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Abstract: Hypothesis testing procedures are developed to assess linear
operator constraints in function-on-scalar regression when incomplete func-
tional responses are observed. The approach enables statistical inferences
about the shape and other aspects of the functional regression coefficients
within a unified framework encompassing three incomplete sampling sce-
narios; (i) partially observed response functions as curve segments over
random sub-intervals of the domain, (ii) discretely observed functional re-
sponses with additive measurement errors, and (iii) the composition of for-
mer two scenarios, where partially observed response segments are observed
discretely with measurement error. The latter scenario has been little ex-
plored to date, although such structured data is increasingly common in
applications. For statistical inference, deviations from the constraint space
are measured via integrated L2-distance between estimates from the con-
strained and unconstrained model spaces. Large sample properties of the
proposed test procedure are established, including the consistency, asymp-
totic distribution, and local power of the test statistic. The finite sample
power and level of the proposed test are investigated in a simulation study
covering a variety of scenarios. The proposed methodologies are illustrated
by applications to U.S. obesity prevalence data, analyzing the functional
shape of its trends over time, and motion analysis in a study of automotive
ergonomics.

MSC2020 subject classifications: Primary 62R10; secondary 62G20.
Keywords and phrases: Function-on-scalar regression, shape constraints
hypothesis, partially observed functional data, incomplete observations,
measurement errors.

Received November 2022.

Contents

1 Introduction. . . ... .. .. ... ... ... ... .......... 3144

*Corresponding author.

3143


https://imstat.org/journals-and-publications/electronic-journal-of-statistics/
https://doi.org/10.1214/23-EJS2177
mailto:yeonjoo.park@utsa.edu
mailto:hankh@uic.edu
mailto:dgs@illinois.edu
https://mathscinet.ams.org/mathscinet/msc/msc2020.html

3144 Y. Park et al.

2 Mainresults. . . . . ... 3147

2.1 Partially sampled functional responses . . . . . . ... .. ... 3147
2.1.1 Estimation of functional regression coefficients and asymp-

totics . . . ..o 3147

2.1.2 The test statistic . . . . . . . ... ... ... ... ... 3148

2.1.3 Asymptotics and power considerations . . . . . . . . .. 3149

2.2 Discrete observations with measurement errors . . . . . . . .. 3151

2.3 Composition of partial filtering and discrete sampling . . . . . 3152

3 Simulation studies . . . . .. .. Lo Lo 3154

3.1 Simulation setting . . . . . ... ... ... L. 3154

3.2 Empirical size and power . . . . ... ... Lo 3156

4 Real data application . . . . . . .. .. ... oo 3158

4.1 The obesity prevalence trend change . . . . .. .. .. .. ... 3158

4.2 Human motion analysis in ergonomics . . . . . ... ... ... 3162

5 Discussion . . . . ... 3163

A Technical details . . . . .. ... .. .. ... ... . . ... .. ... 3165

A.1 Numerical implementation . . . . . . .. ... ... ... .... 3165

A.2 Technical details for Section 2.1 . . . . . .. ... ... .. ... 3166

A.3 Technical details for Section 2.2 . . . . .. ... ... ... ... 3169

A.4 Technical details for Section 2.3 . . . . . .. .. ... ... ... 3174

Funding . . . . . . . . . 3176

References . . . . . . . . . . L 3177

1. Introduction

We develop a new scope of statistical inference for regression coefficients when
functional responses are modeled by scalar covariates. The so-called function-on-
scalar regression model aims to describe the association between response tra-
jectories varying over the domain and scalar covariates. In this study, we propose
inferential procedures for testing the shape or other aspects of the functional re-
gression coefficients through the linear operator representation, especially when
functional responses are incompletely observed.

We assume that the functional response Y;(t) is available for ¢t € .%;, where
&; C [0,1] is an individual-specific random subset, independent of the stochastic
mechanism that generates the complete functional response Y; for i = 1,...,n.
We allow .#; for a union of sub-intervals, discrete subsets, or the composition
of the two scenarios. The functional response fully available on the domain
is a special case by simply letting .%; = [0, 1]. Recently [29, 33, 11] and [28]
studied functional data analysis of partially observed curves, including principal
component analysis, mean and covariance functions estimation, and optimal
reconstruction of individual curves, but hypothesis testing in this context has
been less developed.

For statistical analysis, we assume that the unobservable complete functional
response Y is associated with vector covariates X = (Xi,...,X,)" and Z =
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(Z1,...,Z4)" by the function-on-scalar regression model
Y(t)=X"B(t) +Z a(t) +e(t) (te[0,1]), 1)

where B(t) = (B1(t),...,B,(t)) indicates the regression coefficients of inferen-
tial interest and c(t) = (a1 (t),...,aq4(t)) " represents the nuisance coefficients
associated with other covariates Z that aid in modeling the mean of functional
responses but are not of direct interest for inference. We assume that 8(t) and
a(t) are square-integrable vector coefficient functions and €(t) is a mean-zero
error process with the covariance function (s, t) = Cov(e(s), €(t)) independent
of (X,Z). In this paper, we test the functional hypothesis for 8(¢) under linear
operator constraints, where X may or may not include the baseline constant
and Z is the nuisance covariate that can aid in modeling the regression model.

In the contexts of uncorrelated error processes and longitudinal data, the
model (1) is also known as a varying coefficient regression model [49, 21, 36, 12].
While varying coefficient models in conventional longitudinal data analysis have
mainly focused on responses collected over sparse and irregular grid points,
recent approaches for function-on-scalar regression accommodate some sam-
pling structures of response data collected from dense to relatively sparse grids
[59, 31]. Application fields include Genome-wise Association (GWAS) [1, 42],
Bioinformatics [51], and Kinematics [8], among others, where functional re-
sponses are modeled by covariates that remain constant over the study. Such
covariates might include SNPs, treatment assignments given to the subjects, or
demographic variables. Functional Analysis of Variance (FANOVA) is a widely
used special case of function-on-scalar regression model with purely categorical
variables as covariates [46, 57].

We consider a class of composite hypothesis testing problems for the func-
tional response model (1) with null hypotheses of the form

Hy:CB =0, (2)

equivalently Hy : B € ker(C), where C is a linear operator that maps vector
functions to the function space of inferential interest and ker(C) is the kernel
space of C. If the shape constraint on 8 can be characterized by linear combi-
nations of a basis V' = {v; : | > 1} in Lo, then the dual formation of the null
hypothesis (2) can be expressed as

Hy : B € span(V), (3)

by letting ker(C) = span(V'). Another option is to use shape-restricted regression
splines, which can specify the kernel space with a convex cone as a subset of the
linear space [37, 38].

It is worth mentioning that (3) is a generalization of the classical linear con-
trast hypothesis. Specifically, let C € R4*P be of full rank d. Then the traditional
null hypothesis H}, : CB(t) = 0 studied in [56] identifies B(t) = uo(t)+ 1, b
for some vector function ug(t) = (ug,1(t),...,uop(t))" satisfying Cug(t) = 0
and b = (by,...,b5)" € R where U(d) = {u; € R? : [ = 1,...,d} is the
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orthonormal basis of ker(C) in RP. Here, we extend the theory from the finite-
dimensional constraints such as H{) to the potentially infinite dimensional linear
operator constraints in (2).

An important class of the null hypothesis (2) includes testing the shape of re-
gression coefficient functions. For example, [15] evaluated a physical mechanism
for the conjectured linear trend in the Northern Hemisphere cooling analysis.
Or, [22] tested linear or (piecewise) cubic time-course trend in gene expression
experiments. Here, the functional trends can be evaluated by the coefficient
function associated with the constant covariate X = 1 under (3), where V is
a set of L?-functions or a basis that specifies the functional trend of interest.
Previously [44] studied similar topics by testing individual probes in the form
of {¢,3;) = 0 for a fixed known L?-function ¢ as a special case of (2). Later,
[25] proposed a residual-based permutation test for performing a hypothesis test
on the shape of a mean function, although the large sample properties and the
power behaviors of the proposed method were not investigated. Related work
also includes [53, 3, 24, 55, 4, 23, 30, 45, 48, 50, 32, 14]. Recently, [10] and [7] de-
veloped goodness-of-fit tests for functional models via empirical processes using
the wild bootstrap method to test the significance of the family of models. But
their applications to statistical inference are mainly aligned with validating func-
tional linear models against a general class of non-structured functional models.
Moreover, the extension of the existing methods to incomplete functional data
has not been investigated.

The main contributions of our study are as follows. We extend the goodness-
of-fit test to the general testing framework (2) or (3), applicable to the model
with incomplete functional response data. Our framework includes three scenar-
ios that can often occur in practice:

(i) Partially observed functional responses with random missing segments,
where we have access to observations only on individual-specific sub-
interval of the domain, but observation is not available on its complement.

(7) Functional responses observed with measurement errors on randomly
spaced discrete evaluation points asynchronous across subjects.

(#41) Composition of discrete evaluation and partial observation, where indi-
vidual curves are discretely observable over random sub-intervals of the
domain.

We develop large sample theory under composition of the sub-interval censoring
and discrete sampling of functional responses, where the proposed test procedure
is applicable to a wide class of incomplete functional data. The asymptotic null
distribution of the test statistic is derived together with the consistency and local
asymptotic power of the test for alternatives Hy, : B8 = By + n~"/2A, where

€ [0,1], for some By = (Bo1,---,B0,p) and A = (Aq,...,A,)" satisfying
CBy, =0 and CA # 0, respectively.

The methodology and basic theory of the proposed test procedures under
incomplete functions responses are developed in Section 2. In Section 3, we
present numerical simulations, where the finite sample performance of the pro-
posed test is evaluated in several scenarios. We also illustrate two applica-
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tions from an obesity prevalence study and an automotive ergonomic experi-
ment in Section 4. Our concluding discussion is in Section 5. Technical details,
the numerical implementation, and theoretical proofs are provided in the Ap—
pendix.

2. Main results
2.1. Partially sampled functional responses

We first formulate the partially observed functional data as proposed in [29].
Let 61,...,0, be a random sample of a stochastic process, defined on [0, 1],
satisfying the following conditions.

C1: The latent stochastic processes, (Y;,d;) := {(Yi(¢),0:(¢)) : t € [0,1]}, for
it =1,...,n, are independent and identically distributed on (2, #,P) and
jointly #-measurable.

C2: b(t) = E(04(t)) is bounded away from zero; i.e., inf,¢[g1] b(t) > 0.

C3: There are i.i.d. random variables W; = (W;y,...,W;x) € W, and there is
a measurable function f : [0,1] x W — {0, 1} such that §;(t) = f(¢, W).

C4: Y; and §; are independent for i = 1,...,n

The partially observed functional responses are defined by {Y;(t) : t € %, i =
.,n}, where & = {t € [0,1] : 6;(t) = 1} denotes the individual-specific
random subset of [0,1] for ¢ = 1,...,n. Various types of incomplete functional
data structures satisfy conditions C1-C4, including dense functional snippets
[35], fragmented functional data [11], or functional data with single or multiple
random missing intervals. More examples can be found in [41]. Although C3
does not allow a sparse irregular sampling scheme, we consider the discretized
noisy collection of partial data under the unified framework in Section 2.3.

2.1.1. Estimation of functional regression coefficients and asymptotics

Let Yo(t) = (Y2(t),...,Y,2(t)) " and €(t) = (e3(t),...,e3(t))T, where Y7 (t) =
Y;(t) and €l (t) = (t) if 6;(t) = 1, and Y?(t) = 0 and €)(t) = 0 otherwise for
€ [0,1]. That is, functional values over unobserved segments, [0,1]\.%;, are

replaced by zeros. For an n x n diagonal matrix W(t) = diag{d;(t)}7,, we write
YO (t) = W(t)XB(t) = W(t)Za(t) + € (1), (4)

which leads to &" (¢; 8(t)) = (ZTW()Z)*ZTW(¢)(Y°(t)—XB(t)), the weighted

least-squares estimator of at(t), where X = (Xy,...,X,,) T and Z = (Zy,...,Z,) "
denote (nxp)- and (nx q)-design matrices of full rank, respectively. By substitut-

ing &" (t; B(t)) for a(t) in (4), we obtain (I-P)Y°(t) = (I-P)W(t)XB(t)+€°(t),

where I = diag(1,,) and P = Z(Z"Z)~'Z" are the projection matrices that only

depend on 1,, and Z. Then it follows that

AW

B (t) = XTWHX)IXTW(H)Y (1) ()
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is the weighted least-squares estimator of B(t), where X = (I — P)X is the
design matrix orthogonal to Z. This enables testing the hypothesis for £(t)
while the nuisance regression coefficients related to Z are unspecified. Indeed,
,[:Iw (t) represents a pointwise least-square estimator calculated based on a subset
of samples, where its response information is avallable at given location t. It also
follows from &" (t) = (ZTZ) ' ZTW(t)(Y°(t) — xB" (t)) that

fu(t) = XB" () + Zi" (1) (6)

fits u(t) = E(Y(t)|X,Z) in a point-wise manner, where % (t) = &" (t; 8" (t)) +
(ZTZ)_lZTX,Bw (t). The expression (6) will be used in the next subsection to
define the model space.

Theorem 2.1. Under tr(y) < oo and conditions C1-C4,

Vi(B' - B) % GPp(op,Mrl), (7)

where U = E(Var(X|Z)) and 9(s,t) = ~(s,t)v(s,t)/b(s)b(t) with v(s,t) =
Cou(Y (s),Y (1)), v(s,t) = E(6(s)d(t)), and b(t) = ( (1)), for s, t €10,1].

Theorem 2.1 implies that pointwise ﬁl (t) uniformly converges to B(t) over
t € [0,1] and further follows asymptotic Gaussian process with root-n rates
of convergence even under partial sampling structure. We also note that the
condition on covariance function tr(y) = fol ~(t,t) dt < 0o is commonly adopted
in developing asymptotic theories on regression coefficient estimators under fully
observed functional response. In practice, if we observe an undefined Bw(t) at
a certain range of the domain under a finite sample size, it can be estimated
using interpolation or smoothing methods when the smooth continuity of 8(t)
is assumed.

2.1.2. The test statistic

To test the appropriateness of the shape-constrained null hypothesis (2), we
compare the model estimates from the unrestricted space M = {u = X8 +Zn :
B; € L2[0,1],j = 1,...,p} and the reduced space My = {p, = XBO +Zn :
CB = 0}. To this end, we construct a test statistic which is based on the L2-
distance between ft and fi, defined by

5 2
ju = argmin / W)LY () — h(t)}]]? dt,

(8)
fo = agmin [ [WO(Y°0) — b}t

heMo JO
where || - || denotes the standard L?-norm in R™. The objective functions with
the weight matrix W(¢) imply the pointwise optimization under the partially

sampled responses. It can be verified that f(t) = X3 (t) +Z7"(t) as in (6).
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Then, we propose a test statistic

1
T, = / () — i (1)) dt
1

= [ F 0B W) ERE 0 - Biw)ar

where @(1)” is an estimate of 8 under the null hypothesis (2). Even though we
have partial response information for each observation, the uniformly consistent
estimator B° provides the consistent model estimates fi(t) and fiy(t) over ¢ €
[0,1]. Note that T,, is the integrated squared distance between the model fits
obtained under M and My, respectively, and we reject the null hypothesis if
T,, is large. Under the orthogonality between X and Z, distance between fi and
[ty is translated to the weighted distance between two coefficient estimates Bw
and ,Bg} If we consider the the null hypothesis (3) with an orthonormal basis
and define a linear operator £ : L?[0,1] — span(V) as L8 = Y~ (B, v)u

under (g1,92) = fol g1(t)g2(t) dt, we have Bf)” = LB", where £ denote the
multivariate operator that applies £ in an element-wise fashion. While similar
types of the L2-norm based test-statistic have been employed in [46, 56], and
[55] for conventional hypothesis testing, such as testing the nullity of functional
coefficients, our study considers a more general scope of the null hypothesis,
using linear operator constraints, under the broader scope of response function
sampling mechanism.

2.1.8. Asymptotics and power considerations

In this section, we derive the limit law of the proposed test statistic T, under
the null and local alternative hypotheses. Suppose that we have a sequence of
local alternatives of the form

Hy,: B =By +n T2A, (10)

where 7 € [0,1] and A(t) = (Ay(t),...,A,(t))" represents a normalized func-
tional deviation from the null hypothesis such that CA # 0, independent of n.
Consider local alternatives under (3) with orthonormal basis v;. Then we ob-
tain fi,(t) = Xﬁg)(t) + Z7n" (t), where BS” = LB" using £ as defined in the
Section 2.1.2. Since a Gaussian process is closed under a linear operator and
XTX/n converges to W in probability, under the null hypothesis (3), we can
derive

(XTR)2(B" — By) = w/2V/me(B” — By) +op(1)

p _ (11)
= GP,(0,,91,),
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where C = Z — L with the element-wise identity map Z and

I(s,t) —9(s,t)

:_Z(/ﬁstvk ds>v;C (/19stvz dt)vl() (12)

k>1
+ZZ(//ﬁstvk Ul()dsdt)vk( Jui(t).

k>11>1

We then obtain the following result, proven in the Appendix, which provides
the local asymptotic distribution of the test statistic.

Theorem 2.2. Suppose that tr(y) < oco. And let {H1, : n > 1} be a sequence of

local alternatives with square-integrable functwns A ( ),7=1,...,pin (10). Let
A=02CA=(A,...,A)T and define 72, 1 H(AJ,¢5m>H2, where G,
m=1,2,..., are eigenfunctions of ﬂ(s,t). Then, the test statistic T, converges

to Ta in probability, defined as
d (o]
Ta <Y AnBum, (13)

where A\, are the eigenvalues of ﬁ(s,t), in decreasing order, corresponding to
etgenfunctions ¢.,, and By, b Xf,( 2 ) denotes the non-central x?-distribution
with p degrees of freedom and non-centrality parameter k2, = 72,/ Am

Based on Theorem 2.2, we obtain the null distribution of the test statistic T;,
and asymptotic power derivations as follows.

Corollary 2.3. Assume the same conditions as in Theorem 2.2.

(i) Under the null hypothesis, i.e., CA = 0, Theorem 2.2 implies that the null
distribution of the test statistic T,, converges to Ty in distribution, where
To =Y 01 AmAum with A, decreasing-ordered eigenvalues of J(s,t), and
Am l'kd' XZQ,

(ii) Suppose that CA # 0, that is, the local alternative, and Y o-_, T2, = 00
or T € [0,1). Then, Theorem 2.2 yields the asymptotic power of the test
as; limy, oo P(T,, > to|Hin) = 1, where to is the upper-a quantile of the
null distribution Ty in the case (7).

As we can see in the proof of the Corollary 2.3 in the Appendix, the asymp-
totic power of the test goes 1 under Hy,, of (10) with any 7 € [0, 1) and non-zero
A, which is desirable. When considering 7 = 1, where the local alternative tends
to the null with root-n rate, the non-trivial asymptotic power goes to 1 when
S @2, = oc. In Section 3 of simulation studies, we consider different magni-
tudes of non-null signals 72, with 7 = 1 to investigate the power in the practical
setting.
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2.2. Discrete observations with measurement errors

In this section, we extend the proposed test to the case where functional re-
sponses are observed with measurement errors over finite discrete points in their
domains, and possibly sampled asynchronously across subjects. Being different
from the partially observed sampling scheme with continuum measurement over
the subset of [0, 1], we consider the case that functional measurements are col-
lected on a discrete subset of the functional domain with additive measurement
errors. Specifically, let {(Y},T;,X;,Z;) : i =1,...,n} be a random sample of
(Y*,T,X,Z), where Y} = (Y, ..., YZ*N)T is the finite observations of the i-th
subject associated with evaluation points T; = (T 1, ... ,Ti’Ni)T as

Vi, =X B(Tim) + Z] &(Ti ) + €i(Tiom) + im- (14)

The sampling design differs from the ones considered in the previous subsections
as functional outcomes are prone to measurement errors, denoted by &; ,,, and
finite observations are only available. We note that ; ,, = 0 is a special case that
follows the same model (1). For statistical analysis, we assume that €; 1, ..., € n;
are i.i.d. as ¢ such that E(¢|X,Z) = 0 and El|e|¥ < oo for some k > 2. The
finite evaluation points T 1,...,7; n, are randomly generated by a probability
density function A(t) bounded away from zero and infinity whose derivative
also exists and is bounded. We also assume that Ni,..., N, are i.i.d. as an
independent random integer N > 1 that asymptotically increases as the sample
size n becomes large. This sampling framework is similar to those considered by
[54, 58, 43], and [19]. We refer to the theorem and remark below for technical
details.

However, it is infeasible to apply the same procedure demonstrated in Sec-
tion 2.1 because functional responses are only available at discrete evaluation
points invalidating continuous point-wise functional estimates (5) to calculate
the test statistic (9). More importantly, even if infinitely many evaluation points
are available, the coefficient function estimates will be biased as we may not
achieve consistency in the presence of measurement errors. As a result, Corol-
lary 2.3 may not serve as a reference distribution for testing (3).

To tackle the bottleneck, we employ kernel smoothing to recover the unob-
served functional responses, where the false signals produced by measurement
errors are mitigated, and substitute the estimated curves for the true functional
responses to perform the test demonstrated in Section 2.1. Formally, as a two-
step procedure, we first kernel smooth discrete observations for each subject as
the Nadaraya-Watson kernel estimator of E(Y;(T)|T =)

i L Kn(Tim — )Y,
V(1) = S (te0.1)) (15)

for each i = 1,...,n. Y;*(t) is, where h > 0 is a bandwidth and K, (t) =
K(t/h)/h is the scaled kernel of a symmetric density function K. Then, we
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define a kernel-smoothed test statistic as
1
T, = /O (B™(t) — 53(t))T(XTx) (B™(t) — By(1)) dt, (16)

where 87 (t) = (XTX)"'XTY*(t) and B, = LB . Finally, we reject the null
hypothesis (3) if T% > ¢, where t,, is the level-« critical value for T in Corol-
lary 2.3.

In the pre-smoothing approach, it is critical to recover individual curves
with a uniform rate of convergence on the entire domain [0, 1] since the kernel-
smoothed test statistic T)* is defined as a weighted L? norm of C ,B*, while B*(t)
is given by a point-wise estimate. The local constant smoothing, also known as
Nadaraya-Watson type estimation, is easy to implement, although it may not
be optimal when the reconstruction of individual curves is the primary interest
due to boundary issues. However, Theorem 2.4 below shows that we already
have consistency of the test procedure with this simple procedure.

Theorem 2.4. Assume that E||Y||%, < co for some k > 2 and max;<;<p ||Y']|o
is bounded in probability. If h =< n= %% and P(N < n?) = o(n~1) for some
0 > 5/3, then T — T,, = op(1), where we define T, in (9) with 6; = 1 for all
1=1,...,n.

Remark 2.5. For each i-th subject, the optimal rate of univariate bandwidth
for kernel estimation is typically given by h =< ]Vi_l/5 [17, 18]. Since N; > n’
for all 1 < ¢ < n with probability tending to 1 (Lemma A.2 in the Appendiz),
the use of a common rate h < n=%/5 in Theorem 2.4 allows us to employ the
existing bandwidth selectors [40, 26].

However, we note that the classical pre-smoothing approach such as [44]
requires densely observed functional responses over the entire domain for all
subjects. In practice, this requirement is implausible when the observations are
relatively sparse. In the following subsection, we introduce a new scope of par-
tially observed functional data to ease the limitation.

2.3. Composition of partial filtering and discrete sampling

In Section 2.1, partially observed data were assumed to be evaluated over con-
tinuous subsets of the functional domain. If such data are observed discretely
rather than continuously, then the observation framework reduces to that of
discretely observed functional response data, and the smoothing approach of
Section 2.2 may be applied. In this case, we assume that the complete obser-
vations for responses are given by {Yi5 :4=1,...,n}. For random evaluation
points T; = (T} 1, . .- ,Ti,Ni)T and the indicator process d;, we define a random
subset & = {j : 6;,(T;;) = 1,j = 1,...,N;}. We assume that T; and ¢; are
independent.

It is worth noting that the composition sampling schedule .#;* not only cov-
ers discrete observations but also accommodates subject-specific subdomain .%;,
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where we may encounter limitations in accessing additional observations. This
aspect, often overlooked in the standard literature that assumes discrete sam-
pling is available across the entire domain, is a key feature that facilitates sta-
tistical inference with sparse functional data under mild conditions.

The corresponding discrete functional observations are given by {Y;*,,, T}, :
m € S}, where Y', = Yf(Tl*m) +&im and T}, = T; ; for some j = j,, € I,
which can be viewed as the discrete sampling of Y; composed with the partial
filtering process d;. Then, we define

iy Dot KT — Y7

YiT(t) = ; S (L€ S) (17)
ey Kn(T e — 1)
for each ¢ = 1,...,n. Also, we define a kernel-smoothed test statistic as

~ kK ~ kK

T = /0 (B ()~ By (1) (XTX)(B™ (1) - By (1)) at, (18)

where 87 (t) = (XTW()X) ' XTW(t)Y**(t) and B, = LB .
To investigate the theoretical property of the proposed method, we assume
that

E 0, (19)

fol i (v) dv

for some p > 2. Also, suppose that there exists an absolute constant C' > 0
satisfying

P(di(s) # 0i(t)) < Cls —tf? (20)

The reciprocal moment condition (19) implies that that the length of the random
sub-interval .#; = fol di(v)dv is positive (a.s.). Hence, together with (20), the
composition sampling has discrete observations densely available on each sub-
interval, but not necessarily over the entire domain. We also refer to Remark
2.7 below for the equivalent expression of (20).

Theorem 2.6. Assume the same conditions as Theorem 2.1 and Theorem 2./.
If (19) and (20) hold for some p > 2, then T;** —T,, = op(1).

Remark 2.7. Letting I'(s,t) = Cov(6;(s),0;(t)) and noting that T'(t,t) =
b(t)(1 —b(t)), the condition in (20) is equivalent to
IT(s,1) — T(1,6)] < Cls — t]". (21)

For details, see the Appendiz.

Remark 2.8. We provide one simple example of § that satisfies the conditions
(19) and (20). Suppose that Uy < -+ < Upyrt2) be order statistics of a
Uniform(0, 1) random sample of size (2p+k+2) for some k > p = 3. Let 6(t) =
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]I(U(p+1) <t< U(p+k+2)). Since S = U(p+k+2) — U(p+1) has a Beta(k+1,2p+2)
distribution, the condition (19) holds, i.e.,

p

_ pj1ygp) = B p)t et 2+ 2)!

kK (k+p+2)!

o]
Jo d(v)dv

See the Appendix for the verification of the condition (20).

3. Simulation studies

In this section, we study the finite sample performance of the proposed test-
ing procedure in terms of size control and powers under various settings. The
performances under incomplete functional response models are compared to the
benchmark performance, where functional responses are fully observed without
measurement errors.

3.1. Simulation setting

We consider models of the form

Yi(t) = X/ B(t) + Z a(t) +ei(t), (t€[0,1]) (22)
for i = 1,...,n, where covariates X; = (lu,,>0}, ®(Ui2), Us)' and Z; =
(1, Ui4) are from U ZN N4(0 E) with ¥ = [Uij]1§i7j§4 for 045 = 0.5‘i_j‘, and
® denoting the cdf of N(0,1). The functional coefficients a.(t) = {1 (t), aa(t)} T
associated with Z; are generated by ai(t) = S ,(k + )~V2(=D)lu(t)/
{2?24(]@‘ +1)"12 for k = 1,2, where V(5) = {u(t); t € [0,1]}}_, is an
orthonormal polynomial basis derived from polynomials P(5) = {t!=1; t ¢
[0,1]}7_,, that is, ay € span{V(5)} satisfying ||ax|2 = 1. The random error
is independently and identically generated from e;(t) = 2711?0 1 em®m(t), where
m(t) = v/2sin(2mmt) and e, S N(0,4m=*%), for m = 1,...,100. Functional
trajectories are generated at a regular grid of 100 points in [0, 1] and the sample
size n is chosen to be 100 and 200.

Let Bo(t) = {Bo,1(t), Bo2(t), Boa(t)} T, where o ;(t) = {v1(t) +vj11()}/ V2,
for j = 1,2,3, implying that 5y ; € span{V(4)} and [|Bo |2 = 1. We then
consider two scenarios A and B on B(¢). In scenario A, we set B(t) = B,(t) +
n~7/2{dada(t)}, where da > 0 and §a(t) = {64.1(t),04.2(t),643(t)}T with
Sai(t) = 00 (G4 m) V2, (8) /{12 (j + m) "1 }/2. And we consider a
hypothesis testing for the null hypothesns

Hy: B; € span{V(4)}, Vj=1,2,3. (23)

It aims to find statistical evidence on whether §;(t) coefficients can be ex-
pressed exclusively by polynomials up to order three. We investigate the em-
pirical size and power of the proposed method under different magnitudes of
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(a) (b) (c)

= ==- Scenario A
""" Scenario B

Bitt)
Bt

FIG 1. Regression coefficients under scenario A, B;(t) = Bo,;(t) + n=1/2{dad4 ;(t)}, and
under scenario B, B;(t) = BOJ(t)—i—n’l/Q{dB(SB,j(t)}, for(a)j=1,(b)j=2,and (c)j=23,
under n = 100, dg = 3, and dg = 0.6. The straight lines in each plot represent B ;(t),
7 =1,2,3, respectively.

the null-deviated signals by setting d4 = 0,1,3,5,7,9. For each da, we fur-
ther set 7 = 1,0.8,0.67, corresponding to the rates of the local alternative
approaching to the null as n!/2, n'/25 nl/3 respectively, to examine the per-
formance under different rates that the null-deviated model tends to the null
model. In scenario B, we consider a test for the same hypothesis of (23) under
,B(t) = ,Bo(t) + n_7/2{d363(t)}, where 5B(t) = {(5371@), 6B’Q(t),5B)3(t)}T with
0p,;(t) = vs(t). we set dg = 0,0.3,0.6,0.9,1.2,1.5, and 7 = 1,0.8,0.67. Figure 1
illustrates deviations of B(t) from B,(t) under two scenarios for d4 = 3 and
dp = 0.6, respectively, when 7 = 1 and n = 100.

For each scenario, we apply three incomplete sampling schemes. First, we con-
sider the partially observed functional responses with the random missing period
M;, on which functional values on the ith trajectory are removed. By following
a part of the setting in Remark 2.8, we generate M; = [Ugp41), Uptr2)], where
Uy < -+ < Uggpyryo) are order statistics of independent random samples of a
size (2p+k+2) from Uniform(0,1). We note that 1 —0(¢) in Remark 2.8 is set as
our indicator process, where employing reversed indicator process does not affect
the remarked conclusion. We here set constant parameters p, k, asp = k = 3. On
average, for each simulation set, 30.4 % of each trajectory is removed by missing
interval M;. Second, we consider functional responses irregularly collected over
80 asynchronous grid points with i.i.d. measurement errors following N (0, 0.5?)
added to each Y;(T; ), m = 1,...,80. The locations of 80 grid points are uni-
formly sampled among 100 grids from each observation. Lastly, we consider the
partially observed noisy responses collected over irregular grids under the set-
ting in Remark 2.8 with the reserved indicator process specified above. That
is, M; = [Upt1), Uptr+2)], Ni = 60, and i.i.d. additive measurement errors
generated from N(0,0.52). Here, locations of 60 grid points are uniformly sam-
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(a) (b) (c)

? \JA;\(OG%\/ MJ( \

F1G 2. Randomly selected siz simulated trajectories of (a) fully observed response data, (b)
partially observed response data filtered by independent missing intervals, (c) irregularly ob-
served data with added measurement, and (d) partially observed data over irregular grids with
measureme errors.

pled among available grids on partially sampled trajectories, if there are more
than 60 grids on the filtered set. Figure 2 (a) illustrates a randomly selected
set of fully observed response trajectories, and three other sets of trajectories in
Figure 2 (b), (¢), (d) display partially observed response trajectories filtered by
missing random intervals, noisy responses generated over irregular grid points
with additive measurement errors, and noisy partially observed responses over
irregular grids with additive measurement errors, respectively.

3.2. Empirical size and power

We examine the empirical sizes and powers of the proposed procedures for mod-
els from fully, partially, irregular, and partially irregular error-prone functional
response data using their corresponding test statistics, denoted as TF™! T),,
T, and T;* respectively. Practical implementation steps for each test statistic
are provided in the Appendix. All simulation results below were based on 5,000
simulation replicates, and the critical value of the test was estimated by 5,000
bootstrap samples in each simulation run. To calculate the test statistic T} and
T7* involving kernel smoothing, we chose a common bandwidth that minimizes
the leave-one-out cross-validation [52, 20] across all subjects in each simulation
sample.

Table 1 summarizes results for hypothesis (23) at 5% nominal level under sce-
nario A from test statistics from corresponding functional response data struc-
tures, for 7 = 1,0.8,0.67. It can be seen that the empirical sizes are reason-
ably controlled around the nominal level 0.05. Although the sizes under error-
prone partially observed structure, corresponding to the test statistic 7", show
slightly larger values around 0.07, and it is due to loss of original information
with missing intervals and additive noise. In terms of power, we investigate the
results depending on 7, which regulates the rate that the null-deviated model
approaches the null model. As expected, the empirical power increases as T



TABLE 1. Empirical size and power at the 5% nominal level for testing Ho : B;(t) € span{V (4)} under scenario A from fully observed response data
(T,f“”), partially observed response data (Ty, ), irregularly observed response data with additive measurement errors (T ), and irregularly observed
partial response data with additive measurement errors (T;*).

da n T=1 7=0.8 7 = 0.67

o, T (S e 1 T T TRl T, T; T
100 0.060 0.068 0.061 0072 0065 0060 0.064 0.072 0.061 0.050 0.066 0.071

0 200 0.055 0.052 0.057 0.073 0.053 0.057 0.057 0.073 0.050 0.062 0.050 0.071
1 100 0.075 0.067 0.067 0.070 0.082  0.81 0.076  0.074 0.107 0.085 0.096 0.078
200 0.065 0.065 0.063 0.084 0.081 0.085 0.075 0.078 0.112 0.103 0.094 0.077
3 100 0.153 0.101 0.118 0.086 0.354 0.288 0.210 0.095 0.679 0.529 0.480 0.181
200 0.140 0.124 0.098 0.101 0.404 0.314 0.222 0.124 0.815 0.576 0.597 0.255
5 100 0.384 0.230 0.223 0.108 0.900 0.670 0.555 0.263 1.000 0.913 0.881 0.492
200 0.398 0.258 0.207 0.111 0.958 0.752 0.634 0.349 1.000 0.996 0.900 0.608
7 100 0.789 0.474 0443 0.152 0.999 0.951 0.902 0.510 1.000 1.000 0.999 0.916
200 0.775 0.504 0417 0.172 1.000 0.996 0.956 0.564 1.000 1.000 1.000 1.000
9 100 0977 0.809 0.700 0.458 1.000 1.000 0.995 0.808 1.000 1.000 1.000 0.999

200 0985 0.833 0.728 0.480 1.000 1.000 0.999 0.964 1.000 1.000 1.000 1.000
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decreases or as d4 increases. In addition, the power reasonably approaches to
1 under all settings. Especially for 7 = 1 of 7', the power approaches 1
even with moderate magnitudes of the null-deviated signals, indicating that the
condition of > °_ 72 = oo in Theorem 2.3 is not restrictive in practical ap-
plication. The relatively deflated powers from T, might be due to some loss
of the null-deviated signal after applying the smoothing process to noisy data.
We observe that the power from 7, goes to 1 with a reasonable but slightly
slower rate than 71 VI shows, and it is from the smaller effective sample sizes
at each grid due to partial sampling. Although the lowest powers are observed
from 7% under all settings due to most significant loss of original information
with missing periods and noisy discretized measurements, we still see the power
gradually increases towards 1. Indeed, our extra simulations considering larger
values of d4 show that powers under 7 = 1 from 7, and T;* become 1 when
da = 13 and 17, respectively.

The simulation results from scenario B are illustrated in Figure 3. The results
under n = 100 and n = 200 are represented by full and dotted lines, respectively.
We observe a very similar pattern to that under scenario A with reasonable size
controlling at the 0.05 nominal levels and with the behaviors of the power for
dp > 0. We again confirm that power approaches to 1 when 7 = 1 under the
moderate magnitudes of the null-deviated signals. The power tends to 1 with
relatively slower but reasonable rates with an increase of dg for T}, and 7, due
to the same reasons described in results from scenario A. Again, we observe
the lowest powers achieved from 77 under dg > 0, they gradually approaches
towards 1. We note that extra simulations considering larger values of dp show
that powers under 7 = 1 for T* and T"* are attained as 1 when dg = 2.1 and 3,
respectively. It implies empirically consistent properties of our proposed tests.

Although we have only illustrated the simulation result for investigating the
finite sample performance of T, with N; = 80 in Table 1 and Figure 3, we ob-
served that the power and size of the proposed test are also well achieved with
N; = 60, where relatively rich response information is available over the do-
main. However, under the sparse setting, N; = 10 or 30, we observed relatively
unsatisfactory results with the finite sample analysis. We note that, in our sim-
ulation setting, the null-deviated signals visualized in Figure 1 are quite subtle,
with a delicate difference in the trend and visually detectable discrepancies only
at boundaries. Hence, we report a limitation of the proposed method for T3
such that the estimated regression coefficients calculated from noisy functional
responses collected over sparse grids may not be able to effectively detect subtle
trend differences near the boundary.

4. Real data application
4.1. The obesity prevalence trend change

We illustrate the practical application of the proposed testing procedure through
an analysis of the U.S. overweight and obesity prevalence data from 2011 to
2020. It is a part of the data of the U.S. residents regarding their health-
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(a) (b) (c)
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Fic 3. Empirical size and power at the 5% nominal level for testing Ho : 5;(t) € span{V (4)}
under scenario B for (a) fully observed response data, (b) partially observed response data,
(¢) irregularly observed functional data with additive measurement errors, and (d) irregularly
observed partial functional data with additive measurement errors (M, T = 1; @, 7 = 0.8;
A, 7=0.67; , M= 100; reeeerereeees , n=200).

Obese Overweight Normal

R s IR 8
g g g \
14 14 14
-4 -4 -4
& & &
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2012 2014 2018 2018 2020 2012 2014 2016 2018 2020 2012 2014 2018 2018 2020

Year Year Year

F1G 4. Percentages (%) of (a) obese, (b) overweight, and (c) normal weight adults among the
U.S. adults aged 20 and over populations from 2011 to 2020, from 50 states (gray lines) and
sample means (solid lines).

related risk behaviors and chronic health conditions, collected by the Behav-
ioral Risk Factors Surveillance System (BRFSS) through the state-based tele-
phone interview survey in cooperation with the Centers for Disease Control
and Prevention (CDC). The dataset contains crude rates of obese, overweight,
normal weight, and underweight groups for adults (aged 20 and over) from
50 states. Along with weight status, socioeconomic status is also measured
through educational and income levels of samples. In terms of income, each
survey sample is classified into one of five categories; less than $15,000, $15,000-
$24,999, $25,000-$34,999, $35,000-$49,999, and over $50,000. The full dataset
can be found at: https://chronicdata.cdc.gov/Behavioral-Risk-Factors/
Behavioral-Risk-Factor-Surveillance-System-BRFSS-P/dttw-5yxu.
Despite growing recognition of the problem, the obesity epidemic continues
in the U.S. with steadily rising obesity rates. For example, 1999-2000 through
2017-2018, U.S. obesity prevalence increased from 30.5% to 42.4%. Figure 4 il-


https://chronicdata.cdc.gov/Behavioral-Risk-Factors/Behavioral-Risk-Factor-Surveillance-System-BRFSS-P/dttw-5yxu
https://chronicdata.cdc.gov/Behavioral-Risk-Factors/Behavioral-Risk-Factor-Surveillance-System-BRFSS-P/dttw-5yxu
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lustrates such trends during recent 10 years from 50 states for obese, overweight,
and normal weight groups. The bold lines represent the sample mean trajectories
of each group, where its calculation is specified later with the model specifica-
tion (24). With the rising obesity rates, we observe decreasing proportions of
normal weight population along with seemingly constant rates of overweight
population. We apply the proposed methods to identify shape of the tendency
on prevalence rates for each group of the weight status. Furthermore, the gap
of obesity prevalence between low and high income groups changes during this
time is also examined.

We first investigate the shape of overall prevalence trend for each weight
group. Since data is collected over regular grids for all states with a few missing
values, we adopt the test statistic T}, for partially observed functional data. Let
Y;(t,n) denote the observed prevalence rate for given weight status group from
ith state. We formulate the intercept-only model with Z = 0 in (1) and rescaled
discrete time points 2011, ...,2020 to equally spaced t,, € [0, 1],

Yi(tm) = B(tm) + €(tm), i=1,...,50, m=1,...,10. (24)

Based on it, we obtain the least square estimates [(t,,) = Z?lei(tm)/M)
as the sample trajectories of each weight group, illustrated with bold lines in
Figure 4. To identify its shape, we consider the null hypotheses for the constant
and linear spaces, corresponding to Hy . : 5(t) € span{V (1)} and Hy; : 5(t) €
span{V'(2)}, respectively. Here, V(r) = {v;(t); t € [0,1]}]_, is an orthonormal
set we obtain by applying the Gram-Schmidt process to the polynomial basis
P(r) = {t'=1: ¢ €[0,1]}I_,, for r > 1. Table 2 shows calculated test statistic T},
and corresponding calculated p-values for each null hypothesis from each weight
group. Calculation details and numerical implementation steps are provided in
the Appendix. In Table 2, we reject the null hypothesis of constant space Ho .
for the obese and normal groups, but not Hy;. That is, at a significance level
less than 0.001, obesity prevalence has linearly risen over time, while rates of
normal weight population is linearly decreased. On the other hand, we could
not find any significant trend as we retain the constant shape hypothesis H .
at level 0.1 for the null hypothesis Ho_.

We next investigate the obesity prevalence over time associated with income
levels. In recent literature, statistical analyses on the association between in-
come levels and obesity rates have repeatedly reported that obesity prevalence
has been significantly increased at a faster rate mostly in relatively low-income
levels [39, 2, 27]. Figure 5 (a) illustrates obesity prevalence rates for five income
levels and their mean trajectories. While all five income levels present increasing

TABLE 2
Calculated test statistic Tn, and p-values (in parentheses) for null hypotheses of constant
and linear trends from each group of weight status.

Obesity Overweight Normal weight
Ho.:B(t) €span{V (1)} 23.13 (< 0.001) 1.16 (0.162) 14.74 (< 0.001)
Hy; : B(t) € span{V(2)} 0.34 (0.822) 0.16 (0.974) 0.17 (0.967)
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Fic 5. (a) Percentages (%) of obese prevalence by five income levels from 50 states and
(b) mean of differences of the obesity rates between group of income less than $15,000 and
group of income over $50,000, with fitted lines using linear bases (—————— ), using quadratic
bases (-------- ) and piecewise linear bases ( ——=—=——).

obesity prevalence over time, the group of income less than $15,000 shows the
highest rates while the groups of income over $50,000 illustrates the lowest rates.
We first apply the functional ANOVA to this data, a special case of our proposed
testing procedures corresponding to a part of [57]. To do this, we formulate the
model based on (4) by setting (250 x 4) matrix for X = diag{1s0, ..., 150} and
(250 x 1) vector of 1’s for Z. The null hypothesis for TANOVA corresponds to (3),
where V = {0}; i.e., Hy : 5;(t) =0, for t € [0,1], and j = 1,...,4. By applying
the proposed testing procedure, we obtain p-value < 0.001 and conclude that
significant differences on obesity rates among different income groups exist. We
then apply a type of post hoc test, specifically to examine how the gap of preva-
lence among lowest highest income group changes over time. Figure 5 (b) shows
mean trajectory of gap in obesity rates between the lowest and highest income
groups. It is observed that this gap tends to decrease over time and fitted linear
and quadratic trending lines are illustrated, respectively. We also consider the
fit with the piecewise linear bases, where its fitting details and testing results are
specified later. We apply the proposed procedure based on the test statistic 1),
to identify the shape of this gap. Let Y(t) = {Yicver1 (tm) "> Yievers(tm) T} 7,
where Yieper1(tm) is a vector of length 50 with the elements of obesity rates
for the lowest income group from 50 states at mth year. Similarly, Yieyers(tm)
denotes a vector for the highest income group. We then specify the model based
on (4) with X = (150,050) " and Z the length 100 vector of 1’s. Under given
model formulation, 8(t) represents the difference between two groups means.
Then two null hypotheses of linear and quadratic functional spaces are consid-
ered, Ho, : B(t) € span{V(2)} and Hy, : B(t) € span{V(3)}, respectively. By
applying the proposed testing procedures; for the test under Hy;, we obtain
T, = 10.75 with the p-value 0.02; and for the test under Hy 4, T, = 5.03 and
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p-value is 0.23. Under significance level a = 0.05, we fail to reject the quadratic
null space and conclude that the gap of obesity prevalence between lowest and
highest income groups is significantly decreasing with the quadratic shape. To
demonstrate the further application of our method with null hypothesis with
other types of bases, we try the hypothesis testing for Hy ,; : 5(¢) € span{U(3)},
where U(3) represent a set of three orthonormal B-spline bases derived from the
piecewise linear functions with knots at 0, 0.5, and 1, where the internal knot 0.5
is chosen by the estimated peak from the quadratic fit. Under this null hypoth-
esis, we obtain T;, = 4.70 and p-value 0.28. By comparing obtained p-value 0.28
with the p-value 0.23 derived from the null hypothesis Hy 4, we observe slightly
stronger statistical evidence on the conclusion for the piecewise linear shape on
gap between two groups under given sample sizes. We note that results from
smoothed trajectories through the test statistic T, leads the same inferential
conclusions for Hy, Ho 4, and Hg p, although they are not presented here. It
empirically demonstrates the performance of our proposed method in detecting
significant functional shape even under non-smoothed raw trajectories.

4.2. Human motion analysis in ergonomics

We illustrate another data example in automotive ergonomics, previously ana-
lyzed by [13, 46, 55, 7], and among others. The Center for Ergonomics at the
University of Michigan collected data on body motions of an automobile driver.
As part of the project, the right elbow angles of the test driver were captured
as time-varying responses when the driver’s hand leaves the steering wheel until
reaching 20 different locations in the car. There were 3 repeated reaches to each
of the different targets located near the glove compartment, headliner, radio
panel, and gear shifter.

We associate observed discrete trajectories of elbow angles R;;(t;;,) with
with the (z,y, z)-coordinate of a reaching target with extra variables as

3
Rij(tij,m = + Zak iJ, m dix + Zﬁl ij,m Czl
E
3

>

=1
fori=1,...,20, j = 1,2,3, and k = 1,..., N;, where (¢;1, ¢;2, ¢;3) represents
the (z,y, z)-coordinate of a target location with its origin at the initial hand
posture on the steering wheel and d;;’s are 0-1 dummy variables indicating four
nominal areas of different targets. Specifically, d;; = 1 if the target is located
near the headliner, d;» = 1 if the radio, d;3 = 1 if the gear shifter, and zeros
otherwise so that we set the glove compartment for the baseline location. By
adding the nominal target information to the conventional model, we are able

to statistically compare the changes of elbow angles from different experimental
conditions. Among 60 experiments, we drop one trial which has been excluded in
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the literature, where the researchers revealed that the driver’s motion was mis-
taken while reaching the target. See [13] for more details about the experimental
settings.

Since the observed discrete trajectories of elbow angles reveal some noise due
to measurement error, [13] applied the smoothing splines to raw data to respect
the smoothness of human motion and obtained pre-smoothed angle random
curve. We denote it as R;‘j(t), where the tracking time points Z;;1,..., %N,
were re-scaled to [0, 1] for each of 60 reaches. The pre-smoothed random sample
{R;‘j : 4 =1,...,20,j = 1,2,3} can be analyzed by the standard one-way
functional ANOVA. We note that the model (25) turns out to be adequate for the
data as the bootstrap-based test [13] does not reject the lack of fit compared with
the functional ANOVA model (p-value = 0.436). [5, 6] also considered similar
approaches to the driver’s motion prediction in a larger dataset by adding extra
variables to statistically control different experimental conditions.

In this example, we aim to analyze the shape of the time-varying motion
changes rather than find a predictive model for an arbitrary target location.
Based on the asymptotic equivalence between splines and certain class of kernel
estimates [47, 34|, we apply the proposed method to the pre-smoothed ran-
dom sample {]:ij ci=1,...,20, 5 = 1,2,3} to test the null hypothesis H§:
{a1, a2, a3} € span{V(2)} with the same V(2) defined in Section 4.1. We per-
form inference using T,y from Section 2.2 and find that the null hypothesis
cannot be rejected (T} = 3.16, p-value = 0.660). This result together with
Figure 6 shows that, compared to the glove reaching experiment, the driver
stretched their elbow less and moved slower at a constant relative angular ve-
locity when reaching different area. We also individually test several hypothe-
ses such as HY : {B1, B, B3} € span{V(2)} (I = 3.88, p-value = 0.930),
HJ* {11, 722,733} € span{V(2)} (T = 2.86, p-value = 0.710), and Hy*' :
{712,713, 723} € span{V (2)} (T;r = 4.68, p-value = 0.409). We close this section
by reporting that all twelve hypotheses we have tested were still not rejected
after applying the multiple comparison adjustment, both the Bonferroni and
Benjamini-Hochberg corrections, at 5% significance level, implying statistically
significant linear trends on them.

5. Discussion

We have presented a statistical procedure for testing shape-constrained hypothe-
ses on regression coefficients in function-on-scalar regression models, generaliz-
ing existing methods such as fANOVA that consider nullity hypotheses only. The
approach presented here enables inferences about temporal /spatially varying co-
efficient effects as well. The large sample properties of the proposed test were
investigated by deriving the asymptotic null distribution of the test statistic and
consistency of the test against local alternatives. The methodology was demon-
strated under three incomplete sampling situations; (i) partially observed, (ii)
irregularly observed error-prone, and (iii) composition of former two incomplete
functional response data. A few studies have recently illustrated goodness-of-fit
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Fic 6. The regression coefficient estimates of the model (25) are depicted. The solid and
dot-dashed lines are coefficient estimates and their 95% confidence bands, respectively. The
long-dashed lines show the estimates under the null hypotheses Hy ;.

tests for functional linear models under fully observed responses, but handling
incomplete sampling designs was not studied either in theory or practice. Fur-
thermore, the critical value in our methodology can be approximated with the
spectral decomposition of covariance function, for which one can easily exploit
the existing methods in the recent developments in functional data analysis.
A key aspect of the methodology developed here is the specification of a rele-
vant shape hypothesis of interest. Ideally, the application defines the relevant
shape space. Otherwise, we can use standard curve-fitting hypotheses defined
by, for example, polynomial basis functions, exponential functions, or periodic
functions cycling at different frequencies.

In Section 2.2, we considered functional data, where each sample path is ob-
served on randomly spaced discrete points of size N;. Assuming that NV;’s are
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increasing as the sample size increase, which is often called “densely observed”
functional data, we adopted the individual smoothing strategy as interpolation.
Another interesting and challenging situation is when the functional data are
so sparsely observed that the individual smoothing strategy employed here is
not effective. In this case, one may consider a functional principal components
based approach to reconstruct individual curves. Recently, [28] proposed op-
timal reconstruction of individual curves in which each of the incomplete n
functions is observed at discrete points considerably smaller than n in finite
sample analysis. They showed that the functional principal components based
approach can provide better rates of convergence than conventional smoothing
methods, where min;{N;} < n’ as n — oo for some 6 > 0. However, hypothesis
testing under the functional principal component analysis framework remains
to be developed.

Appendix A: Technical details
A.1. Numerical implementation

We first present the numerical implementation of the proposed test for the fully
observed response data. In practice, the response Y;(t) is collected in a discrete
manner over a dense grid ¢y, ..., ty,. For simplicity, we focus on the case N; = N
and all the individual functions are observed at a common grid of design time
points. If the design time points are different for different individual trajectories,
we can apply the kernel smoothing to obtain the evaluations at a common grid
points under its uniform consistency property, demonstrated in Section 2.2.
Suppose that two design matrices X and Z are orthogonalized as in (4) and a
set of orthonormal bases {v;; I = 1,...,r} is given for the null hypothesis (3). We

caleulate (p x N) matrix B = (B, ,..., B, )7, where B, = {3;(t1), ..., B;(tn)} T
is the least square estimator of 8, at each grid. The test statistic TEull s ob-
tained based on D = B— LB, where (px N) matrix D = (Dy, ..., Dy) is defined
with length p vector D,,,, m = 1..., N, and consists of jth row representing the
length NN regression residuals by fitting the linear regression for the response
3j with r-columns of matrix V as covariates. Here, each column of matrix V
are discretized orthonormal bases vy, ..., v, evaluated at N grid points. Then,
the test statistic 7' is approximated by N~! ZTanl D} (XTX)D,,. We next
find the empirical critical value for the level « test. We calculate the (N x N)
covariance matrix of residuals, denoted as I' = [Vmm/]1<m,m/<n, based on r; =
{ra(te), ... r(n)} T, i = 1,...,n, where ri(tm) = Yi(tm) — XB(tm) — ZA)(tm)
under A(t,,) = (ZTZ)_lzTY(tm). We then derive the discretized (s, t) follow-
ing the formula in (12), denoted as I, by calculating T’ = T'— Cioy=Tuy+ T,
where I'icy = (Y(o15- - - ,’?(C)N)T is the matrix of the fitted multi-response re-
gression values based on N separate regressions, with each column of I' as the
response, and the r-columns of V' as covariates. Simiarly, I'(,) is the matrix of
fitted multi-response regression values, with each row of I' as the response, and
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the r-columns of V' as covariates. Lastly, I'(.,) is the matrix of fitted values by
applying previous two steps to I subsequently We then generate a large boot-
strap samples of To Zk 1 )\kAk, A" A X where K denotes the number of
positive eigenvalues of I, and use its (1 — a)% quantile as the critical value.

To perform the proposed hypothesis testing under irregularly collected re-
sponse data with additive measurement errors, we replace Y;(t) by kernel smooth
estimates of ffi*(t), obtained by (15), and apply the procedures described for the
fully observed response data. To find the optimal smooth parameter in kernel
estimation, one may adopt the leave-one-out cross-validation.

For the application of the proposed testing procedure to partially observed
functional response data, we calculate (p x N) matrix D% = Bw — [,Bw, where
D¥ = (Dy,...,D%) and B; = (B¥(t1),..., 5 (ty))T, and approximate T;, =
NN DeT(XTX)DY. To find the empirical critical value for the level
« test, we estimate I' by employing nonparametric covariance surface estima-
tion method applicable to sparse functional data, available through the function
GetCovSurface in R package ‘fdapace’. The optimal bandwidth for the surface
estimation can be found through the cross-validation steps Next, we calculate
(st ) = Dorq 0i(tm)0i (tmr ) /m, and b(ty,) = Y1y 0i(tm)/n. Then (N x N)
matrix =, discretized version of ¥(s,t) in Theorem 2.1, can be derived, where
its (m, m’)-th element is calculated as Z,,,, = me/Hmm/. Here, (N x N) ma-
trix II has its (m,m’)-th element as I = 0(tm, tms )0(Em ) " b(tm ). We
next calculate = = = — @) — E@) + E(e,r), Where Z() and =,y are obtained
by following definitions of each term, described in the implementation for the
fully observed data. In practical application, we adopt the standardized test
statistic T, = N~ N | DuT(XTX)DY, where DY = D b(t,, )0 (t m7tm)—1/2

and obtain an approximate critical value from =Z* = =* — E*C) ”’(*T) + = (c )
where =¥, = Iy 115, with II* representing the standardized matrix of II

having unit variance for diagonals. The standardized testing procedure empir-
ically shows the improved performance in size controlling in simulation stud-
ies.

Lastly, we can calculate 7,;* by combining two previous steps, smoothing
process over observed trajectories and calculation of test-statistic under partial
structures.

A.2. Technical details for Section 2.1
Proof of Theorem 2.1

Suppose E(X|Z) = 0 without loss of generality. Under the null hypothesis,

w ~

B7(t) = XTWHR) T KTWEHET B, () + Z (1) + €(t)}
= Bo(t) + (XTWH)X) ' XTW(t)e(t),
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and let Z,(t) = \/ﬁ(ﬁw(t) — By (t)). Then, we can write

XTW()X\ ~1/nXTW(t)e(t)
Z”(t):( nb(t) ) nb(t)

Comb(t) (XTWEHX -1 /nXTW(t)e(t)
B Z?:l 5i(t) (Z?:l 5i(t)) nb(t)

Let X = (Xl, . ,XR)T, where Xz = (531'1, . 7j’ip)—r, and let

V,u(t) = n~ V2 TW(t)e(t) /b(t) (26)

be the p-variate random functions with the zero mean, corresponding to the third
term in (26). Its j-th element is specifically written as n=1/2 3" | #;;0;(t)e;(t)/
b(t). Let V), = (Vo (t1),..., Vn(tg)), where To = {t; € [0,1] : ¢=1,...,Q} is
a finite collection of any @ time points, for @@ > 1. By the multivariate CLT and
the mutual independence among %5, d;, and ¢;, we have

vee(Va) = (Va(ty), .., Viu(tg)) T 5 MVN(0,0,E® ©),

where = = [ﬁqq/] is the @ x @Q covariance matrix with

1<q,¢'<Q

Vg = Y(tq, tgr)v(tq, tq’)b(tq)_lb(tq')_l’

v = [\Iljj/]Kj i<p is the p x p matrix with ¥ = E(Var(X|Z)), and the Kro-
necker product of = and ¥ is given by
911 .- 191@\11
EU = : " c R(PR)x(»Q)
ﬁQl\I/ s ﬁQQ\If

We specifically derive = ® ¥ as follows. For p-variate random variable V,,(t,),
the diagonal of its asymptotic covariance matrix, i.e., (j,7)-th element of the
matrix, is derived as 'y(tq,tq)b(tq)*lE(ifj) = V¥4qVar(Z;;), and the (j,j')-th
element of the covariance matrix, for j # j', is Y(tq, t,)b(ty) " E(Zi;3i) =
UqqCov(Z;j5, Z;57). That is, the block diagonal covariance matrix of vec(V,,) is
W(tq,tg) V. We then examine the block off-diagonal covariance matrix of vec(V,,)
by calculating the covariance between V,(t4) and V,(ty), for ¢ # ¢'. we can
show that the diagonal (7, j)-th element of the covariance matrix is ¥qq Var(Z;;)
and the (j,j’)-th element of the matrix, for j # j', is ¥4q Cov(Z;;, Z;57). That
is, p x p off-diagonal block covariance matrix of vec(V,,) is written as ¥4 0.
By [16] and [9], the multivariate process {V,(t) : ¢t € [0,1]} converges to the
multivariate Gaussian process in distribution as

(V) : t€[0,1]} 5 GP,(0,,90),

where the finite-dimensional restrictions of ¥ is given by the covariance matrix =.
Next, we can show that the (p X p) matrix X" W(£)X/>""_ | 6;(¢) in the second
term of (26) converges to ¥ in probability, under the conditions C2 and C4.
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Let V,,(t) = (XTW()X/ S0, 6;(t))~" Vau(t), then V,(t) 5 GP,(0,,901),

for t € [0,1], by the Slutksy’s lemma. Note that

nb(t)
2 iz 0i(t)
where sup;¢o 17 |Z(t)] = SUPyeo,1] SUPje(1,....p} Zj(t), for p-variate random func-

tions Z(t) = (Z1(t),...,Z,(t))". Following the similar lines of the proof of
Theorem 4 and the Lemma 2.1 provided in [41], we have

sup |\~/n(t) — Zn(t)} < sup |[V,(t)|- sup
te0,1] te(0,1] te0,1]

1—

)

sup |\7n(t) — Zn(t)’ = Op(n_l/Q).
te[0,1]

Then Corollary 2.1 is an immediate consequence of Slutksy’s lemma.

Proof of Theorem 2.2 and Corollary 2.3

We first present the proof of Theorem 2.2. Following the similar arguments used
in Theorem 1 by [55], we have

P 1 P 0o
T, = Z/O W;(t)?dt + op(1) = Z Z ngm +op(1), (27)

where W = (W1, ..., W,)T ~ GP,(A,JL,). The eigen-decomposition of (s, t)
leads to W;(t) = >>°_ thjmém(t), where the series converges in L?, uniformly
for t € (0,1), and Vjm = (W, ém) ~ N{A;,dm), Am) independent for all
j=1,...,pand m > 1. Since | A;]13 = 205, [(Aj, ¢n)|? < o0 it follows that

> Var(7,) = > 2Xm (14218, 6m)|*/Am) < 00
m=1

m=1
for all j =1,...,p. Therefore,

(oo}

00 p
Ty zzlz;q/,?m 4 > A B, (28)
m=1 j=

m=1

%

?:1 w?m /Am has the non-central x2-distribution with p degrees

of freedom and the non-central parameter r2, = 72,/\. Since Wy,..., W,

m
are independent Gaussian processes, Bi, Bo, ... are independent. The proof of
Corollary 2.3 case (i) is a special case with non-centrality parameter on x>

distribution with p degrees of freedom.

where B,, =

Proof of Corollary 2.3 case (ii)

The proof with 7 € [0, 1) follows from Theorem 2.2 as W1/2(Z — £)(n"7/?A) —

00 as n — 0o. When 7 = 1, we assume that Y ~_, 72, = 0o. Let (j,, denote a
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standard normal random variable independent for all j = 1,...,p and m > 1.
We note that

B,

Il
i
"

:
~
>

3

(29)

Am + 2ﬁm§1m + 7Ty2n/)\m7

where p,, = §:1<Aj,qu>/\/)\m for m > 1 with A,, and B,, defined in the
previous theorems. It follows from Corollary 2.3 case (i) and (13) that

i > = >
lim P(Ta > to|Hin) P( Zl/\mBm > ta)

- - (30)
= P<T0 +2 ) Al + D T 2 ta).
m=1 m=1
Let 1% = >">°_ | A\, 7Z,. We note that
oo oo P 2
> Var(AmpmCim) = Y A?n( <Aj,¢m>/\/Am)
m=1 m:loo Jj=1 (31)
<P’ Ammy, = P10,
m=1
where II? < X\ Y% 72 =\ . A3 < oco. Therefore, we can write
Sy AmPmCim 2 11Z,, where Z ~ N(0,1) is independent of Ty. This com-

pletes the proof.

A.3. Technical details for Section 2.2

Lemma A.1. Let ni(t),...,nn(t) be independent and random functions. Sup-
pose that there exists By > 0 such that maxi<;<n E|n;||%, = O(By) for some
k > 2 and maxi<;<n Lip(n;) = Op(1), where Lip(f) denotes the Lipschitz con-
stant of f. Suppose that h < N~¢ for some o € (0, k—f) and that By = O(1).
Then,

sup
teo0,1]

N
N7 ewy (t)‘ =Op (N—l/Qh—l/%/log N) (32)
j=1

where &n j(t) = Kn(Tj — t)n;(t) — E(Kn(T; — t)n;(t)).
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Proof. For 0 < ¢ < =225 et 7;(t) = n;(0)I([[n)]lee < N1/2=¢p1/2) be the
truncation of 7;(¢) by the magnitude of N*/27¢h'/2. We claim that

N
N7y ey (t) =N Z En,;(t) +op(NTV201/2) (33)
=1

uniformly for ¢ € [0, 1], where &y ;(t) = Kp(T; — t)7;(t) — E(Kn(T; — t)7;(1)).
Then, it can be verified that

N7 i&vm' = Op(N"2071/2\/log N) (34)

sup
t€0,1]

s (32). To see this, let 75(m) denote a finite J-covering of [0,1] such that
1/6 < |Ts(m)] < N™, ie., any t € [0,1], there exists ¢ € T5(m) such that
[t —¢| < N-™ < 6. Tt follows that

1Z£N,j ‘

sup
t€[0,1]
N
< sup ’N ZfN,j(t)‘ + sup le(fN,j(t)—fN,j(t,))’.
te€Ts(m j=1 t,t’€[0,1]: [t—t/|<N—™ =

(35)
We note that the second term is negligible as

sup
t,t’€[0,1]: [t—t'|<N—™

IZ fNJ fNJ( ))‘

<onN-—" (T4 1/2—cp—3/2 -1 .

<o (Lip(RONY2-2 4 K oh™ o Tin(a)) (30
—0p (N—1/2h—1/2N—m (N1+a—c v N(l+a)/2))

_ OP(N71/2h71/2)

for some m > 0. Also, applying the standard techniques for the exponential
bound of large deviations, we get

N
P( sup ‘N ZENNJ(t)‘>C'-N1/2h1/2\/logN>
teTs(m) =1
N (37)
< > P(‘N‘1/2+Ch1/225N7j(t)’>C~NC\/10gN>
teTs(m) j=1

<2N™Fe=C¢ 0 (N = o)

for some large C' > 0, where ¢y = ¢o(K, o, ¢) > 0 is a constant that depends on
K, o, ¢ but Ts(m). Therefore, (35) together with (36) and (37) gives (34).
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Now, we prove the claim (33). Define & = (||n]lcc < NY/27¢h1/2) for j =
1,..., N. It follows from Markov’s inequality that

N N
P(N&)21- X Plinlle > N9
j=1

Jj=1

> BNNl—k(%—c) Bk/2

2

1By N ) L (v 5 o).

This implies that the 7);(¢) and 7;(¢) are equivalent to each other with probability
tending to 1 uniformly for ¢ € [0, 1]. We also note that

t:}(l)pl] ’E<Kh(Tj —t)(n;(t) — 7 (t))) ‘

= Sup ‘E(Kh(Tj = ) (O1(1In; [l > N1/2*0h1/2))’
te[0,1]

IN

1K |oo By N~ =D (3] pmt-(e-12

k—2—k

< K|l By N-c (5525 =) y-1/2-1/2 o(N~1/2p=1/2).

Finally, (38) and (39) imply (33), which completes the proof of the lemma. O

Lemma A.2. Let u(t) = EY (t) be continuously twice differentiable int € [0, 1],
where |1 ||o and |1 ||oo exist and are finite. Suppose that E|Y |k, < oo for
some k > 2 and that maxi<;<p ||Y'||cc @s bounded in probability. If P(N <
an) = o(n™1), where a,, < n’ for some 6 > 0, then

Y (t) = Y(t) = Op (rn(t) + n*e/Qh*1/2\/1ogn) (i=1,...,n) (40)

uniformly for t € [0,1], where h < n=%" for some o € (0, %), ra(t) < h? if
t € [h,1—h], and r,(t) < h otherwise.

Proof of Lemma A.2

Let {S, : n > 1} be a sequence of events defined as S, = (IV; > a,, for all i =
1,...,n). Then, P(S,) > 1—->" P(N; < a,) — 1 as n — co. We claim
that the stochastic expansion of (40) holds conditioning on S,,. Then, the the-
orem follows since N;’s are independent of (Y}, T;, X, Z;)’s, where P(S,) — 1
as n — oo. For simplicity, we may assume that Ni,..., N, are deterministic

integers bounded below from n°.
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To prove the stochastic expansion of (40), let A;(t) = N; ! Zjv;l Ki(T; ; —t)
denote the kernel density estimator of A(¢) and define

N;

g = N(®) T INTY  Kn(Tiy — e,
N;

gP () = M) TN K (T — 1) (Yi(Th) - Yi(t)),
j=1

where g; ; = Y%, — Yi(T; ;) in (14), so that we re-write YiA(t) = Yi(t) = gA(t) +
GB(t). Tt follows from Lemma A.1 that

N;
NS KT - 1)
j=1
N;
= N 'S E(K(Tiy — 1)) + Op (n_e/Qh_1/2\/log n)
j=1
N;
N;l Z Kh(Ti’j — t)&'i’j = Op (n_e/Qh_l/Q\/ 10g n), (42)
j=1
N;
N7EY D Kn(Tig =t (t)
j=1

N;
=N, 'Y E(Ku(Ti; — t)nij(t) + Op (n79/2h1/2s/10g n)
j=1

uniformly for ¢ € [0,1], where n; ;(t) = Y;(T; ;) — Y;(t). We note that the mag-
nitude of stochastic remainders are of the same order for all ¢ = 1,...,n as
(Y¥, T;,X;,Z;) are iid. By the standard theory of kernel smoothing, we also
get

E(Kn(T;; — 1)) = ro(t)A(t) + o(1),

E(mi; (1))
B h2 %M//(t))\(t "N },{2 to(h?) if te[h1—hl (43)
- OB + O(h) otherwise,

uniformly for ¢ € [0, 1], where
It : u"K(u)du if t € [0,h),
Kr(t) = f 1! uK(u)du if ¢t € [h,1—h], (44)
f w uK(u)du if t € (1—h,1]

for r = 0,1,2. Since kg(t) does not vanish and |k (t)| and |k2(t)| are bounded,
we get (40).
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Proof of Theorem 2.4

Recall that

1
T = /0 (Z-£)B) )" (XTX)(Z-L)B")(t)dt

:/1H(XTX)UZ((I—[,)B*)(t)szt (45)
/0 ; of (XTR)ETY (1),

where e; € RP be a unit vector whose k-th component is 1. We note that
Bi(t) = Bi(t) + T(XTX)*XT (Y*(t) — Y(t)) for each j = 1,...,p, where
@ (t) = e, T(XTX)"'XTY(t) is the least-squares estimator of £;(t) with fully

observed data. The large sample property of B(t) = (B1(t), ... ,Bp())T follows
from Theorem 2.1 by letting .# = [0,1] forall ¢ = 1,...,n. Since ||Z—L||op < 1,
it follows from the Cauchy-Schwarz inequality and Lemma A.2 that

/ H X)) (T - £)( H
< e;XTxejz / (e;r(szTX)—IXT(?*(t)_Y<t)))2dt
{ TXTXeJZ (ef (XTX)~ }Z/ V(1) — Yi(1))? dt.

= {e;rlllejtr(\ll_l) + OP(I)} -Op(nh® + nt=fp1 logn)

IN

= Op(n1—0(3/5)> (Vi=1,...,p).

The above result is analogous to the proof of theorems in [56]. On the other
hand, (11) gives

o] (X7%)""*@ - £)8] = []e] W * V(T - £)(B  By) | + or (1)
= OP(]-)’
for all j =1,...,p. Combining (46) and (47), we get

/0 H X))’ (Z-c)B H
Tn+/0 |&™%) (@ - )3 - B a

1
+ 2 /0 (XT%)*(z-£)(B" - B))@)] (ET%) (@ - £)B) 1)) i
=T, + Op(n*~73/%), (48)
This completes the proof.

(47)

*
TTL
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A.4. Technical details for Section 2.3
Proof of Theorem 2.6

We note that

P(T},, € A) = E[P(T;,, € Al6i(T;;,)=1)]
[P, e AT, =110)
B P(6:i(Tij,) = 1]6:)
fA (w)A(u) du
B fo (V) (v) dv

The above observation implies that, even if discrete observations are sampled
from the random segments of functional responses, the proposed method works
for this case if we impose additional conditions on the filtering process d; so that
the density of T}, given by

A(t)=F [1—
Jo 0i(w)A(v)d

satisfies the key design condition of Theorem 2.6.
For the boundedness of A*, we note that conditions (C1)-(C4) and the as-
sumptions on A imply the uniform lower bound,

S(HAD)] _ BOA®)  bodg
[[Alloo }_ [Mloe ™ [[Allso

A*(t) >E[ >0,

where by = infy b(t) and \g = inf; A(¢). Also, (19) gives the uniform upper
bound,

E
=5

1
fol 5i(v)dv1 . (49)

For the smoothness of A*, we note that

N(s) =N _ 1 E[ (A(s) - Zm()]
fo s(0)A(v) dv

(
s—t s—t )
ZJst ]

(50)

:ZE

Jj=1

where A (s,t) = 202X (5,4 € 7)), Ap(s,t) = 22 1(s € 7, t ¢ ), and
Aiz(s,t) = —% I(s ¢ Jl, t € .7;). Obviously, |Ai1(8,t)| is bounded (a.s.) since
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A has a bounded derivative. The moment condition (19) and the dominated
convergence theorem give

lim | At

st [ i 8i(0)A(v

)dv] N E{fol Si(0)A(v) d

To analyze A;s(s,t), using Hélder’s inequality with p~14¢~1 = 1 for p,q > 1,

we have
1
Azg(s t) < 1A lloo B 1 ARk {E‘H(sefﬂi,t¢fi) q}l/q
fo i dv|~ Ao [ 8i(v)dv s—t '
Doing the same with A;3, we claim that
PS5 .
lim sup L0i8) #6:(1) _ (52)
s—t |S - t|q

Indeed, it follows from (20) that

P(0i(s) # 0i(t))

T < 2C|s —tP79,
s —

provided that p > 2 > -5 = q. Therefore, combining (50), (51), and (52), we
conclude that the derlvatlve of \* is given by

Si(HN(t)
fo (v)A(v) dv

The boundedness of (A*)" can also be shown similarly as (49).

(A1) =

Derivation in Remark 2.7

We note that
I(s,t) = Cov(éi(s) 8i(t))

E[0;(s)8:(t)] — E[di(s)] E[6:(t)]
P(0i(s) =1, 0i(t) = 1) — b(s)b(2).
Similarly, we have
[(s,t) = Cov (1 — 8;(s), 1 — 6;(t))

— P(6(s) = 0, 6,(t) = 0) — (1 b(s))(1 — b{))-
It follows that

P(3i(s) # 0i(t)) =1~ P(di(s )=0 8;(t) = 0) — P(di(s) = 1,6i(t) = 1)
= {b(s)(1 = b(t)) = T(s,t)} + {b(t)(1 — b(s)) = T(s,1)}.
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Indeed,
b(s)(1 = b(t)) = T(s,t) = b(s)(1 = b(t)) — E[d(s)d(t)] + b(s)b(t)
=P(6;(s) =1) = P(8i(s) =1, §;(t) = 1)
= P(0;(s) =1, 6(t); = 0)

Similarly, we have

b(£)(1 = b(s)) — (s, ) = P(6;(t) = 1) — P(6i(s) = 1, 6,(t) = 1)
= P((Sl(s) = 0, (Sl(t) = 1).

Therefore, (20) and (21) are equivalent because

P(0i(s) # 0i(t)) = b(s)(1 = b(t)) + b(t)(1 = b(s)) — 20'(s, 1). (53)

Derivation in Remark 2.8

We note that
P(5(s) =1, 6(t) = 0) = P(Up41) < 8 < Upspyr < 1)

= pk// (v —u)*(1 —v)3 dudv,

where Cp , = % For g(s,t) f I k(1 — v)? dudv satisfying

g(s,s) = 0, the Leibniz rule and integration by parts glve

9(071)<57t) — 29(57” =(1- t)S/ u3(t — u)k du
ot 0

(54)
(1—1) Z s §)FH1HE
for some non-zero constants cg, . .., c3. Therefore, it follows from the mean value
theorem that
P(5(s) =1, 6(t) =0) < Cpilg(s,t) — g(s,s)]
< Cprls—t| sup ’g(o V(s )| (55)

uE(s,t]
< C;,kls - |k+2’

where C} ;= Cp ;maxc,. The case for P(8(s) = 0,6(t) = 1) can also be
verified similarly, and we get the condition (20).
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