Functiones et Approximatio
58.1 (2018), 8742
doi: 10.7169/facm/1635

ON THE DIOPHANTINE EQUATION yP = f(z1, T2, ..., T,.)

RAGHAVENDRAN SRIKANTH, SIVANARAYANAPANDIAN SUBBURAM

Abstract: In this paper, we study the Diophantine equation

yP = fz1, 22, 2r),
where f(z1,x2,...,%r) is a real polynomial in variables z1, z2, ..., z, in R, a group of real numbers
under the usual addition +, having the least element property.
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1. Introduction

In 1999, Poulakis [1] produced an algorithm to solve the Diophantine equation
y? = vt + a1z +agx? +azz+aq. In 2000, Szalay [7] gave an upper bound for the so-
lutions of y? = f(z), where f(z) = apx™+ay2" 1+ - -+a, is an integer polynomial
and n is even. In 2002, Szalay [8] generalized the work by the equation y? = f(x),
where deg f(x) is multiple of p. In 2008, Sankaranarayanan and Saradha [2] pro-
vided an upper bound for the integral solutions of f(x) = ¢g(y), where f(z) and g(y)
are integer polynomials in variables x and y with ged(deg(f(x)),deg(g(y))) > 1.
In 2012, Srikanth and Subburam [3] improved the method of Szalay [8]. In 2013,
Szalay [9] delt with the general equation 22 = f(x,y). In 2014-15, Subburam
and Thangadurai [5] and [6] gave upper bounds for the solutions of the equa-
tion az® + by + ¢ = zyz. In 2015, Subburam [4] studied the integral solutions of
V—a)y—a) - (y—an) = f(2)

Our aim in this paper is to prove the following theorems. Here, we use the
notations: R is the set of all real numbers, R C R having the least element
property a group under the usual addition +, ¢ the least positive element of R,
for any element « € R, |z|r the largest element of R with |z|r < z, p a prime,
f(z1,...,x;) a polynomial such that

flxy,x) = B(xy, ooy )P + Clay, ...y x4)
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for some polynomials B(z1,...,x:) and C(z1,...,2¢) in variables 1, xa, ..., ; with
coefficients in R, S the set of all positive integers s < t such that f(zq,...,z;) is
a monic polynomial in variable x5 of degree deg, (f(z1,...,2¢)). For any elements
Y, 21, T2, .yt € Ry Ky = {ap~! 1 2 € R},

Pi(x1,....xt) = —([WB(21, ..., xt)|r — @) + (WB(x1, ..., 21))P + VPO (21, ...y 2)

and

Qi(x1,..,xy) = (|WB(x1, .oy x)|R + )P — (WB(x1, ..., xt))P — PP C (21, ..., ¢)

where 1! is the inverse of 1 in R \ {0} under usual multiplication, a; = i6 and
1=0,1,...

In 2013, Szalay [7] proved that if (x,y,z) is an integral solution of the equa-

tion 22 = f(z,y), where f(x,y) is an integer polynomial, then Pi(z,y) > 0 and

Q1(z,y) > 0 implies that C(z,y) = 0. This result is generalized in the following
theorem:

Theorem 1. Let r be a positive integer. If Pi(x1,...,x¢) =0 and Q;(z1,...,x¢) =0
have no solution in R for the integers i with 1 <i <r —1 and if (x1,...,7¢,y) €
R' x Ky, is a solution of the equation

yP = f(x1, ..., 1),
then each of

(1) P.(z1,...,2t) >0 and Qr(x1,...,2¢) >0
(2) PT(.Il,...,JSt) <0 and Qr(xl, ...,ZEt) <0
implies that

¢pf($1a ey xt) - |wB($1, ...711,',5) % = 0.

Theorem 2. Let r be a positive integer. If s € S, deg, C(w1,..,z¢) <
deg, B(x1, woxt)P"L YB(R,...,R) C R, and if

Pi(z1, .oy xt) = —(VB(x1, ooy ) — )P + (WB(21, ..., xt) )P + YPC(x1, ...;xy) =0
and
Qi(z1,.cyxs) = (WB(x1, oy 2t) + ;)P — (WB(21, ..., 24))P —YpPC (21, ...;xs) =0
have no solution in R for all integers i with 0 < i < r — 1, then all solutions
(#1,...,21,y) € R x Ky of the equation
yP = fay, ..., )

satisfy
min¥(s) < x5 < maxd(s),

where

Is) ={zs ER:P. or Q. or C =0 for some x1,...,T5-1,Ts+1,... € R}.



On the Diophantine equation y? = f(z1,x2,...,2r) 39

We have the following corollary, which generalize the works of Szalay [8] and
Srikanth-Subburam [3], from Theorem 1.

Corollary 1. Letr be a positive integer. If B(R)C R, deg(C(x)) <deg(B(z)P~1)
and if P;(z) = 0 and Q;(z) = 0 have no solutions in R for the integer i with
1 <i<r—1, then all solutions (x,y) € R x Ky of the equation

y’ = f(x)

satisfy

min ¢ < z < max 1y,

x
where = {a € R: C(a) =0 or P.(a) =0 or Q.(a)=0}.

2. Proof of Theorem 1

Let (z1,...,2¢,y) € R' x Ky be a solution of the equation
yP = f(x1, ..., zp).
Assume that P.(z1,...,2;) > 0 and Q,(z1,...,x¢) > 0. Then
(|[vB(x1, .., x)|r — )P < (WB(x1, ... xy))? + YPC (21, ..., 1)

and
(’(/)B(Jil, ...,xt))p + ¢p0($17 ...7It) < (|¢B(Z‘1, ey Qj‘t)|R =+ Oé,«)p.

This implies that
(|1/}B(‘T17 "‘7xt)|R - a’F)p < (¢y)P < (WB(%’ "'axtﬂR + a’r‘)p'

Therefore, we have

([VB(x1, s )R — ) < £by < ([ B(21, s 71) |R + ).

Since y € Ky, £y € R. Also, it is clear that [¢B(z1,...,2¢)|r — o and
| B(x1,...,xt)|r + o, are in R, since [ B(x1, ..., 2¢)|r and «, are in R. Therefore

:l:/ll)y = |d}B($17 "‘7$t)|R — Oy

or
Yy = [YB(z1, ..., x)|r + v

or

Ty = [V B(21, .., 21)|R

for some ¢ = 1,2, ..., — 1. From this, we can write that

P)i(xh ...,l't) = 1/}pf('1:17 "'7'T’t) - (|¢B('1:17 "'7'T’t)|R - ai)p =0
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or
Qi(w1, .y xi) = =P f(w1, oy T¢) + (|¢B(x1, ...,xt)‘R +a;)P =0
or
¢pf($1a ey m1‘/) - |wB($1, ...7LL't) % = 0.

Since P;(Xy,...,X:) = 0 and @Q;(X1,..., X;) = 0 have no solution in R for the
positive integers ¢ with 1 <7 < r — 1, we have

PP f(x1, .y xy) — [YB(x1, ..oy ze) | = 0.
Assume that P.(z1,...,2;) < 0 and Q,(z1,...,2¢) < 0. Then
(‘¢B($1? ..-,-Tt)‘R - ar)p > (L/)B(mla "'axt))p + wpo(xlv "'7'1:75)

and
(WB(x1, ..., 2t))? + YPC(21, oy zt) > (|UB(21, .oy )| R + )P

This implies that
(0B(1, ) 5+ )P < (@9 < (BB (@1, 20| — )P,

If p is odd, then

(lWwB(z1, ..., xt)|r + ar)? < (WB(x1, ..., xt)|r — ).
implies that

([WwB(z1,...,xt)|r + @) < (|UB(x1, ... x)|R — ),

which is a contradiction. If p is even, then

(B2, )| p + r)? < ([WB(21, oo, )| R — )%
implies that | B(z1, ..., 2¢)|r < 0. Therefore

(—[B(@1, ..oy x1)|r — r)® < (00y)* < (—=[B(21, ... 1) | R + ),
where § = +1 with §ty > 0. Since —|¢yB(z1, ..., 7¢)|r + o > 0, we get
—|B(x1, ..., xt)|R — ar < Sy < —|YB(21, ..., Tt)| R + Q.
That is, we have (1). Therefore we get
VP f(x1, ..., xe) — [UB(21, ..., 2¢) [} = 0.

This proves the result.
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3. Proof of Theorem 2

Let s € S. Suppose that there is a solution (z1, ..., z¢,y) € R' x Ky of the equation

yp = f(xla () xt)

such that
mind(s) > x5 and x5 > max(s),

where
9(s) ={zs e R: P, or Q. or C =0 for some 1, ..., T5_1,Ts41,... € R}.

Then one of the following four cases is true:

(1) Pr(z1,...,2t) >0 and Q(z1,...,2¢) >0
(2) IPT(J?l,...,l't) >0 and Qr(xl,...,xt) <0
(3) Pr(z1,...,z) <0 and Q(z1,...,2¢) >0
(4) ]P)T(’Il,...,l't) <0 and Qr(l‘l,...,xt) < 0.

Since we have degy C(Xi, ..., X;) < degx. B(X1,..., X¢)P~!, we conclude that
degy (Pr(X1,...,Xy)) = degy (Q.(Xy,...,X¢)) and the leading coefficients of
the polynomials P,.(X1,..., X;) and Q,.(Xy,..., X¢) in variable X, are the same.
Therefore the cases (2) and (3) are impossible. So we have (1) and (4). Since
YB(R,..,R) C R and, P;(Xy,...,X;) = 0 and Q;(Xy,...,X;) = 0 have no solu-
tions in R for all 4 with 1 <4 < r—1, by Theorem 1, we get that C'(z1,...,z;) = 0.
This is a contradiction.This proves the theorem.
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