jh j h A L1Mg; L0;1M ¼ fh�

ffiffiffiffiffiffiffi
�1

p
Jh j h A L1Mg ð2:4Þ

and L1M denotes the dual of T CM.

Let ðM; J; gÞ be an almost Hermitian manifold with dimR M ¼ 2n. An

a‰ne connection D on T CM is called almost Hermitian connection if Dg ¼
DJ ¼ 0. For the almost Hermitian connection, we have the following Lemma

(cf. [6]).

Lemma 2.1. Let ðM; J; gÞ be an almost Hermitian manifold with dimR M

¼ 2n. Then for any given vector valued ð1; 1Þ-form Y ¼ ðY iÞ1aian, there exists

a unique almost Hermitian connection ‘ on ðM; J; gÞ such that the ð1; 1Þ-part of
the torsion is equal to the given Y.

If the ð1; 1Þ-part of the torsion of an almost Hermitian connection vanishes

everywhere, then the connection is called the second canonical connection or

the Chern connection. We will refer the connection as the Chern connection

and denote it by ‘. Now let ‘ be the Chern connection on M. We denote

the structure coe‰cients of Lie bracket by

½Zi;Zj� ¼ Br
ijZr þ Br

ijZr; ½Zi;Zj � ¼ Br
ij
Zr þ Br

ij
Zr;

½Zi ;Zj � ¼ Br
i j
Zr þ Br

i j
Zr:

We have Bk
ij ¼ �Bk

ji since ½Zi;Zj� ¼ �½Zj;Zi�. Notice that J is integrable if

and only if the Br
ij’s vanish.

For any p-form c, there holds that

dcðX1; . . . ;Xpþ1Þ

¼
Xpþ1

i¼1

ð�1Þ iþ1
XiðcðX1; . . . ;cXiXi; . . . ;Xpþ1ÞÞ

þ
X
i<j

ð�1Þ iþj
cð½Xi;Xj �;X1; . . . ;cXiXi; . . . ;cXjXj ; . . . ;Xpþ1Þ ð2:5Þ

for any vector fields X1; . . . ;Xpþ1 on M (cf. [9]). We directly compute

that

dzs ¼ � 1

2
Bs
klz

k5z l � Bs

kl
zk5z l � 1

2
Bs

kl
zk5z l : ð2:6Þ
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For any real ð1; 1Þ-form h ¼
ffiffiffiffiffiffiffi
�1

p
hij z

i5z j , we have

qh ¼
ffiffiffiffiffiffiffi
�1

p

2
ðZiðhjkÞ � ZjðhikÞ � Bs

ijhsk � Bs

ik
hjs þ Bs

jk
hisÞz i5z j5zk: ð2:7Þ

We can split the exterior di¤erential operator d : LpMnR C !
Lpþ1MnR C, into four components

d ¼ Aþ qþ qþ A

with

q : Lp;qM ! Lpþ1;qM; q : Lp;qM ! Lp;qþ1M;

A : Lp;qM ! Lpþ2;q�1M; A : Lp;qM ! Lp�1;qþ2M:

In terms of these components, the condition d 2 ¼ 0 can be written as

A2 ¼ 0; qAþ Aq ¼ 0; qAþ Aq ¼ 0; A2 ¼ 0;

Aqþ q2 þ qA ¼ 0; AAþ qqþ qqþ AA ¼ 0; qAþ q2 þ Aq ¼ 0: ð2:8Þ

A direct computation yields for any j A CyðM;RÞ,ffiffiffiffiffiffiffi
�1

p
qqj ¼ 1

2
ðdJdjÞð1;1Þ ¼

ffiffiffiffiffiffiffi
�1

p
ðZiZj � ½Zi;Zj �

ð0;1ÞÞðjÞz i5z j ; ð2:9Þ

so we write locally

qiqj j ¼ ðZiZj � ½Zi;Zj �
ð0;1ÞÞj: ð2:10Þ

We shall use the following notations: for a function j,

jij :¼ qiqj j ¼ ‘Zi
‘Z

j
j;

where qiqj j ¼ ðZiZj � ½Zi;Zj �
ð0;1ÞÞj, ‘i‘j j ¼ ZiZj ðjÞ � Bs

ij
ZsðjÞ. Since we

have ½Zi;Zj �
ð0;1Þ

j ¼ Bs
ij
ZsðjÞ, we obtain that qiqj j ¼ ‘Zi

‘Z
j
j.

At a point x0 where j attains its local maximum (resp. local minimum),

there holds (cf. [4])

fjij gðx0Þ ¼ fðZiZj � ½Zi;Zj �
ð0;1ÞÞjgðx0Þa 0 ðresp: b 0Þ:

2.2. The torsion and the curvature on almost complex manifolds. Since the

Chern connection ‘ preserves J, we have

‘iZj :¼ ‘Zi
Zj ¼ G r

ijZr; ‘iZj ¼ G r
ij
Zr;

where G r
ij ¼ grsZiðgjsÞ � grsg

jl
B l
is. Notice that B

q

jb
, B

q

jb
’s do not depend on

g, which depend only on J since the mixed derivatives ‘jZb
, ‘j Zb do not

depend on g. Since we have B
q

bj
¼ �B

q

jb
, we have that B

q

bj
, B

q

bj
’s do not
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depend on g (cf. [6]). Also note that Bs
ri, Bs

ri
do not depend on g, depend

only on J.

Let fg ijg be the connection form, which is defined by g ij ¼ G i
sjz

s þ G i
sjz

s.

The torsion T of the Chern connection ‘ is given by

T i ¼ dz i � zp5g ip; T i ¼ dz i � zp5g ip ;

which has no ð1; 1Þ-part and the only non-vanishing components are as follows:

T s
ij ¼ T sðZi;ZjÞ

¼ �zsð½Zi;Zj�Þ � ðG i
spz

p5z s þ G i
spz

p5zsÞðZi;ZjÞ

¼ �Bs
ij � G s

ji þ G s
ij ;

T s
ij ¼ T sðZi;ZjÞ ¼ dzsðZi;ZjÞ ¼ �zsð½Zi;Zj�Þ ¼ �Bs

ij :

These tell us that T ¼ ðT iÞ splits into T ¼ T 0 þ T 00, where T 0 A GðL2;0Mn
T 1;0MÞ, T 00 A GðL0;2MnT 1;0MÞ. Since the torsion T of the Chern connec-

tion ‘ has no ð1; 1Þ-part;

0 ¼ T s
ij
¼ T sðZi;Zj Þ

¼ �zsð½Zi;Zj �Þ � ðG s
rpz

p5z r þ G s
rpz

p5z rÞðZi;Zj Þ

¼ �Bs
ij
þ G s

ij
;

we obtain that

G s

ij
¼ Bs

ij
:

By taking the complex conjugate, we have that

Bs

ji
¼ Bs

ji
¼ G s

ji
¼ G s

ji
:

We denote by W the curvature of the Chern connection ‘. We can regard

W as a section of L2MnL1;1M, W A GðL2MnL1;1MÞ and W splits in W ¼
HþRþH, where R A GðL1;1MnL1;1MÞ, H A GðL2;0MnL1;1MÞ. The

curvature form can be expressed by W i
j ¼ dg ij þ g is5gsj .

In terms of Zr’s, we have

Rijk
r ¼ Wr

kðZi;Zj Þ

¼ ZiðG r
jk
Þ � Zj ðG

r
ikÞ þ G r

isG
s
jk
� G r

js
G s
ik � Bs

ij
G r
sk þ Bs

ji
G r
sk

¼ �ðZj ðG
r
ikÞ � ZiðG r

jk
Þ þ G r

js
G s
ik � G r

isG
s
jk
� Bs

ji
G r
sk þ Bs

ij
G r
skÞ

¼ �Rjik
r; ð2:11Þ
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Hijk
r ¼ Wr

kðZi;ZjÞ

¼ ZiðG r
jkÞ � ZjðG r

ikÞ þ G r
isG

s
jk � G r

jsG
s
ik � Bs

ijG
r
sk � Bs

ijG
r
sk

¼ �ðZjðG r
ikÞ � ZiðG r

jkÞ þ G r
jsG

s
ik � G r

isG
s
jk � Bs

jiG
r
sk � Bs

jiG
r
skÞ

¼ �Hjik
r; ð2:12Þ

Hi jk
r ¼ Wr

kðZi ;Zj Þ

¼ Zi ðG
r
jk
Þ � Zj ðG

r
ik
Þ þ G r

is
G s
jk
� G r

js
G s
ik
� Bs

i j
G r
sk � Bs

i j
G r
sk

¼ �ðZj ðG
r
ik
Þ � Zi ðG

r
jk
Þ þ G r

js
G s
ik
� G r

is
G s
jk
� Bs

j i
G r
sk � Bs

j i
G r
skÞ

¼ �Hj ik
r: ð2:13Þ

Lemma 2.2 (The first Bianchi identity for the Chern curvature). For any

X ;Y ;Z A T CM,X
WðX ;YÞZ ¼

X
ðTðTðX ;YÞ;ZÞ þ ‘XTðY ;ZÞÞ;

where the sum is taken over all cyclic permutations.

This identity induces the following formulae:

Rijk
l ¼ Rkji

l � T r
ikT

l

rj
þ ‘j T

l
ki ¼ Rkji

l � Br
ikB

l

rj
þ ‘j T

l
ki; ð2:14Þ

Hijk
l ¼ T r

ji T
k

rl
þ ‘

l
T k
ji ¼ �Br

jiT
k

rl
þ ‘

l
T k
ji ; ð2:15Þ

where we used that R
ijkl

¼ Ri jkl ¼ H
jlik

¼ H
jl i k

¼ H
lijk

¼ H
l i j k

¼ 0.

Let fZrg be a local unitary ð1; 0Þ-frame with respect to g around a fixed

point p A M. Note that unitary frames always exist locally since we can take

any frame and apply the Gram-Schmidt process. Then with respect to a

local g-unitary ð1; 0Þ-frame, we have gij ¼ dij for any i; j; k ¼ 1; . . . ; n, and the

Christo¤el symbols satisfy

G k
ij ¼ �G

j

ik
; G k

i j
¼ �G

j

ik
;

since we have

G k
ij ¼ gð‘iZj;Zk

Þ ¼ ZiðgjkÞ � gðZj;‘iZk
Þ ¼ �G

j

ik
;

G k
i j
¼ gðZk;‘i Zj Þ ¼ Zi ðgkj Þ � gð‘i Zk;Zj Þ ¼ �G

j

ik
:

We also have
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Rijk
r ¼ ZiðG r

jk
Þ � Zj ðG

r
ikÞ þ G r

isG
s
jk
� G r

js
G s
ik � Bs

ij
G r
sk þ Bs

ji
G r
sk

¼ �ZiðG k
jr
Þ þ Zj ðG

k
irÞ þ G s

irG
k
js
� G s

j r
G k
is þ Bs

ij
G k
sr � Bs

ji
G k
sr

¼ �Rij r
k; ð2:16Þ

Hijk
r ¼ ZiðG r

jkÞ � ZjðG r
ikÞ þ G r

isG
s
jk � G r

jsG
s
ik � Bs

ijG
r
sk � Bs

ijG
r
sk

¼ �ZiðG k
jrÞ � ZjðG k

irÞ þ G s
irG

k
js � G s

j rG
k
is þ Bs

ijG
k
sr þ Bs

ijG
k
sr

¼ �Hij r
k ð2:17Þ

and

Rijk
r ¼ Zi ðG

r

jk
Þ � ZjðG r

i k
Þ þ G r

is
G s

jk
� G r

jsG
s

i k
� Bs

ij
G r

sk
þ Bs

ji
G r

sk

¼ ZjðG k
ir
Þ � Zi ðG

k
jr Þ þ G s

ir
G k
js � G s

jrG
k
is
� Bs

ji
G k
sr þ Bs

ij
G k
sr

¼ Rjir
k; ð2:18Þ

Hijk
r ¼ Zi ðG

r

j k
Þ � Zj ðG

r

i k
Þ þ G r

is
G s

j k
� G r

j s
G s

i k
� Bs

i j
G r

sk
� Bs

i j
G r

sk

¼ �Zi ðG
k

jr
Þ þ Zj ðG

k

ir
Þ þ G s

ir
G k

js
� G s

jr
G k

is
� Bs

j i
G k
sr � Bs

j i
G k
sr

¼ Hj ir
k: ð2:19Þ

Hence we obtain Rijkr ¼ �Rij rk, Hijkr ¼ �Hij rk and Rijkr ¼ R
jirk

, Hijkr ¼ H
j irk

by using a local ð1; 0Þ-unitary frame with respect to g.

3. Some results for a smooth real-valued function on almost

Hermitian manifolds

Let ðM; J; gÞ be an almost Hermitian manifold. In what follows, for any

smooth real-valued function j on M, we shall use the following notations of

derivatives with respect to the Chern connection ‘ of g with a local ð1; 0Þ-frame

fZrg such that

ji ¼ ‘ij ¼ qjðZiÞ ¼ ZiðjÞ;

jij ¼ ‘j‘ij; jijk ¼ ‘k‘j‘ij; j
ijkl

¼ ‘
l
‘k‘j‘ij:

Note that we have that

jji ¼ ‘i‘j j

¼ ZiZj ðjÞ � G s
ij
js
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¼ Zj ZiðjÞ þ ½Zi;Zj �ðjÞ � G s
ij
js

¼ ‘j‘ijþ G s

ji
js þ Bs

ij
js þ Bs

ij
js � G s

ij
js

¼ ‘j‘ijþ G s
ji
js � Bs

ji
js þ G s

ij
js � G s

ij
js

¼ ‘j‘ijþ G s
ji
js � G s

ji
js

¼ ‘j‘ij

¼ jij ;

where we used that Bs
ij
¼ G s

ij
and Bs

ij
¼ �Bs

ji
¼ �G s

ji
. From the computation

above, for instance, we have the following:

‘kjij ¼ ‘kjji; ‘
k
jij ¼ ‘

k
jji; ‘

l
‘kjij ¼ ‘

l
‘kjji: ð3:1Þ

We can choose a local unitary ð1; 0Þ-frame fZrg with respect to g around

a point p0 A M such that gij ðp0Þ ¼ dij and ‘Zðp0Þ ¼ 0 (cf. [7]). Then we have

G k
ij ðp0Þ ¼ 0 since ‘iZjðp0Þ ¼ G k

ij ðp0ÞZk ¼ 0, also we obtain that

½Zi;Zj �ðp0Þ ¼ ‘Zi
Zjðp0Þ � ‘Zj

Ziðp0Þ � TðZi;Zj Þðp0Þ

¼ 0 for all i; j ¼ 1; . . . ; n:

Then we have that 0 ¼ ½Zi;Zj �ðp0Þ ¼ Bk
ij
ðp0ÞZk þ Bk

ij
ðp0ÞZk

, which gives that

Bk
ij
ðp0Þ ¼ 0, Bk

ij
ðp0Þ ¼ 0 for all i; j; k ¼ 1; . . . ; n. By choosing such a local

unitary frame around a point p0, since G k
ij ðp0Þ ¼ G k

ji ðp0Þ ¼ 0, we have that

T k
ij ðp0Þ ¼ �Bk

ij ðp0Þ for all i; j; k ¼ 1; . . . ; n. We show the following critical

lemma for proving the main result. We choose and fix a local unitary ð1; 0Þ-
frame fZrg with respect to g around a point p0 A M such that gij ðp0Þ ¼ dij and

‘Zðp0Þ ¼ 0. Our computations will be done at the point p0.

Lemma 3.1. One has for a smooth real-valued function j on M,

Bs
kjZi ZsðjÞ ¼ T s

kjðT r
is
jr þ T r

is
jrÞ; Bs

kj
ZiZsðjÞ ¼ T s

kj
ðT r

isjr þ T r
isjrÞ: ð3:2Þ

Proof. We compute that from (2.7),

qqqjðZk;Zj;Zi Þ

¼ Zkðjji Þ � Zjðjki Þ � Bs
kjjsi � Bs

ki
jjs þ Bs

ji
jks

¼ ZkðZjZi ðjÞ � Bs
ji
jsÞ � ZjðZkZi ðjÞ � Bs

ki
jsÞ � Bs

kjðZsZi ðjÞ � Br
si
jrÞ

¼ ZkZjZi ðjÞ � ZjZkZi ðjÞ � Bs
kjZsZi ðjÞ � ZkðBs

ji
Þjs þ ZjðBs

ki
Þjs
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¼ ½Zk;Zj�Zi ðjÞ � Bs
kjZsZi ðjÞ � ZkðBs

ji
Þjs þ ZjðBr

si
Þjr

¼ Bs
kjZsZi ðjÞ � ZkðBs

ji
Þjs þ ZjðBs

ki
Þjs

¼ Bs
kj½Zs;Zi �ðjÞ þ Bs

kjZi ZsðjÞ � fZkðG s
ji
Þ � ZjðG s

ki
Þgjs

¼ Bs
kjB

r
si
jr þ Bs

kjB
r
si
jr þ Bs

kjZi ZsðjÞ �H
kji

sjs; ð3:3Þ

where we have used G k
ij
ðp0Þ ¼ Bk

ij
ðp0Þ ¼ 0, G k

ij
ðp0Þ ¼ Bk

ij
ðp0Þ ¼ 0, G k

ij ðp0Þ ¼ 0

for all i; j; k ¼ 1; . . . ; n, and that from (2.13),

H
kji

sðp0Þ ¼ fZ
k
ðG s

ji
Þ � Zj ðG

s

ki
Þ þ G s

kr
G r
ji
� G s

jr
G r

ki
� Br

kj
G s
ri � Br

kj
G s
rigðp0Þ

¼ Z
k
ðG s

ji
Þðp0Þ � Zj ðG

s

ki
Þðp0Þ:

We compute that

Bs
kjZi ZsðjÞ ¼ Zi ðB

s
kjZsðjÞÞ � Zi ðB

s
kjÞZsðjÞ

¼ Zi ðq
2jðZk;ZjÞÞ � Zi ðB

s
kjÞqjðZsÞ

¼ qq2jðZi ;Zk;ZjÞ � Zi ðB
s
kjÞqjðZsÞ; ð3:4Þ

where we used that from (2.5),

q2jðZk;ZjÞ ¼ qðqjÞðZk;ZjÞ

¼ dðqjÞðZk;ZjÞ

¼ ZkðqjðZjÞÞ � ZjðqjðZkÞÞ � qjð½Zk;Zj�Þ

¼ ZkZjðjÞ � ZjZkðjÞ � Bs
kjZsðjÞ

¼ ½Zk;Zj �ðjÞ � Bs
kjZsðjÞ

¼ Bs
kjjs; ð3:5Þ

and from (3.5), since Bs
ik
ðp0Þ ¼ 0,

qq2jðZi ;Zk;ZjÞ ¼ qðq2jÞðZi ;Zk;ZjÞ

¼ dðq2jÞðZi ;Zk;ZjÞ

¼ Zi ðq
2jðZk;ZjÞÞ � q2jð½Zi ;Zk�;ZjÞ þ q2jð½Zi ;Zj�;ZkÞ

¼ Zi ðq
2jðZk;ZjÞÞ � Bs

ik
q2jðZs;ZjÞ þ Bs

ij
q2jðZs;ZkÞ
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¼ Zi ðq
2jðZk;ZjÞÞ � Br

sjB
s
ik
jr þ Br

skB
s
ij
jr

¼ Zi ðq
2jðZk;ZjÞÞ:

By combining (3.3) with (3.4), we obtain

qqqjðZk;Zj ;Zi Þ ¼ qq2jðZi ;Zk;ZjÞ þ Bs
kjB

r
si
qjðZrÞ

þ fBr
kjB

s

ri
� Zi ðB

s
kjÞ �H

kji
sgqjðZsÞ

¼ qq2jðZi ;Zk;ZjÞ þ Bs
kjB

r
si
qjðZrÞ;

where we have used that from (2.15) and (2.19),

H
kji

s ¼ Hjks
i

¼ �Br
kjT

s
ri
þ ‘i T

s
kj

¼ Br
kjB

s
ri
þ Zi ðT

s
kjÞ � G r

ik
T s
rj � G r

ij
T s
kr þ G s

ir
T r
kj

¼ Br
kjB

s
ri
þ Zi ðT

s
kjÞ: ð3:6Þ

By taking the complex conjugate of (3.5), we have that

q2jðZ
k
;Zj Þ ¼ Bs

kj
js: ð3:7Þ

We compute by applying (3.7),

qqqjðZk;Zj;Zi Þ ¼ qq2jðZi ;Zk;ZjÞ þ Bs
kjB

r
si
qjðZrÞ

¼ qðq2jðZk;ZjÞÞðZi Þ þ Bs
kjB

r
si
qjðZrÞ

¼ qðBs
kjqjðZsÞÞðZi Þ þ T s

kjT
r
si
qjðZrÞ

¼ qðBs
kjÞðZi ÞqjðZsÞ þ Bs

kjq
2jðZi ;ZsÞ þ T s

kjT
r
si
qjðZrÞ

¼ �qðT s
kjÞðZi ÞqjðZsÞ � T s

kjB
r
is
qjðZrÞ þ T s

kjT
r
si
qjðZrÞ

¼ �Zi ðT
s
kjÞjs � T r

kjT
s
ri
js; ð3:8Þ

where we have used that Br
is
¼ �T r

is
¼ T r

si
, and used that

qðT s
kjÞðZi Þ ¼ qðT sðZk;ZjÞÞðZi Þ

¼ qT sðZi ;Zk;ZjÞ

¼ dT sðZi ;Zk;ZjÞ
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¼ Zi ðT
sðZk;ZjÞÞ � ZkðT sðZi ;ZjÞÞ þ ZjðT sðZi ;ZkÞÞ

� T sð½Zi ;Zk�;ZjÞ þ T sð½Zi ;Zj�;ZkÞ � T sð½Zk;Zj�;Zi Þ

¼ Zi ðT
s
kjÞ � Br

ik
T s
rj þ Br

ij
T s
rk � Br

kjT
s
ri

¼ Zi ðT
s
kjÞ þ T r

kjT
s
ri
:

By combining (3.3) with (3.8), we obtain that

Bs
kjZi ZsðjÞ ¼ �Zi ðT

s
kjÞjs � T r

kjT
s

ri
js þH

kji
sjs � Bs

kjB
r
si
jr � Bs

kjB
r
si
jr

¼ T s
kjðT r

is
jr þ T r

is
jrÞ;

where we used (3.6).

4. Proof of Theorem 1.1

Let ðM; J;oÞ be a compact almost Hermitian manifold with g the asso-

ciated almost Hermitian metric with respect to o and let ‘ denote the Chern

connection of the metric g (see Lemma 2.1) in this whole section. We assume

that u is a smooth real function which satisfies (1.1). We first rewrite the

equation (1.1) as follows:

F ðfgij ½u�gÞ ¼ f ðlðg½u�ÞÞ ¼ �c; ð4:1Þ

where lðg½u�Þ are the eigenvalues of g½u� with respect to o and f is defined

by (1.5).

For a given Hermitian matrix A ¼ faij g, we write (cf. [2], [3, Lemma

2.5])

F ijðAÞ ¼ qF

qaij
ðAÞ; F ij ;klðAÞ ¼ q2F

qaij qakl
ðAÞ:

We have the following lemmas in the almost Hermitian case as well (cf. [2], [3],

[5, Proposition 6, Lemma 9], [8]).

Lemma 4.1 (cf. [3, Lemma 2.3], [8, Lemma 2.1]). For any s A ðsupqG f ;

supG f Þ, there is a k0 > 0 depending on s such that
Pn

i¼1 fiðlÞb k0 for l A
qG s

n :¼ fl A Gn : f ðlÞ ¼ sg.

Lemma 4.2 (cf. [3, Lemma 2.2], [8, Lemma 2.2]). In addition to nb 2,

suppose that there exists a C-subsolution u A C2ðMÞ in the sense of Definition

1.1, 1.2. Then there exist positive constants R0, e with the following property.

If jljbR0, then we have either
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(1) F ijðg
ij
� gij Þb e

P
F ijgij or

(2) F ij b eðF pqgpqÞgij .

Proof (Proof of Theorem 1.1). We define

f :¼ Aeh; h :¼ A u� u� inf
M

ðu� uÞ
� �

;

where A is a positive constant which will be determined later. Here we

suppose that efj‘uj2 achieves its maximum at an interior p0 A M. We define

W :¼ j‘uj2. We choose and fix a local unitary ð1; 0Þ-frame fZrg with respect

to g around the point p0 such that gij ðp0Þ ¼ dij , ‘Zðp0Þ ¼ 0, gij ðp0Þ ¼ lidij and

F ijðp0Þ ¼ fidij (cf. [4], [7]). Then we have at the point p0,

Wi

W
þ fi ¼ 0;

Wi

W
þ fi ¼ 0;

Wii

W
� jWij2

W 2
þ fii a 0: ð4:2Þ

Our computations will be done at the point p0 in what follows. By using

G k
ij ðp0Þ ¼ 0, G k

il
ðp0Þ ¼ Bk

il
ðp0Þ ¼ 0, we compute

u
lij

¼ ‘j‘i‘l
u

¼ Zj‘i‘l
u� G k

ji
‘k‘l

u� G k

j l
‘i‘k

u

¼ Zj ðZi‘l
u� G k

il
‘
k
uÞ

¼ Zj ZiZl
ðuÞ � Zj ðG

k

il
Þu

k
� G k

il
Zj Zk

ðuÞ

¼ Zj ZiZl
ðuÞ � Zj ðG

k

il
Þu

k
: ð4:3Þ

Since we have ½Zi;Zl
� ¼ Bs

il
Zs þ Bs

il
Zs and Bs

il
ðp0Þ ¼ 0, we obtain that

ZjZiZl
ðuÞ � Zj ðG

k

il
Þu

k

¼ Zj ½Zi;Zl
�ðuÞ þ Zj Zl

ZiðuÞ � Zj ðG
k

il
Þu

k

¼ Zj ðB
s

il
Zs þ Bs

il
ZsÞðuÞ þ ZjZl

ZiðuÞ � Zj ðG
k

il
Þu

k

¼ Zj ðB
s

il
Þus þ Zj ðB

s

il
Þus þ Zj Zl

ZiðuÞ � Zj ðG
k

il
Þu

k
: ð4:4Þ

Note that we have by using G s

j l
ðp0Þ ¼ G s

l j
ðp0Þ ¼ 0,

Bs

j l
¼ �ðG s

j l
� G s

l j
� Bs

j l
Þ ¼ �T s

j l
: ð4:5Þ
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And we compute that by using G r
siðp0Þ ¼ 0,

ZsZiðuÞ ¼ Zs‘iu ¼ ‘s‘iuþ G r
si‘ru ¼ ‘s‘iu ¼ uis: ð4:6Þ

By using ½Zj ;Zl
� ¼ Bs

j l
Zs þ Bs

j l
Zs and Bs

j l
¼ �T s

j l
, Bs

j l
¼ �T s

j l
, and applying

(3.2), (4.5) and (4.6),

ZjZl
ZiðuÞ ¼ ½Zj ;Zl

�ZiðuÞ þ Z
l
Zj ZiðuÞ

¼ Bs

j l
ZsZiðuÞ þ Bs

j l
ZsZiðuÞ þ Z

l
Zj ZiðuÞ

¼ Bs

j l
ZiZsðuÞ þ Bs

j l
½Zs;Zi�ðuÞ � T s

j l
uis þ Z

l
Zj ZiðuÞ

¼ T s

j l
ðT r

isur þ T r
isurÞ � T s

j l
ðBr

siZr þ Br
siZrÞðuÞ � T s

j l
uis þ Z

l
Zj ZiðuÞ

¼ �T s

j l
T r
siur � T s

j l
T r
siur þ T s

j l
T r
siur þ T s

j l
T r
siur � T s

j l
uis þ Z

l
Zj ZiðuÞ

¼ �T s

j l
uis þ Z

l
Zj ZiðuÞ: ð4:7Þ

Using G s

l j
ðp0Þ ¼ 0, G s

li
ðp0Þ ¼ 0, we obtain that

Z
l
Zj ZiðuÞ ¼ Z

l
Zj‘iu

¼ Z
l
ð‘j‘iuþ G s

ji
ZsðuÞÞ

¼ ‘
l
‘j‘iuþ G s

l j
‘s‘iuþ G s

li
‘j‘suþ Z

l
ðG s

ji
ÞZsðuÞ þ G s

ji
Z

l
ZsðuÞ

¼ u
ij l

þ Z
l
ðG s

ji
Þus: ð4:8Þ

Combining (4.3)–(4.4) with (4.6)–(4.8), and using Bs

il
¼ G s

il
, Bs

il
¼ �Bs

li
¼ �G s

li
,

u
lij

¼ Zj ðB
s

il
Þus þ Zj ðB

s

il
Þus � T s

j l
uis þ u

ij l
þ Z

l
ðG s

ji
Þus � Zj ðG

s

il
Þus

¼ u
ij l

� T s

j l
uis þ fZ

l
ðG s

ji
Þ � Zj ðG

s

li
Þgus

¼ u
ij l

� T s

j l
uis þH

l ji
sus

¼ u
ij l

� T s

j l
uis þOðj‘ujÞ; ð4:9Þ

where we used that from (2.13), and G s
kiðp0Þ ¼ G s

ki
ðp0Þ ¼ 0,

H
l ji

sðp0Þ ¼ ðZ
l
ðG s

ji
Þ � Zj ðG

s

li
Þ þ G r

lk
G k
ji
� G s

jk
G k

li
� Bk

l j
G s
ki � Bk

l j
G s

ki
Þðp0Þ

¼ Z
l
ðG s

ji
Þðp0Þ � Zj ðG

s

li
Þðp0Þ;
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and Oðj‘ujÞ is the set of all terms including ‘u and whose norm j � j can be

estimated by Cj‘uj for some positive constant C. By taking the complex

conjugate of (4.9), we have that

ulij ¼ uijl � T s
jlusi þH

l ji
sus

¼ ujil � T s
jlusi þOðj‘ujÞ; ð4:10Þ

where we used that uijl ¼ ujil from (3.1).

We compute that

upq j ¼ ‘j‘q‘pu

¼ Zj‘q‘pu� G k
jq
‘k‘pu� G k

jp
‘q‘ku

¼ Zj ðZq‘pu� G k
qp‘kuÞ

¼ Zj ZqZpðuÞ � Zj ðG
k
qpÞuk � G k

qpZj ZkðuÞ

¼ Zj ZqZpðuÞ � Zj ðG
k
qpÞuk: ð4:11Þ

Using ½Zj ;Zq�ðp0Þ ¼ G s
pqðp0Þ ¼ G k

qj
ðp0Þ ¼ Bk

jp
ðp0Þ ¼ Bk

jp
ðp0Þ ¼ 0, and applying

(3.2),

ZjZqZpðuÞ ¼ ZqZj ZpðuÞ þ ½Zj ;Zq�ZpðuÞ

¼ ZqZpZj ðuÞ þ Zq½Zj ;Zp�ðuÞ

¼ ½Zq;Zp�Zj ðuÞ þ ZpZqZj ðuÞ þ ZqfBk
jp
ZkðuÞ þ Bk

jp
Z

k
ðuÞg

¼ Zpf‘q‘j uþ G k
qj
u
k
g þ Bk

qpZkZj ðuÞ þ Bk
qpZk

Zj ðuÞ

þ ZqðBk
jp
Þuk þ ZqðBk

jp
Þu

k

¼ ‘p‘q‘j uþ G s
pq‘s‘j uþ G s

pj
‘q‘suþ ZpðG k

qj
Þu

k

þ G k
qj
u
kp

� T k
qpZj ZkðuÞ þ Bk

qp½Zk
;Zj �ðuÞ þ Bk

qpZj Zk
ðuÞ

þ ZqðG k
jp
Þuk � ZqðBk

pj
Þu

k

¼ ujqp � T k
qpukj � T k

qpfBs

kj
ZsðuÞ þ Bs

kj
ZsðuÞg

þ T k
qpðT s

jk
us þ T s

jk
usÞ þ ZqðG k

jp
Þuk þ fZpðG k

qj
Þ � ZqðG k

pj
Þgu

k
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¼ ujqp � T k
qpukj þ T k

qpT
s

kj
us þ T k

qpT
s

kj
us � T k

qpT
s

kj
us � T k

qpT
s

kj
us

þ ZqðG k
jp
Þuk þ fZpðG k

qjÞ � ZqðG k
pjÞguk

¼ ujqp � T k
qpukj þ ZqðG k

jp
Þuk þHpqj

ku
k
; ð4:12Þ

where we used that from G k
sj ðp0Þ ¼ G k

sj ðp0Þ ¼ 0,

Hpqj
kðp0Þ ¼ fZpðG k

qjÞ � ZqðG k
pjÞ þ G k

psG
s
q j � G k

qsG
s
pj � Bs

pqG
k
sj � Bs

pqG
k
sj gðp0Þ

¼ ZpðG k
qjÞðp0Þ � ZqðG k

pjÞðp0Þ:

By combining (4.11) with (4.12), we obtain that using ujqp ¼ uqjp from

(3.1),

upq j ¼ ujqp � T k
qpukj þ fZqðG k

jp
Þ � Zj ðG

k
qpÞguk þHpqj

ku
k

¼ uqjp � T k
qpukj þRqjp

kuk þHpqj
ku

k

¼ uqjp � T k
qpukj þOðj‘ujÞ; ð4:13Þ

where we used that from G k
spðp0Þ ¼ G k

spðp0Þ ¼ 0,

Rqjp
kðp0Þ ¼ fZqðG k

jp
Þ � Zj ðG

k
qpÞ þ G k

qsG
s
jp
� G k

js
G s
qp � Bs

qj
G k
sp þ Bs

jq
G k
spgðp0Þ

¼ ZqðG k
jp
Þðp0Þ � Zj ðG

k
qpÞðp0Þ:

By applying (4.9) for j ¼ i, l ¼ k and (3.1), we obtain that

u
iki

¼ ‘i‘k
‘iu

¼ ‘i‘i‘k
u

¼ u
iik

� T s

ik
uis þOðj‘ujÞ: ð4:14Þ

We have that

Wi ¼
X
k

ðukiuk þ ukukiÞ;

and using ukii ¼ uiik � T s
ikusi þOðj‘ujÞ from (4.13) for p ¼ k, q ¼ i, j ¼ i, and

(3.1),

Wii ¼ ukii uk þ ukiuki þ uki uki þ ukukii

¼ ukii uk þ ukiuki þ uki uik þ ukuiki
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¼
X
k

jukij2 þ
X
k

ju
ik
j2 � T s

ikusi þ uiikuk � T s

ik
uisuk þ u

iik
uk þOðj‘uj2Þ

¼
X
k

jukij2 þ
X
k

ju
ik
j2 þ 2

X
k

ReðuiikukÞ � 2
X
k

RefT s
ikusi ukg þOðj‘uj2Þ

¼
X
k

jukij2 þ 2
X
k

ReðuiikukÞ

þ
X
k

u
ik
�
X
l

T k
il ul

�����
�����
2

�
X
k

X
l

T k
il ul

�����
�����
2

þOðj‘uj2Þ; ð4:15Þ

where Oðj‘uj2Þ is the set of all terms including ‘u‘u and whose norm j � j can
be estimated by Cj‘uj2 for some positive constant C.

Di¤erentiating the equation (4.1), we have

F iiðuiik þ wii; zauak þ w
ii; za

uakÞ ¼ �ck � F iiwii;k:

We define the following linearized operator of the equation (4.1) for u A
C2ðMÞ:

LðuÞ :¼ F ijuij þ F ijwii; zaua þ F ijw
ii; za

ua:

Since we have assumed (1.4) and since we have from (4.2)

jWij2 a j‘uj2
X
k

jukij2 � 2j‘uj2
X
k

Reðukuikfi Þ; ð4:16Þ

we then get by combining with (4.15),

LðWÞbF ii jukij2 � Cj‘uj 1þ
X
i

F ii

 !
� Cj‘uj2

X
i

F ii : ð4:17Þ

By applying fi ¼ fhi, the condition (1.3) and the Cauchy-Schwarz in-

equality, we have that

2f�1 Refukuikfi gb 2 Refg
ik
ukhi g �

1

2
j‘uj2jhij

2 � Cj‘uj2;

and from fii ¼ fðjhij
2 þ hii Þ, we obtain

Lf ¼ fLhþ fF ii jhij
2: ð4:18Þ

By combining (4.16)–(4.18), then we get that
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j‘uj2 1

2
F ii jhij

2 þLh

� �
� C

f
j‘uj 1þ

X
i

F ii

 !
� Cj‘uj2 þ C

f
j‘uj

� �X
i

F ii

a�2 RefF iigii uihi g

a
1

4
j‘uj2F ii jhij

2 þ 4
X
i

F iig2
ii
; ð4:19Þ

where we have used the Cauchy-Schwarz inequality in the last line. As in the

claim of [8, (3.5)], we can prove that there exists a positive constant c0 such

that X
i

F iig2
ii
a c0 1þ

X
i

F ii

 !
: ð4:20Þ

The rest of the proof is similar to the one in [8] given by applying Lemma

4.1 and 4.2 (1), (2). For readers convenience, we introduce the argument:

From Lemma 4.1, we have that
P

F ii b k0 for some k0 > 0. Assume that

jljbR0, where R0 is the constant appears in Lemma 4.2. In the case of

Lemma 4.2 (1), we obtain that

Aek0

1þ k0
1þ

X
i

F ii

 !
� C

fj‘uj þ
4c0

j‘uj2

 !
1þ

X
i

F ii

 !
� C 1þ 1

f

� �X
i

F ii
a 0;

which implies that we can get a bound j‘ujaC by choosing A large enough.

On the other hand, in the case of Lemma 4.2 (2), we have F ii b e
P

F kk b ek0.

Then by g iicbF ii , we obtain that gii a ðek0Þ�1
c and there exists a positive

constant CR0
such that

P
F iigii aCR0

. Hence, from the inequality (4.19),

we can have a bound j‘ujaC. When jlj < R0, the proof goes in a similar

manner as in the case of Lemma 4.2 (2).

5. Proof of Theorem 1.2

Proof (Proof of Theorem 1.2). Let l1; . . . ; ln be the eigenvalues of the

matrix A ¼ fAi
jg ¼ fgiqgjqg, where gij ¼ wij þ uij and l1 b l2 b � � �b ln at each

point, and g is the almost Hermitian metric. We put H :¼ l1e
f for the largest

eigenvalue l1 : M ! R, where f is the test function chosen later. Suppose

that H achieves its maximum at an interior point p0 A M. As in the proof of

Theorem 1.1, we choose and fix a local unitary ð1; 0Þ-frame fZrg with respect

to g around the point p0 such that gij ðp0Þ ¼ dij , ‘Zðp0Þ ¼ 0, gij ðp0Þ ¼ lidij
and F ijðp0Þ ¼ fidij . Let B be a diagonal matrix Bp

q with real entries satisfying

B1
1 ¼ 0, Bn

n > 2B2
2 , and such that Bn

n < Bn�1
n�1 < � � � < B2

2 < 0 are small. Define

the matrix ~AA :¼ Aþ B with eigenvalues ~ll ¼ ð~ll1; . . . ; ~llnÞ. At the point p0,
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we have ~ll1 ¼ l1 ¼ g
11
, ~lli ¼ li þ Bi

i if ib 2 and the eigenvalues of ~AA define

C2-functions near the point p0. We note that ~HH :¼ ~ll1e
f achieves its maximum

at the same point p0. We may assume that l1ðp0Þ ¼ ~ll1ðp0Þ > 1. In what

follows, all computations are going to be done at the point p0. We have

~ll1;k
l1

þ fk ¼ 0; ð5:1Þ

~ll
1;kk

l1
� j~ll1;kj2

l21
þ f

kk
a 0: ð5:2Þ

We obtain that (cf. [3, Lemma 2.4], [8])

~ll1;k ¼ g
11k

� ðB1
1Þk ð5:3Þ

~ll
1;kk

¼ g
11kk

þ
X
p>1

jg
p1kj

2 þ jg1pkj
2

~ll1 � ~llp
� ðB1

1Þkk

þ 2 Re
X
p>1

g
p1kðB1

pÞk þ g1pkðB
p
1 Þk

~ll1 � ~llp

( )
þ ~llpq; rs

1 ðBp
q ÞkðBr

s Þk; ð5:4Þ

where

~llpq; rs
1 ¼ ð1� d1pÞ

d1qd1rdps
~ll1 � ~llp

þ ð1� d1rÞ
d1sd1pdrq
~ll1 � ~llr

:

By choosing a su‰ciently small B, we may assume that
P

i
~lli > 0. Hence we

have j~llija ðn� 1Þ~ll1 for all i and then we get ð~ll1 � ~llpÞ�1
b ðn~ll1Þ�1. As we

see in [5], [8], we have that

~ll
1;kk

b g
11kk

þ 1

2nl1

X
p>1

ðjg
p1kj

2 þ jg1pkj
2Þ � C0:

Assume that l1 bR0, where R0 is the constant in Lemma 4.2. Since if for all

i ¼ 1; . . . ; n,

fi ¼ F ii
b e

X
k

F kk

b ek0; ð5:5Þ

then which gives a bound l1 aC, the only case we need to consider is the

following:

F ijðg
ij
� gij Þb eF klg

kl

b
k0e

1þ k0
ð1þ F klg

kl
Þ: ð5:6Þ
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We compute

wijk ¼ wij;k þ wij; zauak þ w
ij; za

uak; ð5:7Þ

and from the assumption (1.3), we have that by using u
ak

¼ g
ak

� w
ak
,

w
iikk

¼ ðwii;kÞk þ ðwii; zaÞkuak þ ðw
ii; za

Þ
k
uak þ wii; zauakk þ w

ii; za
u
akk

¼ w
ii;kk

þ wii;kzauak þ w
ii;kza

u
ak

þ w
ii; zak

uak þ w
ii; zak

uak þ wii; zauakk þ w
ii; za

u
kak

¼ w
ii;kk

þ 2g
kk

Reðwii;kzk Þ � 2 Reðwii;kzawakÞ þ 2 Reðw
ii; zak

uakÞ

þ 2g
kk

Reðwii; zaT
k
akÞ � 2 Reðwii; zaT

s
akwskÞ þOðj‘ujÞ þ 2 Reðwii; zagkkaÞ

� 2 Reðw
i1; za

w
kk;a

þ wii; zawkk; zb
uba þ wii; zawkk; zb

u
ab
Þ; ð5:8Þ

where we used that u
akk

¼ u
kak

from (3.1), u
akk

¼ u
kka

� T s
kausk þOðj‘ujÞ from

(4.13) for p ¼ a, q ¼ k, j ¼ k, u
kak

¼ u
kka

� T s

ka
uks þOðj‘ujÞ from the formula

(4.14) for i ¼ k, k ¼ a, and used (5.7). At p0, we have by di¤erentiating the

equation (4.1),

F kkg
kkl

¼ �cl ; ð5:9Þ

F kkg
kk11

¼ �F ij; lmgij1glm1 � c11: ð5:10Þ

Since it can be verified that we have

f11 þ
f1

l1
a 0;

f1 � fi

li � l1
b

fi

l1
ð5:11Þ

for all i > 1, we obtain that

�F ij; lmgij1glm1
b
X
i>1

f1 � fi

li � l1
jg

i11
j2

b
X
k>1

1

l1
F kkjg

k11
j2: ð5:12Þ

Then we get that from (5.8), (5.10) and (5.12),

F kkg
11kk

¼ F kkg
kk11

þ F kkðu
11kk

� u
kk11

Þ þ F kkðw
11kk

� w
kk11

Þ

b
X
k>1

1

l1
F kkjg

k11
j2 þ F kkðu

11kk
� u

kk11
Þ � 2 ReðF kkw

kk; za
g
11a

Þ

� 2 ReðF kkw
kk; za1

ua1Þ þ 2 ReðF kkw
11; zak

uakÞ

� C � Cl1
X
k

F kk: ð5:13Þ
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Note that we have by using G s

rk
ðp0Þ ¼ 0,

ZrZk
ðuÞ ¼ Zr‘k

u

¼ ‘r‘k
uþ G s

rk
‘su

¼ ‘r‘k
u

¼ u
kr
: ð5:14Þ

Similarly, we have that by using G s

rk
ðp0Þ ¼ 0,

ZrZk
ðuÞ ¼ Zr‘k

u

¼ ‘r‘k
uþ G s

rk
us

¼ ‘r‘k
u

¼ u
kr
: ð5:15Þ

We compute at p0, since we have G s
rkðp0Þ ¼ 0,

Z1ZrZkðuÞ ¼ Z1f‘r‘kuþ G s
rkusg

¼ ‘1‘r‘kuþ Z1ðG s
rkÞus; ð5:16Þ

similarly, we have

Z
1
Z

k
ZrðuÞ ¼ ‘

1
‘
k
‘ruþ Z

1
ðG s

kr
Þus: ð5:17Þ

And since we have G k

ji
ðp0Þ ¼ G k

pj
ðp0Þ ¼ G k

pi ðp0Þ ¼ 0, we compute that

ZqZpZj ZiðuÞ ¼ ZqZpf‘j‘iuþ G k
ji
ukg

¼ Zqf‘p‘j‘iuþ G k
pj
‘
k
‘iuþ G k

pi‘j‘kuþ ZpðG k
ji
Þuk

þ G k
ji
‘p‘kuþ G k

ji
G r
pkurg

¼ ‘q‘p‘j‘iuþ G s
qp‘s‘j‘iuþ G s

qj
‘p‘s‘iuþ G s

qi‘p‘j‘su

þ ZqðG k
pj
Þu

ik
þ G k

pj
ZqðuikÞ þ ZqðG k

pi Þukj þ G k
piZqðukj Þ

þ ZqZpðG k
ji
Þuk þ ZpðG k

ji
Þukq þ ZqðG k

ji
Þukp þ G k

ji
ZqðukpÞ

þ ZqðG k
ji
ÞG r

pkur þ G k
ji
ZqðG r

pkÞur þ G k
ji
G r
pkurq

¼ ‘q‘p‘j‘iuþ ZqðG k
pj
Þu

ik
þ ZqðG k

pi Þukj þ ZqZpðG k
ji
Þuk

þ ZpðG k
ji
Þukq þ ZqðG k

ji
Þukp: ð5:18Þ
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We also compute that

ZkZrZ1ðuÞ ¼ ZrZkZ1ðuÞ þ ½Zk;Zr�Z1ðuÞ

¼ Z1ZrZkðuÞ þ ½Zk;Zr�Z1ðuÞ þ ½Zr;Z1�ZkðuÞ þ Zr½Zk;Z1�ðuÞ

¼ Z1ZrZkðuÞ þ ZrðBs
k1us þ Bs

k1usÞ

¼ Z1ZrZkðuÞ þ ZrðBs
k1Þus þ ZrðBs

k1Þus � T s
k1usr � T s

k1usr: ð5:19Þ

By applying Bs

k1
ðp0Þ ¼ Bs

k1
ðp0Þ ¼ G r

ksðp0Þ ¼ G r

1s
ðp0Þ ¼ G r

ksðp0Þ ¼ 0, we com-

pute that

ZkZ1
Z

k
Z1ðuÞ ¼ ZkZ1

½Z
k
;Z1�ðuÞ þ ZkZ1

Z1Zk
ðuÞ

¼ ZkZ1fB
s

k1
Zs þ Bs

k1
ZsgðuÞ þ ½Zk;Z1�Z1Zk

ðuÞ þ Z1ZkZ1Zk
ðuÞ

¼ ZkfZ1
ðBs

k1
Þus þ Bs

k1
ðu

s1
þ G r

1s
urÞ þ Z

1
ðBs

k1
Þus

þ Bs

k1
ðu

s1 þ G r

1s
urÞg þ Z1ZkZ1Zk

ðuÞ

¼ ZkZ1ðB
s

k1
Þus þ Z1ðB

s

k1
Þðusk þ G r

ksurÞ þ ZkðBs

k1
Þðu

s1 þ G r

1s
urÞ

þ Bs

k1
Zkðus1 þ G r

1s
urÞ þ ZkZ1ðB

s

k1
Þus þ Z1ðB

s

k1
Þðusk þ G r

ksurÞ

þ ZkðBs

k1
Þðu

s1 þ G r

1s
urÞ þ Bs

k1
Zkðus1 þ G r

1s
urÞ þ Z1ZkZ1Zk

ðuÞ

¼ ZkZ1
ðBs

k1
Þus þ Z

1
ðBs

k1
Þusk þ ZkðBs

k1
Þu

s1
þ ZkZ1

ðBs

k1
Þus

þ Z1ðB
s

k1
Þuks þ ZkðBs

k1
Þu

s1 þ Z1ZkZ1Zk
ðuÞ; ð5:20Þ

where we used that usk ¼ uks from (3.1). Also we compute that

Z1ZkZ1Zk
ðuÞ ¼ Z1f½Zk;Z1�Zk

ðuÞ þ Z1ZkZk
ðuÞg

¼ Z1fB
r
k1ZrZk

ðuÞ þ Br
k1ZrZk

ðuÞ þ Z1ZkZk
ðuÞg: ð5:21Þ

By applying (3.2), we have that

Br

k1
ZrZ1ðuÞ ¼ Br

k1
Z1ZrðuÞ þ Br

k1
½Zr;Z1�ðuÞ

¼ T r

k1
ðT s

1rus þ T s
1rusÞ þ Br

k1
fBs

r1Zs þ Bs
r1ZsgðuÞ

¼ �T r

k1
T s
r1us � T r

k1
T s
r1us � T r

k1
Bs
r1us þ T r

k1
T s
r1us

¼ T r

k1
ðG s

1r � G s
r1Þus; ð5:22Þ

similarly,
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Br
k1ZrZk

ðuÞ ¼ Br
k1Zk

ZrðuÞ þ Br
k1½Zr;Zk

�ðuÞ

¼ T r
k1ðT s

kr
us þ T s

kr
usÞ þ Br

k1fBs

rk
Zs þ Bs

rk
ZsgðuÞ

¼ �T r
k1T

s

rk
us � T r

k1T
s

rk
us þ T r

k1T
s

rk
us � T r

k1B
s

rk
us

¼ T r
k1ðG s

kr
� G s

rk
Þus: ð5:23Þ

By combining (5.14)–(5.23), we compute that

u
11kk

¼ ‘
k
‘k‘1‘1u

¼ ZkZk
Z

1
Z1ðuÞ þ ½Z

k
;Zk�Z1

Z1ðuÞ

� Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus � ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk

¼ Zkf½Zk
;Z1�Z1ðuÞ þ Z1Zk

Z1ðuÞg

� Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus � ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk

¼ ZkfBr

k1
ZrZ1ðuÞ þ Br

k1
ZrZ1ðuÞg þ ZkZ1Zk

Z1ðuÞ

� Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus � ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk

¼ ZkfT r

k1
ðG s

1r � G s
r1Þusg þ ZkfBr

k1
ZrZ1ðuÞg

þ Z1fB
r
k1ZrZk

ðuÞ þ Br
k1ZrZk

ðuÞ þ Z1ZkZk
ðuÞg

þ ZkZ1ðB
s

k1
Þus þ Z1ðB

s

k1
Þusk þ ZkðBs

k1
Þu

s1 þ ZkZ1ðB
s

k1
Þus

þ Z1ðB
s

k1
Þuks þ ZkðBs

k1
Þu

s1 � Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus

¼ �ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk þ ZkfT r

k1
ðG s

1r � G s
r1Þgus þ ZkðBr

k1
Þu1r

þ Br

k1
fZ1ZrZkðuÞ þ ZrðBs

k1Þus þ ZrðBs
k1Þus � T s

k1usr � T s
k1usrg

þ Z1ðB
r
k1Þurk þ Br

k1Z1Zk
ZrðuÞ þ Br

k1Z1fB
s

rk
us þ Bs

rk
usg

þ Z
1
fT r

k1ðG s

kr
� G s

rk
Þusg þ Z

1
Z1fBs

kk
us þ Bs

kk
usg þ Z

1
Z1Zk

ZkðuÞ

þ ZkZ1ðB
s

k1
Þus þ Z1ðB

s

k1
Þusk þ ZkðBs

k1
Þu

s1 þ ZkZ1ðB
s

k1
Þus

þ Z1ðB
s

k1
Þuks þ ZkðBs

k1
Þu

s1 � Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus

� ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk

¼ ZkðBr

k1
Þu1r � T r

k1
ukr1 � T r

k1
Z1ðG s

rkÞus � T r

k1
ZrðBs

k1Þus � T r

k1
ZrðBs

k1Þus
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þ T r

k1
T s
k1usr þ T r

k1
T s
k1usr þ Z1ðB

r
k1Þurk � T r

k1urk1 � T r
k1Z1ðG

s

kr
Þus

� T r
k1Z1ðB

s

rk
Þus � T r

k1Z1ðB
s

rk
Þus þ ZkfT r

k1
ðG s

1r � G s
r1Þgus

þ Z
1
fT r

k1ðG s

kr
� G s

rk
Þgus þ Z

1
Z1ðBs

kk
Þus þ Z1ðBs

kk
Þu

s1
þ Z

1
ðBs

kk
Þus1

þ Z
1
Z1ðBs

kk
Þus þ Z1ðBs

kk
Þu

s1
þ Z

1
ðBs

kk
Þus1 þ ZkZ1

ðBs

k1
Þus þ Z

1
ðBs

k1
Þusk

þ ZkðBs

k1
Þu

s1 þ ZkZ1ðB
s

k1
Þus þ Z1ðB

s

k1
Þuks þ ZkðBs

k1
Þu

s1 þ ‘1‘1‘k
‘ku

� Z
k
ðG s

k1
Þu1s � Z

k
ðG s

k1Þus1 � Z
k
ZkðG s

11
Þus � ZkðG s

11
Þu

sk
� Z

k
ðG s

11
Þusk

þ Z1ðG
s

1k
Þuks þ Z1ðG

s
1kÞusk þ Z1Z1ðG s

kk
Þus þ Z1ðG s

kk
Þu

s1 þ Z1ðG
s

kk
Þus1

¼ u
kk11

þ 2 RefT r

1k
ukr1g þOðj‘ujÞ þOðj‘‘ujÞ þOðj‘‘ujÞ

¼ u
kk11

þ 2 RefT r

1k
u1rkg þOðj‘ujÞ þOðj‘‘ujÞ þOðj‘‘ujÞ; ð5:24Þ

where we used that u
rk1

¼ u
kr1

from (3.1), ukr1 ¼ u1rk þ T s
1kusr þOðj‘ujÞ from

(4.10) for l ¼ k, i ¼ r and j ¼ 1, and Oðj‘‘ujÞ (resp. Oðj‘‘ujÞ) is the set of

all terms including ‘‘u (resp. ‘‘u) and whose norm j � j can be estimated by

Cj‘‘uj (resp. Cj‘‘uj) for some positive constant C.

In what follows, the positive constants C are di¤erent from each other line

by line.

From (5.1), (5.2), (5.3), (5.13) and (5.24), we have that as in [8, (4.7)],

0bLðfÞ � F kk j~ll1;kj
2

l21
þ
X
k>1

F kk jgk11j
2

l21
þ 2 Re F kkT 1

1k

~ll1;k
l1

( )

þ 2

l1
RefF iiw11; za i uaig �

1

8
F iiðjukij2 þ juki j

2Þ

� C

l1
jua1j

X
i

F ii � C 1þ
X
i

F ii

 !
; ð5:25Þ

where we have used that from (3.1),

u1rk ¼ ur1k ¼ g1rk � w1rk;

and T r
1kg1rk ¼ T 1

1kg11k ¼ T 1
1kð~ll1;k þ ðB1

1ÞkÞ.
We compute that by using

u
11k

¼ u
11k

¼ u
k11

� T s
k1us1 þOðj‘ujÞ

¼ u1k1 � T s
k1us1 þOðj‘ujÞ
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from (3.1), and also applying the formula (4.10) for l ¼ 1, i ¼ 1, j ¼ k,

~ll1;k ¼ g11k � ðB1
1Þk

¼ w
11;k

þ w
11; za

uak þ w
11; za

uak � w
k1;1

� w
k1; za

ua1 � w
k1; za

ua1

þ g
k11 � ðB1

1Þk � T s
k1us1 þOðj‘ujÞ:

Hence we have that

g
k11

¼ ~ll1;k þ tk � w
11; za

uak þ w
k1; za

ua1; ð5:26Þ

where we put

tk :¼ w
k1;1 � w11;k þ w

k1; za
ua1 � w

11; za
uak þ T s

k1us1 þ Oðj‘ujÞ þ ðB1
1Þk: ð5:27Þ

Hence we have that for kb 2,

jg
k11j

2
b j~ll1;kj2 � jtk � w11; zauakj

2 þ 2 Ref~ll
1;k

ðtk � w11; zauakÞg

þ 1

2

X
b

w
k1; zb

ub1

�����
�����
2

þ 2 Re
X
b

f~ll
1;k

w
k1; zb

ub1g: ð5:28Þ

We define

f :¼ A2j‘uj2 þCðu� uÞ ð5:29Þ

for a small constant 0 < A2 a
1

12n K
�1, where

K :¼ 1þ sup
M

j‘uj2 þ sup
M

j‘ðu� uÞj2;

and for C satisfies that C 0 < 0 and C 00 > 0. By applying [8, (4.8)–(4.10)] and

(5.25), we obtain

0b
1

4
A2F

kkðjuikj2 þ juikj
2Þ þC 0Lðu� uÞ þC 00F ii jðu� uÞij

2

� CF kk
~ll1;k
l1

�����
������ C

jua1j
l1

X
i

F ii � C 1þ
X
i

F ii

 !

� 2C 0

l1

X
k>1

X
b

F kk Refw
k1; zb

ub1ðu� uÞkg

þ 1

4l21

X
k>1

F kk
X
b

w
k1; zb

ub1

�����
�����
2

; ð5:30Þ
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where we have used that 0 < f1 a
C
l1

and A2 is the positive constant chosen

to be small enough in order to control �F 11 j~ll1; 1j2

l21
. Then by the same argu-

ment in [8], using the assumption (1.4), we can control the terms containingP
b wk1; zbub1. For readers convenience, we introduce the argument below.

Assuming that
P

b jC 0ub1ja l1, we have that

� 2C 0

l1

X
b

X
k>1

F kk Refw
k1; zb

ub1ðu� uÞkgb�C
X
i

F ii : ð5:31Þ

Suppose that
P

b jC 0ub1jb l1. If the assumption (1.4) holds, we have that

provided l1 g 1,

1

12
A2F

kkðjuikj2 þ juikj
2Þ � 2C 0

l1

X
b

X
k>1

F kk Refw
k1; zb

ub1ðu� uÞkg

b
A2

12
F bbju1bj2 � CjC 0jrðlÞ

X
b

F bbju1bj � CjC 0jrðlÞ
X
i

F ii

b�
X
i

F ii : ð5:32Þ

Plugging (5.31)–(5.32) into (5.30), we obtain that

0b
1

6
A2F

kkðjuikj2 þ juikj
2Þ þC 0Lðu� uÞ þC 00F ii jðu� uÞij

2

� CF kk
~ll1;k
l1

�����
������ C

jua1j
l1

X
i

F ii � C 1þ
X
i

F ii

 !
:

From (5.1) and (5.29), we estimate that

F kk
~ll1;k
l1

�����
����� ¼ F kkjA2ðuikui þ uikuiÞ þC 0ðu� uÞkj

aA2

ffiffiffiffi
K

p
F kkðjuikj þ juikjÞ þ jC 0jF kkjðu� uÞkj:

Since we have for a > 0, ax2 � bxb� b2

4a , we have that

C 00F ii jðu� uÞij
2 � CjC 0jF ii jðu� uÞijb�C2C 02

4C 00
X
i

F ii :

Then, by taking 0 < ef 1 and l1 large, we obtain that
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0b
1

8
A2F

kkðjuikj2 þ juikj
2Þ � CI

jua1j
l1

X
i

F ii

þC 0Lðu� uÞ � C2C 02

4C 00
X
i

F ii � C2 1þ
X
i

F ii

 !
: ð5:33Þ

Now, let us choose the function C : ½infMðu� uÞ;þyÞ ! R such that

CðxÞ :¼ A1

ð1þ x� infMðu� uÞÞN
;

where A1 b 1, N A N. We take N A N large enough so that 0 <
C 2jC 0j
4C 00 f

1
2

ek0
1þk0

. Then we obtain by applying the condition (1.6), the following estimate

(cf. [8, (4.13)]):

0b

P
a

jua1j

l1

A2

16n2
r0
l1

X
a

jua1j � CI

 !X
i

F ii

þ ek0

2ð1þ k0Þ
jC 0j � C2

� �
1þ

X
i

F ii

 !
: ð5:34Þ

We consider the following two cases:
P

jua1j> 16n2CI

r0A2
l1 and

P
jua1ja 16n2CI

r0A2
l1,

where CI is the constant in (5.33). When
P

jua1j > 16n2CI

r0A2
l1, by taking A1 g 1

so that

ek0

4ð1þ k0Þ
jC 0j � 100C2 �

160n2C 2
I

r0A2
> 0; ð5:35Þ

the right-hand side of the inequality (5.34) is positive, which is a contradiction.

On the other hand, in the case of
P

jua1ja 16n2CI

r0A2
l1, fixing constants A1, A2

and N as in the previous case, by (5.34) and (5.35), we obtain that

0b
ek0

2ð1þ k0Þ
jC 0j 1þ

X
i

F ii

 !
� 16n2C2

I

r0A2

X
i

F ii � C2 1þ
X
i

F ii

 !
> 0;

which also gives a contradiction. Therefore, we conclude that ~HH cannot

achieve its maximal value at any interior point. Therefore, we complete the

proof of Theorem 1.2.
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