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1. Introduction

One of the key challenges in Bayesian statistics is to approximate intractable
or computationally infeasible posterior distributions. This problem is becom-
ing even more pronounced in applications where the amount of available infor-
mation is rapidly growing, further increasing the complexity of the posterior.
Variational methods provide a convenient way to overcome such computational
issues in Bayesian statistics. The variational approximation starts by selecting
an appropriate class of distributions, referred to as the variational class. Then
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the complex posterior distribution is approximated by its projection on this vari-
ational class with respect to the Kullback-Leibler divergence. The challenge in
choosing the variational class is twofold: firstly, the variational posterior should
reduce computational complexity and if possible increase the interpretability of
the distribution; secondly, for meaningful inference it is crucial that the varia-
tional posterior has good statistical properties. For an overview of variational
Bayes methods we refer to the review article [5].

Although variational Bayes approximations are routinely used in practice, up
to recently they were considered black box procedures with very limited the-
oretical underpinning. In the last few years the asymptotic properties of the
variational posterior have been investigated. Abstract results were derived for
posterior contraction rates and applied to various high-dimensional and non-
parametric models, considering typically mean-field variational classes; see for
instance [37, 36, 1, 19, 20]. However, almost all of these results focus on the
recovery of the underlying true parameter of interest and do not address the
quality of uncertainty quantification.

In fact, one of the main appeals and strengths of the Bayesian paradigm is
that it provides a probabilistic solution to the statistical problem. The posterior
distribution can be used to quantify the remaining uncertainty about the param-
eter of interest. In practice this uncertainty is usually visualised by plotting cred-
ible regions. These are subsets of the parameter space with prescribed posterior
probability (typically 95%). In parametric models the celebrated Bernstein-von
Mises theorem [16, 29] provides asymptotic frequentist coverage guarantees for
credible sets under mild assumptions, meaning that credible sets can be inter-
preted as frequentist confidence sets. In high-dimensional and non-parametric
frameworks such a strong guarantee does not automatically hold in general (see
e.g. [8]). Nevertheless, by now we have a relatively good understanding of how
to tune the prior to achieve asymptotic confidence guarantees, see for instance
[15, 7, 25, 21].

Despite its importance, so far hardly any results are available on the frequen-
tist reliability of the variational Bayesian uncertainty quantification, where the
real credible sets are replaced by approximate credible sets derived from the
variational posterior. In fact, many of the available results are rather negative,
showing that (mean-field) variational methods are often over-confident in the
sense that they substantially underestimate the uncertainty of the procedure,
see for instance [4, 5] for some standard examples. There are only a few pos-
itive results available. In [34] a variational version of the Bernstein-von Mises
theorem was derived in parametric models, while in [11] a correction was pro-
posed using linear response methods to recover the original posterior covariance
structure. However, both of these results consider only parametric models and
it is in general unclear how variational credible sets behave in high- and infinite-
dimensional settings. A related result we are aware of can be found in the recent
paper [27], where confidence statements for a variational posterior are obtained
in a special bandit-like regression setting similar to the results of [23] for the true
posterior. Although interesting, these results and the underlying techniques do
not transfer to the nonparametric regression setting we consider in this paper.
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In our analysis we focus on the popular and routinely used Gaussian process
(GP) regression model. Exact computation of the posterior quickly becomes
infeasible in practice since the computational cost scales cubically in the sam-
ple size. To overcome this problem, a sparse variational approximation method
was proposed in [26]. The variational class is parametrized by so called in-
ducing variables which are fitted to the posterior. This approach has become
increasingly popular in the machine learning community and has been applied
in various settings including deep Gaussian processes and solving inverse prob-
lems. Recently theoretical guarantees were also derived for it. In [6] the average
Kullback-Leibler distance between the variational and true posterior was stud-
ied, while in [17] minimax posterior contraction rates were derived. However,
none of these results provided guarantees for the frequentist validity of the re-
sulting uncertainty quantification, which is arguably one of the main aims in
the Bayesian analysis.

We focus in our theoretical analysis on a specific choice of inducing vari-
ables which we call population spectral features, allowing (relatively) tractable
mathematical analysis. In our numerical analysis we also show that with other
choices of inducing variables similar behaviour is obtained. We observe that, in
contrast to the simple parametric examples using mean-field variational approx-
imations, in the nonparametric GP regression framework the variational pos-
terior provides, from a frequentist perspective, reliable uncertainty statements
for appropriately tuned priors. In fact, the good coverage property does not
depend on the number of inducing variables used in the procedure. Besides the
coverage of variational credible sets we also derive lower bounds for the number
of inducing variables one has to use to achieve minimax contraction rates. This
complements the contraction rate guarantees given in [17], where the sharpness
of the lower bound was conjectured, but not verified. To achieve this we use a
different proof technique than in [17]. We apply a variational version of the stan-
dard kernel ridge regression method [22]. This direct approach provides more
control of posterior properties. Finally, we apply our abstract results to two GP
priors with polynomially and exponentially decaying eigenvalues, respectively.

Contributions We summarize our contributions below:
– We give an explicit formula for the contraction rate of the variational

posterior in terms of the prior and the true regression function. This gives
a condition on the prior and the minimal number of inducing variables
in the variational approximation needed to obtain minimax contraction
rates.

– If the number of inducing variables is too low, the contraction rate is
sub-optimal, regardless of the choice of prior.

– Irrespective of the number of inducing variables, variational credible sets
cover the truths that are at least as smooth as the prior, whereas coverage
may be bad if the prior over-smoothes the true regression function.

Outline In the next section, we describe the Gaussian process regression
model studied in this paper. We recall the details of the variational procedure



Uncertainty quantification for variational Gaussian processes 2253

with inducing variables and derive a connection with kernel ridge regression,
used in the proofs. Lastly we introduce the specific choice of inducing variables
considered in the theoretical analysis. In Section 3, we develop a theory for con-
traction rates. Section 4 consists of the theory on uncertainty quantification. In
Section 5 these results are applied to two specific priors, with polynomially and
exponentially decaying eigenvalues, respectively. We conclude with a numerical
analysis, including various inducing variable methods in Section 6. The proofs
are deferred to the Appendix. In Section A we prove the more abstract results,
while the proofs for the examples are given in Section B.

Notation For sequences an, bn of non-negative real numbers, we write an � bn
if there exists a constant C > 0 such that an ≤ Cbn for all n ∈ N. We write
an � bn if both an � bn and bn � an hold. We indicate with an apostrophe the
transpose A′ of a matrix A.

2. Variational approximations for Gaussian process regression

Throughout the paper we investigate the nonparametric regression model

yi = f(xi) + εi, i = 1, . . . , n, (2.1)

with i.i.d. design points xi with respect to some common probability measure
μ on some X ⊆ R

d, and i.i.d. mean-zero Gaussian measurement errors εi ∼
N(0, σ2), for some σ2 > 0. We view the unknown parameter f as an element
of the function space L2(X, μ). We endow f with a centered Gaussian process
(GP) prior Π determined by its covariance kernel k : X× X → R.

The GP prior is conjugate for the regression model (2.1), which means that
the posterior is also a GP. However, the computational and memory costs of
obtaining the posterior are O(n3) and O(n2), respectively, which is prohibitive
for large data sets. Therefore, in practice various approximation methods are
applied for inference, see [18] for a detailed discussion. One of the most com-
monly used approaches is the sparse variational approximation using inducing
variables, proposed by [26]. In the next subsection we give a brief summary of
inducing variable variational Bayes methods in general and we will focus on a
specific, analytically convenient version of the method, using population spectral
features.

2.1. Variational Bayes with inducing variables

In the variational framework, the posterior distribution is approximated by pro-
jecting it onto an appropriately selected class Q of probability measures on
L2(X, μ) with respect to the Kullback-Leibler divergence. Letting Π( · |x,y) de-
note the true posterior, the variational posterior Ψ( · |x,y) is defined as

Ψ( · |x,y) = arg min
Ψ∈Q

DKL(Ψ‖Π( · |x,y)), (2.2)
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where DKL denotes Kullback-Leibler divergence.
In the inducing variables framework, the variational class Q is constructed

using a collection u = (u1, . . . , um) of (known, specified) bounded linear func-
tionals evaluated at f . The linearity guarantees that the distribution of u under
Π is m-dimensional multivariate Gaussian. Furthermore, the prior conditional
on u is another GP law. To obtain a low-dimensional optimization problem and
preserve aspects of the prior distribution, [26] proposed to fit a variational dis-
tribution of u to its posterior, while keeping the conditional prior distribution
for f |u. More concretely, the sparse inducing variable variational class consists
of the distributions

Ψ =
∫

Π( · |u) dΨu(u), (2.3)

where Ψu is any non-degenerate m-dimensional Gaussian distribution, indexing
the variational class Q. This way the posterior information is compressed into the
fitted m-dimensional distribution of u. Nevertheless, Ψ is still a nonparametric
distribution on L2(X, μ) which is equivalent to the prior.

The variational posterior is computed by finding the distribution Ψu that
minimizes the Kullback-Leibler divergence between Ψ given in (2.3) and the
true posterior. As is shown in [26], a unique solution exists and can be computed
analytically. The corresponding variational posterior is also GP with respective
mean and covariance function

f̂m(x) = Kxu(σ2Kuu + KufKfu)−1Kufy, (2.4)
k̂m(x, y) = k(x, y) −KxuK

−1
uuKuy + Kxu(Kuu + σ−2KufKfu)−1Kuy. (2.5)

Here y = (y1, . . . yn) is the vector of response variables, Kuu is the covariance
matrix of u under Π (with entries covΠ(ui, uj)), and similarly Kfu = K ′

uf is
the n ×m matrix with entries covΠ(f(xi), uj) = Πf(xi)uj , and Kux = K ′

xu =
covΠ(u, f(x)). We note that in the special case u = f , the true posterior is re-
covered. The above formulas were derived in [26] for the inducing points method
(uj = f(zj) for zj ∈ X, j = 1, . . . ,m), but the same computations hold for any
choice of the inducing variables. For completeness we provide the details in
Appendix C.

The theoretical properties of this approach have been investigated in [6, 17]
for various choices of inducing variables. The first paper deals with the accuracy
of the variational approximation of the original posterior with respect to the
Kullback-Leibler divergence. In the second paper, upper bounds were derived for
the posterior contraction rate. We extend the latter result by using a different,
kernel ridge regression technique allowing sharper control of the approximation.
This analysis allows us to derive lower bounds for the contraction rate and to
investigate the frequentist coverage properties of the credible sets resulting from
the variational approximation.
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2.2. Kernel ridge regression

The posterior mean, which is the maximum a posteriori in case of Gaussian
processes, can equivalently be obtained as a kernel ridge regression (KRR) esti-
mator. Let H be the reproducing kernel Hilbert space (RKHS) associated with
the GP kernel k. Then (see e.g. [14]) the mean of the original posterior equals

arg min
f∈H

n∑
i=1

(yi − f(xi))2 + σ2‖f‖2
H
.

It is not difficult to see that the variational posterior mean (2.4) can also be
viewed as a KRR estimator, for an appropriate choice of the RKHS. Since the
inducing variables uj are linear functionals of f , the functions

hj : X → R, x 	→ covΠ(f(x), uj) = Πf(x)uj

are elements of H (see [28]). Let Hm denote the linear subspace of H spanned
by the functions h1, . . . , hm. The variational posterior mean (2.4) is an element
of Hm. The following lemma states that the inducing variable variational pos-
terior mean minimizes the same objective function as the mean of the true
posterior, but over the subclass Hm ⊂ H.

Lemma 1. The variational posterior mean f̂m given in (2.4) satisfies

f̂m = arg min
f∈Hm

n∑
i=1

(yi − f(xi))2 + σ2‖f‖2
H
. (2.6)

For a similar result in context of the more specific Nyström approximation
method we refer to [35]. Although the above lemma holds for arbitrary choices
of the inducing variables, in the upcoming sections we focus specifically on the
population spectral features approach. We believe that what we infer from our
results holds more generally, as illustrated in our numerical analysis.

2.3. Population spectral features

In our theoretical analysis we focus on a choice of inducing variables that gives
the variational posterior the interpretation of a spectral approximation to the
true posterior. We assume that the prior covariance kernel k is continuous and
k ∈ L2(X× X, μ× μ), so that it has a Mercer decomposition

k(x, y) =
∞∑
j=1

λjϕj(x)ϕj(y), (2.7)

where λj is a decreasing, summable sequence of nonnegative numbers and
(ϕj)j∈N is an orthonormal basis of L2(X, μ). Under the current assumptions,
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the series (2.7) converges not only in the L2 sense but also uniformly on com-
pact subsets in the support of μ× μ (see [24], Corollary 3.5). We also associate
with k an operator T : L2(X, μ) → L2(X, μ) given by

Tg(x) =
∫
X

k(x, y)g(y) dμ(y), (2.8)

which is called the covariance operator. The identity (2.7) is equivalent to the de-
composition T =

∑∞
j=1 λj〈·, ϕj〉ϕj . We assume that the set of functions (ϕj)j∈N

is uniformly bounded:

Assumption 2. The functions ϕj satisfy

sup{|ϕj(x)| : j ∈ N, x ∈ X} =: Cϕ < ∞. (2.9)

In the theoretical part of this paper, we consider the inducing variables

uj = 〈f, ϕj〉 =
∫

f(x)ϕj(x) dμ(x), j = 1, . . . ,m,

which we refer to as population spectral features. We note that this approach re-
quires the explicit knowledge of the basis functions ϕj . Let us write ϕ1:m(x) =
(ϕ1(x), . . . , ϕm(x)), and take Φ to be the n × m matrix whose i-th row is
ϕ1:m(xi)′. It follows from Fubini’s theorem that Πuiuj = λjδij and Πf(x)uj =
λjϕj(x), so in this case

Kuu = diag(λ1, . . . , λm) =: Λ,
Kxu = ϕ1:m(x)′Λ, (2.10)
Kfu = ΦΛ.

In view of (2.4) and (2.5), the variational posterior Ψ( · |x,y) is the law of a
Gaussian process with mean and covariance function

f̂m(x) = ϕ1:m(x)′(Λ−1 + σ−2Φ′Φ)−1Φ′y/σ2, (2.11)

k̂m(x, y) = k(x, y) − ϕ1:m(x)′
(
Λ − (Λ−1 + σ−2Φ′Φ)−1

)
ϕ1:m(y),

= ϕ1:m(x)′(Λ−1 + σ−2Φ′Φ)−1ϕ1:m(y) +
∞∑

j=m+1
λjϕj(x)ϕj(y), (2.12)

where the last line follows from (2.7). We note that in this setting Hm ⊂ H

is the linear span of the first m basis functions. In the next three sections, we
develop theory for the population spectral features variational posterior, which
is fully characterised by (2.11) and (2.12).

3. Contraction rates

First we investigate the asymptotic recovery property of the population spec-
tral features variational posterior. An upper bound for the contraction rate was
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already derived in [17] for general inducing variables methods. However, the
implicit approach based on GP concentration functions do not directly result in
lower bounds for the contraction and therefore does not imply a lower bound on
the number of inducing variables one has to apply to achieve minimax contrac-
tion rates. Therefore, in this article we take a more direct approach using kernel
ridge regression techniques to understand the limitations of the variational ap-
proximation.

In this section we explicitly decompose the contraction rate to bias and vari-
ance terms, which in turn illuminates how optimal contraction imposes a condi-
tion on the minimal dimension m of the approximation. It also shows why the
recovery accuracy does not improve any further by increasing the dimension m
beyond this minimum. Moreover, a converse result to the contraction rate state-
ment is also given, which says that the variational posterior does not contract
at the optimal rate if m is too low.

3.1. Convergence rate of the mean of the variational posterior

We assume that the data are generated according to some true f0 ∈ L2(X, μ).
Let us denote by P0 the measure on Xn × R

n under which (x,y) satisfies (2.1)
with f = f0. First, we consider the variational posterior mean f̂m as an estimator
of f0. The next lemma decomposes the mean squared error of the estimator f̂m
into squared bias and variance terms of the estimator f̂m under P0. The bias
term Bn consists of two parts. The first part is accounting for the estimation
error in the subspace Hm, while the second term equals the squared norm of
the orthogonal projection of f0 onto the orthogonal complement H

⊥
m of Hm in

L2(X, μ). The other term Wn is the variance term. The proof of the lemma is
deferred to Section A.6.

Lemma 3. Define

νj = nλj

σ2 + nλj
. (3.1)

Let m = mn be such that m2n−1 logn → 0 as n → ∞. Then for any bounded
f0 ∈ L2(X, μ),

P0‖f̂m − f0‖2 � Bn + Wn, (3.2)

where

Bn =
m∑
j=1

(1 − νj)2〈f0, ϕj〉2 +
∑
j>m

〈f0, ϕj〉2 and Wn = 1
n

m∑
j=1

ν2
j . (3.3)

Remark 4. The mild technical assumption m2n−1 logn allows for a clean pre-
sentation. It can be weakened, but this requires the introduction of a technical
term on the right-hand side of (3.2) as in [12].
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3.2. Contraction rate of the variational posterior

The contraction rate of the variational posterior is determined by the squared
bias Bn and variance Wn of the posterior mean introduced above, as well as
the term Vn introduced below, which characterises the spread of the variational
posterior.

Theorem 5. Let f0 ∈ L2(X, μ) be a bounded function and m = mn → ∞ such
that m2n−1 logn → 0. Then

P0Ψ(‖f − f0‖ ≥ Mnεn |x,y) → 0 (3.4)

for arbitrary Mn → ∞, where

ε2n = Bn + Vn + Wn,

with Bn and Wn as in (3.3), and

Vn = 1
n

m∑
j=1

νj +
∑
j>m

λj . (3.5)

The variance term Wn is always dominated by the posterior variance term
Vn, so it does not increase the rate of contraction. The proof of the theorem is
given in Section A.1.

Below we investigate three terms in more detail. We present an alternative
formulation which is more convenient to apply in our examples and also sheds
light on how the rate depends on the dimension m of the variational approxi-
mation.

Remark 6. By considering separately the cases that nλj ≥ 1 and nλj < 1, it
follows that

νj � 1 ∧ nλj , 1 − νj = σ2

nλj
νj � 1 ∧ (nλj)−1. (3.6)

Let us introduce
Jn = max{j : nλj ≥ 1}, (3.7)

denoting the elbow point of the above quantities. Then the terms in the contrac-
tion rate (3.4) can alternatively be written as

Bn �
m∧Jn∑
j=1

(nλj)−2〈f0, ϕj〉2 +
∑

j>m∧Jn

〈f0, ϕj〉2, (3.8)

Vn � m ∧ Jn
n

+
∑

j>m∧Jn

λj , Wn � m ∧ Jn
n

+ n

m∑
j=Jn+1

λ2
j . (3.9)

These identities follow immediately from (3.6). They show that the contraction
rate does not improve any further if m is increased beyond Jn.
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3.3. Lower bounds

Next we derive lower bounds for the variational posterior contraction rate. This
in turn implies a lower bound on the number of inducing variables needed to
achieve minimax recovery of the truth. Let us assume that f0 belongs to the
β-Sobolev space

Sβ := {f ∈ L2(X, μ) : ‖f‖β < ∞}, ‖f‖β =
( ∞∑

j=1
j2β/d〈f, ϕj〉2

)1/2
(3.10)

for some β > 0. The minimax convergence rate for f0 ∈ Sβ is n−β/(d+2β).
The abstract results of Theorem 5 imply that for appropriately chosen eigen-

values λj the variational posterior contracts around the truth with the minimax
optimal rate; see Section 5 for two specific examples. In both of these examples
the number of inducing variables has to be at least of order nd/(d+2β), which in
fact corresponds to the L2-entropy of the β-Sobolev ball, also referred to as the
“effective dimension” of the model. The same minimal dimension was obtained
for various choices of priors and inducing variable methods in [17]. So far, there
was no theoretical underpinning available for the sharpness of this threshold.
The following theorem aims to fill this gap for the population spectral features
variational approach: it shows optimal posterior contraction can not be achieved
when m is below this threshold. Concretely, if m grows as a power of n that
is strictly smaller than d/(d + 2β), the convergence and contraction rate are
strictly slower than the optimal rate n−β/(d+2β). The proof of the theorem is
given in Section A.2.

Theorem 7. Let m � nr, where 0 < r < d
d+2β . Then there exists f0 ∈ Sβ and

0 < p < 2β/(d + 2β) such that

P0‖f̂m − f0‖2 � n−p, (3.11)

irrespective of the choice of prior. Moreover, possibly along a subsequence, we
have

P0Ψ(‖f − f0‖2 ≤ Mn−p |x,y) → 0 (3.12)

for any M > 0.

4. Uncertainty quantification

In this section we present our main results on the frequentist validity of Bayesian
uncertainty quantification resulting in from the variational approximation. To
this end, let us fix γ ∈ (0, 1) and consider the ball

Cγ := {f : ‖f − f̂m‖ ≤ ρn}, (4.1)

where the radius ρn is chosen such that Ψ(f ∈ Cγ |x,y) = 1 − γ. This set is
referred to as the (1 − γ)-credible ball of the variational posterior. In the next
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theorem, we first study the asymptotic size of the radius ρn under the frequentist
assumption that some f0 ∈ L2(X, μ) generates the data. In short, under P0, the
asymptotic radius of a credible set is of the order Vn, which was defined in (3.5).
This is in line with the remark made earlier that Vn characterises the spread of
the variational posterior. The proof is given in Appendix A.3.

Theorem 8. Suppose that m = mn is such that m2n−1 logn → 0 as n → ∞.
Then there exists a positive constant C such that the credible ball Cγ defined
in (4.1) has radius satisfying

C−1Vn ≤ ρ2
n ≤ CVn,

with P0-probability tending to 1 for any f0 ∈ L2(X, μ).

We now consider the frequentist coverage of the credible set Cγ , i.e. we are
interested in the probability

P0(f0 ∈ Cγ) = P0(‖f̂m − f0‖ ≤ ρn). (4.2)

The next result provides guarantees but also limitations for achieving good
coverage. The proof is deferred to Section A.4.

Theorem 9. For Bn,Wn and Vn defined in (3.3) and (3.5), respectively, con-
sider the ratio

Rn = Bn + Wn

Vn
. (4.3)

Under the conditions of Theorem 8 and assuming f0 ∈ L2(X, μ) is bounded,

1. if Rn → 0, then P0(‖f̂m − f0‖ ≤ ρn) → 1;
2. if Rn � 1, then P0(‖f̂m − f0‖ ≤ Mnρn) → 1 for any sequence Mn → ∞;
3. if Rn → ∞, then P0(‖f̂m − f0‖ ≤ Mρn) → 0 for any M > 0.

In view of (4.2) the above theorem presents the frequentist coverage prop-
erties of the variational credible ball. It is determined by the relation of the
mean squared error P0‖f̂m − f0‖2, studied in Lemma 3, and the radius ρn of
the credible set, investigated in Theorem 8. The first two statements are in line
with the intuition that good coverage follows from the credible set’s radius being
larger than the loss. In case the radius and loss are asymptotically comparable,
good coverage can be achieved by (slightly) blowing up the credible set with a
growing factor Mn. The third statement is the converse, i.e. if the loss exceeds
the radius then coverage will be bad.

We note that in statements 2 and 3, the ratio Rn may be replaced by Bn/Vn,
since the variance of the posterior mean Wn is always bounded by the denom-
inator Vn. The numerator Bn represents the (order of the) squared bias of the
variational posterior mean and the denominator Vn corresponds to the vari-
ance of the variational posterior. So Theorem 9 then characterizes coverage by
a comparison of bias and variance; the asymptotic coverage is good if variance
dominates bias, and bad if the bias strictly dominates the variance.
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Below we demonstrate in examples that irrespective of the dimension m of the
variational approximation, variational credible sets will cover truths that are at
least as smooth as the prior, and coverage may be bad if the prior oversmoothes
the truth. In this sense the variational posterior has the same behaviour as the
true posterior (see for example [15, 12]).

5. Examples

We apply our theoretical results from the previous sections to two different,
commonly used choices of the eigenvalues λj of the kernel in (2.7). First we
investigate polynomially decaying eigenvalues. We note that Matérn covariance
kernels (including the Ornstein-Uhlenbeck process) and Riemann-Liouville pro-
cesses (including integrated Brownian motions) possess such covariance struc-
ture. As a second example we consider exponentially decaying eigenvalues. We
note that the squared exponential Gaussian processes possess such exponentially
decaying eigenvalues. In our examples we choose the eigenfunctions (ϕj)j∈N to
meet our (uniform) boundedness assumption in (2.9). This latter condition is
not verified in general, but only for specific choices of covariance kernels (e.g.
the Ornstein-Uhlenbeck process). Alternatively, it is possible to define a suitable
GP prior using (2.7) by specifying (λj)j∈N and taking any basis (ϕj)j∈N that
satisfies the boundedness assumption.

5.1. Polynomially decaying eigenvalues

In this subsection we consider eigenvalues of the form λj � j−1−2α/d, j = 1, . . . ,
for some given α > 0, and eigenfunctions (ϕj)j∈N satisfying (2.9). First, by
applying Theorems 5 and 7 to the present setting, we derive contraction rates
for the corresponding population spectral features variational Bayes approxima-
tions. The proof of the corollary is deferred to Section B.1.

Corollary 10. Consider the kernel k in (2.7) with λj � j−1−2α/d for some α >
d/2 and (ϕj)j∈N satisfying (2.9). Then, for m � nr with 1/2 > r ≥ d/(d+ 2α),
the population spectral features variational posterior contracts around bounded
functions f0 ∈ Sβ at the rate εn = n−(β∧α)/(d+2α), which is minimax optimal
for α = β. Furthermore, for α = β and r < d/(d + 2α) there exists a f0 ∈ Sβ

such that the contraction rate εn � n−p, for some p < β/(d + 2β).

We note that for 1/2 > r ≥ d/(d+2α) the variational approximation inherits
the asymptotic recovery property of the true posterior, i.e. the true posterior
contracts around f0 ∈ Sβ with rate εn = n−(β∧α)/(d+2α), which is minimax
optimal for α = β, see e.g. [31, 15]. The characterisation of the contraction
rate in Theorem 5 shows that this rate is achieved uniformly over Sobolev balls
{f ∈ L2(X, μ) : ‖f‖β ≤ C}. The upper bound m � nr with r < 1/2 is purely
technical, to satisfy the assumption m2n−1 logn that has been used throughout
this paper and which was justified in Remark 4. In [17] the same contraction rate
results were derived using a different proof technique without this upper bound
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on m. The lower bound m � nd/(d+2α), however, is sharp and of importance.
Fewer inducing variables can result in sub-optimal posterior contraction around
the truth, not matching the minimax rate.

Next we focus on the reliability of uncertainty quantification resulting in
from the variational Bayes approximation. We apply our general Theorem 9
providing guarantees but also limitations for the frequentist coverage for the
variational credible sets (4.1). Furthermore, in view of Theorem 8 we derive an
upper bound for the size of the credible ball. The proof of the next corollary is
given in Section B.2.

Corollary 11. Let k be the kernel in (2.7) with λj � j−1−2α/d, for some
α > 0 and eigenfunctions (ϕj)j∈N, satisfying (2.9). Consider m � nr population
spectral inducing variables for some r ∈ (0, 1/2).

1. If α ≤ β, then
P0(‖f̂m − f0‖ ≤ Mnρn) → 1

for any bounded f0 ∈ Sβ and any sequence Mn → ∞.
2. If α < β and r < d/(d + 2α), then

P0(‖f̂m − f0‖ ≤ ρn) → 1

for any bounded f0 ∈ Sβ.
3. If α > β > 0, then there exists f0 ∈ Sβ such that

P0(‖f̂m − f0‖ ≤ Mρn) → 0

for all M > 0.

Finally, for β = α and m ≥ nd/(d+2α), there exists C > 0 such that for f0 ∈ Sβ,
we have P0(ρn ≤ Cn−β/(d+2β)) → 1.

The first statement of the corollary says that by considering a prior which
does not oversmooth the true function, the slightly inflated credible sets provide
reliable uncertainty quantification from the frequentist perspective. In other
words, by blowing up a credible ball (4.1) with a multiplicative factor of Mn →
∞, its frequentist coverage tends to one. We note that inflating the credible set
is in principle equivalent to (slightly) undersmoothing the prior distribution.

In statement 2, we in fact show that such technical post-processing is not
necessary by taking α < β and considering less than m ≤ nr, with r < d/(d +
2α), inducing variables. We note that in view of Corollary 10, such choices of α
and m result in an inflated contraction rate. In this case the variational posterior
mean is sub-optimally far from the true f0 (considering squared L2-loss). At the
same time the size of the credible ball is also of higher magnitude Vn �

∑
j>m λj

which is large enough to dominate the expected loss of the variational posterior
mean.

When considering smoother priors than the true function f0, as in statement 3
of the corollary, the frequentist coverage of the variational credible set will tend
to zero, independently from the number of inducing variables applied.
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Finally, as a follow up of Corollary 10, the size of the credible set achieves
the minimax rate if the regularity of the prior matches the regularity of f0. All
these results, in fact, are in line with the frequentist coverage results derived for
the true posterior distribution [15].

5.2. Exponentially decaying eigenvalues

We also study the series prior with (rescaled) exponentially decaying eigenvalues,
motivated by the squared exponential kernel k(x, y) = exp(−b‖x− y‖2). In this
subsection we consider eigenvalues

λn,j � exp(−τnj
1/d) j = 1, . . . , (5.1)

in (2.7) for some rescaling sequence τn → 0. For fixed τn, the decay of the
eigenvalues is faster than in the previous example, giving the associated prior
support consisting only of functions that are substantially smoother than the
true function f0 ∈ Sβ . To compensate for the rapidly diminishing eigenvalues
a rescaling factor τn is introduced, which shrinks the trajectories of the prior
draws, making them rougher. Let us consider the rescaling factor τn in the form

τn := n−1/(d+2α) logn, (5.2)

for some constant α > 0. Taking α = β, in fact, results in minimax contraction
rate and reliable uncertainty quantification for the true posterior distribution,
see for instance [30, 2, 13]. The following corollary states that the contraction
rate of the true posterior is inherited by its variational approximation for suffi-
ciently high m. The proof is deferred to Section B.3.

Corollary 12. Let k be the kernel in (2.7) with eigenvalues satisfying (5.1)
with rescaling sequence (5.2) for some α > 0 and eigenfunctions ϕj, j = 1, . . .
satisfying (2.9). Then, for m = mn ≥ (τ−1

n logn)d = nd/(d+2α) such that
m2n−1 logn → 0, the variational posterior contracts around bounded f0 ∈ Hβ

at the rate εn = n−(β∧α)/(d+2α), which is minimax optimal for α = β. Further-
more, for α = β and m = nr, with r < d/(d + 2α), there exists an f0 ∈ Hβ,
for which the posterior contracts at best at the sub-optimal rate n−p, for some
p < β/(d + 2β).

This corollary, on one hand shows that the variational posterior achieves
minimax contraction rates for appropriately chosen rescaling factor and suf-
ficiently many inducing variables m � nd/(d+2α). (The technical assumption
m2n−1 logn = o(1) has been used throughout and was explained in Remark 4.)
On the other hand it also implies that we need at least this many inducing
variables, otherwise the variational posterior will provide sub-optimal recovery
for the truth.

Next we discuss the validity of the variational Bayes uncertainty quantifica-
tion. The result is slightly different in comparison with the polynomially decay-
ing eigenvalues. The proof of the next corollary is given in Section B.4.
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Corollary 13. Let k be the kernel in (2.7) with eigenvalues satisfying (5.1)
with rescaling sequence (5.2) for some α > 0 and eigenfunctions ϕj, j = 1, . . . ,
satisfying (2.9). Furthermore, let the approximation have dimension m = mn �
nr for some r ∈ (0, 1/2). Then

1. if r ≥ d/(d + 2α) and β ≥ α > 0, then for any bounded f0 ∈ Sβ and any
Mn → ∞,

P0(‖f̂m − f0‖ ≤ Mnρn) → 1;

2. if r < d/(d + 2α) then for any bounded f0 ∈ L2(X, μ)

P0(‖f̂m − f0‖ ≤ ρn) → 1;

3. if α > β > 0 and m ≥ nd/(d+2α), then there exists f0 ∈ Sβ such that for
all M > 0

P0(‖f̂m − f0‖ ≤ Mρn) → 0.

Note that the only (real) difference between this result and Corollary 11
is that in the second statement no assumption is made about the (Sobolev)
smoothness of f0. If the dimension of the approximation is of order mn =
o(nd/(d+2α)), then asymptotically the coverage of the variational credible set
will always be good. The rest of the results are the same as in Corollary 11,
except of the minor difference that in the third statement the lower bound on m
holds exactly and not up to a multiplicative constant due to the exponentially
decaying form of the eigenvalues, hence the conclusions are the same as well.

6. Numerical experiments

In this section we demonstrate how the developed theory can be applied in prac-
tice. Moreover, we show using synthetic data sets that the variational Bayes
method proposed by [26] provides reliable uncertainty quantification (from a
frequentist perspective) for appropriately tuned Gaussian process priors, inde-
pendently from the number of inducing variables applied.

6.1. Synthetic data set

In a simulation study, we go beyond the population spectral features inducing
variable method considered in our theoretical analysis above, and include other,
practically more advantageous and popular approaches as well. We aspire to
extrapolate our findings about the principles that govern the method with the
investigated particular choice of inducing variables to other choices of inducing
variables, for which the theoretical analysis is more complicated. With this goal
in mind, in the current section, we aim not only to illustrate our findings but
also compare various methods, to study empirically if and how our theoretical
results may carry over. Between each of three choices of inducing variables, we
shall point out what are common features and what is different. Besides the
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population spectral features, we shall also study inducing points and what we
call ‘empirical spectral features’.

In inducing points methods, the choice of inducing variables is uj = f(zj)
for a given set of inducing points z1, . . . , zm ∈ X. In the literature various ap-
proaches were proposed to choose the inducing points. In our numerical analysis
we consider two specific choices. First we consider the equidistant choice of the
inducing points, i.e. we simply take the zj on an equispaced grid on [−π, π].
This approach is designed to explore all parts of the signal equally. In case the
design points x1, . . . , xn are not uniformly distributed the grid can be modi-
fied accordingly to mimic the underlying distribution of the covariates. We also
consider the finite fixed-size determinantal point process (m-DPP), see [9].

The other choice of inducing variables is the sample analogue of the pop-
ulation spectral features uj = 〈f, ϕj〉. Instead of diagonalizing the covariance
operator T in (2.8), we decompose the covariance matrix of the prior at the de-
sign points Kff = [k(xi, xj)]1≤i,j≤n. Since Kff is positive definite, there exists
an orthonormal set of eigenvectors v1, . . . ,vn such that Kff =

∑n
j=1 μjvjv

′
j ,

where μ1 ≥ μ2 ≥ · · · ≥ μn ≥ 0 are the eigenvalues of Kff . The empirical spec-
tral features are defined uj := v′

jf =
∑n

i=1 vj,if(xi). In [17] it was shown that
the empirical spectral features induce a variational posterior with similar con-
traction rate results as the population spectral features under similar threshold
for the number of inducing variables. Furthermore, the approximation accuracy
of the above variational Bayes methods to the true posterior distribution with
respect to the expected Kullback-Leibler divergence was studied in [6].

We consider the function space L2([−π, π], μ), where μ is taken as the uniform
distribution on [−π, π]. As our underlying true function (plotted in black in the
figures) we take

f0 =
∞∑
�=1

ϕ3�(3�)−1/2−β/ log(3�) ∈ Hβ

with β = 0.5, where ϕj denote the standard Fourier basis. We use a synthetic
data set with n = 2500 realisations xi ∼i.i.d. μ, i = 1, . . . , n and independent
data points yi ∼ind N(f0(xi), σ2) with σ = 0.1.

We consider both the polynomially and exponentially decaying eigenvalues
λj from Section 5 and take the GP prior with covariance kernel k(x, y) =∑∞

j=1 λjϕj(x)ϕj(y). Accordingly, in Figure 1 we plot the mean (dark gray) and
95% pointwise credible sets of the associated true posterior when λj = j−1−2β

and λj = τn exp(−τnj/4), with τn = n−1/(1+2β) logn, respectively.
First we investigate the variational Bayes approximations for the posterior

corresponding to the polynomial GP priors in Figure 2. We plot the popula-
tion spectral feature variational approximation in the first line (in blue), the
empirical spectral feature approach in the second line (in red), the equidistant
inducing points method in the third line (in green) and the m-DPP inducing
points method in the fourth line (in yellow). The black curve stands for the
underlying true function f0, the colored curve for the posterior mean, while
the shaded area represents the 95% pointwise credible bands. We consider two
choices for the number of inducing variables. For m = 30 (left hand side) we are



2266 D. Nieman et al.

Fig 1. The true posterior distribution corresponding to the GP prior with polynomially (left)
and exponentially (right) decaying eigenvalues.

below, while for m = 60 (right hand side) we are above the theoretical thresh-
old m = n1/(1+2β) = 50 obtained in our analysis. One can observe that for all
methods the size of the credible bands are overly large for m = 30, while for
m = 60 they closely resemble the true posterior given on the left hand side of
Figure 1 (with perhaps the exception of the m-DPP method). Furthermore, for
both choices of m the credible bands contain the true functional parameter f0,
illustrating the good frequentist coverage properties of the variational methods,
in line with our theoretical findings. One can also notice that the approxima-
tions from the population and empirical spectral features are fairly similar. For
the equidistant inducing points method the variational posterior means do not
seem to differ significantly of those in the preceding plots, but credible regions
look fairly different. At the same time in the m-DPP method the posterior in
certain neighbourhoods can be quite different from the true posterior. In case
of both inducing points methods the intervals are narrow near those points on
the horizontal axis that are close to the inducing points, and widen as the dis-
tance to an inducing point increases. Here, too, the credible regions seem to be
over-conservative, i.e. their width being about equal to that of the credible set
of the true posterior at inducing points and larger elsewhere.

Then in Figure 3 we plot the posterior means and credible sets resulting in
from exponentially decaying eigenvalues (λj)j∈N. We use the same experimental
setup as for polynomial eigenvalues, i.e. we take m = 30 and m = 60 inducing
variables on the left and right hand side of the figure, respectively, and consider
the above discussed four variational approximations. The plots are rather similar
to what whas shown for the polynomial eigenvalues in Figure 2, and hence the
same conclusions hold for this prior.

6.2. Real world data

To illustrate how the procedure can be applied in practice, we consider a real
data set consisting of hourly tin oxide measurements (the PT08.S1 series from
[32] used to predict carbon monoxide). Since the series exhibits periodicity, a
series prior with Fourier basis is suitable. With the population spectral features
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Fig 2. The variational Bayes approximations for GP with polynomially decaying eigenvalues.
for m = 30 (left) and m = 60 (right) inducing variables. The choices of inducing variable
methods from top to bottom: population spectral features (blue), empirical spectral features
(red), inducing variables with equidistant design (green) and with m-DPP (yellow). In each
figure the true function is plotted in black, the posterior mean is drawn with solid colored
curves, while the shaded area illustrate the 95% point-wise credible bands.
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Fig 3. The variational Bayes approximations for GP with exponentially decaying eigenvalues.
for m = 30 (left) and m = 60 (right) inducing variables. The choices of inducing variable
methods from top to bottom: population spectral features (blue), empirical spectral features
(red), inducing variables with equidistant design (green) and with m-DPP (yellow). In each
figure the true function is plotted in black, the posterior mean is drawn with solid colored
curves, while the shaded area illustrate the 95% point-wise credible bands.
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variational procedure we solve the time series problem of estimating the trend
and periodic components.

We start by preprocessing the data. The missing observations are estimated
by interpolation of neighbouring days. This introduces bias, which however we
do not account for, as the main focus here is on the practical application of the
considered variational GP approach. We select the first n = 9240 observations,
corresponding to 55 weeks of data.

In the preceding synthetic examples, we used the standard ordering of the
Fourier basis, meaning the periods are sorted descendingly. The same approach
here would result in overly small mass on the basis functions associated with
the daily and weekly periodic behaviour. Hence we reorder the basis in a data-
driven way, sorting the first n basis functions according to the size of ϕj(x)′y/n,
which estimates the coefficient 〈ϕj , f0〉.

In the Bayesian analysis we consider the series prior with covariance kernel

k(x, y) =
∞∑
j=1

τj−1−2αϕ(j)(x)ϕ(j)(y),

where the subscript between brackets (j) indicates the reordered indexes. We
also introduced a rescaling factor τ > 0 for the prior eigenvalues for additional
flexibility. We fix the regularity parameter to be α = 1/2 (the ‘roughest’ prior
allowed in our theory) and the scaling parameter τ = 2 · 105 in our experiment.
These quantities in practice are typically taken in a data driven, adaptive way.
However, in this work we do not address adaptation and leave its theoretical
understanding for future work.

In the synthetic examples, we considered the error variance σ2 fixed. In the
real data set it needs to be estimated. A canonical way to do this is by an
empirical Bayes procedure, maximising the evidence

σ̂ = arg max
σ

pσ(x,y) = arg max
σ

∫
pf,σ(x,y) dΠ(f).

Alternatively, as proposed by [26], in the variational framework, variance esti-
mation can be done by maximising the evidence lower bound (ELBO)

log
∫

exp
(∫

log pf,σ(x,y) dΠ(f |u)
)
dΠu(u) = 1

2 log |Σ−1Kuu|

− n

2 log 2πσ2 − 1
2σ2y

′[I −KfuΣ−1Kuf/σ
2]y− 1

2σ2 tr(Kff −KfuK
−1
uuKuf ),

where Σ = Kuu + σ−2KufKfu (for more details we refer to equation (28) in
[26] and our Appendix C). This provides a significant reduction in computation
time, since optimisation of the Bayes evidence requires repeated computation of
the inverse of an n× n matrix, whereas the optimisation of the ELBO requires
computation of the much smaller m×m inverse of Σ (note that the matrix Kuu

is m×m diagonal with entries τj−1−2α).
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Fig 4. Variational posterior on two intervals of different lengths. On the horizontal axis is the
elapsed time in days. We used m = 100, τ = 2 · 105 and using the ELBO estimated σ̂ ≈ 124.

Figure 4 shows the data and variational posterior mean (black line) and 95%
pointwise credible sets (gray) for our procedure with m = 100 ≈ n1/(1+2α),
which is the recommendation that follows from the contraction rate results.
We note that our theoretical results give frequentist coverage guarantees for
the L2-credible sets (which are harder to visualize) under the assumption that
f0 ∈ Sα, for α = 1/2. Nevertheless, together with the simulation study using
the synthetic data set, it gives an indication of the reliability of the Bayesian
uncertainty quantification from a frequentist perspective.

Appendix A: Proof of the general theorems and lemmas

A.1. Proof of Theorem 5

In view of Lemma 3 and the inequality

P0Ψ(‖f − f0‖2 ≥ (Mnεn)2 |x,y) � P0Ψ[‖f − f̂m‖2|x,y] + P0‖f̂m − f0‖2

(Mnεn)2
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(by Markov’s inequality) it suffices to establish P0Ψ[‖f− f̂m‖2|x,y] � ε2n. Using
the formula for the posterior covariance (2.12), it follows that

P0Ψ[‖f − f̂m‖2 |x,y] = P0

∫
k̂m(x, x) dμ(x)

= P0 tr((Λ−1 + σ−2Φ′Φ)−1) +
∞∑

j=m+1
λj . (A.1)

The proof is completed by showing

P0 tr((Λ−1 + σ−2Φ′Φ)−1) � 1
n

m∑
j=1

νj . (A.2)

To do so, the expectation term is distributed over the event

Ωm :=
{

sup
1≤j,k≤m

[ 1
n

n∑
i=1

ϕj(xi)ϕk(xi) − δjk

]2
> C

logn
n

}

and its complement. Note that

tr((Λ−1 + σ−2Φ′Φ)−1) ≤ tr Λ ≤
∞∑
j=1

λj < ∞,

hence by the union bound and Hoeffding’s inequality,

P01Ωm tr((Λ−1 + σ−2Φ′Φ)−1) � P0(Ωm) ≤
m∑

j,k=1
2 exp

(−2n2C logn
4C2

ϕn
2

)

= 2m2n−C/2C2
ϕ ,

where C can be chosen arbitrarily large. This term is dominated by the following
upper bound that we establish below:

P01Ωc
m

tr((σ2Λ−1 + Φ′Φ)−1) � tr((σ2Λ−1 + nI)−1) = 1
n

m∑
j=1

νj . (A.3)

Using the matrix identity A−1 −B−1 = A−1(B −A)B−1 it follows that

| tr((σ2Λ−1 + Φ′Φ)−1) − tr((σ2Λ−1 + nI)−1)|

= tr
(
(σ2Λ−1 + Φ′Φ)−1(nI − Φ′Φ)(σ2Λ−1 + nI)−1

)
≤ ‖(σ2Λ−1 + Φ′Φ)−1‖‖nI − Φ′Φ‖ tr((σ2Λ−1 + nI)−1),

where ‖A‖ denotes the operator norm of the matrix A ∈ R
m×m with respect to

the Euclidean norm on R
m, which for symmetric A coincides with the largest

absolute eigenvalue of A. We now show that on Ωc
m, the product of the two

norms in the preceding display is o(1), implying (A.3).
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By Lemma 14 below, there exists j between 1 and m such that the smallest
eigenvalue of σ2Λ−1 + Φ′Φ (on Ωc

m) is bounded from below by

σ2λ−1
j + [Φ′Φ]j,j −

∑
1≤k≤m
k �=j

|[Φ′Φ]j,k|

= σ2λ−1
j +

[ n∑
i=1

ϕj(xi)2 −
∑

1≤k≤m
k �=j

∣∣∣ n∑
i=1

ϕk(xi)ϕj(xi)
∣∣∣]

≥ n−m
√
Cn logn ≥ cn,

where the latter inequality being true for some (deterministic) c > 0 provided n
is large enough, as follows from the assumption m2n−1 logn → 0. Consequently,
the largest eigenvalue of the inverse (σ2Λ−1 + Φ′Φ)−1 satisfies

‖(σ2Λ−1 + Φ′Φ)−1‖ ≤ 1
cn

.

Another application of Lemma 14 similarly shows that

‖nI − Φ′Φ‖ ≤ m
√
Cn logn.

Since m
√

n−1 logn → 0, the product of the above two norms vanishes (deter-
ministically) on Ωc

m, implying (A.3) and concluding the proof.

Lemma 14 (Gershgorin circle theorem; see [10]). Let A ∈ R
n×n with en-

tries Aij. For any eigenvalue λ of A, there exists j ∈ {1, . . . , n} such that

|λ−Ajj | ≤
∑
i �=j

|Aij |.

A.2. Proof of Theorem 7

Take

f0 =
∞∑
j=1

j−(1+p/r)/2ϕj , for some 2rβ
d

< p <
2β

d + 2β

and note that f0 ∈ Sβ and
∑
j>m

〈f0, ϕj〉2 �
∫ ∞

m

x−1−p/r dx � m−p/r � n−p � n−2β/(d+2β). (A.4)

The left-hand side in this display is a lower bound for ‖f̂m−f0‖2 since 〈f̂m, ϕj〉 =
0 for j > m, so (3.11) follows.

For the contraction rate statement we fix p < p′ < 2β
d+2β and make a case

distinction, first assuming ∑
j>m

λj � n−p′
. (A.5)
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Note that given M > 0, by (A.4) there exists C0 > 0 such that for n large
enough

Mn−p′ ≤ (1 − C0)
∑
j>m

〈f0, ϕj〉2.

Combining this with

‖f − f0‖2 =
∞∑
j=1

〈f − f0, ϕj〉2 ≥
∑
j>m

〈f0, ϕj〉2 − 2
∑
j>m

〈f0, ϕj〉〈f, ϕj〉

yields

Ψ(‖f − f0‖2 ≤ Mn−p′ |x,y)

≤ Ψ
( ∑

j>m

〈f0, ϕj〉2 −Mn−p′ ≤ 2
∑
j>m

〈f0, ϕj〉〈f, ϕj〉
∣∣∣x,y)

≤ Ψ
( ∑

j>m

〈f0, ϕj〉2 ≤ 2C0
∑
j>m

〈f0, ϕj〉〈f, ϕj〉
∣∣∣x,y)

= 1
2Ψ

( ∑
j>m

〈f0, ϕj〉2 ≤ 2C0
∣∣ ∑
j>m

〈f0, ϕj〉〈f, ϕj〉
∣∣ ∣∣∣x,y),

where in the last line we used that under the variational posterior the inner
products 〈f, ϕj〉, j > m have a mean-zero Gaussian distribution. Continuing
the preceding display, and using the Markov, triangle and Cauchy-Schwarz in-
equalities, it follows that

Ψ(‖f − f0‖2 ≤ Mn−p′ |x,y)

�
∑

j>m〈f0, ϕj〉Ψ(|〈f, ϕj〉| |x,y)∑
j>m〈f0, ϕj〉2

� np
∑
j>m

〈f0, ϕj〉
√

λj

≤ np

√∑
j>m

〈f0, ϕj〉2
∑
j>m

λj

� n(p−p′)/2 → 0,

where in the last line we used (A.4) and (A.5).
If the assumption (A.5) does not hold, then along a subsequence,

np′ ∑
j>m

λj → ∞. (A.6)

In this case, we note that for j > m the inner products 〈f, ϕj〉 d=
√
λjZj with

Zj ∼i.i.d. N(0, 1), hence by Markov’s inequality,

Ψ(‖f‖2 ≤ Mn−p′ |x,y)
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≤ Ψ
( ∑

j>m

〈f, ϕj〉2 ≤ Mn−p′
∣∣∣x,y)

= Ψ
(

exp(−np′∑
j>m〈f, ϕj〉2) ≥ exp(−M)

∣∣∣x,y)
�

∏
j>m

E exp
(
− np′

λjZ
2
j

)
=

∏
j>m

(1 + 2np′
λj)−1/2

≤
(
1 +

∑
j>m

2np′
λj

)−1/2
,

which vanishes along a subsequence by the assumption (A.6). We conclude that
in this case the assertion of the theorem holds for f0 = 0.

A.3. Proof of Theorem 8

In view of Markov’s inequality and the definition of ρn

ρ2
n = ρ2

nγ
−1Ψ(‖f − f̂m‖ > ρn |x,y) ≤ γ−1Ψ(‖f − f̂m‖2 |x,y), (A.7)

Then the upper bound for ρn is implied by the preceding display together with
the inequalities (A.1) and (A.2) in the proof of Theorem 5.

Next we establish the lower bound. First note, that in view of Fubini’s theo-
rem and the expansion (2.12) of the variational posterior covariance,

Ψ(〈f − f̂m, ϕi〉〈f − f̂m, ϕj〉 |x,y)

= Ψ
(∫

(f − f̂m)ϕi dμ

∫
(f − f̂m)ϕj dμ

∣∣∣x,y)
=

∫ ∫
k̂m(u, v)ϕi(u)ϕj(v)dμ(u)dμ(v)

=
{

[(Λ−1 + σ−2Φ′Φ)−1]i,j for i ∨ j ≤ m,
λjδij for i ∨ j > m.

Therefore, under the variational posterior Ψ( · |x,y) the inner products 〈f −
f̂m, ϕj〉 are centered Gaussian random variables, where the vector of the first
m variables has covariance matrix (Λ−1 +σ−2Φ′Φ)−1 and is independent of the
remaining j > m, which are mutually independent with variance λj . Further-
more, note that if Z has an m-dimensional normal distribution with mean zero
and covariance matrix A with eigenvalues a1, . . . , am, then

Ee−v‖Z‖2
= Ee−v

∑m
j=1 Z2

i

= det(I + 2vA)−1/2

=
m∏
j=1

(1 + 2vaj)−1/2
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≤
(
1 + 2v

m∑
j=1

aj

)−1/2

=
(
1 + 2v tr(A)

)−1/2
.

Therefore, by using Markov’s inequality,

1 − γ = Ψ(‖f − f̂m‖ ≤ ρn |x,y)
= Ψ

(
exp(−ρ−2

n ‖f − f̂m‖2) ≥ exp(−1) |x,y
)

≤ eΨ
(

exp
(
− ρ−2

n

∞∑
j=1

〈f − f̂m, ϕj〉2
) ∣∣∣x,y)

= eΨ
(

exp
(
− ρ−2

n

m∑
j=1

〈f − f̂m, ϕj〉2
) ∣∣∣x,y)

·
∏
j>m

Ψ
(

exp(−ρ−2
n 〈f, ϕj〉2)

∣∣∣x,y)

= edet
(
I + 2ρ−2

n (Λ−1 + σ−2Φ′Φ)−1
)−1/2

·
∏
j>m

(1 + 2ρ−2
n λj)−1/2

≤ e
(
1 + 2ρ−2

n tr
(
(Λ−1 + σ−2Φ′Φ)−1) + 2ρ−2

n

∑
j>m λj

)−1/2
,

which in turn implies that

ρ2
n ≥ 2

e2(1 − γ)−2 − 1

(
tr

(
(Λ−1 + σ−2Φ′Φ)−1) +

∑
j>m λj

)
.

The lower bound in the statement of the theorem now follows by the inequality
(12) from [33], which reads

tr
(
(Λ−1 + σ−2Φ′Φ)−1) ≥

m∑
j=1

σ2λj

σ2 + λj

∑n
i=1 ϕj(xi)2

≥ (C−2
ϕ ∧ 1)σ2 1

n

m∑
j=1

νj .

A.4. Proof of Theorem 9

Consider first the statements 1 and 2. Note that, with K as in Theorem 8, by
Markov’s inequality,

P0(‖f̂m − f0‖ > Mnρn)
≤ P0(ρ2

n < K−1Vn) + P0(‖f̂m − f0‖2 ≥ M2
nK

−1Vn)

� P0(ρ2
n < K−1Vn) + M−2

n

P0‖f̂m − f0‖2

Vn
.

This can be seen to vanish by applying Theorem 8 to the term on the left in the
upper bound, and by combining Lemma 3 with the assumptions on Rn for the
term on the right. Statements 1 and 2 follow, the former by taking Mn = 1.
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Since νn ≤ 1, the assumption Rn → ∞ in statement 3 is equivalent to
Bn/Vn → ∞. Then letting F : L2(X, μ) → L2(X, μ) be the operator f 	→∑m

j=1 νj〈f, ϕj〉ϕj , and id the identity operator, the assumption can be further
re-written as

Vn/‖(id − F )f0‖2 → 0. (A.8)
Note that by the triangle inequality,

P0
(
‖f̂m − f0‖ ≤ ρn

)
≤ P0

(
‖(id − F )f0‖ ≤ ‖f̂m − Ff0‖ + Mρn

)
≤ P0

(
‖(id − F )f0‖ ≤ 2‖f̂m − Ff0‖

)
+ P0

(
‖(id − F )f0‖ ≤ 2Mρn

)
.

The second probability on the right hand side is seen to vanish as n → ∞ by
combining (A.8) with Theorem 8. Regarding the first probability, (A.10) in the
proof of Lemma 3 below, gives

P0‖f̂m − Ff0‖2 � n−1
m∑
j=1

ν2
j

so by Markov’s inequality and (A.8) it follows that

P0
(
‖(id − F )f0‖ ≤ 2‖f̂m − Ff0‖

)
� P0‖f̂m − Ff0‖2

‖(id − F )f0‖2

�
n−1 ∑m

j=1 ν
2
j

Vn

Vn

‖(id − F )f0‖2 → 0.

A.5. Proof of Lemma 1

Any f ∈ Hm is of the form f(x) =
∑m

j=1 ajhj(x) = Kxua for some a =
(a1, . . . , am) ∈ R

m. Moreover, such an f has squared RKHS norm

‖f‖2
H

=
∑
j

∑
k

ajak〈hj , hk〉H =
∑
j

∑
k

ajakΠujuk = a′Kuua.

It follows that we need to minimise the objective function

a 	→ (y −Kfua)′(y −Kfua) + σ2a′Kuua.

Setting the derivative equal to zero yields

−Kufy + (σ2Kuu + KufKfu)a = 0. (A.9)

Since the second derivative 2(σ2Kuu+KufKfu) is positive definite, the solution
a� = (σ2Kuu + KufKfu)−1Kufy minimises the objective function. It follows
that

arg min
f∈Hm

n∑
i=1

(yi − f(xi))2 + σ2‖f‖2
H

= K·ua
� = f̂m.
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A.6. Proof of Lemma 3

The proof follows similar lines of reasoning as [3] and [12] in context of GP and
distributed GP regression, using kernel ridge regression techniques. Here these
standard techniques are adapted to the variational approximation.

Letting id denote the identity operator and F denote the operator

F =
m∑
j=1

νj〈 · , ϕj〉ϕj

on L2(X, μ), we obtain an identity for the sum of the bias terms
m∑
j=1

(1 − νj)2〈f0, ϕj〉2 +
∑
j>m

〈f0, ϕj〉2 = ‖(id − F )f0‖2.

Define Δf0 = f̂m − Ff0. Since ‖f̂m − f0‖2 ≤ 2‖Δf0‖2 + 2‖(id − F )f0‖2, it
suffices to show that

P0‖Δf0‖2 � 1
n

m∑
j=1

ν2
j . (A.10)

This is done by characterising the variational posterior mean f̂m as the root
of a “score” function. Let us write f̂m = Kxua

� as in the proof of Lemma 1.
Combining (A.9) with the identities (2.10), it follows that f̂m = ϕ1:m(·)′Λa�

solves the equation

0 = ΛΦ′y − (σ2 + ΛΦ′Φ)Λa�

= ΛΦ′

⎛
⎜⎝y −

⎡
⎢⎣
f̂m(x1)

...
f̂m(xn)

⎤
⎥⎦
⎞
⎟⎠− σ2

⎡
⎢⎣
〈f̂m, ϕ1〉

...
〈f̂m, ϕm〉

⎤
⎥⎦ (A.11)

where we recall that Λ = diag(λ1, . . . , λm) and Φi,j = ϕj(xi). Multiplying the
j-th entry of the vector in (A.11) with ϕj gives that f̂m is the root of the “score”
operator Ŝn

Ŝn(g) =
m∑
j=1

[ 1
n

n∑
i=1

(yi − g(xi))ϕj(xi)
]
λjϕj −

σ2

n
g, g ∈ Hm,

that is, Ŝn(f̂m) = 0. Similarly, Ff0 is the root of the “population score”

Sn(g) = P0Ŝn(g) =
m∑
j=1

〈f0 − g, ϕj〉λjϕj −
σ2

n
g, g ∈ Hm.

Let f0,m =
∑m

j=1〈f0, ϕj〉ϕj denote the orthogonal projection of f0 onto Hm.
Then

Sn(f̂m) = Tf0,m −
m∑
j=1

nλj + σ2

n
〈f̂m, ϕj〉 = T (f0,m − F−1f̂m),
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so −Δf0 = Ff0 − f̂m = FT−1Sn(f̂m) and

‖Δf0‖2 = ‖FT−1Sn(f̂m)‖2

≤ 2‖FT−1(Ŝn(Ff0) + Sn(f̂m))‖2 + 2‖FT−1Ŝn(Ff0)‖2.

We establish at the end of this proof that

P0‖FT−1(Sn(f̂m) + Ŝn(Ff0))‖2 � m4n−D + o(P0‖Δf0‖2), (A.12)

so the preceding two displays together yield

P0‖Δf0‖2 � P0‖FT−1Ŝn(Ff0)‖2 + m4n−D + o(P0‖Δf0‖2). (A.13)

Now we use that yi = f0(xi) + εi under P0, so

Ŝn(Ff0) = Ŝn(Ff0) − Sn(Ff0)

=
m∑
j=1

[ 1
n

n∑
i=1

(yi − Ff0(xi))ϕj(xi) − 〈(id − F )f0, ϕj〉
]
λjϕj

=
m∑
j=1

[ 1
n

n∑
i=1

(f0 − Ff0)(xi)ϕj(xi) − 〈(id − F )f0, ϕj〉

+ 1
n

n∑
i=1

εiϕj(xi)
]
λjϕj

so since the εi are independent of the xi and both are i.i.d.,

P0‖FT−1Ŝn(Ff0)‖2

=
m∑
j=1

ν2
j P0

[ 1
n

n∑
i=1

[(id − F )f0](xi)ϕj(xi)−〈(id − F )f0, ϕj〉 + 1
n

n∑
i=1

εiϕj(xi)
]2

=
m∑
j=1

ν2
j

1
n

var0
(
[(id − F )f0](x1)ϕj(x1)

)
+ σ2

n

m∑
j=1

ν2
j � 1

n

m∑
j=1

ν2
j ,

the bottom line following from the boundedness of f0. This together with (A.13)
for D large enough yields (A.10), which concludes the proof.

Proof of (A.12). Since Sn(Ff0) = Ŝn(f̂m) = 0,

Ŝn(Ff0) + Sn(f̂m) = Ŝn(Ff0) − Ŝn(f̂m) + Sn(f̂m) − Sn(Ff0)

=
m∑
j=1

[ 1
n

n∑
i=1

(Δf0)(xi)ϕj(xi) − 〈Δf0, ϕj〉
]
λjϕj

and using Δf0 =
∑m

k=1〈Δf0, ϕk〉ϕk and the Cauchy-Schwarz inequality, it fol-
lows that

P0‖FT−1(Ŝn(Ff0) + Sn(f̂m))‖2
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= P0

∥∥∥ m∑
j=1

[ m∑
k=1

〈Δf0, ϕk〉
[ 1
n

n∑
i=1

ϕk(xi)ϕj(xi) − δjk

]]
νjϕj

∥∥∥
=

m∑
j=1

ν2
j P0

[ m∑
k=1

〈Δf0, ϕk〉
[ 1
n

n∑
i=1

ϕk(xi)ϕj(xi) − δjk

]]2

≤ P0‖Δf0‖2
m∑
j=1

ν2
j

m∑
k=1

[ 1
n

n∑
i=1

ϕk(xi)ϕj(xi) − δjk

]2
. (A.14)

Splitting over the events

Ωj,m :=
{

sup
1≤k≤m

[ 1
n

n∑
i=1

ϕj(xi)ϕk(xi) − δjk

]2
> C

logn
n

}
(A.15)

and their complements, and then using Assumption 2, the term in (A.14) is at
most of the order

m logn
n

m∑
j=1

ν2
j P0‖Δf0‖2 + C2

ϕm
2 max

1≤j≤m
P01Ωj,m‖Δf0‖2.

Now (A.12) follows from

m logn
n

m∑
j=1

ν2
j ≤ m2 logn

n
→ 0

(by assumption) and, as we prove now

max
1≤j≤m

P01Ωj,m‖Δf0‖2 � m2n−D. (A.16)

To this end, recall that from (2.11), f̂m(x) = ϕ1:m(x)′(σ2Λ−1 + Φ′Φ)−1Φ′y, so

‖f̂m‖2 =
m∑

k=1

〈f̂m, ϕk〉2 = tr
[
(σ2Λ−1 + Φ′Φ)−1Φ′yy′Φ(σ2Λ−1 + Φ′Φ)−1

]

≤ λ2
1σ

−4y′ΦΦ′y �
m∑
j=1

[ n∑
i=1

yiϕj(xi)
]2

� mn

n∑
i=1

y2
i ,

and hence, since yi = f0(xi)+ εi for some bounded f0 and εi independent of xi,

P01Ωj,m‖f̂m‖2 � mnP01Ωj,m

[ n∑
i=1

f0(xi)2 + nσ2
]

� mn2P0(Ωj,m).

This together with ‖Ff0‖ ≤ ‖f0‖ < ∞ yields

P01Ωj,m‖Δf0‖2 ≤ 2P0(Ωj,m)‖Ff0‖2 + 2P01Ωj,m‖f̂m‖2 � mn2P0(Ωj,m).
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The inequality (A.16) follows from the above by combining a union bound and
Hoeffding’s inequality:

P0(Ωj,m) ≤ m · 2 exp
(−2n2C logn

4C2
ϕn

2

)
= 2mn−D−2,

with D = C/2C2
ϕ− 2, where the constant C can be chosen arbitrarily large.

Appendix B: Proof of the corollaries

B.1. Proof of Corollary 10

Take d/(d+2α) ≤ r < 1/2. Note that m2n−1 logn = o(1), hence the conditions
of Theorem 5 hold. Next note that

Jn = max{j : nλj ≥ 1} � nd/(d+2α) � m, (B.1)

hence in view of (3.9),

Vn � Jn/n +
∫ ∞

m∧Jn

x−1−2α/d dx � Jn/n + J−2α/d
n � n−2α/(d+2α)

Wn � Jn/n +
∫ ∞

Jn

x−2−4α/d dx � Jn/n + nJ−1−4α/d
n � n−2α/(d+2α). (B.2)

To bound the bias term Bn, we consider (3.8) and deal with the two terms
on the right hand side separately. For the first term note

m∧Jn∑
j=1

(nλj)−2〈f0, ϕj〉2 �
Jn∑
j=1

(nj−1−2α/d)−2〈f0, ϕj〉2

= n−2
Jn∑
j=1

j2+4α/d−2β/dj2β/d〈f0, ϕj〉2

� n−2 max
1≤j<Jn

j2+4α/d−2β/d‖f0‖2
β

� (n−2 ∨ n−2β/(d+2α))‖f0‖2
β ,

while for the second term we get

∞∑
j>m∧Jn

〈f0, ϕj〉2 < (Jn ∧m)−2β/d
∞∑

j>m∧Jn

j2β/d〈f0, ϕj〉2 � n−2β/(d+2α)‖f0‖2
β ,

(B.3)
hence the contraction rate in (3.4) is εn = n−(β∧α)/(d+2α).

The sub-optimal contraction rate for insufficient amount of inducing variables
is a direct consequence of Theorem 7.
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B.2. Proof of Corollary 11

Note that m2n−1 logn = n2r−1 logn → 0, hence we can apply Theorem 9 to the
present setting.

By (3.9), similarly to (B.2), we get that

Vn � m ∧ nd/(d+2α)

n
+ m−2α/d and Wn � m ∧ nd/(d+2α)

n
. (B.4)

Then similarly as in the proof of Corollary 10 we get for f0 ∈ Sβ , that
m∑
j=1

(1 − νj)2〈f0, ϕj〉2 � (n−2 ∨ n−2β/(d+2α))

∞∑
j=m+1

〈f0, ϕj〉2 � m−2β/d‖f0‖2
β .

Therefore,

Rn = Bn + Wn

Vn
� n−1(m ∧ nd/(d+2α)) + n−2β/(d+2α) + m−2β/d

n−1(m ∧ nd/(d+2α)) + m−2α/d . (B.5)

In the first case, (B.5) is further bounded from above by a multiple of
m−2β/d/m−2α/d = O(1). In the second case, (B.5) is o(1). Finally, in the
third case, let us take f0 ∈ Sβ given by f0 =

∑∞
j=1 j

−1/2−qϕj , for some
β/d < q < α/d. Then in view of (3.8),

m∧Jn∑
j=1

(1 − νj)2〈f0, ϕj〉2 +
∑

j>m∧Jn

〈f0, ϕj〉2 �
∑

j>m∧Jn

〈f0, ϕj〉2 � (m ∧ Jn)−2q

hence by recalling (B.4),

Rn � m−2q ∨ n−2qd/(d+2α)

m−2α/d + n−2α/(d+2α) → ∞.

Therefore, in all three cases the statement follows from Theorem 9.
Finally, the upper bound for the radius follows from Theorem 8 and (B.2)

with α = β.

B.3. Proof of Corollary 12

The proof goes similarly to Corollary 10. First assume that m is lower bounded
by

Jn := (τ−1
n logn)d = nd/(d+2α) (B.6)

and note that λn,Jn � exp(−τnJ
1/d
n ) = n−1. Hence, similarly to (3.8)

Bn �
m∧Jn∑
j=1

(nλn,j)−2〈f0, ϕj〉2 +
∑

j>m∧Jn

〈f0, ϕj〉2.
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We deal with the two terms on the right hand side of the preceding display
separately.

For any f0 ∈ Sβ , we have∑
j>m∧Jn

〈f0, ϕj〉2 ≤ J−2β/d
n

∑
j>m∧Jn

j2β/d〈f0, ϕj〉2 � n−2β/(d+2α)‖f0‖2
β (B.7)

and
m∧Jn∑
j=1

(nλn,j)−2〈f0, ϕj〉2 ≤ max
1≤i≤Jn

(nλn,i)−2i−2β/d
∞∑
j=1

j2β/d〈f0, ϕj〉2

� n−2
(

exp(2τn) ∨ exp(2τnJ1/d
n )

J
2β/d
n

)
‖f0‖2

β

� (n−2 ∨ n−2β/(d+2α))‖f0‖2
β (B.8)

where we used that the function i 	→ exp(2τni)i−2β/d is convex in i, so the
maximum occurs at one of the endpoints.

Next we deal with the variance terms Wn and Vn, defined in (3.3) and (3.5),
respectively. Similarly to (3.9) and (B.2), for Jn given in (B.6),

Vn � m ∧ Jn
n

+
∑

j>m∧Jn

λn,j �
(m ∧ Jn)

n
+

∫
m∧Jn

e−τnx
1/d

dx (B.9)

� n− 2α
d+2α +

∫
(m∧Jn)1/d

xd−1e−τnx dx.

By partial integration and induction we get that the rightmost integral satisfies∫
(m∧Jn)1/d

xd−1e−τnx dx � (τ−1
n (m ∧ Jn)1−1/d ∨ τ−d

n ) exp(−τn(m ∧ Jn)1/d).

(B.10)

Since m ≥ Jn = (τ−1
n logn)d it is further bounded by

nd/(d+2α)(logn)−1 exp(− log n) = n−2α/(d+2α)/ logn.

Furthermore, by similar computations

Wn � m ∧ Jn
n

+
∑

j>m∧Jn

λn,j

� n−2α/(d+2α) + n

∫
(m∧Jn)1/d

xd−1e−2τnx dx

� n−2α/(d+2α) + n(τ−1
n (m ∧ Jn)1−1/d ∨ τ−d

n ) exp(−2τn(m ∧ Jn)1/d)
� n−2α/(d+2α). (B.11)

Our contraction rate result follows from Theorem 5 with ε2n = n−2(β∧α)/(d+2α).
The sub-optimal contraction rate for insufficient amount of inducing variables

is a direct consequence of Theorem 7.



Uncertainty quantification for variational Gaussian processes 2283

B.4. Proof of Corollary 13

Note that by assumption we have m2n−1 logn → 0, hence we can apply Theo-
rem 9. Therefore it is sufficient to investigate the asymptotic behaviour of the
fraction Rn = (Bn + Wn)/Vn, with the terms defined in (3.3) and (3.5). We
also recall the definition of Jn given in (B.6) for the exponentially decaying
eigenvalues.

In the second case, following from the bounds (B.7), (B.8) and (B.11), the
numerator of Rn is o(1). At the same time, in view of assertions (B.9), (B.10)
and τnm

1/d = nr/d−1/(d+2α) logn → 0, the denominator is bounded from below
as

Vn �
∑
j>m

λn,j � τ−d
n exp(−τnm

1/d) � τ−d
n → ∞,

and therefore Rn = o(1).
Next, in the first case, we have m ∧ Jn � nr ∧ Jn � Jn, hence again in

view of (B.7), (B.8), Bn � n−2 ∨ n−2β/(d+2α). Moreover, following from (B.9)
and (B.11), we get that Vn � Jn/n = n−2α/(d+2α) and Wn � n−2α/(d+2α),
respectively. Combining this upper bounds results in that Rn = O(1).

Finally, in the third case, as in the proof of Corollary 11, let f0 be the function∑∞
j=1 j

−1/2−qϕj ∈ Sβ for some β/d < q < α/d. In view of (3.8)

Bn �
∑

j>m∧Jn

〈f0, ϕj〉2 � (m ∧ Jn)−2q � n−2qd/(d+2α).

Furthermore, (B.9) and (B.10) together with m ≥ Jn imply that,

Vn � Jn/n + τ−1
n J1−1/d

n exp(−τnJ
1/d
n ) � n−2α/(d+2α).

Therefore, Rn � n−2qd/(d+2α)/n−2α/(d+2α) → ∞. We conclude that, in all three
cases the statements now follow directly from Theorem 9.

Finally, the upper bound for the radius follows from Theorem 8 and the upper
bound for Vn in the proof of Corollary B.3 with α = β.

Appendix C: Variational posterior for general inducing variables

Recall that the posterior is approximated by the variational distribution

Ψ =
∫

Π(·|u) dΨu(u) (C.1)

on L2(X, μ). The above display is equivalent to

dΨ
dΠ(f) = dΨu

dΠu
(u(f)), (C.2)

where Πu is the distribution of the vector of inducing variables u under the prior
Π (this follows from existence of the Radon-Nikodym derivative on the right,
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which in turn is guaranteed by the assumption that Ψu is a non-degenerate
Gaussian). The identity (C.2) shows that the variational posterior Ψ is param-
eterised by f through u only.

Then, in view of Bayes’ theorem

dΠ( · |x,y)
dΠ (f) = pf (x,y)

p(x,y)

and some additional elementary algebraic manipulations

DKL(Ψ‖Π( · |x,y))

=
∫

log dΨ
dΠ( · |x,y) dΨ

=
∫

log dΨ
dΠ dΨ +

∫
log dΠ

dΠ( · |x,y) dΨ

=
∫

log dΨu

dΠu
dΨu −

∫∫
log pf (x,y) dΨ(f |u) dΨu(u) + log p(x,y).

In the variational procedure, we aim to minimise this with respect to Ψ. Using
that the KL-divergence is non-negative, and dΨ(f |u) = dΠ(f |u) by construc-
tion, we obtain

log p(x,y) ≥
∫∫

log pf (x,y) dΠ(f |u) dΨu(u) −
∫

log dΨu

dΠu
dΨu.

The right-hand side is commonly referred to as evidence lower bound (ELBO).
Minimising the KL-divergence is equivalent to maximising the ELBO. Note that
by Jensen’s inequality,

ELBO =
∫

log
[dΠu

dΨu
(u) exp

( ∫
log pf (x,y) dΠ(f |u)

)]
dΨu(u) (C.3)

≤ log
∫

exp
( ∫

log pf (x,y) dΠ(f |u)
)
dΠu(u), (C.4)

and the maximum is attained by the distribution Ψ∗
u defined through

dΨ∗
u

dΠu
(v) =

exp
( ∫

log pf (x,y) dΠ(f |u = v)
)

∫
exp

( ∫
log pf (x,y) dΠ(f |u)

)
dΠu(u)

. (C.5)

In general there is no guarantee that the maximizer Ψ∗
u of the ELBO is

tractable, but in case of the considered Gaussian process regression model and
Gaussian variational class it has an explicit form. In view of (C.5),

dΨ∗
u

dΠu
(u) ∝ exp

(
− 1

2σ2

∫ n∑
i=1

(yi − f(xi))2 dΠ(f |u)
)

= exp
(
− 1

2σ2

n∑
i=1

[
(yi − Π(f(xi)|u))2 + varΠ(·|u)(f(xi))

])
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∝ exp
(
− 1

2σ2

n∑
i=1

(yi − Π(f(xi)|u))2
)

= exp
(
− 1

2σ2

n∑
i=1

(yi −KxiuK
−1
uuu)2

)
, (C.6)

where Kxu = covΠ(f(x),u) = Πf(x)uT and Kuu = covΠ(u,u) = ΠuuT, and
we used that

varΠ(·|u)(f(x)) = k(x, x) −KxuK
−1
uuKux,

which is constant as a function of u.
Completing the square in (C.6), it follows that the optimal variational dis-

tribution Ψ∗
u of u is Gaussian with mean Kuu(σ2Kuu +KufKfu)−1Kufy and

covariance matrix Kuu(Kuu + σ−2KufKfu)−1Kuu. By (C.1), the variational
distribution Ψ∗ of f is Gaussian, with mean function

f̂m(x) =
∫

Π(f(x)|u) dΨ∗
u(u)

= KxuK
−1
uu

∫
u dΨ∗

u(u)

= Kxu(σ2Kuu + KufKfu)−1Kufy.

Furthermore, the covariance function is

(x, y) 	→
∫

Π((f − f̂m)(x)(f − f̂m)(y)|u) dΨ∗
u(u)

=
∫

covΠ(·|u)(f(x), f(y)) dΨ∗
u(u) + covΨ∗

u
(Π(f(x)|u),Π(f(y)|u))

= k(x, y) −KxuK
−1
uuKuy + KxuK

−1
uu covΨ∗

u
(u,u)K−1

uuKuy

= k(x, y) −KxuK
−1
uuKuy + Kxu(Kuu + σ−2KufKfu)−1Kuy.
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