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Abstract: Multiple heterogeneous data sources are becoming increasingly
available for statistical analyses in the era of big data. As an important
example in finite-population inference, we develop a unified framework of
the test-and-pool approach to general parameter estimation by combining
gold-standard probability and non-probability samples. We focus on the
case when the study variable is observed in both datasets for estimating
the target parameters, and each contains other auxiliary variables. Utilizing
the probability design, we conduct a pretest procedure to determine the
comparability of the non-probability data with the probability data and
decide whether or not to leverage the non-probability data in a pooled
analysis. When the probability and non-probability data are comparable,
our approach combines both data for efficient estimation. Otherwise, we
retain only the probability data for estimation. We also characterize the
asymptotic distribution of the proposed test-and-pool estimator under a
local alternative and provide a data-adaptive procedure to select the critical
tuning parameters that target the smallest mean square error of the test-
and-pool estimator. Lastly, to deal with the non-regularity of the test-and-
pool estimator, we construct a robust confidence interval that has a good
finite-sample coverage property.
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1. Introduction

It has been widely accepted that probability sampling, where each selected sam-
ple is treated as a representative sample to the target population, is the best
vehicle for finite-population inference. Since the sampling mechanism is known
based on survey design, each weight-calibrated sample can be used to obtain
consistent estimators for the target population; see [53], [15] and [24] for text-
book discussions. However, complex and ambitious surveys are facing more and
more hurdles and concerns recently, such as costly intervention strategies and
lower participation rates. [2] address some of the current challenges in using
probability samples for finite-population inference. On the other hand, higher
demands of small area estimation and other more factors have led researchers
to seek out alternative data collection with less program budget [69, 28]. In
particular, lots of attention has been drawn to the studies of non-probability
samples.

Non-probability samples are sets of selected objects where the sampling mech-
anism is unknown. First of all, non-probability samples are readily available from
many data sources, such as satellite information [36], mobile sensor data [40],
and web survey panels [62]. In addition, these non-representative samples are
far more cost-effective compared to probability samples and have the potential
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of providing estimates in near real-time, unlike the traditional inferences derived
from probability samples [42]. Based on these big and easy-accessible data, a
wealth of literature has been proposed which enunciates the bright future while
properly utilizing such amount of data (e.g., 18, 14, 61, and 41).

However, the naive use of such data cannot ensure the statistical validity of
the resulting estimators because such non-probability samples are often selected
without sophisticated supervision. Therefore, the acquisition of large whereas
highly unrepresentative data is likely to produce erroneous conclusions. [17] and
[23] present more recent examples where non-probability samples can often lead
to estimates with significant selection biases. To overcome these challenges, it is
essential to establish appropriate statistical tools to draw valid inferences when
integrating data from the probability and non-probability samples. Various data
integration methods have been proposed in the literature to leverage the unique
strengths of the probability and non-probability samples; see [73] for a review,
and the existing methods for data integration can be categorized into three types
including the inverse propensity score adjustment [50, 22], calibration weighting
[19, 31], and mass imputation [46, 30, 74, 11].

But most of the works assume that the non-probability sample is comparable
to the probability sample in terms of estimating the finite-population param-
eters, which may not be satisfied in many applications due to the unknown
sampling mechanism of the non-probability samples. Thus, the non-probability
samples with unknown sampling mechanisms may bias the estimators for the
target parameters. To resolve this issue, [47] propose a pretest to gauge the sta-
tistical adequacy of integrating the probability and non-probability samples in
an application. The pretesting procedure has been broadly practiced in econo-
metrics and medicine, and its implications are of considerable interests (e.g.,
[68, 63, 3, 72]). Essentially, the final value of the estimator depends on the out-
come of a random testing event and therefore is a stochastic mixture of two dif-
ferent estimators. Despite the long history of the application of the pretest, few
literature investigates the theoretical properties of the underlying non-smooth
distribution for the pretest estimators.

In this paper, we establish a general statistical framework for the test-and-
pool analysis of the probability and non-probability samples by constructing a
test to gauge the comparability of the non-probability data and decide whether
or not to use non-probability data in a pooled analysis. In addition, we con-
sider the null, fixed, and local alternative hypotheses for the pre-testing, rep-
resenting different levels of comparability of the non-probability data with the
probability data. In particular, the non-probability sample is perfectly compa-
rable under the null hypothesis, whereas it is starkly incomparable under the
fixed alternative. Therefore, the fixed alternative cannot adequately capture the
finite-sample behavior of the pre-testing estimator, under which the test statis-
tic will diverge to infinity as the sample size increases. Toward this end, we
establish the asymptotic distribution of the proposed estimator under local al-
ternatives, which provides a better approximation of the finite-sample behavior
of the pretest estimator when the idealistic assumption required for the non-
probability data is weakly violated. Also, we provide a data-adaptive procedure
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to select the optimal values of the tuning parameters achieving the smallest
mean square error of the pretest estimator. Lastly, we construct a robust con-
fidence interval accounting for the non-regularity of the estimator, which has a
valid coverage property.

The rest of the paper is organized as follows. Section 2 lays out the basic setup
and presents an efficient estimator for combing the non-probability sample and
the probability sample. Section 3 proposes a test statistic and the test-and-
pool estimator. In Section 4, we present the asymptotic properties of the test-
and-pool estimator, an adaptive inference procedure, and lastly a data-adaptive
selection scheme of the tuning parameters. Section 5 presents a simulation study
to evaluate the performance of our test-and-pool estimator. Section 6 provides
a real-data illustration. All proofs are given in the Appendix.

2. Basic setup
2.1. Notation: two data sources

Let Fy = {Vi = (X],Y))T : i € U} with U = {1,...,N} denote a finite
population of size N, where X; is a vector of covariates and Y; is the study
variable. We assume that Fly is a random sample from a superpopulation model
¢ and our objective is to estimate the finite-population parameter p, € R!,
defined as the solution to

1

2|

N
S8 =0, (2.1)

where S(V;; u) is a [-dimensional estimating function. The class of parameters is
fairly general. For example, if S(Vipu) =Y —p, pg =Yy =N~} Zfil Y; is the
population mean of ¥;. If S(V; ) = 1(Y < ¢)—p for some constant ¢, where 1()
is an indicator function, puy, = N 7! Zi\il 1(Y; < ¢) is the population proportion
of ¥; less than c. If S(V; ) = X(Y — XTp), gy = (N, XiXT)"H(N, X,Y5)
is the coefficient of the finite-population regression projection of Y; onto X;.

Suppose that there are two data sources, one from a probability sample,
referred to as Sample A, and the other from a non-probability sample, referred to
as Sample B. Assume Sample A to be independent of Sample B, and the observed
units can be envisioned as being generated through two phases of sampling [12].
Firstly, a superpopulation model ¢ generates the finite population Fy. Then, the
probability (or non-probability) sample is selected from it using some known (or
unknown) sampling schemes. Hence, the considered total variance of estimators
is based on the randomness induced by both the superpopulation model and
the sampling mechanisms; see Table 1 for the notations of probability order,
expectation and (co-)variance. For example, E, (- | Fn) is the average over all
possible samples under the probability design for particular finite population
Fn, and E(+) is the average over all possible samples from all possible finite
populations.
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TABLE 1
Notation and definitions.

Randomness order notation expectation  (co-)variance

probability design op(1),0p(1) Ep (- | Fn) varp (- | Fn),covp (- | Fn)
non-probability design  onp(1), Onp(1) Enp (- | Fn)  varnp (- | Fa),covap (- | Fn)
¢ model 0¢(1),0¢(1) E¢ () vare (+) ,cove (+)

total variance 0¢-p-np(1); O¢opmp(1)  E(+) var (+) , cov ()

Thus far, our focus has been on the setting where the covariates X and
the study variable Y are available in both the probability and non-probability
samples, which has also been considered in [21] and [20]. The sampling indicators
are denoted by 04, and 0 ;, respectively; e.g., 64,; = 1 if unit ¢ is selected into
Sample A and zero otherwise. Sample A contains observations O4 = {(d; =
T4 l,Xz,Y) i € A} with sample size n4, where w4 ; is the known first-order
inclusion probability for Sample A, and Sample B contains observations Og =
{(X;,Y;) : i € B} with sample size np. The unknown propensity score for being
selected into Sample B is denoted by np ;. Here, A and B denote the indexes
of units in Samples A and B with total sample size n = n4 + np and negligible
sampling fractions, i.e., n/N = o(1). Let the limits of the fractions of Sample A
and B be f4 =lim,cona/n and fp = lim, o np/n with 0 < fa, fp < 1.

2.2. Assumptions and separate estimators

As observing (X;,Y;) for all units ¢ in U is usually not feasible in practice, we
can estimate the population estimating equation (2.1) by the design-weighted
sample analog under the probability sampling design

O ¢

7TA7,

yielding a design-weighted Z-estimator ji4 [65]. When S(V; 1) is a score function,
the resulting estimator will be a pseudo maximum likelihood estimator [58]. For
example, for estimating Y, we have S(V;u) = Y — u, which leads to iy =
(Ef\il 5A,i77271¢)_1 Zf\il 6A7i7r2,1iYi. We now make the following assumption for
the design-weighted Z-estimator.

Assumption 2.1 (Design consistency and central limit theorem). Let ji4 be the
corresponding design-weighted Z-estimator of pg, which satisfies that vary(fia |
Fn) = Oc(ny") and {vary(ia)}y V2 x (fia —pg) | Fn — N(0,1) in distribution
asny — 0.

Under the typical regularity conditions [24], Assumption 2.1 holds for many
common sampling designs such as probability proportional to size and stratified
simple random sampling. Under Assumption 2.1, fis is design-consistent and
does not rely on any modeling assumptions. This explains why the probability
sampling has been the gold standard approach for finite-population inference,
and we make this assumption throughout this article.
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Let f(Y | X) be the conditional density function of ¥ given X in the super-
population model ¢, and let f(X) and f(X | 5 = 1) be the density function
of X in the finite population and the non-probability sample, respectively. To
correct for the selection bias of the non-probability sample, most of the existing
literature considers the following assumptions [e.g., 46, 66, 12].

Assumption 2.2 (Common support and ignorability of sampling). (7) The vec-
tor of covariates X has a compact and convex support, with its density bounded
and bounded away from zero. Also, there exist positive constants Cy; and C,, such
that C; < f(X)/f(X | g = 1) < Cy, almost surely. (ii) Conditional on X, the
density of Y in the non-probability sample follows the superpopulation model;
ie, fY|X,0p=1)=f(Y | X). (iii) The sample inclusion indicator ép,; and
dp ; are independent given X; and X; for i # j.

Assumption 2.2 (i) and (ii) constitute the strong sampling ignorability condi-
tion [50]. Assumption 2.2 (i) implies that the support of X in the non-probability
sample is the same as that in the finite population, and it can also be formulated
as a positivity assumption that P(6p = 1 | X) > 0 for all X. This assumption
does not hold if certain units would never be included in the non-probability
sample. Assumption 2.2 (ii) is equivalent to the ignorability of the sampling
mechanism for the non-probability sample conditional on the covariates X, i.e.,
P(op = 1| X,Y) =P(ép = 1 | X) [34]. This assumption holds if the set of
covariates contain all the outcome predictors that affect the possibility of be-
ing selected into the non-probability sample. Assumption 2.2 (iii) is a critical
condition to employ the weak law of large numbers under the non-probability
sampling design [12]. Under Assumption 2.2, the non-probability sample can be
used to produce consistent estimators. However, this assumption may be unre-
alistic if the non-probability data collection suffers from uncontrolled selection
biases [6], measurement errors [17], or other error-prone issues. Thus, we con-
sider Assumption 2.2 as an idealistic assumption, which may be violated and
require pretesting.

Under Assumptions 2.1 and 2.2, let ®4(V,04; 1) and ®p(V,54,05;1) be
two [-dimensional estimating functions for the target parameter 11, when us-
ing the probability sample and the combined samples, respectively. In prac-
tice, ®4(-) and P (-) may depend on unknown nuisance functions, and solving
E{®A(V,04;1)} =0 and E{®p(V,04,dp; 1)} = 0 is not feasible. By replacing
the nuisance functions with their estimated counterparts, and the expectations
with the empirical averages, we obtain fis and jip by solving

N N
1 ~ 1 ~
- (0] i,6 Qs = U, - (0] Z‘,(; i75 Qs = U, 2.
N; (Vi baiip) =0 N; 5(Vis0ai0piipm) =0, (2.3)
respectively, where {® 4(-), ®p(-)} are the estimated version of {®4(-), ®p(-)}.
Remark 2.1. For estimating the finite population means, that is, py, = Y N,

D 4(-) and Pp(-) are commonly chosen as

Ba(Vidain) = SV — ), (2.4)
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0B
75 (X)

(Y —m (X))} + i—im (X)—p (25

p(V,04,0p; 1) =

where 1g(X) =P = 1] X) and m(X) = E(Y | X,05 = 1). To obtain the
estimators 1o and ig, parametric models mp(X; ) and m(X; 8) can be posited
for the nuisance functions mg(X) and m(X), respectively.

In addition, researchers might be interested in estimating the individual-level
outcomes rather than the population-level outcomes. In this case, ® () and
Dp () can be specified for estimating the outcome model m(X; ) as:

Py(V,04;8) = j—i%?m{if —m(X;6)}
By(V,64,08:8) = (i—i v WS(BXJ amgg;ﬁ){y —m(X; ).

Next, we adopt the model-design-based framework for inference, which in-
corporates the randomness over the two phases of sampling [27, 37, 7, 70]. The
asymptotic properties for ji4 and fig can be derived using the standard M-
estimation theory under suitable moment conditions.

Lemma 2.1. Suppose Assumptions 2.1, 2.2 and additional regularity condi-
tions A.1 hold. Then, we have

12 [ Ha — Hy . O1x1 Va T 9.6
! (ﬂB—Mg> N{<le1 "\ TIT Ve ’ 26)

where Vo, Vg, and T' are defined explicitly in the Appendiz.

In Lemma 2.1, we extend the conditional normality to unconditional as in
[55], which implies that the asymptotic (co-)variances terms V4, Vg and T refer
to all the sources of uncertainty over the two phases.

2.3. Efficient estimator

Under Assumptions 2.1 and 2.2, both 14 and fig are consistent, and it is ap-
pealing to combine fi4 with fig to achieve efficient estimation. We consider a
class of linear combinations of the functions in (2.3):

N
Z{@A(Vi, daisp) +A®E(Vi, 044,084 1)} =0, (2.7)

i=1

where A is the linear coefficient that gauges how much information of the non-
probability sample should be integrated with the probability sample. Equation
(2.7) leads to a class of composite estimators which is a weighted average of
ia and fip with A-indexed weight wa and wg. When A = 0, (2.7) provides
the design-consistent estimator fi4. The optimal choice Aeg can be empirically
tuned to minimize the asymptotic variance of the composite estimator, leading
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to the efficient estimator fi.g. However, the major concern for jiog is the possible
bias due to the violation of Assumption 2.2 (ii) for the non-probability sample.
When it is violated, it is reasonable to choose A = 0 and prevent any bias
associated with the non-probability sample.

3. Test-and-pool estimator

Motivated by the above reasoning, we develop a strategy that pretests the com-
parability of the non-probability sample with the probability sample first and
then decides whether or not we should combine them for efficient estimation.
We formulate the hypothesis test in Section 3.1, and construct the test-and-pool
estimator in Section 3.2.

3.1. Hypothesis and test

We formalize the null hypothesis Hy when Assumption 2.2 holds, and the fixed
and local alternatives H, and H,, when Assumption 2.2 is violated. To be
specific, we consider

Ho : E{®p(V,04,0p;11g,0)} =0, (3.1)
Hy : E{®@p(V, 64,085 pg,0)} = Ntix (3.2)
Hop  B{®E(V,04,05: 11g.0)} = ng' /"1, (3-3)

where 11,0 = E¢(pg), 1y = g0 + Oc(N7Y?), and ngy, 1 are two fixed pa-
rameters. The fixed alternative H, is commonly considered in the standard
hypothesis testing framework. However, it enforces the bias of the estimating
function ®5(-) to be fixed and indicates a strong violation of Assumption 2.2,
under which the test statistic T" will diverge to infinity with the sample size.
Moreover, the inference under the fixed alternative can not capture the finite-
sample behavior of the test well and lacks uniform validity. On the contrary, the
local alternative provides a useful tool to study the finite-sample distribution of
non-regular estimators when the signal of violation is weak, i.e., in the ng” 2
neighborhood of zero. In such cases, we allow the existence of a set of unmea-
sured covariates whose association with either the possibility of being selected
into Sample B or the outcome is small. Also, the local alternative H, ,, is more
general in the sense that it reduces to H, with n = 400, and has been widely
employed to illustrate the non-regularity settings, such as weak instrumental
variables regression [59], regression estimators of weakly identified parameters
[13] and test errors in classification [33]. We will mainly exploit the local alter-
native to show the inherent non-regularity of the pretest estimator.

Under the null hypothesis (3.1), fi is consistent, and hence, it is reasonable to
combine fis and g for efficient estimation. However, when the null hypothesis
is violated as in (3.3), the efficient estimator is biased. Lemma 3.1 presents the
asymptotic properties of the separate and efficient estimators under H, ,,.
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Lemma 3.1. Suppose Assumptions 2.1, 2.2 (i) and (i), and all the regular-

ity conditions in Lemma 2.1 hold. Then, under the local alternative H, ,, the
asymptotic distributions for jia and lip are

n1/2( Ha — Hg >
UB — Hg

- {( )-(1 )}
— I3 PEAODB(V, 04,055 1g0) /0p} ' )\ TT Ve ) [

The asymptotic distribution of the efficient estimator [ieg is

02 (flegr — pg) =N {ber(n), Vesr} ,

(3.4)

where beg (n) = —f];l/QwB(Aeff)E {005(V,04,08; 11g.0)/0u} " 1. The exact form
of wp(Aet) and Veg are presented in Lemma A.35.

By Lemma 3.1, among the three estimators fia, fip and feg, when Hy holds,
e 1s optimal because it is consistent and the most efficient; while when Hy is
violated, 14 is optimal because it is consistent but the other two estimators are
not.

We now use pretesting to guide choosing the estimators. To test Hy, the key
insight is that fi4 is always consistent for p, by Assumption 2.1, and if Hy holds,
&)Bm(ﬁA) = n}B/ZN_1 Zf\;l ‘53(%, d4,i,0B,;fta) should behave as a mean-zero
random vector asymptotically. Thus, we construct the test statistic T" as

T = {&nnn)} S {Banlin)}, (35)

where 37 is the asymptotic variance of ®p ,(j14,7), and ET is a consistent
estimator of X7. The exact form of X7 in (A.15) involves V4, Vg, and I'. Thus,
f)T can be obtained by replacing the unknown components in the expression of
Yr with their estimated counterparts, and the expectations with the empirical
averages. In addition, we can consider the replication-based method for variance
estimation in Algorithm B.1 adapted from [35].

Lemma 3.2 serves as the foundation for our data-driven pooling step in Sec-
tion 3.2.

Lemma 3.2. Suppose Assumptions 2.1, 2.2 (i) and (iii), and all the regularity
conditions in Lemma 2.1 hold. Under Hy, the test statistic T—x?, i.e., a chi-
square distribution with degree of freedom . Under H, T—>X12(7]TE;177/2) with
non-central parameter nTE;ln/2 as n — oco.

3.2. Data-driven pooling

If T is large, it indicates that Hy may be violated and thus it is desirable to retain
only the probability sample for estimation. If T" is small, it indicates that Hy may
be accepted and suggests combining the probability and non-probability samples
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for efficient estimation. This strategy leads to the test-and-pool estimator fiiap
as the solution to

N

S {BA(Vi, a5 1) + LT < ¢ )APp(Vi,6a4,05:50)} =0,  (3.6)
=1

where ¢, is the (1 — ~) critical value of x7. In (3.6), we can fix A to be the
optimal form A.g leading to an efficient estimator under Hy in Section 2.3.
Alternatively, we view ¢, and A jointly as tuning parameters that determine how
much information from the non-probability sample can be borrowed in pooling.
Larger ¢, and A borrow more information from the non-probability sample,
leading to more efficient but more error-prone estimators, and vice versa. We
will use a data-adaptive rule to select (A, c,) that minimizes the mean squared
error of fliap.

Remark 3.1. Compare to the t-test-based pooling estimator in [38], our pro-
posed method is more general in the sense that (a) the auziliary covariates are
used to provide a more informative model of p14; (b) our test statistic T is mo-
tivated by the estimating function, which can be more robust to model misspec-
ification, and (c) a data-adaptive selection of (A, c.,) is adopted for minimizing
the post-integration mean squared error.

4. Asymptotic properties of the test-and-pool estimator

In this section, we characterize the asymptotic properties of fita,. Before pro-
ceeding further, we introduce more notations. Let I;«; be a [ x [ identify matrix,
Fi(-;n) be the cumulative distribution function for x7 with non-central param-
eter 7, and F;(-) = Fi(+;0). Denote Voo = V4 — Vog and Vpog = Vi — Vo,
which are both positive-definite.

4.1. Asymptotic distribution

By construction, the estimator fiap is a pretest estimator that first constructs T’
for pretesting Hy and then forms the test-based weights for combining fi4 and
pp. It is challenging to derive the asymptotic distribution of fitap because it is
involved with the test statistic T and two asymptotically dependent components
s and fig. In order to formally characterize the asymptotic distribution of
Ltap, we decompose the asymptotic representation of figap, by two orthogonal
components, one is affected by the testing and the other is not.

First, by Lemma 3.1, let n/2(jia — py)—Z1 and n'/?(jip — p1y)—Z2, where
7y and Zy are multivariate normal random vectors as in (3.4).

Second, by Lemma 3.2, asymptotically, we write T as a quadratic form Wi W,
with Wy = —fjlg/QZ;lﬂIE {8©B(ug,0,7'0)/8,u}_1 (Zy — Z3). We then find an-
other standardized [-variate normal vector W; = é/ 2251/ {rT — V) (T —
Va)~YZy + Zs} that is orthogonal to Wy, where cov(Wy, Wa) = 0;x;, E(W7) =



1502 C. Gao and S. Yang

w1, var(Wy) = Ix; and E(Ws) = pe, var(Ws) = Ijx;, Xg is introduced for the
purpose of standardization.

Third, fitap can be asymptotically represented by two components involving
W1 and Wy, respectively, one component is affected by the test constraint and
the other component is not. Following the above steps, Theorem 4.1 character-
izes the asymptotic distribution of figap.

Theorem 4.1. Suppose the assumptions in Lemma 3.1 hold except that As-
sumption 2.2 (ii) may be violated as dictated by Hg p, in (3.3). Let W1 and Wa
to be independent normal random wvectors with mean py and pe (given below,
which vary by hypothesis) and variance matrices I;x;. The test-and-pool estima-
tor Hiap follows the following asymptotic distribution
1/2 1/2 1/2
12 (Beap — f1g)— —Veg Wi+ (waVylop _wBVB—eH)W[%,cw] w.p. &,
ap g 1/2 1/2
—VIPW 4 V2 W wp. 1-¢,

[Cw 700]

where W[ta’b] is the truncated normal distribution Wy | (a < WIWs < b) and
€ = Filey: 1 /2).

(a) Under Hy, p1 = po = 0,& = Fi(cy;0) = 7.

(b) Under Hy p, 11 = fEEI/QE {8<I>B(ug70,7'0)/3,u}_1 n, pg = 72;1/277 and
§ = Fi(cy; 13 p12/2).

Theorem 4.1 reveals that the asymptotic distribution of fiy., depends on
the local parameter n and thus characterizes the non-regularity of the pretest
estimator. When Hj is violated weakly (a small perturbation in the true data
generating model), the asymptotic distribution of fiyap, can change abruptly
depending on 7. The non-regularity of fii, also poses challenges for inference
as shown in Section 4.3. Based on Theorem 4.1, we derive the asymptotic biases
and mean squared errors of fitap, under Hy and H, ,,, which serve as the stepping
stone to a data-driven procedure to select the tuning parameters A and c,.

4.2. Asymptotic bias and mean squared error

Based on the Theorem 4.1, the asymptotic distribution of fiy., involves elliptical
truncated normal distributions [60, 4]. To understand the asymptotic behavior
of our proposed estimator, it is crucial to comprehend the essential properties
of elliptical truncated multivariate normal distributions. We derive the moment
generating function and subsequently the mean square error of the estimator
Htap- The exact form of mean squared error given by mse(A, c,;n) in (B.13),
albeit complicated, reveals that the amount of information borrowed from the
non-probability sample (controlled by A and c,) should tailor to the strength
of violation of Hy (dictated by local parameter 7). For illustration, we consider
a toy example in the supplemental material.

We search for the optimal values (A*,c}) that minimize mse(A, c,;7) using
standard numerical optimization algorithm [39], where i = ®p ,,(f1a,7). Note
that the decision of rejecting Hy or not is subject to the hypothesis testing
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errors, namely the Type I error and Type II error. That is, the test statistic
T can be larger than c, even when Hy holds; similarly, it can be small when
H, , holds. However, the data-adaptive tuning procedure aims at minimizing
the mean squared error of the estimator jitap, which implicitly restricts these
two testing errors to be small.

4.3. Adaptive inference

Standard approaches to inference, e.g., the nonparametric bootstrap, require the
estimators to be regular [56]. In non-regular settings, researchers have proposed
alternative approaches such as the m-out-n bootstrap or subsampling. However,
these approaches critically rely on a proper choice of m or the subsample size;
otherwise, the small sample performances can be poor. The non-regularity is
induced because the asymptotic distribution of the estimator fitap depends on
the local parameter, thus, it does not converge uniformly over the parameter
space. [33] propose adaptive confidence intervals for test errors in the classifi-
cation problems. Following this idea, we construct the bound-based adaptive
confidence interval (BACI) for the estimator is.p that guarantees good cover-
age properties. To avoid the non-regularity, our general strategy is to derive
two smooth functionals that bound the estimator fitap. Because these two func-
tionals are regular, standard approaches to inference can be adopted and valid
confidence intervals follow.

To be concrete, we construct a bound-based adaptive confidence interval
for aTug, where a € R! is fixed. By Theorem 4.1, we can reparametrize the
asymptotic distribution of a™n'/?(fiap — 1) as

aT’I’Ll/Q(//L\tap — Mg)—>Rn + aTwB(Vé_/j.f + VAl_/lef)Un> (41)
where
R, = —aTVCi:f/ZT/Vl +aT (wAVQ_/C% — OJBvBl_/CZH)WZ + aTWB(V];-/CQH + VAl—/CQfY)MfCMOO)’

_ t t
Un = W[cn,,oo) - :U’[c,y,oo)v

and ufc% ) = p21,1,, ¢, - By construction, R, is regular and asymptotically
normal, but U, is nonsmooth. Nonsmoothness and nonregularity are interre-
lated. To illustrate, if puo = 0, U, follows a standard truncated normal distribu-
tion with truncated probability P(WJ W5 < ¢, | po = 0); whereas, if |p2] — oo,
P(WJW> < ¢y | pe) diminishes to zero, implying that U, follows a standard
normal distribution. Thus, the limiting distribution of a™n'/?(fig, — Ltg) is not
uniform over local parameter us (or equivalently 7).

Our goal is to form the least conservative smooth upper and lower bounds.
An important observation is that if |us| is sufficiently large, we may treat
U, as regular. Thus, we define B as the nonregular zone for ulus such that
max,1,,cn P(WyWy > ¢y | p2) < 1 — ¢ for small € > 0 and BC the regular

zone. When plus € ]B%E, standard inference can apply, and bounds are only
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.
— P(WyWo>c lujhz) - - P(T2 V) Haht2

Fic 1. Illustration of the nonregular zone B (shaded) and two power functions: the solid and
dash lines are P(WJ Wy > cy | plp2) and P(T > vy | pIp2) as functions of plua, respectively.

needed when ulus € B to avoid the inference procedure to be overly con-
servative. We then require another test procedure to test ulus € B against
e € BE. Toward this end, we use T > wv,, where v, is chosen such that
max,1,,ecp P(T" > v, | p2) = & for a pre-specified a. Figure 1 illustrates the
regular and nonregular zones and the test. If T' > v,,, we conclude the regularity
of the estimator [itap and construct a normal confidence interval, but if T' < vy,
we construct the least favorable confidence interval by taking the union for all
pz € RY In practice, v, can be determined by the double bootstrapping sat-
isfying the regularity condition that lim, . v,/n = 0; see Section B.4 of the
supplemental material for more details.

Accordingly, U,, can be decomposed into two components U,, = (W[tcwoo) —
”)fcw,oo))lTZUn + (W[’fcwoc) - u’[fcmoo))lT@n and only regularize (i.e., deriving
bounds for) the latter component. Continuing with (4.1), we can take the supre-
mum over all ps in the nonregular zone to construct the upper bound U (a),

U(a) =R + aTwp(Va/ae + VAla) (W ) = e, o)) 1720,

1/2 1/2 (4.2)
+ sup {aTwB(VB-/eff + VA-/eff)(W[tc,y,oo) - :u’fc,y,oo))} 1T<vn

o €ER

The lower bound L(a) for a™n'/?(fitap — pt4) can be computed in an analogous
way by replacing sup with inf in (4.2). Taking the supremum and the infimum
of p12 over R! renders the two bounds U(a) and L(a) smooth and regular. The
limiting distribution of U(a) is

1/2 1/2
U(a)_>R + aTwB(VB-/eff + VA—/eff)(W[tc,Y,oo) - Mfc,y,oo))l,u{,,uzeﬁc
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+ sup {aTwB(Vé-/ezﬁ + VAI-/eQﬁ“) (W[tcw,oo) - :ufcw,oo))} 1#;;&63' (43)
o €R
Similarly, the limiting distribution of L(a) is (4.3) by replacing sup with inf.
Based on the limiting distribution of U(a) and L(a), if P(udus € B) = 0, U(a)
and L(a) have approximately the same limiting distributions as aTn'/?(figap —
pg). However, if P(ulpus € B) # 0, U(a) is stochastically larger and L(a) is
stochastically smaller than aTn'/?(fisp — fig)-
Based on the regular bounds U(a) and L(a), we construct the (1 —a) x 100%
bound-based adaptive confidence interval of aTu, as

CpAL(a) = |aT figap — Ur—as2(a)/ /1, a"fisap — Laya(a)/v/n | (4.4)

where Uy(a) and Lg(a) approximate the d-th quantiles of the distribution of U (a)
and L(a), respectively, which can be obtained by the nonparametric bootstrap
method.

Theorem 4.2. Assume the conditions in Theorem 4.1 hold true. Furthermore,
assume matrices Y, g in Lemma 3.1 and their consistent estimates Xp,Xg
are strictly positive-definite, and the sequence vy, satisfies v, — 0o and vy, /n — 0
with probability one. The asymptotic coverage rate of (4.4) satisfies

P {aT,ug € Cgﬁlcla(a)} >1—a. (4.5)

In particular, if Assumption 2.2 is strongly violated with P(ulps € IB%C) =1, the
inequality in (4.5) becomes equality.

Remark 4.1. We discuss an alternative approach to construct valid confidence
intervals for the non-regular estimators using projection sets [48] (referred to as
projection-based adaptive confidence intervals (PACI), Cﬁﬁgia(a)). The basic
idea is as follows. For a given g, the limiting distribution of [icap s known and
a regular (1 — a1) x 100% confidence interval C, 1-a,(a; u2) of aTpy can be
formed through the standard procedure. Since us is unknown, a (1 — a) x 100%
projection confidence interval of pg can be conservatively constructed as the
union of all C,, 1-4,(a; p) over po in its (1 — az) x 100% confidence region,
where o = &1 +as. Such strategy may be overly conservative, and in that way, the
projection-based adaptive confidence interval then introduces a pretest in order to
mitigate the conservatism. If the pretest rejects Ho : pypz € B, Cp, 1-a, (a; [i2)
is used; otherwise, the union of C,, 1-a,(a;p2) is used. The technical details
for the Cgigia(a) are presented in the supplemental material. Our simulation

study later shows that the Cﬁigla(a) is more conservative than the proposed

Cinila(a).

5. Simulation study

In this section, we evaluate the finite-sample performances of the proposed esti-
mator [igap and Cﬁﬁ?la(a). First, we generate the finite population Fy with size
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N = 10°. For each subject i, generate X; = (1, X1 ;, X2,;)T, where X7 ; ~ N(0,1)
and Xa; ~ N (1,1), and generate Y; by V; = 1+ X1 ; + Xo,; +u; +u? +¢;, where
u; ~N(0,1) and €; ~ N(0,1). Generate samples from the finite population Fn
by Bernoulli sampling with specified inclusion probabilities

log (&) ‘ Xi=vy+ .2X17i + ~1X2,i»

1—ma,
IOg <17TB,1> | X, =vp+ ~1X1,i + .2X27i + .5n§1/2bui,
— B,

where v4 and vp are adaptively chosen to ensure the target sample sizes ny ~
600 and np =~ 5000. We assume that (X;,Y;) are observed but u; is unobserved,
and we vary b in {0, 10, 100} to represent the scenarios where Hy holds, is slightly
violated or strongly violated, respectively.

We compare the estimator fiy., with other estimators: (a) fa: the solu-
tion to Zfil DA(Vi, 045 0) = 0 with ®4(Vi,04,4; 1) defined in (2.4). (b) fg:
the naive sample mean figz = (Zfil 6pi)~ ! Zf;l dp.iYi. (¢) [iar: the solution
to Zfil Op(V;,04.4,0B,4; 1,0, ) = 0 with ®5(V;,04,:,0B.4; 1, @, 3) defined in
(2.5), where («, ) are estimated by using the maximum pseudo-likelihood es-
timator @ and the ordinary least square estimator 3 [26]; see Equations (B.2)
and (B.4). (d) fies: the solution to (2.7) with the optimal choice Ag speci-
fied in (A.11) and the consistent estimators (a, E) obtained from (c). (e) fes.5:
Left, where « is estimated in the same manner as (c¢) but § is estimated solely
based on the non-probability sample; see Equation (B.3). (f) fefr:km: Hoft, where
(o, B) are estimated simultaneously by adopting the methods proposed by [29];
see Equations (B.5) and (B.6). (g) Htaps Htap:B, Htap:ka: the solution to (3.6),
where (A, cy) are chosen by our data-adaptive procedure with (e, B) obtained
from (d), (e), (f), respectively. (h) [iBayes:1, [Bayes:2, HBayes:3: the Bayesian ap-
proaches for combining the non-probability sample with the probability sample
assuming different informative priors [52].

For all estimators, we specify the model 75(X; @) to be a logistic regression
model with X; and the outcome mean model m(X; 5) to be a linear regression
model with X;. For non-regular estimators fitap, Htap:p and [lef:KH, We COL-
struct the CEﬁ?{a(a) in (4.4) with a data-adaptiv choice of v, the Cgﬁga(a)
with a fixed v,, = loglog n{(CE;“flg (a)} (BACIp), and the (Cﬁfgl_a(a). For any
confidence intervals requiring the nonparametric bootstrap, the bootstrap size
is 2000. For the Bayesian estimators, the point estimates are obtained by the
Markov chain Monte Carlo sampling with size 2000 after additional 500 burn-in
samples.

Table 2 reports the bias, variance and mean squared error of each estimator
over 2000 simulated datasets. The benchmark estimators 14 have small biases
across all scenarios, guaranteed by the probability sampling design. On the other
hand, the non-probability-only estimators fiz exhibit high biases in all cases,
mainly due to the effect of selection bias. When the impact of the unmeasured
confounder b increases, the pooled estimators fieg, fle:p and feg.xg are be-
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TABLE 2
Simulation results for bias (x1073), variance (var) (x1073) and mean squared error
(MSE) (x1073) of BA, B, fdr, Beffs BBayes and fitap when Ho holds, is slightly violated or
strongly violated.

Ho holds slightly violated strongly violated
bias var MSE  bias var MSE  Dbias var MSE
Regular  fig —4.1 104 104 —-4.1 104 10.4 —4.1 10.4 10.4
) 284.1 1.2 81.9 355.3 1.2 1274 1318.8 2.0 1741.4
Har -0.4 4.2 4.2 71.0 4.3 9.3 1048.0 5.0 1103.2
Leff -0.9 4.1 4.1 62.3 4.2 8.1 851.5 6.6 731.7
Heft:B —0.9 4.1 4.1 62.3 4.2 8.1 851.7 6.6 732.1
Heff:KH —-0.9 4.1 4.1 62.3 4.2 8.1 851.5 6.7 731.7
Bayes [Bayes:1  —3.7 14.1 14.1 1.0 14.0 14.0 —4.3 14.1 14.1

fiBayes2 —41 108 108 171 111 114 70 138 138
fBayes:s —24 89 89 512 90 116 6140 108 3879

TAP Htap —-48 76 76 101 93 94 —41 104 104
Btap:B —48 76 76 101 93 94 —41 104 104
Btapxkn —48 76 7.6 101 93 94 —41 104 104

TABLE 3

Simulation results for coverage rates (CR) (x1072) and widths (x1073) for 95% confidence
intervals when Ho holds, is slightly violated or strongly violated.

Hyp holds slightly violated  strongly violated
Cls CR width CR  width CR  width
A Wald 95.2 404.1 953 404.1 95.2 404.0
B 0.0 135.5 0.0 138.8 0.0 173.7
Hdr 95.9 2628 818 264.4 0.0 282.4
Heff 95.9 259.5 85.1 260.9 0.0 273.6
[Bayes:1 ~ HPDI 98.3 463.0 97.5 461.5 97.3 462.8
HBayes:2 97.8 4042 974 409.8 97.5 458.3
HBayes:3 99.3 368.2 974 370.6 0.0 407.0
Htap PACI 98.4 558.7 98.4 535.7 99.2 541.0

BACIFp  94.7  399.1 959 402.3 94.7 402.6
BACI 921 363.1 93.3 367.2 94.8 402.8

coming more biased. Additionally, the Bayesian methods, particularly fipayes:2,
perform reasonably well when Hy holds or is slightly violated, but it tends to
have large biases when Hj is strongly violated. Whereas the proposed estima-
tors ftap, ftap:B a0d Ltap:xu have small biases regardless of the strength of the
unmeasured confounder. When Hj is slightly violated, our proposed estimators
have slightly larger biases but smaller mean squared errors than fia by inte-
grating the non-probability sample. When Hj is strongly violated, the proposed
estimators perform similarly to 14 with the protection of pretesting.

Table 3 reports the properties of 95% Wald confidence intervals for the regu-
lar estimators, the highest posterior density intervals (HPDIs) for the Bayesian
estimators, and various adaptive confidence intervals for the non-regular es-
timators figap, where the Wald confidence intervals are constructed, and the
Bayesian credible intervals are constructed based on the posterior samples after
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burn-in. Because the confidence intervals (and the point estimates; see Table 2)
are not sensitive to the methods of estimating the nuisance parameters («, ),
we only present the confidence intervals for fleg.xu and fap.xu for simplicity.
Based on Table 3, Cﬁ‘jﬁjla tend to overestimate the uncertainty, leading to

over-conservative confidence intervals. (ijfla and (Cﬁjff};“ are less conserva-
tive and alleviate the over-coverage issues; thus, the empirical coverage rates are
close to the nominal level in all cases. Moreover, Cg’ﬁg « have narrower inter-
vals than CE;%?EE by using the double bootstrap procedure to select v, at the
expense of computational burden. When Hj holds, the (Cgilcla are narrower
than the Wald for the probability-only estimator fi4, indicating the advantages
of implementing the test-and-pool strategy in these cases. When Hj is slightly
violated, the benefit in coverage rate is not significantly observed under similar
coverage rates. When Hj is strongly violated, the adaptive confidence interval
(CEAEI ., reduces to the Wald confidence intervals for ji4. Lastly, the credible in-
tervals for the Bayesian estimators do not have satisfactory coverage properties
as the model misspecification persists across scenarios, which is aligned with the
Bernstein-von Mises Theorem [65, Chapter 10.2].

6. A real-data illustration

To demonstrate the practical use, we apply the proposed method to a probability
sample from the 2015 Current Population Survey (CPS) and a non-probability
sample from the 2015 Behavioral Risk Factor Surveillance System (BRFSS)
survey. Note that the Behavioral Risk Factor Surveillance System survey itself
is a probability sample and we manually discard its sampling weights to recast
it as a non-probability sample for illustrating our proposed method.

To apply the proposed method, we use a two-phase sampling survey data with
sizes n4 = 1000 and np = 8459. We focus on two outcome variables of interest:
employment (percentages of working and retired) and educational attainment
(high school or less as h.s.0.l, and college or above as c.0.a.). Both datasets
provide measurements on the outcomes of interest and some common covariates
including age, sex (female or not), race (white and black), origin (Hispanic or
not), region (northeast, south, or west), and marital status (married or not).
To illustrate the heterogeneity in the study populations, Table 4 contrasts the
means of variables from the CPS sample (design-weighted averages) and the
BRFSS sample (simple averages). Based on Table 4, the BRFSS sample may
not be representative of the target population, and the pretesting procedures
before pooling should be expected.

Table 5 presents the results. For all estimators, we specify the propensity
score model to be a logistic regression model with the covariates (all variables
excluding the outcome variable) and the outcome mean model to be a logistic
regression model with the covariates. The efficient estimator fiog gains efficiency
in all estimators compared to both fis and fig,; however, it may be subject to
biases if the non-probability sample does not satisfy the required assumptions. In
the test-and-pool analysis, the pretesting rejects the use of the non-probability
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TABLE 4
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The covariate means by two samples: CPS sample (a probability sample) and BRFSS
sample (a hypothetical non-probability sample.)

Data source age Yosex Y%white Y% black Yhispanic ~ %northeast ~ %south
CPS 47.5 56.5 81.9 11.0 13.3 18.1 37.7
BRFSS 48.3 54.2 83.2 8.4 8.3 20.0 27.6
Y%owest  Y%married  %working  %retired  %h.s.o.l %c.o.a.
CPS 24.1 52.5 58.7 13.6 39.4 30.3
BRFSS 29.5 50.8 52.2 24.5 21.2 41.9
TABLE 5

Estimated population mean (EST), standard errors (SE) and confidence intervals of pg for

selected covariates when combining two datasets.

Outcome Y’ Y%working Yoretire %h.s.o.l. %c.0.a.
fia EST 58.7 13.6 39.4 30.3

SE 1.51 1.17 1.60 1.59

Wald  (54.8,62.3)  (11.6,16.2) (35.7,43.0)  (27.2,33.7)
idr EST 56.5 20.0 25.8 32.3

SE 1.03 1.24 0.93 1.20

Wald  (54.2,58.8)  (17.9,22.4)  (234.0,27.5)  (30.3,34.5)
Heff:KH EST 56.6 17.3 26.4 32.1

SE 0.80 0.19 0.87 0.62

Wald  (54.3,58.9)  (15.4,19.6) (24.6,28.1)  (30.1,34.3)
HBayes:1 EST 59.8 14.1 40.5 30.7

SE 1.97 1.37 2.00 1.84

HPDI  (56.0, 63.6) (11.4,16.8) (36.6,44.4)  (27.2,34.4)
HBayes:2 EST 59.8 14.0 40.3 30.9

SE 2.01 1.33 1.92 1.84

HPDI  (56.1,63.9)  (11.4,16.4) (36.4,44.0)  (27.2,34.5)
fiBayes:3 EST 58.6 14.1 37.6 31.1

SE 1.94 1.30 1.92 1.76

HPDI  (54.7, 62.4) (11.6,16.7) (33.7,41.4)  (27.7,34.7)
Htap:KH EST 58.7 13.6 39.0 31.7

SE 1.51 1.17 1.55 0.64

BACI  (54.9,62.6)  (11.6,15.8) (35.8,42.6)  (31.0,33.6)

sample for the employment variables “working” and “retired” but accepts the use
of the non-probability sample for the education variables “high school or less”
and “college or above”. Thus, for the employment variables, fitap = fia, and for
the educational attainment variables, fisap gains efficiency over ji4. The Bayesian
estimators with the informative priors 2 and 3 are more efficient than the prior
1. However, they still yield larger standard errors compared to the probability-
only estimator fi4 perhaps because the non-probability-based informative priors
are biased for the model parameters for the probability sample. From the test-
and-pool analysis, the employment rate and the retirement rate are 58.7% and
13.6%, respectively, the percentage of the U.S. population with a high school
education or less is 39.0% and the percentage of the population with a college
education or above is 31.7% in 2015.
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7. Concluding remarks

When utilizing the non-probability samples, researchers often assume that the
observed covariates contain all the information needed for recovering the sam-
pling mechanism. However, this assumption may be violated, and hence the
integration of the probability and non-probability samples is subject to biases.
In this paper, we propose the test-and-pool estimator that firstly scrutinizes
the assumption required for combining by hypothesis testing and carefully com-
bines the probability and non-probability samples by a data-driven procedure to
achieve the minimum mean squared error. In theoretical development, we treat
(A, ¢y) jointly as two tuning parameters and establish the asymptotic distribu-
tion of the pretesting estimator without taking their uncertainties into account.
The non-regularity of the pretest estimator invalidates the conventional method
for generating reliable inferences. To address this issue, the proposed adaptive
confidence interval has been designed to effectively handle the non-smoothness
of the pretest estimator and ensure uniform validity of inferences. It is important
to note, however, that this approach may result in a little gain in the precision
of the confidence interval, although the point estimator might have a signifi-
cant gain in the MSE compared to the estimator based only on the probability
sample. Further research is required to develop a valid post-testing confidence
interval that offers reduced conservatism.

Pretest estimation is the norm rather than the exception in applied research,
so the theories that we have established are highly relevant to researchers who
engage in applied work. The proposed framework can be extended in the fol-
lowing directions. First, in this work, we study the implications of pretesting
on estimation and inference under one single pretest. In practice, researchers
may engage in multiple presetting. For example, in the data integration con-
text, one can encounter multiple data sources [51, 71, 16], requiring pretesting
of the comparability of each data source and the benchmark. Multiple preset-
ting alters the current asymptotic results and is an important future research
topic. Second, our framework considers a fixed number of covariates; however,
in reality, practitioners often collect a rich set of auxiliary variables, rendering
variable selection imperative [75]. Developing a valid statistical framework to
deal with issues arising from selective inference is a challenging but important
topic for further investigation. Third, small area estimation has received a lot of
attention in the data integration context [44, 28, 25]. The typical estimator in
small area estimation is a weighted average of the design-based estimator and
a model-based synthetic estimator. [5] discussed the trade-off of the efficiency
gain from invoking model assumptions and the risk that these assumptions do
not hold. Thus, pretesting can be potentially useful for small-area estimation,
which we will investigate in the future.

Appendix A: Proofs
A.1. Regularity conditions

Let Fy = {Vi = (X[, Y)T : i € U}, ®a(V,0451) and ©p(V,64,05;4,7) be
l-dimensional estimating functions for the parameter p, € R! when using the
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probability sample and the combined samples, respectively. Let ®,(V,d4,05;7)
be the k-dimensional estimating equations for the nuisance parameter 79 €
R*. Then, we construct one stacked estimating equation system ®(V,64,8p5;6)
with 0 = (pl, p%,77)T and dim(@) = 20 + k. For establishing our stochastic
statements, we require the following regularity conditions.

Assumption A.1. The following reqularity conditions hold.

a) The parameter 8 = (u'y, pk,77)T belongs to a compact parameter spaces
© in R2+k,

b) There exist a unique solution Oy = (11} o, 1]z 0,79 )T lying in the interior
of the compact space © such that

E{®A(V,04;00)} =E{Pp(V,d4,05;00)} = E{P.(V,04,05;6)} = 0.

c) ®(V,d4,0p;0) is integrable with respect to the joint distribution of (V, da,
o) for all 8 in a neighborhood of 6.

d) The first two partial derivatives of E{®(V,d4,dp;0)} and their empirical
estimators are invertible for all 0 in a neighborhood of 0.

e) Forallj,k,l € {1,---,2l+k}, there is an integrable function B(V,04,05)
such that

|8<I>j(V, 5A,5B§9)/89k89l| < B(V, 5,4,53), E{B(V, 5,4,(53)} < 00,

for all 6 in a neighborhood of 6y almost surely.

f) {Vi :i €U} are a set of i.i.d. random variables s.t. B{|®(V,64,65:;0)|*"}
s uniformly bounded for 0 in a neighborhood of 0.

g) The sample sizes na and np are in the same order of magnitude, i.e., ng =
O(np). The sampling fractions for both Sample A and B are negligible, i.e.,
n/N = o(1), where n =nus +ng.

h) There exist Cy and Cy such that 0 < Cy < Nmai/na < Cs and 0 < Cy <
N7TB7Z‘/TLB <0y for allt elU.

Assumption A.1 a)-e) are typical finite moment conditions to ensure the
consistency of the solution to the estimating functions [49, Appendix B], [64,
Section 3.2], [9, page 293] and [67, Appendix C]. Assumption A.1 f) is required
for obtaining the asymptotic normality of ;14 under superpopulation. Assump-
tion A.1 g) states that the sampling fraction is negligible, which is helpful

for subsequent variance estimation, and we can use O(n;ll/ %), O(n,}l/ %) and
O(n~'/?) interchangeably. Assumption A.1 h) implies that the inclusion prob-
abilities for Samples A and B are in the order of n/N, which is necessary to
establish their root-n consistency.

It is noteworthy that in Assumption 2.1, the asymptotic normality is as-
certained for the design-weighted estimators given the finite population Fy.
Hereby, we extend the conditional normality to the unconditional one, which
averages over all possible finite populations satisfying the Assumption A.1 (f).
The following lemma plays a key role to establish the stochastic statements [24,
Theorem 1.3.6.].
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Lemma A.1. Under Assumption 2.1 and Assumption A.1 (f), let {Fn} be
a sequence of finite populations and Ay be a sample selected from the Nth
population by PR design with size ny. Assume that

lim ny = oo, lim N —ny = co.
N —o0 N —o0

We know that the distribution of the design-weighted estimator iy and finite-
population estimator g are both asymptotically normal distributed such that

ﬁg |‘FN’;’N(/¢LQ’V1)> Mg';"N(Mg,OaVZ)a

where ~ denotes the asymptotic distribution. Then, fiy,—piq is also asymptotically
normal.

By lemma A.1, the sampling fraction is negligible, and therefore the limiting

variance of limpy_,oo n%2(ug — Itg,0) is 0, indicating that the intermediate step
of producing the finite population is of little significance.

A.2. Proof of Lemmas 2.1 and 3.1

In the general case, we begin to investigate the statistical properties of

N
O p(fia,7) =n'2 N1 "D a(Vi, 04 fia,7)
=1

and
N
Cpn(fip,7) =n'PN"'Y " ®p(Vi, 044,055, 7)-
=1

First, to simplify our notations, let

(V05 11,7) = 0P A(V, 65 1,7) /O,
Op(V,04,0p;1,7) = 0@p(V, 64,08 11, 7) /O,
¢B,+(V,04,0B;11,7) = 0Pp(V,04,0B; 1, 7) /0T,
O+ (V,04,0p;7) =00 (V,04,0p;7)/0T.

By the Taylor expansion of ®g ,,(lig,T) at (ug, 7o), we have
0 = (bB7’I’L (//IBa ?)

N
= n'2N—1 Z @p(Vi,04,i,0B,; g, To)
i=1
N
+nt/2N! Z ¢, (Vi, 044,085 1,7 )(T — o)

i=1
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N

+nt/2N1 Z Dp(Vi,64,i,08,: 05,7 ) (HB — Hy), (A.1)
i=1

for some (i, 7*) lying between (fig,7) and (g, 7o), which leads to

N
—n!PNTUY (Vi i, T) (s — ) (A.2)
i=1

N

= npl/2N—1 Z ®p(Vi, 04,08, thg» To)
i=1
N

+ 0PN " 6p - (Viy 0, 05,0 i ) (F — 7o)

=1

Also, under Assumption A.1 a), b) and c), by the Taylor expansion, we have

1Y -
n2(F - 1) = — {N ;@(Vi;m)}

N
X {nl/le Z@T(Vg, 04, 5371-;70)} + 0¢pnp(1), (A.3)

i=1

as T — 7p. Also, under Assumption A.1 (e), we know that

N . .

Nt Z DAV 11, 7°) = BE{2A(V; p1g,0,70)},
i=1
N

N~ Z ér(Vismo) = E{¢-(Vi0)},
i=1
N . .

Nt Z Qp(Vi; g, 7°) = E{®B(V; 1tg,0,70) },
i=1

N
NN 6. (Viiig. ) = E{¢p.-(V;g0,70)}
=1

where the first two probability convergence can be straightforward to obtain by
Weak Law of Large Numbers under Assumption A.1 f) and continuous map-
ping theorem as pg — g0, (£a,7) = (14,0, 70) by design and (&%, 7*) is lying
between (fia,7) and (ug,0,70). As for the third and fourth probability conver-
gence, we first prove that upo — pgo0 = onp_p_g(l) under the local alternative

E{®5(V,54,05: 1140, 70)} = ng"'*n in Lemma A.2.

Lemma A.2. Under Assumptions 2.1, 2.2 (iii) and suitable moments condi-
tions in Assumption A.1, we have pipo — g0 = Onp_p_c(n*1/2),
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Next, we have under Assumption A.1 e),
N

N7 p(Vifip, 7)
i=1

N
GQ‘I)B(Vi;Mg,To)

N
=Nt Z‘i’B(Vi;Hmoﬁo) +N

(I — 1g,0)
i=1 i1 Oudut (A.5)
N .
~ N1 Z D5 (Vis 1g,0,70) + Ocepnpl (B — B,0) + (1B,0 — Hg,0)}
i—1

= E{‘i)B(VQ I4g,0,70)} + 0¢-pnp(1),

where A,, = B,, means that A,, = B,, + 0¢.p-np(1) and ;ﬁg lies between fi}; and
Lg,0- Since [ip = B o, ftg —> tg,0 and 5 lies between fip and g, we establish
the second approximation in (A.5) as

(£ — 1B.0) + (HB.0 — Hg0) = Onp(n"*) + O (N"Y2) = 0 poap (1),

since ng/N = o(1). The probability convergence of N1 Zf\;l oB,-(Vis; 0, 7%)
can be established similarly and hence we obtain the last two parts of (A.4). By
plugging (A.3) and (A.4) into (A.2), we obtain the influence function for fip as

n'/? (B — 1g)

N
. -1 _
= —E{®p(V;pug0,70)} X [nl/zN 1Z¢B(W75A,i75}3,¢;ug77'0)

i=1

N
—E{¢5.,-(Vitg0,70)} - E{¢-(Vi0)} {”1/2N1 > ®r(Vi, 64,00, 70) H
1=1

N
= ' PNTEY (Vi g, 7o), (A.6)
=1

where ¥ 5(V;; u, 7) is the influence function for estimation of i under Hy. For
completeness, we define the influence function 94 (V;; p, 7) for estimator 14 in
an analogous way as

N N -1
nl/Q(ﬁA _ /1’9) ~ —’I’Ll/2N_l Z {N—l Z(i)A(maéA,i;ﬁ*Aa?*)}
=1 =1

X {PA(Vi,04,i5 trg,70) + 04+ (Vi 14, 7°) - (T — 70)} (A7)

N
nt/2N—1 Z DA (Vi, 04,45 19, T0)
i=1

N
—EA{da+(V;pg,0, 70)} - E{¢,(Vi7o)} " {”1/2]\7_1 Z O, (Vi,04,, 5}371';7'0)}]
i=1

=K {d)A(VHLH’OaTO)}_l X
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N
= ' PNTES " a(Vis g, 7o), (A.8)
=1

where ¢4, (Viu,7) = 0P 4(V,04; 1, 7)/07. By Lemma A1, the joint asymptotic
distribution for n/2(jia — p,) and n'/?(fig — ) would be

n1/2( /iA—Mg ) N
HB — Mg

N{< ~f5'? [E{a@B(%X;Lg,o,To)/%}]_l77 )( ¥¢ ‘fB )}

where V4, T and Vg are the total (co-)variance of two-phase design averaging
over the finite populations:

N
varp {Z ’(rZ)A(‘/i;ugaTO) | FN}]

i=1

N
Ep {Zwv;;ug,m) wH ,

i=1

Va=nN"E,

+ nN_QvarC

N
Vg =nN2E, lvarp_np {ZwB(‘/i;/-‘gﬂ—O) | ]:N}l

i=1

N
II':':p—np {Z ¢B(V;;Mg77—0) | IN}] 5

i=1

+ anzvarg

N N

' =nN"2E lcovp.np {Zw(w;ug,m), > (Vi g, 7o) | fNH
=1 =1

+nN"2

N N
X varg lEP {Z Ya(Vis pgs 70) | }—N} s Epnp {ZwB(VﬁﬂgaTO) | IN}] )
i=1 =1

where the first term is attributed to the randomness of probability (and non-
probability) sample designs, and the second term is attributed to the random-

ness of the superpopulation model. The rest of the proof is summarized in
Lemma A.3.

Lemma A.3. Under the Assumption A.1 and the asymptotic joint distribution

for ia and fig in Lemma 3.1, the form of lieg which maximizes the variance
reduction under Hy would be

12 (fleg — p10) = 0 {wa(Aegr) (ia — pg) + wp(Aegt) (BB — 1g) }s

where the weight functions are

wa(A) =E{®4 5n(A, g0, To)}_1 E{®a(Vi, 04,3 14,0, 70) } » (A.9)
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wp(A) =E {d)A,B,n(Av Hg,05 7'0)}_1 AE {‘i)B(Vz', 646,08, g0,T0) }»  (A.10)

where ® 4.0 (A, 1g0,70) = Pa(Vi, 045 t1g,0:70) + APB(Vi, 64,6, 0B,i3 1g,0,T0)-
The most efficient estimator [ieg with

At = E{ D4 (Vs p1g.0,70)} (Va = T) (Vg = TT) 'E{ D5 (Vi g0, 70) ) (A.11)
has the asymptotic distribution under H, , as
02 (et — p1g) — N{best (), Vesr},
where beg(n) = —f§1/2wB(Aeff) {E0® 5 (1g,0, 70)/0p} ' and
o () (1 5) (k)
Wi (Aesr) I'T Vg wi(Aer)
When pa and pp are both scalar, Vog would reduce to
Vet = (VaVg —T?)(Va+ Vg —20) 7! = V4 — Va,
where VA = (Vi —T)2(Va + Vg —2I) 7!
A.3. Proof of Lemma 3.2
By applying the Taylor expansion with Lagrange forms of remainder to the

asymptotic distribution for n}B/QN_l Zf\il ®p(Vi,04,i,0B.,i;14,7) in (3.5) could
be shown as

N
n}g/QN_lZ(I)B(Vi>5A,i7§B,i§ﬁA7 7) =ny’N 12433 (Vi,04,i,0,i5 g, To)

i=1 i=1

2N Z( 00 b (Vi lp.iflyr’)  O¥p(hbaf.iyr) ) < fia — pg )

or T—1T9

where (@, 7%)7 is the neighborhood of (ug0,70)7 as plimpia = pg0 and
plim7 = 79. Under the Assumption A.1 e), we have

N
n}fN_l Z ®p(Vi,04,i,0B,i;04,7)
i=1

N
:”}3/2]\[71Z‘I’B(W,CSA,uéB,i;Mg,TO) (A.12)

i=1

N ~
8© j ‘/7,75 i76 2 *7 * ~
+n}3/2 —12 B, AéM B,ii AT )(NA — 1)

o ‘/;76 ia(s i;A*a * ~
1/2 12 B A,a ByisHasT )(T_TO)
T
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N
=ny°N~! Z ®p(Vi, 04,08, tg, To)

i=1
+E{8¢B(Va5Aa(SB?M9>O’TO)} n2(7 - 1) (A-13)
or
(9(1) Vy(s 75 5 )
L E { B( ABMB 9.0, T0) } 1/2(,1114 — Hg) + 0¢-pnp(1)-

Next, by replacing the first two term in Equation (A.13) with Equation (A.2),
we have

N
ny/’N~ Z ®p(Vi,04,i,0B,i 1A, T)
i=1

__E { 025(V, 5AéZB;ug,o, To) } nY2(iig — 1g)

0Pp(V,d4,0B; Hg,0,
+E{ B( AaluB Hg.0 TO)} ny*(fia = tg) + 0cpnp(1)

7(nB/n)1/2 : ]Eq)B(‘/Za Hg,0, TO) 1/2(HB - ,ug)
+ (np/n)? - EQp(Vi; g0, 70) - '/ 2(fia — 11g) + 0¢pnp (1),

provided by WLLN under Assumptions 2.1, 2.2 (iii) and Assumption A.1. By
the joint distribution of 14 and fip in Lemma 3.1, the variance of ®p ,,(fia,7)
would be

Sr = [ {ES5(Vi; 11g.0,7)} (Va + Vi =TT = T) {ESp(Vi; 1g.0,7) }

Thus, the asymptotic distribution for ® 5 ,,(V;,04,i,95.,:; 114, 7) would be

N
n}g/QN_1 Z ®p(Vi,04,i,0B,i;04,7)
i1

%N{U, fB{B®5(Vis g0, 7)} (Va+ Ve —TT—T) {]E(i)B(ViQ,Ug,OvT)}T} .
A.4. Proof of Theorem 4.1

From Lemma 2.1 and 3.1, we know that the asymptotic joint distribution for
114 and g would be

()
i {< ‘”ﬂE{a@;é;;m)/auH )’(E VFB>}

For simplicity, we let n'/?(fiq — ig) and n'/?(jip — tg) be asymptotically dis-
tributed as Z; and Zs, respectively. Then, ®p ,,(V;,04.,0B,i;114,7) could be
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expressed as

N
71}3/2N_1 Z Pp(Vi, 04,08, 114, 7)

i=1

N
=~y *N! Z‘i’B(Vz’a 64,i»0B,i5 Hg,0,T0) (BB — [ig)

i=1

N
+ ngQN_l Z (i)B(Vz‘y 04,5 08,3 11g,0,T0) (Ha — Hg)
i=1

—>f113/2 {E®5(V, 64,085 1g0,70) } (Z1 — Z2).

Let Uy = }5/2 {Ebe(V, 04,085 g0, 7'0)} (Z1—Z3). Next step, we attempt to find
another linear combination of Z; and Zy which is orthogonal to Us. Observed
that when Uy = f}g/z{(I’T —VB) (T —=Va)~1Z) + Zy}, it is easy to verify that the
covariance of U; and U, is zero under Hy.

cov(Us,Uy) = fp {E®5(V, 04,055 1,0, 70) }

I \' Va T (TT = Va) N = V)
x < —Ijs ) x ( '™ Vs > % < Iixi
= f5 {E®p(V, 64,08 1g0,70) }

x(Va—TT T—Vg)x ( (FT—VA};(F—VB)>

= Oyxi.

Also, since U; and Us are both asymptotically normal distributions, which im-
plies that zero covariance leads to independency. After a few standardization
procedures, we have W7 and Wy as W; = E;l/zUl, Wy = E;l/QUQ with Yg

and X defined as
g = var(Uy) = fpvar{(TT — V)(T' — Va) "' Z1 + Z}, (A.14)
Sr = fp {E®p(1g0,70)} (Va+ Ve =TT =) {E®p(pg0.70)} . (A.15)

Therefore, we have the form for the standardized random variables W7 and Wy
as

Wy = 5520y = fEPSGYA{IT = VE)(T = Va) ' 2y + 2o},

Wy = =570y = —(Va+ Vg =TT =) Y2(2y — Zy).

Here we use —E;l/ ? to standardize U, for the sake of convenience later. There-

fore, under the local alternative H,, : E{®p(V,04,05; 1g,0,70)} = n,}l/zn,
we have that E(Z;) = 0,E(Z3) = — 51/2 {E(i)B(ug,o,To)}_l 1. Combining the

above leads to

Wi~ N(p1,I1xi), Wa ~ N(uz, Lixi),
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where
_ . -1
H1 = 7251/2 {E(I)B(M%Oa'r())} R
_ _ . -1 _
po = —f5 P (Va+ Vg =TT =T) V2 {Edp(pg0,70)} 0 =-S5,

and since W1 L Wy, we could project out TAP estimator fitap, with the opti-

mal tuning parameter (A*,c,+) onto these two basis respectively. First, on the
condition that

T > cpr = {Dpn(ia, P} Sp H{Opn(fia, 7)) > ¢ye 5 WIW2 > ¢y,

we have

02 (fieap = p1g) | T > eye =022 (fia = pg) | T > ¢y
—)Zl|W2TW2 > Cyx

= — f5"2(C =Va)(Va + V5 —TT = T)"'U,
+ 520 = Va)(Va+ Vi =TT = 1) {Edp(g0,70)} Ua|WIWa > ey
S = f5 (Va4 Ve —TT D) 82w,
+ (T =Va)(Va+Vp =T =TT V2WoWIWy > ¢,
= — VIPW + VAW W W, > ey
Next, on the condition T'= WJ W, < ¢+, we have
' (Hiap — Hg) Wh 21 + Wi Zo| WIWa < ¢y
— — f5 2 (0 = Va)(Va+ Vg — TT = 1)~'0;
+ £ Pwi (0= Va)(Va + Vi =TT —T) !
X {IE(bB(Mg,OJO)}_l Us | WWa < ¢y
— f5 w7 = V) (Va+ Vi =TT =)
x {Ebp(1g.0.70)} Uz | WIW2 < ¢
- — f;l/Q(VA +Vp =TT — F)ilzé/zwl
+ 5 PO (T = Va)(Va + Vp — T = TT) 20, | WIW: < e
— 15 P (DT = V) (Va + Vg =TT =) Y20, | WIW, < ¢
= = Vil "Wi + (VLo — w Vel Wal WIWa < ¢y,

where Wi = Wo|WJ W, < ¢y, and w¥, w}; are the new tuned weighted functions
defined in (A.9) and (A.10) with A = A*. In this way, we could fully characterize
the asymptotic distribution for the TAP estimator fita, under the optimal tuning
parameter as,

_‘/elff/2W1 + (WAVli_/sz - wBVB}—/ezﬂf)W[hcw] w.p. 57
_‘/e]ﬁ(zwl + VAl—/e2ﬁW[€:,Yx,oo] w.p.- 1- ga

where & = P(WJ W5 < ¢y+).

nl/z(ﬁtap 'ug)*){
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A.5. Proof of the bias and mean squared error of n*/?(fitap — g)

For general case, given Wa ~ Np(us2, Iyxp), the MGF of truncated normal dis-
tribution Wala < WJW, < b is [60]

am(t) = Efexp(tTWa)}
-p T 1 T
=) [[oxplerwayexp { -5 072~ )TV - ) b
= (2nr)7P/? exp(%tTt + pdt)
X /(CeXp {—%(WQ — U2 — t)T(WQ — U2 — t)} dWQ
= exp(—3bha) D Fpian(6) = Fsan(a)H (2 + 07z +0)/2)¥ /1,

k=0

where a = F,(b; udpa/2) — Fy(a; udpe/2) is the normalization constant and
F,(a; pdp2/2) is CDF of chi-square distribution at value a with non-central
parameter plus/2. The second and the third equality above are justified by

1
(QW)_p/Q/GXP{—§(W2—M2—t)T(W2—Mz—t)}
C
=P{a <WIWo <b| Wy ~N(p2+t,Ipxp)}
= F{bik=p, A= (u2 +1)T(p2 + 1)} = Flask = p, A = (u2 + )T (2 + 1)}

= exp{—l(m + 1) (2 + 1)}

X Z{prk — Fyran(a) H(u2 + )T (2 + 1) /2}* /KL

To compute the first and second moment of this truncated normal distribution,
we take derivative of the MGF and evaluate the function at t =0

dm(t)

1
o g = (u2 +1) GXP(—§M;N2)

t=0

X Z{ pr2kt2(b) — Fpropy2(a) H(pz + )T (p2 + )} /k!|i=o

= po eXp(—%uguz)Z{Ferzmz(b) Fpyorqa(a)H{ulpa/2}" /K!
k=0

= p2 {Fpi2(by pip2/2) — Fpia(as pgpe/2)} -
By the nature of MGF, we obtain the expectation of the first moment of W

Fpya(b; pgpa/2) — p+2(a 1y h2/2)
Fy(b; N2N2/2) Fy(a; M2N2/2) .
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Then, taking the second derivative of the MGF follows by

N d*>m(t)
dtdtT

t=0

> {Fpranra(b) — Fpropra(a)H(uz + )7 (2 +1) /21 /K=o
k=0

+(p2 + 1) (p2 +1)7

1
= exp(—§u£u2)

X Z{ pr2kra(D) — Fpronta(a) H{(u2 + )T (p2 + t)/Z}k/k”t—O]

Z{Fp+2k+2(b) Fponsa(a)H{pdpa/2}" k!

k=0

+papd > {Fprokra(b) = Fpronya(a)H{udpa/2} /k']
k=0

1
= exp(—5u3pe)

= Ipup(Fpya(bs pipia/2) — Fyio(a; pgpz/2))
+ propiy (Fpra(bs pgp2/2) — Fyra(a; ppn/2)),

which leads to

E(Wo W la < WIWs <b) = I, Fp+2(b; u§u2/2) Fpya(a; 1 p2/2)
Fy (b i3 p12/2) — Fy(as pig p12/2)

1 Fpra(bs 113 p2/2) — Fyya(as g pi2/2)
Fy(by ug p2/2) — Fyla; pg p2/2)

+ popd
In our case,
p=1 m =557 [E{0%5(us0.70)/0m}) " 0, p2 = 577,
Recal, or T < e, we have nV/2(uay 1)+ Vo Wit (oa Vil oy VoW

|Wa W, < ¢, with probability & = Fj(cy; ud pa), the bias would be

bias(A, cyimree, = —Vid “H1 + (WaValdy — wBVple) - E(Wo| WIWs < ¢,)

12 AR Frio(cy; pg pa/2) pa
BT Fi(eys i p2/2)

The MSE can be derived based on the known formula mse(X +Y) = var(X +

Y) + {E(X +Y)}¥? = {var(X) + p§°} + {var(Y) + u$} + 2pxpl,

i+ (wa VAl

mse(\, cvin)r<e, = Vg (pap] + Ina)Vd® + (waViloy — wBVolop)
x E(Wo WS [WIWs < o)) (waValdy — wBVa/d)

— 2V i B(WI W Ws < ) (waValdy — wa Vi)
= V2 (] + L))Vl + (aVal2 — wi V')
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o {Fl+2(cv?M2T,U2/2)
T
Fi(cy; pg pa/2)
 2Fia(cyi 43 p2/2)
Fi(cy; i3 pia/2)

For T > c.,, we have n/?(Jigap — p1g)— — Velff/2W1 + V[i_/eQHWﬂWQTWQ > ¢, with
probability 1 — & =1 — Fj(cy; ud p12), the corresponding bias and MSE would be

Fiya(cy; 13 p2/2)
Fi(cy; i3 pia/2)

I + NZNE} (WAVQ_/:H - wBVé/eQH)

1/2 1/2 1/2
V::ff/ papg (WAVA-/CH —WB VB-/of-f)'

bias(\, ¢ M) Tse, = —Vag -t + Valdg - B(Wa| Wi Wy > )

1 — Fiio(cy; 13 p2/2) 2
1= Fi(ey; i3 p2/2)

12 1/2
=—Vog 1+ Vales-

and

mse(\, ¢yi M) 7se, = Ve (pd + i) Ve
+ VAL BWaWT (WIW, > e V5
— 2V i E(WI W W > ¢)Valdy
= Velff/Q(MMI + szz)V;cf/Z + VAI_/;:f
{ 1 — Fiio(cy; o3 p2/2) A Fiyalcys ps p2/2) T} L2
U= Fi(eyipdm/2) T 1= Fileys plpa/2) 7202 f T
.,,T
TR | e

Overall, the bias and mean squared error for n'/2 (Ftap — ftg) can be characterized
as

bias(A, cy;n) = £ - bias(\, cy;1)r<c, + (1 = &) - bias(A, ¢y 1) 1r>c.,
mse()‘v Cyj 77) =¢- mse()\, Cy3 n)TSC«, + (1 - 6) : mse()\, Cys n)T>c.y-

A.6. Proof of the asymptotic distribution for U (a)

Throughout the proof, we assume that the regularity conditions in Lemma 2.1
and assumptions in Theorem 4.2 hold, we prove that the coverage probability
for the adaptive projection sets is guaranteed to be larger than 1 — «, which is

P{aTug € Cfﬁlcla(a)} >1—a+o(1),

where Cgilcia(a) = {aTﬂtap - ﬁl,a/g(a)/\/n, aT fitap — Ea/g(a)/\/n . As we al-
ready know that

™' (fieap — 1g) < Ula),  a™n'*(fieap — p1g) > L(a),

it is needed to show that U (a) obtained by bootstrapping converges to the same
asymptotic distribution as U(a). Let D,x, denotes the space of p x p symmetric
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positive-definite matrices equipped with the spectral norm. We can rewrite U(a)
as

U(a) = _a‘T‘/elﬁ‘/QWI{ES7 1/2(I7A - Hg) nl/Q(ﬁB - Mg)ﬂ'}

+ a,T(wAVJi_/eH wBVB eﬁ-)WQ{ZT Y2 (fia — pg),n?(fip — pg), 7}
+ aTwp (Valr + Valible, o)

+ aTwp(Valyy + Vale)

x [ WalSr,n! 2 (jia = ), 2 = 119)s e o) —

+aTwp (Vo + Valen)

/“Lfc,y,oo):| 1T2Un

x sup [WolSrn'/ (i — ug).n'/(Gim = ). e,

t
— 1 .
o = ey o)| L1,

Next, we adopt the notation for the bootstrapping to express the upper bound
U(a) = U®(a) as

U®(a) = —a Vi *Wi{Ss,n 2 (@Y — fia), n 20 — fia), 7}
+aT(waVh /2 — w2 Wo Sr, n 2 (A0 — fia), 02 (Y — fia), 7}
+ aTwB(VEi/csz =+ VQ/CQH)W(b) [cﬂ,,oo)

+aTwp(Val2 + V2

X {Wz{iﬂnl/z( A% = fia) 2 — 1ia) T e, o0) — Wa” [cv,oo)} 1>,

+ amwn (Vo + V')
X Supl [W2{2T7n1/2(ﬁ‘€:) _ ﬁA)7n1/2(ﬁg) _ ﬁA),’lr\}[cﬂ,,oo) — ufcwoo)] 1r<u,,
p2 €ER

where WQ( =(1/K) Zb 1W2{ZT n'/2(n ()—MA) 1/2(u( )—,uA) 7}. Next, we
define some functions to proceed our proof. w11 : Dix; X Dixi X REXREXRIXR —
R, wia : Dy xRIXRIXRIXR! — R and p : Dojyorx Dys xREXRIXREXR xR —
R are functions defined as below

w11 (X7, 2s,Ga,Gp, T, 12) = —(ITVelﬂ/le(Es,GA,GB,T)

+ aT(wAVQ/fH - wBVé_/QQH)WQ(ET, Ga,Gp,7)

+ GTWB(VB off T VAl/esz)/u’fc,y,oo)

+aTwp (Vg + Vald)

X {Wz(Z%GA?GBJ)[c%oo) - Mfc,y,oo)} 1,1 ,eme,
wi12(X7, G a,Gp, ) = aTwp(Valh + Valdy)

X {Wz(ET,GA,GBvT)[cW,oo) - p“fcn,,oo)} Luspses,

p11(Z7,Ga, Gp,pu2) = aTwB(VBl/QH-I- V1/2 )
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X {W2(ET7 Ga,Gsg, 7—)[c.y,oo) - Mfcﬂ/,oo)} (1T2Un - 1;[2";12615%3)’
Pl2(ET7 (GA, (GBa /J/Q) = C”-I-C“)B(‘/]é—/jﬂr + in—/jff)
x A Wa(S1, 6,65 T)ies 00) = Mo, ) } (Lr<0n = Lugpses);

where G4 = n'/?(fig — py) and Gg = n'/%(lig — p,). Using the functions we
have defined, we could re-express the upper bound U(a) in terms of

Ua) =wn(X7,%5,Ga,Gp, T, p2) + p11(X7,G A, Gp, p2)

+ sup {wi2(X7,G4,Gp,p2) + p12(X7,G4,Gp, p2)} -
p2€R

Assume the conditions in Theorem 4.2, we can show that

1. w11 is continuous at points in (X7, Xg, R, RE RY, 12) and w1 is continuous
at points in (X7, R, R!, po) uniformly in ps. That is, for any 7 — Xp,
i Yo GO — p1/2(;® _ 5 7. GO — pr2g® 5 7o and
s s, by n 2 (i —a) = Z1, Gp nt/2 (g’ —pa) — Zz an
T — 7, we have

sup |w11(iTa isWqub)aGg)a?v /”‘2) - w11(2T7ES7 Zlvz2a7—a IU/2)| — O’

o €R?
sup |wia(Er, G GY | o) — wio (S, Z1, Zo, pa)| — 0.
2 €R?

(A.16)
2. pn(EAJT,GEf),Gg),ug) and plg(iT,GE:),Gg)7M2) converge to zeros with
probability one as n — oo uniformly in po. That is,

sup (o1 (57, G, G, )| 40, max |pra(Sr, 61, G, )] = 0.
H2

2 ERY
(A.17)
See Lemma B.9. and Lemma B.11. in [32] for details.

By far, combine (A.16) and (A.17), U(a) is guaranteed to be continuous, and
the continuity of L(a) can be derived in the same way. Based on continuous
mapping theorem and Theorem 4.2 in [32], we can state that

sup [E{L(a), U(a)} - Ear{L" (), U ()}

converges to zero in probability, where Ej/(-) denotes the expectation taken
with respect to the bootstrap weights.

A.7. Proof of Theorem 4.2

Based on the established consistency of the bootstrapping bounds in Section A.6,
the proof can be decomposed into two parts. One part is for

P{a™y/n(fivap = Hg) < Ur—aya(@)} > P{U(a) < Uy _qa(a)}
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= Gu{lh—a2(a)} = Gulhaja(a)}
+ @U{ﬁka/z(a)}
=o(1)+1—a/2,

where Gy (-) is the cumulative distribution function for U(a). Let @U() be the
empirical cumulative distribution function U(a) estimated by bootstrapping.
Similarly, we can show that the other part of our proof as

~

P{aTy/n(fitap — ttg) < Las2(a)} < P{L(a) < La2(a)}
= GL{LQ/Q(G)} - @L{Za/z(a)}
+ éL{Ea/2(a)}
—o(1) + /2,

where G () is the cumulative distribution function for L(a). Combine the re-
sults we have above, we can obtain that

P(Las2(a) < aT/n(fisap — fig) < Ur—ay2(a))
= P{a"v/n(fitap — tg) < Ui_aya(a)}

— P{a™/n(fitap — p1g) < Laya(a)}
>1—a/2+0(1)—a/240(1)=1-a.

Thus, the proof is completed.

A.8. Proof of Remark .1

In this section, we construct a data-adaptive confidence interval based on the
projection sets proposed in [48]. Starting from the common projection sets, we
re-express the test-and-pool estimator

2 (fivap — 1g) = —a Vo "Wi + a7 (waValls — w Vi) Wa
1/2

+aTwp(Valo ot T Vale) Wit 00)-
For given o, we know that
"2 {fiap(n2) = g} = =TV Wi + T (waVA /= wB Vo i) Wa(112)
aTwn (Vi o + VAl Wi, ) (142),

where the right hand side can be approximated by empirical sample distribu-
tion as @n(p;a) and we could construct a (1 — &) x 100% confidence interval
By, 1-a,(a; p2) of 1y given pp by the empirical quantile confidence interval as

By,g,lfdl (a; MQ)
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S o
= {Mg € R': figap () — W < 1ty < Tirap(12) — W}

where @E 1(d; a) is the d-th sample quantiles based on our empirical distribution.

However, the value of ps is unknown, a useful approach is to form a (1 —
é2) x 100% confidence region B, 1-a. for uo, and thus the projection confidence
interval for p4 is the union of Bug,l_dl(a; pz) over all py € B, 1_4,. Here, the
confidence bounds for p5 can be constructed as Bj,1-a, = fio = @71 (1 — ao/2)
where

N —1
fiy = nt/2f P e {N—l S dp(Vi,oa,, 6B,i;ﬁA,?>} (fia — fin),
i=1

®~1(.) is the inverse cdf for a standard normal distribution. Thus, let o = &; -+
and the union would be the data-adaptive projection (1 — «) x 100% confidence
interval for p4

(ngc,ll—a(a) = U,“L26IB;L271*562 Bﬂgpl_&l (Cl; MQ) (A18)

To limit conservatism, a pretest procedure is carried out while we construct
the projection adaptive confidence intervals Cﬁ‘i(fl_a(a), and we would use the

(Cﬁgllfa(a) if we cannot reject the Hy : pTp € B. To prove the coverage for the
projection adaptive confidence interval, denote for o € (0, 1), we have that
P(aTy ¢ CPATLo(0)) = P (aThy & CRA (@) | T < 00 ) B(T < 0y)
+P{aTuy ¢ By, 1-ala; A2)|T > v, } P(T > vy)
=PlaTpy ¢ (CEgc,Il—a(a),l/Q €Byi-a, | T < vp)P(T < vn)
+ ]P)(an,g ¢ (C/ljg,llfa(a’)aﬂ2 ¢ Bll«z,l*&z | T < UW)P(T < Un)
+ {&1 + o(1)}P(T > v,,)
< ]P){aTﬂg ¢ Bl‘g117&1 (a5 p2), po € 3#2’1,5@ | T < v }P(T < vy)
+P(p2 € By 1—a. | T < 0)P(T < 0y) + aP(T > vy,)
< (@1 + a)P(T < vp) + aP(T > vy,)
= a7
where we know that P{aTu, & B, 1-a,(a;p2), p2 € By, 1-a,} < a1 holds for
any value po.

A.9. Proof of Lemma A.1

Following the similar arguments in [55], let F(-) and G(-) be the cumulative
distribution function (c.d.f.) of N(ug, V1) and N(—pg0,V2). Let ®(t) be the
convolution of G(-) and F(-) as ®(-) = (G * F')(-), then we have

[P{(kg = 1g) <1} = 2(2)]
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<[ {swwp @, <21 70 - F@) |+ e F0) - 20}

where s =t + pg =t — (—pg). By Lemma 3.2 in [45], |P(iiy < z | Fn) — F(x)]
converges to 0 uniformly in x. For the first term, we have

N—o0

< E< {th } — 0.
—00

Since F'(-) and G(-) are both bounded and continuous, by the dominated con-
vergence theorem, the second term is

lim ‘Eg {sup]P’(ﬁg <z|Fn)-— F(:v)}‘

supP(il, < o | F) — Fla)

lim Ec{F(s)} = @(t) = E¢ { Jim F(t — () } - (1)

- / G(x)F(t — z)dw — ®(t),

which also converges to 0 [55, Lemma 1]. Hence, the asymptotic c.d.f of fi; — g
is ®(-) and the result follows as the convolution of Gaussians is still Gaussian
1, 8.

A.10. Proof of Lemma A.2

Under Assumptions 2.1, 2.2 (iii) and Assumption A.1 f), we have

N
0=N"" Enpp {®5(Vi: 04,084 1B.0:70) | Fn}
=1

N
=N Eupp {®5(Vi, 644,083 19,0, 70) | F}
=1
N

=+ N7t Z]Enp—p {(i)B(Via 5A,i,5B,i§ N}bTO) | ]'—N} (NB,O - ﬂg,O)
i=1

=E{®p(Vi,04,,0B,; l1g,0,T0)}
+E{®5(Vi; 1, 70) } (18,0 — Hg,0) + Onpp-c(n™?),

for some p; between pup o and pg,0, where

N
NS Eupp {P5(Vi, 044,083 g0, T0) | Fv}
i=1
=E¢ [Enpp {®5(Vi, 044,08, thg, T0) | FN ]+ Onp—p-C<n_1/2) (A.19)

= ]E{(I)B(Via 514,1'7 5B,z‘§ Hg,05 TO)} + Onp—p—C(Nil/Q) + Onp—p—c(n71/2), (A~20)
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where for (A.19), the first approximation E,, (- | Fn) is based on the design
consistency and the non-probability sample-based Weak Law of Large Numbers
under Assumption 2.2 (iii), and the second approximation E¢(-) is justified un-
der Assumption A.1 f); For (A.20), it can be obtained by continuous mapping
theorem as p1y = fig0 + Oc(N~1/2) under Assumption A.1 f). By rearranging
the terms under the local alternative, it follows that

HB,0 — Hg,0

. N 1 _
= [E{®p(V;up.m0)}] E{®5(Vi04.4,08.: 19,0, 70)} + Onpop-c(n™'/?)
= 0(1) x 050+ Onppc (171/%) = Onppec (1),

A.11. Proof of Lemma A.3

First, we show that the composite estimator fipoo1 is essentially the solution to

N
Z{‘I)A(Vi,(sA,i;MaT) +A®p(V;, 04,031, 7)} = 0.

i=1
Next, under the Assumption A.1 a)-d), we apply the Taylor expansion at point
(pg, 7o) which leads to

N
0= Z{q)A ‘/7,7614 zyupoola ) + Aq)B(V;y(SA z76B z,Mpoola )}

i=1
N

= Z{‘I’A(Vu 4,3 fg;T0) + APp(Vi 04,08, f1g,T0) }
=1
+Z 8(I>A ‘/;’5’4“’”;0017?*) +Aa(I)B(‘/iv(SA,ia6B,i;ﬁ;ool’?*
o o

) b gt = )

8¢A(‘/i7 5.4,1'; //Z;oo]a 7/:*) 8®B(‘/za 5A,'L'a 5B,’L'; //Z;oola ?*) —~
+Z{ or +A or }(T_TO)

i=1
for some (17,1, 7*) between (fipoor, 7) and (tg, 7). Given the asymptotic joint
distribution for 14 and fip in Lemma 3.1, we obtain

n'/? (//lpool - Ug)

-1
1/2 Z{(DA ‘/275.4 ulupool? )+ACDB(‘/M6A 1763 laupooh )}]

1=1

N
X [Z {@a(Vi,04,i; g, 70) + APB(Vi, 04,i,0B.,45 ftg, T0) }
i=1

+Z acI)A ‘/za 5A 1) N;oolv?*)/aT

i=1
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+HAOD5(Vi, 0.5 08,53 Flpool, ) /07) (F = 70)]
i * —1
= E {@A,B,n(A’ 'u’poola 7'0)}

X {nl/zE {24(Vipgo,m0)} (fia — pg) + n'PAE{®5(V; u,70) } (fip — /-Lg)j| :
(A.21)

for some intermittent value p5, ) between plimfipool and pi4,0, where Equation
(A.21) is obtained by using Equation (A.7) and (A.2) collectively. By Assump-
tions 2.1, 2.2 (iii) and suitable moments condition in Assumption A.1l, under
the local alternative, n'/ 2(ﬁpool — 1tg) would follow the normal distribution with
mean and variance as

E {"1/2(17;)001 — ug)} = —f5 PE{ @450 pg0.0)} A,

var {n1/2(ﬁp001 - Hg)} =E {(-pA,B,n(Avﬂg,OaTO)}_l

. {< E (V' 19,0, 70) ) < Va T ) < EdA(V; 11,0, 70) )T}
AE® (V' p1g,0,70) rT vp AE®B(V; g0, 70)

X {]E{‘i’A,B,n(AMg,O,TO)}_lr7

obtained by the similar arguments in (A.5). Plugging (A.11) into Equation
(A.21), the asymptotic distribution of the most efficient estimator fi.g follows

02 (fieg — pg) 2 E{ DA 50 (Aett, 11,0, 7’0)}71 X
{B®A(V;10.0,70) - 0 /2(fia = tg) + At ED B (V' p1g.0,70) - 0/ (i — 11g) }
=02 {wa(Aewr) (fia — pig) + wp(Aet) (in — 1)} -
It yields a similar efficient estimator as derived in [71]
02 (e — pig) = n'? {wa(Aest)fia + wp(Metr) i — g} (A.22)
with
wa(A) =E{D 4 5n(A, g0, 7'0)}_1 E{®4(Vi, 04,3 f1g,0:70) } »
wp(A) =E {(i)A,B,n(Av Hg,05 To)}_l AE {(i)B(Vi, 646,08, g,0,70) } »

where it is easy to show that w4 + wp = I;x;. So that the asymptotic variance
Vg of this efficient estimator will become

fo _ wI‘ (Aeﬂ‘) T VA I wA (Aeﬂ‘)
¢ ijB (Aeff) I'T VB wp (Aeﬂ‘) ’
The expression of Vg can be complicated when the dimension of the parameters

of interest is greater than 1. Here, we provide the form of V.g when estimating
equations are (2.4) and (2.5):

walAest) = E{D4 pn(Aet, ig.0, To)}_1 E{®4(V,04;114,0,70) }
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= {la+(Va-T)(Vp-TT)" 1} 7}
— (Vg —TT)(Va+ V- —TIT)"
wp(Aegt) = E{éA,B,n(Aethg,o,To)}_lAeffE{(i)B(V,(sA,(sB;Mg,o,To)},
= {L+Va-D) (Ve -TT) "} 1 (V4—T)(Vp —TT)!
(Vg =TT)(Va+ Vg =T —TT)"YVy —T) (Vg —TT)7!

va={() (7R )(0))
(%) () (%)

= (Va4 Ve =TT —T)2{(Vg —=TT)?Vy + (V4 - T)?Vp
+T(Vg =TT) (V4 —TT) +TT (V4 - 1)(Vp —I')}

= (VaVp =T?)(Va+ Vg —2I)~!

=Vya—Va,

and

X

with Vo = (Va —T)2(V4 + Vg — 2I') 7! guaranteed to be non-negative definite,
i.e., non-negative quantity. By Cauchy-Schwarz inequality, we have

VE{(Tia — 11g)*} X B{(fip — 114)*} > B{(Fia — 1g)(lin — 119)},
which leads to /VaVp > T, and therefore
Va+ Vg — 20 > 2{|VaVp|Y2 =T} > 0,

where the two sides are equal if and only if V4 = Vp = I'. The asymptotic vari-
ance of the efficient estimator for other multi-dimensional estimating equations
can be obtained in an analogous way but with much heavier notations.

Appendix B: Simulation
B.1. A detailed illustration of simulation

Here, we will provide detailed proof for estimating the finite-population param-
eter p, = pyg = N7! Zi]\;Yi and po = Ec(Y). First, we know the following
expectation that

Enp(0p,i | Xi,Ys) = m5(X,Y5), Enp(Yi| Xi) = m(X;).

To obtain the asymptotic joint distribution 14 and fig, the stacked estimating
equation system ®(V,04,0dp;0) is constructed with 0 = (uY, uL, 77)T where

O(V,04,0p;0) = {®a(V,64;0)T, 25(V,04,05:0)T, 2-(V,04,05:0)T}T, (B.1)
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where we use 114 and pp to distinguish between estimators yielded by ® 4(V, 0 4;
pa)and ®p(V,04,0p; up, 7). By positing a logistic regression model g (X;; ) =
exp(X]a)/{1 + exp(X]a)} and a linear model m(X;;3) = X/, one common
choices for ®4(V,04;14) and ®5(V,64,05; up,T) are

DAV, 045 04) = a7y (Y — pa),

0B
¢B(M6A7(SB;MB’T) -

oA
m{y m(X; 5)}+—m(X B) — 1B,

where 7 = («, 8) and 74 is the known sample weights under probability samples
accounting for sample design. There are various ways to construct the estimating
functions ®.(V;;a, B) for (a, ). One standard approach is to use the pseudo
maximum likelihood estimator @ and the ordinary least square estimator 3
[54, 26]. In usual, the maximum likelihood estimator of o can be computed by
maximizing the log-likelihood function I(«)

N
& = arg moé}xz [65.ilogmr(Xi;a) + (1 —6p.4)log{l — (X a)}]

i=1

N
= arg max Z 0p,ilog
«
i=1

7TB(XZ‘;04) N .
{m} + ;log{l —7mp(X;;a)}.

Since we do not have the X; for all units in the finite population, we then instead
construct the following pseudo log-likelihood function I*(«)

al 75(Xi; ) ol
il B 8445 log{l — mp(X;
= Y milon{ IR |+ 2 daimablos{l — ma(Xise))

N
= Z [5B’iXiTa - 6A’i772’1i log{1 + exp(XiTa)}} )

where the second equality is derived under the logistic regression model for
75(X;; ). By taking derivative of I*(«) with respect to «, the estimating func-
tions for (a, 8) can be constructed as follows:

®,1(V,04,0p;0,8) = 65X — dam ' mp(X;0)X, (B.2)
O, 0(V,04,0B;,8) = opX{Y —m(X;5)}, (B.3)

with (I)'r(‘/a 5147 63; a, ﬁ) = (q)'r,l(‘/v 6A7 63; a, ﬂ)T (DT,Z(‘/; 5Aa 53; a, ﬂ)T)T' Un-
der our setup, both Sample A and Sample B provide information on X and
Y, thus we can also consider the estimating equation based on the combined
samples for 5:

q)‘r,l(‘/a 5Au53;a7ﬂ> = (SBX - 6A7TZIWB(X;Q)X7
7 5(V,04,0B;0,8) = (04 +0B)X{Y —m(X;5)}. (B.4)
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-~

In addition, [29] propose a new set of estimating functions, in which (@, 8) are
obtained by jointly solve the following estimating functions:

XNV, 04,050, 8) = {0p75" (X;a) — damy '} X, (B.5)
DRV (V, 04,0850, 8) = 6p{r5" (X;a) — 1}X{Y —m(X; B)}. (B.6)

Denote the solution to Z ®(V;,04,4,0B,4;0) =0 as 0= (ta, o5, 7T)T. Under
Assumption A.l a)-e), we could apply the Taylor expansion to around 6, =
(fby, py, 7 )T and obtain

N ~
Z(I) Vi,04,i,0B,:;0)
=1

N N Y
- , 0®(Vi,64,4,08:0%) | 2
_;@(w,éA,i,aB,i,eyH {; S }(9—99), (B.7)

for some 6* = (NAuqu 7*T)T lying between 9 and 60y. Under Assumption 2.1,
the consistency of fis for p, can be established, i.e., fia = gy + Op(n 1/2)
Moreover, under Assumption A.1 f), we have p, = po + O¢(N~1/?) and hence
plimj%, = po, i.e., @ converges to p in probability. Under Assumption A.1
b), fip is consistent to up o, and ppo = fo + O¢pnp(n~'/?) under the local
alternative. Denote 8y = (10, po,79)7, and the following uniform convergence
can be established under Assumption A.1 (a)-(c) and (e)

Za(p ‘/:L75A27(SBZ) )
0T

_E { 5@(‘/;-7 5A71', 5B,i§ 90)

07 } + O¢pup(n™12) + Oc(NTH2),

and by Assumption A.1 (d), we have

—1
8¢ ‘/za(SA’L;(sB 1,70 ) _ 3(1)(‘/17514,1,53,1,90)
{ Z T } = {E{ T + 0¢_ponp(1).

Rearrange the terms of (B.7), we then have

n'/2(6 -0,)

N -1 N
— {Nl Z ¢(9*)} {n1/2N1 Z(I)(‘/“(SA’“ 6371'; 03/)} + Og—p—np(l)
=1

i=1

N
= —{E¢(6o)} " {WN” > B(Vi 64,08, 9y>} + 0¢pnp (1),

=1
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where ¢(6) = 0P(V,d4,05;0)/007. For the simplicity of notation, we denote
mp(Xi;a) = mp i, m(X;; 8) = mi,m; = Om (X;; 8) /0B, and its expectation is
given by

E{¢(0)}
=—diag[ 1 1 7wp(Xya){l —7p(Xy;a)}XiX] (75, + Qd; X XT ],
(B.8)
where Q = 0if ®,(V,d4,05; a, 8) is constructed by (B.2) and (B.3), and Q =1
if ©,(V,04,0p;, 3) is constructed by (B.2) and (B.4); ng , = P(dp; = 1] X;)

is the true probability. In addition, if (B.5) and (B.6) are used to estimate 7, it
gives us

E {¢xu(0)}
E(64.d;) O 0 0
0 1 0 0
= — 0 0 E 5B,i(1_:;3,vi)XiX;r 0
0 0 E{tSB,i(l—WB,i)(;i—mi)Xin} ]E{‘SB,i(l_ﬂ'B,i)XiX;r}
TB,; TB,i
=—diag{l 1 (1-7p)X:X] (1—-np,)XiX]}. (B.9)

Below, we focus on the asymptotic properties of n*/2(6 — 6,) under (B.8), and
the asymptotics under under (B.9) can be obtained in an analogous way. First,
the inverse of E{¢(0)} is

[E{o(0)}) "
=—diag[l 1 7mp(Xy;a){l —7mp(Xy;a)} XX (75, + Qdi_l)XiXiT]il .

As shown in [12] under Assumption A.l g), the asymptotic variance of fip
will not be affected by the estimated B Let mp,i0 = m(Xi;a0) and m;o =
m(X;; Bo) be the correct working model evaluated the true parameter value
(a0, Bo)- Therefore, the Zivzl ®(V;,04,i,0B.,;0,) can be found by using the de-
composition

N
Z O(Vi,04,4,0B,:30y)
i1
0
N (b = pty) + 213 0, {75k 0 (Vi = mio — hx) = 67X }
Ei]ilN(SB,iXi Y, mBi0Xi
Yoin1 08, (Y — X[ B0) X,
Zi]\il %,idi(yi — fhy)
n Y oimq 04,idit;
S B0 X — Yo 0aidimp 0 Xi
0

b
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N
bT = [(1 —mp,i,0){Yi —mio — by} XT]{N"! ZWB,LO(I —7B,i,0) Xi X},

i=1

N
—1
t; = WA’iXJb +mi o — N E m;o-
=1

Since the probability sample is assumed to be independent of the non-probability
sample [12], we could express the variance for Zf\il ®(V;,04,,0B,;0y) as two
components V; and V, under Assumption 2.1 and 2.2 (iii)

N
var {n1/2N1 Z O(Vi,04,i,0B.; By)} =Vi+ V2

i—1
N
=nN 2 Z 7B,i,0(1 —7TB,i0)
i—1
0 0 0 0
0 A2 AX] AYX]
Byl o axe xxy Y XX/ o
0 AYiX; YiXXT (Y XTB0)2X.XT
Dll D12 D13 0
) DI, Dy Das 0
N2 19 22 23 + o(1), B.11
¢ Diy D3 Dss 0 M (B
0 0 0 0
where
N
Vl = var¢.np {Z (I)(va 6A,ia 6B,i; H’U)} ’
i=1

N
Vo = vare,, {Z (Vi 04,5084 9y)}

i=1

and
A= 771_3,11',0 {yi —mio—hn} —bTx;.

By the law of total variance, we have

N N
varc¢.np {Z (D(V;;(SA,iv(SB,i;gy)} = EC [Varnp {Z CD(V;;(SA,ivéB,i;gy) | -FN}‘|

i=1 i=1

Eunp {Z P(V;,04,i,0B.,:;0y) | ]:NH ,

i=1

+ vare
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Algorithm B.1: Replication-based method for estimating variance of
ﬂA and ZZB
Input: the probability sample {(V;,d4 ;) : © € A}, the non-probability sample
{(V4,6B,i) : i € B} and the number of bootstrap K.
forb=1,---,K do

Sample n 4 units from the probability sample with replacement as A®)
Sample ng units from the non-probability sample with replacement as B().

Compute the bootstrap replicates ﬁf? and ﬂg> by solving
z (PA(‘/MEA,M.U‘) :07 Z ®B(‘/’i)6A,i?6B,i;,u,?) =0.
icAd) i€ AP uB®)

Calculate the variance estimator ‘7A7 T and \7}3

K
T o=nE -1 Y @Y - a)@Y ~hp)T,
b=1

K
Vp =nE-1)"Y @Y ~ap)@ay ~Gp)T. D=A,B,
b=1

where fip = K1 Ef:l ;’J(Db) for D= A, B.

where the second term will be negligible under Assumption A.1 g) and h).
Similar arguments hold for varc., {Zf\il ®(Vi, 04,08, 91,)}7 therefore, (B.10)
and (B.11) follow. The sub-matrices Dy, k = 1,--- ;3,1 =1,--- , 3 are all design-
based variance-covariance matrices under the probability sampling design, and
can be obtained using standard plug-in approach.

Alternatively, a with-replacement bootstrap variance estimation can also be
used here [43]. To illustrate, we consider a single-stage probability proportional
to size sampling with negligible sampling ratios. Following [57], the bootstrap
procedures in Algorithm B.1 are conducted.

Under Assumptions 2.1 and A.1,  — 6, | Fy and 6, are both approximately
normal, which leads to the asymptotic normality of the unconditional distribu-
tion over all the finite populations by Lemma A.1:

n'’2(0 - 0,) —

N
N (9*, {Ep(6p)} " var {n1/2N1 > (Vi 644,085 9y)} {EQS(GO)T}l) ,

i=1

where 6* = (0 — ];1/2 [E{8® (10, 70)/0p}) " n 0)T. Thus, the asymptotic
variance for the joint distribution n'/2(fia — 1, fig — p,,)T is obtain by the 2 x 2
submatrix corresponding as

var(n'/?(fia - iy iz — 1)}

_ D D )
=nN2 +o(1
( Doy ity (1—7Bi0)75.4,0A% + Doy M)
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([ Vy T
_ ( ooy )+o(1),
and
nl/2 < EA — Hy )
KB — Hy
0 Va T )}
— N _ _ ,
{( — 15" [E{0® 5 (0, 70) /On}] " ) ( T Vg

2 ) (5 v )}

where E{0® g (110, 70)/Op} = —1.

B.2. A detailed illustration of bias and mean squared error

Here, we take ® 4(V, 04; i) as Equation (2.4) and ®5(V,d4,d5; i, 7) as Equation
(2.5) for an illustration. For T' < ¢, we have

n'/? (ﬁtap - /~Lg)

:_< VaVp — T2 )”2 1+((F—VA)—)\(I‘—VB)

L= - Wo|WZ < ¢y,
Va+ Vg —2T 14+ M) (V4 + Vg —2T)1/2 2|Wa <

with probability & = F}(c,; 13), which leads to

9 N\ 1/2
bias(\, cy;1n)r<e, = — (%) M1
(I' = Va) = AI" - V)
(1+ A\)(Va + Vg — 2I)1/2

VaVg -T2 \ /2
- (VA—H/B—?F) =
(T =Va) = ANI' = Vp) F(cy; 3 112/2)
A+ N(Va+ V- 20172 2 F ey T 2)

nfg P = Va) | nfp T = Va) = AT — V)} Faley; 1d p2/2)

+ CE(Wa|W3 <c,)

_|_

Vi+ Vg — 2l A+ N (Va+Vg —2T)  Fi(cy; pFua/2)
and
VaVp — T2 ) T —Va) = AT =Vp) °
\, Cy: = AB 1
mse(\, eximrse, = g g —op - M DA ST, 5 v —oD) 2

x B(WZIW3 < c;)

G WVaVe =T P Vi) M = Vi)y  Fy(eyinfia/2)
T+ M) (Va+ Vs —2) S YR ATE)
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 VaVp T ) AT = Vg)— (C—Va) )?
a VA+VB—2F'(”1+1)+{(1+A)(VA+VB—2P)1/2}
Fs(cy; 13/2) o F5(cys 15/2)
x { Ha
F1(07§N§/2) Fl(c“yaﬂz/?)}
NG 12)"? {(T — Va) - AT — Vp)} - Fy(cy; p3 p2/2)
T+ N (Va+ V5 —2) M B e i pa/2)

For T' > ¢, we have

nl/Q(A

VaVp —T2 \ /2 -V
Ntap_ﬂg):_( A8 ) +( ( A)

—_ Wo|W2
Va+ Vg =20 VA+VB—2F)1/2 2| 2> 6

with probability 1—¢ = 1— F(c,; u3), the corresponding bias and mean squared
error would be

VaVp -T2 \'/?
m) i

(I' = Va) 1 — F3(cy; 13 p2/2)
(Va+ Vs — 2072 T Fi(e: id p2/2)

_nfp (= Va) | nfp' (T = Vi) 1= Fy(eyipf a/2)
Vi+ Vg —2T Va+ Ve —2I' 1— Fi(cy;pudue/2)’

bias()\, Cyj3 7])T>cw = - <

and

VaVp —T
Va+ Ve —2T

(T — Va)?

2
. 1 A

mse(A, ¢y;N)r>e, =
x B(WZ|W3 > c,)

_2(VAVB_F2)1/2(I‘—VA)M . 1 — F3(cy; pd pa/2)
Va+ Vg —or VT T R ey i 1 /2)
VaVg — 2 (T — V)2
T Vat+Vg-—2r V+VB—2F
y {1_F3(CV;M%/2) N F5(CWN2/2)}
1= Fi(cy:113/2) “21—F1<c  13/2)
1\Cys M2 v K2
L (Vavs —12)'? (C=Va) 1= Fsleyidpe/?)
Va+ Vg — 2T L T R (e il 2 )2)”

Then, the bias and mean squared error for n'/?(figa, — ftg) would be

bias(A, cy;1) = bias(A, ¢y;n)r<c, - § +bias(A, ¢y;n)r>e, - (1 =§)
—nfp2(C=Va) | nfsP{=MT = Vi) + (U = Va)}

= F . T 2
VatVp 20 T GanWatvpoa) i/

nfg' AT —Va)
Va+ Vg =20

{1 = Fy(ey; 3 12/2)}
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~Mfp? (T Vg T -V, T
= F 5 2
Trn \Vagvs —oF T Vg vy —ar ) Prleirann/?)
= 1ndo, (B.12)
with U
do = =M f5 2 (1 + N (wa +wp) Fa(cy: 1 p12/2),
and
L VaVp 172 )
mse()‘767777) - VA + VB . 2F (/J‘l + 1)
{MT = Vp) — (T = Va)}? L9 5 o9
(1 +)\)2(VA +VB _ QF) X {FJ(C'Y’/‘LZ/2) +/‘L2F5(C'Y’/'L2/2)}
(T — V4)?
Vit Vs —or X {1 *FB(C%Hg/Z) JFU% *#%FS(CWQIé/Q)}
/2
(VAVB—F2)1 (T'—Vy)
S {1 = Fa(cy; 13 p2/2) } ppio
/2
(VaVp —T2) 2 {(T = Vi) = A(T = Vig)} .
2 Fy(cy: 2
(1+)\)(VA+VB—2F) 3(C’Y7:u’2 /1‘2/ )le?
— Vigdy + Vaogds + Vaesds + VY2V 24, + V24 B.1
= Veftd1 + VBeftd2 + Vaeft@3 + eff(B_eﬂ‘4+ A_eﬁ‘f)); ( 3)
with
dl = M%‘Fl,
dy = ML+ X2 {Fs(cy; p13/2) + p5Fs(cys p13/2) } {A = 2wp/wal,
ds = 1—Fs(cy;p3/2) +ps {1 — Fs(cyip3/2)}
+(1+ N7 {Fs(cyi p13/2) + p3F5(cyi 13/2) }
dy = 201+ N ppaFs(ey; p3/2),
ds = —2uipa {1 — Fa(cy; p3/2) + Fa(ey; p3/2)(1+ N7}

Let V4o = 2,Vg = 1,I' = 0.5, and n = 0,0.5 and 1.5 (encoding zero, weak,
and strong violation of Hp) in (B.12) and (B.13). Figure B.1 shows three mean
squared error surfaces as functions of (A, c,) with three values of 7.

a) In the leftmost plot, where Hy holds, for a given A, the mean squared
error decreases drastically and then flattens out as c, increases. Moreover,
for a given c,, there exists a minimizer A* such that the mean squared
error achieves the minimum. These observations justify our strategy by
viewing A and c, jointly as tuning parameters since both of them are
playing important roles when searching for the minimum value of mean
squared error.

b) In the middle plot, where Hy is weakly violated, the pattern of the mean
squared error retains the similar features for ¢, as shown in (A). In addi-
tion, the optimal choice A* leads to a sharp decline of the mean squared
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(A) (8) ©)

ES
ES
3sW

Fic B.1. The plots for the mean squared errors in a synthetic example. Leftmost (A) plots
the mean square error mse(A, cy;n) of n'/2 (fisap — pg) as function of A and ¢y when the null
hypothesis Ho holds true (n = 0); Middle (B) plots mse(A, cy;n) when the null hypothesis Ho
is weakly violated (n = 0.5); Rightmost (C) plots mse(A, cy;n) when the null hypothesis Hy
is strongly violated (n = 1.5).

error compared to other choices of A. These findings imply that despite the
bias due to accepting the non-probability sample, the impact would be less
compared to the increased variance due to rejecting the non-probability
sample. But care is needed to determine the amount of information bor-
rowed from the non-probability sample since a small deviation from the
optimal value A* can lead to a non-ignorable increase of the mean squared
error. Once the optimal mean squared error is reached at (A*, ci‘;), the fur-
ther increment of ¢, will not be influential.

c¢) In the rightmost plot, where Hy is strongly violated, the mean squared
error behaves differently as in (A) and (B). It is advisable to choose both A
and ¢, close to zero (the low probability of combining the non-probability
sample with the probability sample) to minimize the mean squared error.
As above, keeping increasing c,, after the mean squared error flattens out
is of no importance.

B.3. Additional simulation results

Table B.1 provides the Monte Carlo averages and standard errors of the data-
adaptive tuned parameters (A, c¢,) and the Monte Carlo proportion of combining
the probability and non-probability samples. Figure B.2 presents the plots of
Monte Carlo biases, variances and mean squared errors of the fia, fdr, Heft, Htap
and [itap:x based on 2000 replicated datasets. For the fixed threshold strategy
Htap:fix, the threshold ¢, is held fixed to be the 95th quantile of a X7 distribution
(i.e., 3.84) and the tuning parameter A is selected by minimizing the asymptotic
mean square error at the fixed c,.

In Table B.1, we find that the adaptive procedure tends to select smaller
values of A and c, as b increases. As a result, the Monte Carlo proportions of
combining the probability and non-probability samples together are decreasing,
which is desired for down-weighting the biased non-probability sample. More-
over, we compare the adaptive tuning strategy of c, with a fixed thresholding
strategy, and Figure B.2 shows that the strategy with pre-defined cutoff cannot
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TABLE B.1
Simulation results of Monte Carlo averages of the tuning parameters (A, cy) and the
proportion P(comb) of combining the probability and non-probability samples.

Hyp A Cy P(comb)
EST  SE EST SE EST  SE
holds Htap 3.02 426 3506 945 095 0.22

fitap:z 3.05 4.62 3506 944 095 0.22
ftap:ka  3.06  4.66 3506 9.44 095 0.22
slightly violated  [fitap 2.21  3.39 31.60 13.76 0.86 0.35
ftap:B 222 347 3160 13.75 086 0.35
ftapkH 223  3.60 31.60 13.75 0.86 0.35
strongly violated  [itap 0.16 0.28 1.40 1.97 0.00 0.06
ftap:s  0.16 028 1.40 197 0.00 0.06
ftapxn  0.16 028 1.40  1.98 0.00 0.06

~

MA = Mdr = Heff  Mtap Mtap:fixed

bias var MSE
0.020 0.05
024 0.015+ 0.044
y 0.034
0,010 [
019 e 0.02 7:
004 ;:(,__‘\ 0.005+ m.a:._.,_g-_éz 001 = [

T T v T — 0.000 0.00 - T T T T
0 25 50 75 100 0 25 50 75 100 0 25 50 75 100

F1G B.2. Summary statistics plots of estimators of p, with respect to the strength of violation,

labeled by b. Each column of the plots corresponds to a different metric: “bias” for bias, “var”

for variance, “MSE” for mean square error.

satisfactorily control the mean squared error when Hj is slightly or strongly
violated.

B.4. Double-bootstrap procedure for v, selection

Following the algorithm mentioned by [10], where optimal v,, is selected to en-
sure the coverage probability, we need to retain the K bootstrapped samples,
called VD V@ ... V) where V) = {V; = (X7 v ie1,-- n}b=
1,---, K withn = n4+npg. The reason it is called double bootstrap is that each
bootstrap sample spawns itself to a set of K’ second-order bootstrap samples.
Next, we set up the candidates for v,,. Under the assumption (A2), we let v,
be the form of kloglogn with k € {2,4,10,20,30}, and construct the bound-
based adaptive confidence intervals for each given k at 1 — « confidence level,
denoted as (CEQASEZ(G). Given each k, we compute the coverage probability for
the associated adaptive confidence intervals regarding these K’ second-ordered
simulated datasets. Then, choose the smallest x that ensures the actual cov-
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erage probability larger than 1 — a. Specifically, we use the estimator ﬁff) for
14 in each bootstrapped dataset as the ground truth and count the number of
datasets in Which the adaptive confidence interval covers the ground truth, say

c(k) = Zb 1 l{A(b) € CE??EZ’(b)(a)} and therefore the v,, can be determined
by using v, = inf{k : ¢(k)/K’ > 1 — a} x loglogn. In our simulation, K’ is set
to be 100.

B.5. Details of the Bayesian method
In this section, we provide the details of the Bayesian approaches proposed by
[52] to combine the probability and non-probability samples as follows.

1. Solve the score function for 5 by using the non-probability sample:

ﬁNPR—aI‘ngDZ(SB, Y XTﬁ)—O

2. Construct the informative prior with three choices:

Prior 1: Choose a weakly informative parameterization of the prior as
B~ N(0,10°),

which can be treated as a reference for comparison.

Prior 2: Let EpR be the solution to the score function based on the probability

sample
N

ﬁpR—argman(Ml (Y, — XTB)=0.
=1

Then consider the squared Euclidean distance between BpR and BNPR
as the hyper-parameter O'B for the variance of 5:

g~N {BNPR; diag(”EPR - BNPR”%)} .

Prior 3: In lieu of using the squared distance to extract information on 0%,
a nonparametric with-replacement bootstrap procedure can be im-
plemented (B 1000) After estimating the coefficient in each of

them, denoted by BNPR, one rephcatlon based variance estlmator can

be obtamed C’BNPR = Zz I(BNPR - BNPR) /(B — 1) with /6NPR =
1/B ZZ 1 NPR Then, the informative prior can be constructed

B~ N(ﬁNPR’ PXP UﬁNPR)
3. Assume that the model for the observed probability sample is
Y |04 =1~ N(X]B,0?).
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By imposing an informative non-probability-based prior, the resulting pos-
terior estimates are expected to be more efficient. Specifically, these priors
are:

B~N(Bo,o3), o ?~TD(r,m), r=m=10"%
where
Prior 1: 5o = 0, 0[23 =10°,

Prior 2: 8y = Bxpr, 03 = diag(||Ber — Brerll3),

Prior 3: 60 = ﬁNPRa 0'?3 = Ipxp . GENPR .
The posterior Markov chain Monte Carlo (MCMC) samples of 8 and Y; are ob-
tained by drawing 2000 samples from the posterior distributions and discarding
the first 500 samples as the burn-in procedures. The Bayesian estimator is

naA naA
ﬁBayes = I/NZsz; with N = Zdi’
i=1 i=1

where Y; is the posterior mean calculated by Y; = 1/(2000 — 500) i(fgm Yi k-
Borrowed from Bayes’ Theorem, its variance and 95% highest posterior density
intervals can be estimated via the MCMC posterior samples. Denote fiayes,k =

1/N 0 d;Y; k. k = 501, -+ ,2000. Then, we have

1 2000
m e ~ T )2
Var(MBayes) - 2000 — 500 — 1 k;wl(MBayes,k MBayes) )

HPDI = {Q(ﬁBayes,k; 04/2), Q(ﬁBayes,k; 1- 0/2)} s

where Q(IiBayes,k; o) represents the ag-th sample quantile of the posterior sam-
ples [iBayes k, k£ = 501, --,2000 after burn-in.
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