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Abstract: This article develops statistical methods for testing the equality
of two distributions based on two independent samples generated in some
separable metric space. Such methods are broadly applicable in identifying
similarity or distinction of two complicated data sets (e.g., high-dimensional
data or functional data) collected in a wide range of research or industry
areas, including biology, bioinformatics, medicine, material science, among
others. Recently a so-called maximum mean discrepancy (MMD) based ap-
proach for the above two-sample problem has been proposed, resulting in
several interesting tests. However, the main theoretical and numerical re-
sults of these MMD based tests depend on the very restricted assumption
that the two samples have equal sample sizes. In addition, these tests are
generally implemented via permutation when the equal sample size assump-
tion is violated. In real data analysis, this equal sample size assumption is
hardly satisfied, and dropping away some of the observations often means
the loss of priceless information. It is also of interest to know if an MMD-
based test can be conducted generally without using permutation. In this
paper, we further study this MMD based approach with the equal sample
size assumption removed. We establish the asymptotic null and alternative
distributions of the MMD test statistic and its root-n consistency. We pro-
pose methods for approximating the null distribution, resulting in easy and
quick implementation. Numerical experiments based on artificial data and
two real data sets from two different areas of applications demonstrate that
in terms of control of the type I error level and power, the resulting tests
perform better or no worse than several existing competitors.
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1. Introduction

1.1. Two-sample problem and some applications

With the development of data collection techniques, complicated multivariate
data objects (e.g., high-dimensional data or functional data) in some separa-
ble metric space are frequently encountered in various areas including biology,
bioinformatics, medicine, material science, among others. For such data, we fo-
cus on the problem of comparing two samples based on their distributions. We
investigate a statistical test, which compares the null hypothesis of equal distri-
butions against the alternative hypothesis, in which distributions are not equal.
This is known as the two-sample problem.

Statistical tests for this problem are applicable in many areas. One of them is
an important issue of data integration, i.e., we investigate if two samples are part
of the same larger dataset, or if they should be treated as originating from two
different sources. For example, in bioinformatics, the two samples of microarray
data based on different experimental methods and lab facilities are often of
interest. Specimens obtained from these different settings need to be compared
to decide whether all specimens can be analyzed together. This is reasonable
since when we do not reject the null hypothesis, the two samples can be combined
into one larger sample, which can be used for further and more accurate analysis.
On the other hand, rejecting the equality of distributions indicates a difference
in the way samples are generated, which means observations should not be
integrated directly. It is also of interest to differentiate between groups of people
who are healthy or ill, or who suffer from different subtypes of a particular
cancer. One can also think about integrating two sets of observations for different
subtypes of cancer into one joint class, or treating them as distinct sets.

For the two-sample problem, there are many solutions in the literature. The
first one is probably the multivariate version of the t-test by Hotelling [14],
which however is constructed based on the assumption of multivariate normality
with identical and unknown covariance structure, limiting its applicability. This
drawback is overcome by non-parametric test such as the Kolmogorov-Smirnov
test and the Wald-Wolfowitz runs test and their multivariate extensions [3, 9].
Nevertheless, there are many modern tests with better properties. Some of them
are the further extensions of these classical tests. For example, the shrinkage-
based diagonal Hotelling’s tests [7]. In particular, the tests using characteristic
functions deserve attention. They are constructed based on an estimator of the
weighted distance between characteristic functions of two random vectors with
a certain weight function. Perhaps the most famous one is the so-called energy
test [22], while recently, Chen et al. [5] propose a modification of this test by
using a density of some random distribution as the weight function. Several
tests proposed in [17] are also interesting. The other class of tests is based on
the maximum mean discrepancy (MMD), which is also considered in this paper.
We review known results in more detail in the next section.
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1.2. Existing maximum mean discrepancy based tests

The MMD based two-sample test for equal distributions is introduced by Borg-
wardt et al. [4]. Their results are expanded by Smola et al. [21], which use a
Hilbert space embedding. In these tests, the test statistic is based on the maxi-
mum deviation of the expectation of a function evaluated on each of the random
variables, taken over a sufficiently rich function class. The choice of this class is
crucial. Fortunately, considering a reproducing kernel Hilbert space, the MMD
statistic can be easily derived (see Section 2). For a given data type, the kernel
can be appropriately chosen. For this reason, the MMD test is applicable in all
data types, such as vectors, strings, and graphs [4, Section 2.3].

Unfortunately, in all papers about MMD tests cited here, the main results
are obtained assuming the sample sizes are equal. In real data analysis, this
equal sample size assumption is hardly satisfied. In fact, among the two data
sets presented in Section 5.3, the two samples of any data set have different
sample sizes. In these cases, to apply the tests mentioned above, one has to
remove some of the observations so that the resulting two samples have the
same sample size. This, however, often means the loss of priceless information.
This equal sample size assumption is a technical condition, which allows good
theoretical results and easy implementation of the MMD based tests, but it is
not a necessary one. In fact, to construct a test, Borgwardt et al. [4] use the
asymptotic normal distribution of test statistic, which asymptotically controls
the type I error level and is consistent under fixed alternatives. However, the
empirical sizes of this test are equal to zero in their experiments (see Tables 1-3
in [4]). Thus, this test is extremely conservative for small and moderate sample
sizes, which may result in some loss of power.

Gretton et al. [10, 11, 13] derive a more accurate asymptotic null distribution,
which is a y2-type mixture. Based on it, different tests are proposed in these pa-
pers, e.g., using the Gamma approximation, the null distribution estimate using
the empirical Gram matrix spectrum, the Pearson curves approximation, and
the resampling procedures. The two former methods are found to be less compu-
tationally intensive but perform less accurately in some cases, which was noticed
n [13]. On the other hand, the reverse is true for the latter two procedures. Fi-
nally, Gretton et al. [12] derive the asymptotic null and alternative distributions
allowing for different sample sizes, but the resulting null limiting distribution
has a very complicated form, which motivates little applications; see Remark 3.1
for some discussion. They do not use it and consider mainly the case of equal
sample sizes as well as slightly modified approximations to the null distribu-
tion from earlier papers (e.g., Gamma and Pearson’s ones). One other thing
is worth mentioning. In the numerical experiments of all papers cited in this
paragraph, an unrealistically large sample size is usually used, which is needed
for proper size control. Furthermore, these tests are generally implemented via
permutation when the equal sample size assumption is violated.



Two-sample test for equal distributions 4093
1.3. Goals and results

As described above, the existing MMD based tests have some disadvantages.
Thus, it is of interest to construct a test using MMD, which

e is available for equal as well as unequal sample sizes, which is more realistic
in practice.

e maintains the type I error level and has reasonable power for all cases
of a number of observations and their dimension. In particular, for high-
dimensional small sample size setting.

e can be implemented easily without using permutation.

Moreover, such a test could have some good theoretical properties.

In this paper, we propose a two-sample test satisfying the above conditions.
Namely, we consider the use of a MMD statistic for the two-sample problem
without assuming the same sample sizes. We base our test on the unbiased es-
timator of squared MMD. Under the null hypothesis, we prove that the asymp-
totic distribution of test statistic is a y?-type mixture, which will be used to
construct a test. Considering fixed and local alternative hypotheses, we show
the consistency of new testing procedures, indicating good power behavior. The-
oretical results are established under mild conditions. For implementation, we
use the three-cumulant matched x2-approximation; see Zhang [24]. To apply it,
the asymptotic null distribution of test statistic is first considered. Although
the resulting test performs very well for large sample sizes, it is generally con-
servative for small and moderate ones. Thus we derive the first three cumulants
of the test statistic and use them in the second method, which is also accurate
for small and moderate number of observations. The resulting two new tests are
easy to implement with no permutation involved. The finite sample behavior
of the new tests and their comparison with several existing tests are studied in
numerical experiments based on artificial and real data.

The remainder of this paper is organized as follows. Section 2 presents the
hypothesis testing problem and its “kernel counterpart”. The construction of the
test statistic is also stated there. In Section 3, the asymptotic null distribution
and power of the new test statistic are proved under mild conditions. Section 4
contains the construction of two new testing procedures. The numerical exper-
iments are presented in Section 5. Finally, Section 6 concludes the paper. The
proofs of theoretical results and the detailed numerical results are presented in
Appendices A and B respectively. In the Supplementary Materials, the codes to
perform new methods and to conduct simulations are given.

2. Hypotheses and test statistic

Assume that we have the following two samples of observed random elements
in ), a separable metric space:

i.i.d.
Yaly -+ s Yan, Pa (0[:1,2), (1)
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where P; and P, are unknown Borel probability measures on ) as defined in
Borgwardt et al. [4]. Let n = n; + ny denote the total sample size. Of interest
is to test if the two Borel probability measures are the same:

H()IPl:PQ, VeI‘SuSH15P17éP2. (2)

Let K(-,-) : Y x Y — R be a characteristic reproducing kernel. Let H be a
reproducing kernel Hilbert space (RKHS) generated by K (-, ). For any u,v € H,
the inner product and L?-norm of H are defined as (u,v) and |ju| = (u,u)'/?
respectively. Let ¢(y) = K(-,y) : Y — H be the canonical feature mapping. It
follows that ¢()) C H. Using this feature mapping, we then have the following
two induced samples of random elements in the RKHS H:

Lol = ¢>(ya1)7 ey Tan, = (b(yoma) (a =1, 2) (3)

Set fio = E(x41) (a = 1,2). According to Borgwardt et al. [4], MMD? (P, P,) =
1 — pz2|?, and hence testing (2) using the two samples (1) is equivalent to
testing the following hypotheses using the two induced samples (3):

Hy : py = po, versus Hy : pg # po. (4)

Notice that the dimension of p1 and ps can be very large. To test (4), following
[2, 6, 26], an L2-norm based test statistic using (3) can be constructed by

T, = n1nﬂ2 (S11 + S22 — 2512), (5)

where for a« = 1,2,

_ 2 i X
SO‘O‘ T na(na—1) Zl§i<j§na <I(M7I0¢J>’

Sra = =300 Y02 (w1, wag) = (T1, Ta)

(6)

(To = ngt Y12 Ta;) are unbiased estimators for [ ||?, ||u2]|? and (u1, p2) re-

spectively, so that Si; 4+ Soo — 2572 estimates MMDQ(Pl,PQ) unbiasedly [4].
Notice that for (4), a linear-time statistic is proposed and studied in [15].

Notice that the two induced samples (3) are not directly computable, since
the canonical feature mapping ¢(y) is implicitly defined through the reproduc-
ing kernel. Fortunately, the reproducing kernel K(-,-) and its canonical feature
mapping ¢(-) have the useful kernel trick K(y,y') = (¢(y), #(y’)). Thus, using
(3) and (6), we have

ni no
2

Soa = —F— Z K(YaisYaj)s S12 = ﬁ ZZK(yliaij)v

na(na —1) 1<i<j<na i=1 j=1

where o = 1,2. Therefore, we can compute 7}, in (5) using the original two
samples (1) easily.
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3. Asymptotic properties
3.1. Asymptotic null distribution

Let K (y,y') denote the centered version of K (y,y'), i.e.,

K(y.y)= (o) —pmoly)— 1) 7)
= K(.y)—-Es(K(y,7)) — E.(K(2,9)) + E. . (K(2,2)),
where u = E(¢(y)), ' = E(¢(y')), z and 2’ are independent and they are inde-
pendent copies of y and y’ respectively. Then by some algebra (see Appendix A),
we have
Saa = S’aa + 2(Ta — s fa) + [ 1all?,
> ) , (8)
Sz = Siz+ (T1 — pi1, p2) + (T2 — p2, ) + (b, p2),
where a = 1,2 and

ni na
1

Soa = —F— Z k(yai;yaj)y 512 = s sz(yu,yw‘)' 9)

na(na —1) 1<i<j<na i=1 j=1

It is seen from (9) that in the expressions of 5’11, 5'22 and 5‘12, the mean embed-
dings of the two distributions have been subtracted. It follows that

~ nin
Tn:Tn+2Qn+ 12

— usl? 10
" |11 — pall”, (10)

where
~ n 1 n 2 ~

T, = (S11+ Saz —2512), Qn =

B2 (21— ) = (T2 — i), ji1 — pi2). (1)

It is seen that Tn has the same distribution as that of 7, under the null hy-
pothesis. Thus, studying the null distribution of T, is equivalent to studying
the distribution of T},.

We impose the following assumptions:
Assumption 1. We have ya1, - - ., Ya,n, Hidp (a =1,2) where P is a proba-
bility measure on ).

Assumption 2. Asn — oo, we have ny/n — 7 € (0,1).

Assumption 3. K(y,y') is a reproduced kernel such that E,(K (y,y)) < co.

Assumption 1 means that the null hypothesis is satisfied and the common
probability measure of the two samples is P. Assumption 2 is a regularity condi-
tion for two-sample problems, and it requires that the group sample sizes tend to
infinity proportionally. Assumption 3 ensures that K (y,y’) is square integrable,
i.e., By, (K?(y,y')) < oo, and it has the following Mercer’s expansion

R(yay/) = Z)\rwr(y)wr(y/)v (12)
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where Ai, g, ... are the eigenvalues of K(y,y') and 1 (y),¥2(y),... are the
associated orthonormal eigenelements in the sense that

/ B,/ () P(dy) = M, (o), / G s(W)P(dy) = 6,0 (13)
y y

where §,.s = 1 when r = s and 0 otherwise, r,s = 1,2,.... In fact, under
Assumption 3, by (12), we have
Ey(f((%y)) = Yoo <o,

By (R2(yy) = 300,02 < (X7, A% < o0, (14)

where v,/ "k P. We have the following useful theorem, which is proved in
Appendix A.

Theorem 3.1. Under Assumptions 1-3, as n — oo, we have I, 4, T, where
T A(Ar—1), AR5y
r=1

Remark 3.1. Gretton et al. [12] used S11 + S22 — 2S12 as their test statis-
tic, which as mentioned earlier, estimates MMD?(Py, Py) unbiasedly [4]. They
obtained the asymptotic null distribution of W, = n(S11 + S22 — 2512) as the
distribution of the following random variable [12, Theorem 12]:

W (v ) W

r=1

where 7 = lim, o0 (n1/n) as defined in Assumption 2 and z1,’s and za,.’s are
i.i.d. from N'(0,1). The random variable W is rather complicated in form, moti-
vating little applications. In fact, Gretton et al. [12] did not use the distribution
of W to approzimate the null distribution of W,,.

Remark 3.2. Although the expressions of T and W are very different in form,
we can show that they are equal up to a constant factor. In fact, let z, =
210 /T — zop/V1—71, 1 = 1,2,.... We have z, vr N(0,1/7 +1/(1 — 7)),
r=1,2,..

., and hence 22 bl x2/(r(1 —=7)). It follows that T 4 (1 —7)W as
desired.

Remark 3.3. Although the expressions of T and W are equal up to a constant
factor, the proof of Theorem 3.1, which we present in Appendiz A, is different
from that of Theorem 12 of [12].

It is worthwhile to mention that the result of Theorem 3.1 can not be applied
directly to conduct the proposed test T;, since the eigenvalues \,.’s are unknown
and they depend on the null probability measure P as seen from (13). Neverthe-
less, we will use the result of Theorem 3.1 to approximate the null distribution
of T}, in Section 4 for constructing new tests.
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3.2. Asymptotic power

In this subsection, we investigate the asymptotic power of the proposed test
under the following local alternative hypothesis:

Hip g = pug +n~ /278, (16)

where 0 < A < 1/2 and h is a constant element in the RKHS #H such that
0 < |||l < oo and
0o = B({(Ta1 = pa, h))* > 0 (@ =1,2). (17)

e}

Notice that when A = 1/2, the local alternative hypothesis (16) reduces to a
fixed alternative hypothesis H; : y2 = p1 + h and when 0 < A < 1/2, (16) is a
strict local alternative hypothesis. A strict local alternative hypothesis will tend
to the null hypothesis as the total sample size n tends to infinity. A test is usually
called to be root-n consistent if it can detect a strict local alternative hypothesis
with probability tending to 1 as the total sample size tends to infinity. A root-n
consistent test is often desired since the root-n rate is the best rate of a local
alternative hypothesis, which can be detected by a test.

Under (16) and by (10) and (11), we can write T,, as

ning||h|®

where s
Qn = m(<£1_ﬂlﬂh>_<j2_u27h>)' (19)

Theorem 3.2. Assume that |K(y,y’)| < Bk for all y,y' € Y for some Bg <
0o. Then we have ~ ~
E(T,) =0, var(T,) < 64B%,

and

var(Qy,) = n%n§n2A_3 (af/nl + og/ng) ,

where 03,03 < 4||h||* Bk
Theorem 3.3. Assume that |K(y,y’)| < Bk for all y,y' € Y for some Bg <

00. Then under Assumption 2 and the local alternative hypothesis (16), as n —
00, we have

(a) T,/ (var(Qn))*/* == 0,

(b) Qu/(var(Qu))'/2 =% N (0,1),

(c) [T, — ninol||hl|?/(n?=22)]//var(T},) <, N(0,1), and hence
n®||h|?

(0f/7+03/(1—1))

where C. denotes a consistent estimator of C¢, the upper 100e percentile of

T,, with € being the given significance level, T is defined in Assumption 2,
and ®(-) denotes the cumulative distribution of N'(0,1).

P(TnZC'e):@<2 1/2)(1+0(1))—>17
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The proofs of Theorems 3.2 and 3.3 are given in Appendix A. Theorem 3.3(c)
shows that the T), test is root-n consistent, indicating the optimal power be-
havior under large sample sizes. In addition, Theorem 3.3(c) shows that the
asymptotic power of T;, does not depend on the value of C. as long as it is con-
sistent for C.. In Section 4 below, we shall discuss how to obtain a consistent
estimator of C.. For a finite number of observations, this test can also success-
fully detect the difference in distributions of samples, which will be established
in numerical experiments of Section 5.

4. Implementation

In this section, we consider two T), tests based on the three-cumulant (3-c)
matched y2?-approximation [24, 25]. First, the asymptotic null distribution of
T, given in Theorem 3.1 is used. Next, we propose an approximation based on
the first three cumulants of T}, under the null hypothesis.

Since (by Theorem 3.1) T is a x2-type mixture with unknown coefficients

being the eigenvalues of K (y,v/'),y, ' - P, where P is the common probability
measure of the two samples under the null hypothesis, it is very reasonable to
approximate its distribution using the 3-c matched y2-approximation. The key
idea is to approximate the distribution of T using that of the random variable

RZ Bo + /51Xfl. The parameters (g, 51 and d are determined via matching the

first three cumulants of 7" and R. The first three cumulants of R are given by
Bo + B1d, 232d and 837d, while the first three cumulants of T' are

E(T) =0, var(T) = 2M,, E(T?) = 8Ms

respectively, where M; = > °2 AL (I = 2,3,...). Equating the first three-
cumulants of T and R then leads to
M3 My M

ﬂoz—ma ﬁl:ﬁz’ d—@o (20)
Since K (y,') is nonnegative definite, we have A, >0 (r = 1,2,...) and Apax =
max, A\, > 0. Thus, M; > 0 (I = 1,2,...). It follows that fy < 0,3; > 0 and
d > 0. Actually, we can show that d > 1. Note that the skewness of T can be
expressed as R
E<T3) B 8Ms . (8/d)1/2
var3/2(T)  (2M2)3/% .

Thus the skewness of T' will become small as d increases.

Remark 4.1. The 3-¢ matched x2-approzimation to the distribution of T is very
accurate. In fact, Zhang [2/] showed that the upper density approximation error
bound for the 3-¢ matched x2-approzimation to the distribution of T is Oo(M)+
O(1/d), where M = My/M3, showing that this upper density approzimation
error bound will disappear as M and 1/d tend to 0. The good performance of
the 3-c¢ matched x?-approzimation is also partially verified by the simulation
results presented in Section 5.
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Let Mg and Mg be the consistent estimators of Ms and Mj3. Plug them into
(20), the consistent estimators of 3y, 51 and d are then obtained as
R . M3
Bo=-=2, pi=="", d==2. 21
L AN 72 N2 21

Then for any nominal significance level € > 0, let x3(e) denote the upper 100e
percentile of x2. Then using (21), the proposed test with the 3-c¢ matched
x2-approximation can then be conducted via using the approximate critical
value Bo + lez(e) or the approximate p-value P(Xf2 > (T, — Bg)/ﬁl).

To implement the above 3-c matched y2-approximation, we need to estimate
Ms and M3 consistently. For this purpose, we propose two methods. First, this
can be done via estimating the unknown eigenvalues A, (r = 1,2,...) of K(y,v/)
consistently, where y, 1/’ B powith P being the common Borel probability
measure of the two samples when the null hypothesis holds. Gretton et al. [13]
pointed out that the empirical eigenvalues of the centered Gram matrix can be
used to construct the consistent estimators of A, (r =1,2,...). To this end, we
pool the two samples (1) and denote it as

YLy v v Yn- (22)

Under the null hypothesis, we have y1,...,y, P Let K be the n x n Gram
matrix whose (i, j)th entry is K(y;,y;) (i,5 =1,...,n). Let 1,, denote an n x 1
vector of ones and I,, denote the n x n identity matrix. Then H,, = I,, — 17,,11/71
is an n X n projection matrix of rank n— 1. Set K* = H,, K H,,, which is usually

called the centered Gram matrix whose (4, j)th entry is

n

R*(y’tay]) :K(ylayj) - nil ZK(ylayU)

v=1
n

Y K (uy) 072N Ky y)

u=1 u=1v=1

(i,j =1,...,n). For any fixed 7 and j, it is easily seen that as n — oo, by the
law of large numbers, we have

_ 4 =
K*(yi,y5) — K(yi, y;)
= K(yi,y;) — By (K(yi,y") — By(K(y.y;)) + By (K(y,9/)).
The following theorem gives the uniform convergence rate of K*(y;, y;) to K (y;,
Ys)-
Theorem 4.1. Assume that |K(y,y')| < Bk for ally,y’ € Y for some B <

0o. Then under Assumption 1, as n — oo, we have

\f(*(yi, Yj) — f((yi,yj)| = Op(nfl/z) uniformly for all y;,y;. (23)
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Let @y, ..., w, be all the non-zero eigenvalues of K*, which can be obtained
via an eigen-decomposition of K*. Then \, = w,/n (r=1,...,q) are consistent
estimators of A, (r = 1,2,...) [20]. The consistent estimators of My and M3
are then obtained as

q q
TR SPTI o) (24)
r=1 r=1

To show the consistency of M, and Ms, following Gretton et al. [13, Theorem 1],
we impose the following condition:

> VA < o0 (25)
r=1
Note that Condition (25) is stronger than Assumption 3, since we have

o0 o0 2
EK@y, =Y A< | x/&] < co. (26)

Theorem 4.2. Under Assumptions 1, 2 and Condition (25), as n — oo, we
have M, 2 My, ¢t =2,3 and

Bo 25 Bo, B 2 Br,d s d.

Remark 4.2. The above implementation depends on the large sample property
of Ty, as stated in Theorem 3.1. In fact, in the experiments conducted in Gretton
et al. [13, Section 4], the sample sizes of the two groups equal 5000 each, which is
extremely large. Thus, for small and moderate sample sizes which are realistic
i real data analysis, the above implementation can be very inaccurate. The
simulation studies conducted in Section 5 indicate that the above implementation
results in very conservative empirical sizes and this may also affect the associate
power performance.

Remark 4.2 motivates our second method of estimating Ms and M3. To take
the moderate or small sample sizes into account, we can estimate the distribution
of T,, directly via approximating it using the distribution of R by matching the
first three cumulants of T,, and R. To this end, we first find out the first three
cumulants of 7,, under the null hypothesis (Assumption 1) as in the following
theorem. Its proof is deferred to Appendix A.

Theorem 4.3. Under Assumption 1, the first three cumulants of Ty, are given

by
E(T,)= 0,
~ ’ﬂ2 n2 ~
var(To) = 2 {1+ (g + iy ) } B(R2(59)),
~ n3 ’I’L3 ~ ~ ~
BT = 8{1 - (st + o )  BR @ y)K (v y" VKW' y")

3 3 -
+4 (nB(Y:zzl”ill)? _ 2mng + nyn2 )2) E(Ks(y,y’)),

n3 n3(na—1
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//Z’L

where y,y',y * P. Furthermore, under Assumptions 1-3, as n — 0o, we

have ~
var(T,) = 2E(K*(y,y))(1+0(1)),
E(T}) = 8E(K(y,y)K(y,y")K(y,y"))(1+o(1)).

By Theorem 4.3, we may estimate M and M3 using the following estimators

~ n2 n2 ~
My = L+ nz(nffl)—’_nz(ng 1))}E( ( ))
M3 = 1- 77,3('rZ2 1)2 + n3(n2 1)2 )} K y ) ) <y Y )) (27>
n3n nin n3n =
+% 713(7121—11)2 _2n3‘z n3(n12 21)2)12 3 /
where
E(K2(y7y/)) n_ 1) Z [N( ylayj ) )
1<i<j<n
o ~ ~ 6
E(K K KW, y")=—m———
O R
> KWy K (5, ve) K (yk, i),
1<i<j<k<n
~ ~ 2 -
E(K3(y,y)) =————— K*(yi,y5))".
(K" (y,y")) Y p— Z (K" (yi> y5))
1<i<j<n

Notice that the second term of Ms in (27) can be very small, even for a small
sample size. The tests with and without this second term perform almost the
same in simulations (data not shown). Thus we will throughout ignore this
second term.

The following theorem shows that under some regularity conditions, My, 0 =
2, 3 are consistent estimators of My, ¢ = 2,3 and hence Bo, 51 and d are consistent
estimators of 8y, 81 and d respectively.

Theorem 4.4. Assume that |K(y,y’)| < Bk for all y,y' € Y for some Bg <
0o. Then under Assumptions 1 and 2, as n — 0o, we have M, 2 My, 0 =2,3
and

Bo 2 Bo, 1 2 Br,d > d.

To sum up, we propose two tests using the 3-c matched y2-approximation
methods with the estimators (24) and (27). The resulting tests are denoted as
T3.1 and T3.o respectively. We check their finite sample behavior in the next
section.

5. Numerical experiments
5.1. Tests considered and general set-up

In this section, we conducted intensive numerical experiments to examine the
performance of the proposed T3, and T3.5 tests in terms of controlling the type
I error level, powers, and computational time against
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e the energy test proposed in [22], denoted as Tsg;

e the modified Cramér test with (t) = 1 — exp(—t/2) proposed in [17,
Page 2], denoted as Tsa1;

e the marginal-modified Cramér test with ¢(t) = 1 — exp(—t/2) proposed
in [17, Section 2], denoted as Tsga;

e the block-modified Cramér test with ¢ (t) = 1 — exp(—t/2) proposed in
[17, Section 3], denoted as Tsgs.

We used the energy test as a competitor since it is known to have good
finite sample properties and is very popular in practice. Tsg1 has the same
test statistic as our test with the Gaussian radial basis function (RBF) kernel
(see below). Tsge and Tsgs are modifications of the Cramér test, constructed
for high-dimensional settings by comparing marginal distributions. The null
distributions of Tsr and Tsg; (i = 1,2,3) are approximated by permutation.
Additionally, we compare our tests with the test procedures by Gretton et al.,
as was suggested by the reviewer (see Section 5.4).

In the implementation of T5.; and T3.2, we chose the kernel K (-,-) to be the
Gaussian RBF kernel K (y,y') = exp{—|ly — ¥'[|?/(20?)}, where 02 is called a
kernel width. It is easy to see that the above Gaussian RBF kernel is bounded
above by 1 so that Assumption 3 is always satisfied and the conditions of The-
orems 3.2 and 3.3 are also satisfied. Other kernels are also applicable. For an
extensive list of kernels, we refer to [18]. Following [13], we may take o2 to be
the squared median distance between observations in the pooled sample (22).
The resulting tests are denoted as T5c1,, and T30, respectively. Alternatively,
following [17], we may take o2 to be the data dimension p and the resulting
tests are denoted as T3.1;, and T5.9, respectively. Note that the dimension based
kernel width p may not be applicable for all the data (see Section 5.3).

Throughout this section, we took € = 5% to be the nominal significance
level. For a test implemented by permutation, we used 1000 permutation runs
for estimating the p-value. As usual, the empirical size and power of a test
were computed as the proportion of rejections of the null hypothesis based on
1000 simulation runs. The simulation experiments were performed using the R
program [23]. For Tsg, its implementation in the energy package [16] was used.
The R codes for conducting the simulations are available in the Supplement
Material.

5.2. Artificial data sets

Set-up: Let py = (1,...,p) " /(3F_,i%)Y2 and £, = (1 — p)I,, + pJp, where I,
and J, denote the identity matrix and the matrix of ones of size p x p and
p € (0,1). We generated the two samples (1) as follows.

For size control, we set y1; = u+T"2uy; (i = 1,...,n1) and yo; = p+T1 2uy;
(i =1,...,n2), where un; = (Unit,- -, Uaip) | (@ = 1,2) and the components
Unir are 1i.d. (r = 1,...,p). As their distributions, we considered the normal

distribution A(0,1), the Student distribution with four degrees of freedom, ty4,
and the chi-square distribution with one degree of freedom, y3. These three
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cases of distributions were denoted as Models 1, 2 and 3 respectively. We set
= p,and I' = ¥, with p = 0.2,0.5,0.8.

On the other hand for power comparison, we set y1;, = pu1 + I‘}puli (i =
1. 'I’Ll) and Yoi = M2 + F;/Zu% (Z =1,... 7n2)7 where M1, f2, Fla F2; Uaj =
(Uaits - - - Uaip) | Wwere generated using the following five models (o = 1,2; i =
1,...ng;r=1,...,p):

o Model 4 with p1q = ps, o = ps +61,, 6 = 0.2,0.4,0.6, 1, is p x 1 vector
of ones, ' =Ty =%, p=0.2,0.5,0.8, tnr BN N(0,1);

e Model 5 with 1y = po = py, I't = Xo.95, I's = X,, p = 0.3,0.5,0.7,
Uair R

e Model 6 with p11 = pig = pie, Ty = (pl'"I1)} ., To = %,, p=0.2,0.5,0.8,
Ugir - N(0,1) or ugir - ta;

e Model 7 with yo; = o + Fé/2(’£LQi + 0v;), where 1 = g = piy, I'y =Ty =
S, p=0.2,05,0.8, un; KN, (0,1,), 6 = 0.5,0.75,1, v; = (vi1, ..., vip) |
and v, K N(0,1);

e Model 8 is Model 7 with v;, "= 4.

Under Models 4-8, the two generated samples do not have the same distribu-
tion so that the alternative hypothesis holds. Concretely speaking, under Model
4, the two mean vectors are different. Under Models 5 and 6, the two covariance
matrices are different, but the one or two-dimensional marginal distributions are
the same. On the other hand under Models 7 and 8, the one or two-dimensional
marginal distributions are not the same. It is expected that the tests may have
different performances under different models. We considered p = 10, 100, 500
and (n1,n2) € {(20,30), (40,60)}.

Results: To save space, the empirical sizes and powers of the tests obtained
under Models 1-8 are given in Tables 10-15 of Appendix B. Here Figure 1
presents the most important findings of these all results, which we describe in
the following.

We first study the behavior of the tests under the null hypothesis (Models
1-3). Row 1 of Figure 1 (see also Table 10 in Appendix B) shows that when the
null hypothesis holds, almost all tests control the type I error well except that
Tsc1p is very conservative, most of its empirical sizes being smaller than 5% and
T3c1m is also quite conservative. That is, T5.; is generally conservative regardless
of which of the two kernel width choices is used. As mentioned in Remark 4.2,
this is due to the fact that the sample sizes (n1,n2) € {(20, 30), (40, 60)} are too
small for the asymptotical property of T5.1, and T3c1., as stated in Theorem 3.1
to take effect.

We now study the power behavior of the tests under various alternative hy-
potheses (Models 4-8) based on Rows 2-6 of Figure 1 (see also Tables 11-15 in
Appendix B). We have several conclusions. First of all, T5.1, and T5.2, perform
generally quite well under all the models and they are generally comparable
with Tsg1 and outperform the other tests with a good margin. Notice that
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Fig 1: Box-and-whisker plots for the empirical sizes and powers obtained in Mod-
els 1-3 and Models 4-8 respectively. Green (respectively blue) box-and-whisker
plots correspond to the known tests Tsgr, Tsg1, Tsa2 and Tsas (respectively

new tests T3c1p7 T361m7 T302p and T362m)~

3c1p

3c1m

3c2p

3c2m
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the test statistics of T3c1p, T3c2p and Tsgi are identical, but their implementa-
tions are quite different. The implementation of Tsg1 depends on permutation,
while the null distributions of T3.1, and T3.2, are approximated via the three-
cumulant matched chi-square approximations without using any permutation
or bootstrapping as described in Section 4. This means that our chi-square ap-
proximation approaches can work as well as permutation method, but they need
much less time to conduct (see Section 5.5). Secondly, T5c1m, T3com and Tsr
perform comparably under all the models. They perform comparably with 5.1y,
T3c0p, and Tsq1 in Model 4, but they perform generally worse than the latter
tests in Models 5-8. This means that the power behavior of our tests is strongly
affected by the kernel width choice. Thus, a study for the kernel width choice
for our tests is interesting and warranted. Thirdly, Tsg2 and Tsgs perform rea-
sonably well under all the models except in Models 5 and 6. T'sg2 has nearly no
power in both Models 5 and 6 and Tsg3 has nearly no powers in Model 6. This
is not a surprise, because Tsg2 and Tsgs are constructed via comparing the one
or two-dimensional marginal distributions only. By the way, these two tests are
very time-consuming, which is caused by their construction (see Section 5.5).

5.3. Real data sets

Data sets: Here, we considered two real data sets. The first one is the glass data
set described in [8]. It contains two types of glass, having 70 and 76 observations
respectively, which are characterized by p = 9 variables. The second one is the
well-known colon data set [1] available at:
http://genomics-pubs.princeton.edu/oncology/affydata/index.html. It
contains 40 tumor and 22 normal colon tissues, each having p = 2000 gene
expression levels.

Two-sample tests: Notice that in each of the above data sets, there are two
natural groups of observations. We first check if the two groups of each data set
are generated from different distributions. The first two rows of Table 1 display
the p-values of all tests. It is seen that all tests reject the null hypothesis for
the glass data set, showing that the two natural groups of the glass data set
are unlikely to have the same distribution. However, for the colon data, the re-
sults of the tests are not consistent: the null hypothesis was strongly rejected by
Tsr,Tsc1,T3c1m and Tzcom, but it was not rejected by Tsg2, Tsas, T3c1p and
T3c2p- Notice that Tse1p and Tse1pm, (vesp. Tse2p, and Tseop,) are constructed in the
same way except that the dimension based kernel width p used in T3.1), and T5.2;
may not be at the same scale level as the squared distances of the observations
while the squared median-distance based kernel width used in T3.1,, and T5com,
are always at the same scale level as the squared distances of the observations.
Thus, this problem may be solved via re-scaling each variable of the colon data
using the pooled standard deviation of the variable so that the dimension-based
kernel width p is at the same scale level as the squared distances of the trans-
formed observations. The last row of Table 1 displays the p-values of all tests
for the scaled colon data set. It is seen that the p-values of T5.1, and T3.2, are
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TABLE 1
P-values of all tests for the glass and colon data sets.

Data set Tsr Tsg1  Tsa2 Tsaz  Tscip  Ticim  T3c2p  Tacam
glass 0.0010 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000
colon 0.0010 0.0000 0.2070 0.2820 0.4759 0.0017 0.3229 0.0009

colon (scaled) 0.0420 0.0210 0.0550 0.0340 0.0365 0.0401 0.0265 0.0311

generally comparable with those of T3.1,, and T3.0.,, respectively, and almost
all tests except T'sgo reject the null hypothesis at 5% significance level. This
shows that the two natural groups of the colon data set are unlikely to have the
same distribution.

Numerical experiments based on real data sets: It is often of interest to de-
termine if all the tests have good size control and power for the real data sets.
Here we present the numerical experiments based on the above glass and colon
data sets.

Set-up: For each of the glass and colon data sets, we selected without re-
placement observations for two samples. For the type I error level (respectively
power) study, we selected two samples of sizes ny and ny without replacement
from the first group only (respectively from the first and second groups sepa-
rately). For simplicity, we considered the balanced design with n; = ns. The
sample sizes depended on the data set and are reported with results below.
For Tsg and Tsq; (i = 1,2, 3), the number of permutation runs was 1000. The
empirical size and power of a test were computed using 1000 simulation runs.

Results: For the glass data set, the resulting empirical sizes and powers of the
tests are presented in Table 2. It is seen that in terms of size control, all tests are
comparable and are largely close to the nominal size 5% most of the time. These
results are similar to those obtained from the numerical investigation based on
the artificial data sets. In terms of power, T5.0,, performs best, followed by
Tsas, Tsa2, Tscims T3c2p, Tsa1, Tsr, while T3.1, performs worst. Notice that
unlike in the artificial data based experiment, in this real data based exper-
iment, the squared median-distance based kernel width performs better than
the dimension-based kernel width, since T5.0,, and T5.1,, generally have larger
powers than T3.0, and T3, respectively.

For the unscaled colon data set, the resulting empirical sizes and powers of
the tests are presented in Table 3. We have the following observations. First,
both Tsr and T3.2,, have good size control and powers. Second, T3.1,, is rather
conservative since many of its empirical sizes are less than 2%. This conserva-
tivity is expected since as mentioned in Remark 4.2, for small and moderate
sample sizes, the asymptotic properties of the test statistic derived in Theo-
rem 3.1 and used in the implementation of T5.; do not take effect. Due to this
conservativity, the empirical powers of T3.1,, are also affected and are generally
smaller than those of Tsr and T5.om,. Third, both Tsge and Tsgs have good
size control but their empirical powers are around 5% or even smaller than 5%,
showing that both Tsge and Tsgs do not perform well in the colon data set
based experiments. Fourth, the empirical sizes and powers of Tsg1, T3.1, and
T3cop totally do not make sense since the empirical sizes and powers of Tsa1
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TABLE 2
Empirical sizes and powers (in %) of all tests for the experiment based on the glass data set
(n=mn1 =n2).

n  Tsr Tsgi Tsgz Tsgz Tscip  T3cim  T3c2p  T3com
Empirical sizes
11 4.7 5.0 4.8 4.7 4.8 4.6 5.1 5.1
12 5.4 5.2 5.0 5.0 5.7 5.1 5.9 5.6
13 4.7 4.4 5.0 4.9 5.0 4.8 5.1 5.5
14 5.1 4.7 5.2 5.2 4.6 5.1 5.0 5.6
15 4.6 4.6 4.8 4.8 5.0 4.8 5.3 5.4
16 3.8 4.3 4.7 4.5 4.5 3.5 5.0 3.6
17 4.0 4.2 3.7 3.4 4.1 3.4 4.4 4.3
18 4.4 4.4 4.2 3.9 4.2 4.3 4.2 4.8
19 4.9 5.4 5.4 5.3 5.5 5.1 5.5 5.4
20 5.7 5.4 6.1 6.0 5.5 5.7 5.8 6.1
21 4.9 4.8 4.9 5.0 4.6 4.7 4.8 4.8
22 5.3 5.1 5.0 5.0 4.8 5.0 4.8 5.5
23 5.3 5.4 5.3 5.4 5.4 5.6 5.6 6.1
24 5.7 5.7 5.6 5.4 5.3 5.2 5.5 5.6
25 5.5 5.6 5.0 5.1 5.3 4.4 5.5 4.8
26 4.4 4.4 4.4 4.5 4.5 4.4 4.6 4.5
27 3.9 4.1 4.4 4.2 4.1 3.6 4.2 3.7
28 4.6 4.9 5.0 5.1 4.8 4.5 5.0 4.7
29 6.1 5.6 6.3 6.3 5.9 5.7 6.1 5.7
30 4.0 4.3 4.5 4.4 4.1 4.2 4.1 4.5
Empirical powers
1 18.1 24.2 28.5 31.0 12.7 27.4 25.9 38.4
12 23.2 27.4 33.6 36.1 15.5 33.5 29.4 43.9
13 26.2 29.6 39.0 40.4 17.9 36.2 31.3 48.4
14 30.5 35.1 43.3 47.0 22.1 44.1 38.1 55.0
15 384 42.5 51.2 54.3 26.3 49.8 44.5 61.4
16  43.2 48.4 56.9 58.6 32.5 54.3 49.3 64.4
17 46.9 52.6 62.1 64.4 36.0 58.6 54.2 68.8
18 55.3 59.6 65.4 69.2 42.8 65.6 60.8 74.8
19 63.9 63.6 71.8 74.5 49.5 72.1 66.5 79.7
20 64.8 63.9 71.4 73.8 52.4 73.4 66.1 80.8
21 724 69.9 78.1 80.3 55.8 77.3 71.9 85.3
22 778 75.6 80.7 84.0 64.1 82.7 77.0 86.7
23 80.5 79.3 83.3 86.2 66.0 84.2 79.6 89.9
24 86.7 83.7 90.1 91.9 74.1 90.5 84.5 93.7
25  90.7 86.3 91.4 93.2 79.6 93.0 87.7 95.7
26 924 90.5 94.1 94.9 84.1 94.6 90.7 96.4
27  94.6 91.2 94.0 95.8 84.4 94.8 91.4 96.6
28 96.5 94.4 96.3 97.7 89.1 97.0 94.9 98.1
29 98.1 94.8 97.9 98.2 91.2 97.8 96.0 98.9
30 99.1 96.3 98.4 98.6 94.1 98.7 97.1 99.4
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are always 100% while the empirical sizes and powers of T3.1;, and T5.o, are al-
ways 0%. The problems with Tisg1, T3c1p and T3cop are probably due to the fact
that they all use the dimension based kernel width p which is not adaptive to
the scale level of the squared distances between the observations. As mentioned
in the “two-sample tests” above, these problems may be solved via re-scaling
each variable of the colon data set using the pooled standard deviation of the

variable.
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TABLE 3
Empirical sizes and powers (in %) of all tests for the experiments based on the colon data
set (n =ny1 =nga). The results for the Tsa1, T3c1p, and T3c2p tests are clearly explained in
the text.

n  Tsp Tsgi  Tsgz Tsgs  Ticip  Ticim  Tie2p  Theom
Empirical sizes

5 4.5 100 5.3 4.9 0 1.7 0 4.7
6 3.9 100 4.6 3.8 0 2.3 0 5.1
7 5.0 100 5.4 5.6 0 2.9 0 5.7
8 4.3 100 4.8 4.5 0 1.9 0 4.6
9 5.0 100 4.8 6.2 0 3.0 0 5.1
10 5.5 100 4.8 5.7 0 3.7 0 5.7
11 4.1 100 4.3 5.4 0 2.7 0 4.4
12 5.3 100 4.3 5.3 0 3.2 0 5.4
13 5.1 100 4.9 4.6 0 3.7 0 5.3
14 4.6 100 4.1 4.8 0 2.7 0 4.7
15 4.9 100 5.6 6.1 0 3.3 0 5.0
16 5.7 100 5.0 5.8 0 4.4 0 5.6
17 3.9 100 4.7 4.7 0 2.5 0 3.8
18 5.0 100 5.3 4.3 0 3.6 0 5.1
19 5.9 100 5.4 4.3 0 4.5 0 5.9
20 6.4 100 6.5 4.7 0 4.8 0 6.2
Empirical powers
5 16.5 100 5.0 5.4 0 4.8 0 17.5
6 24.7 100 4.2 5.7 0 8.2 0 27.6
7 28.8 100 4.8 5.4 0 11.5 0 32.0
8 35.9 100 4.1 5.2 0 17.7 0 37.6
9 43.3 100 4.4 5.1 0 22.0 0 46.4
10 52.1 100 4.5 4.4 0 28.9 0 53.2
11 61.2 100 4.8 4.4 0 38.0 0 63.1
12 71.2 100 4.3 4.4 0 48.8 0 72.3
13 784 100 3.0 5.5 0 58.6 0 7T
14 84.1 100 2.9 3.9 0 67.3 0 84.4
15  88.7 100 1.9 4.5 0 72.8 0 88.9
16 92,5 100 2.3 3.9 0 81.1 0 92.8
17 96.8 100 3.1 3.5 0 89.2 0 96.4
18  98.7 100 2.4 3.1 0 94.2 0 98.4
19  99.5 100 2.2 2.6 0 97.8 0 99.5
20 99.8 100 2.1 3.1 0 98.5 0 99.8

We then repeated the above numerical experiment based on the scaled colon
data set. The resulting empirical sizes and powers of the tests are presented in
Table 4. We now have the following observations. First, the empirical sizes of
Tsr,Tsc1,Tsc2, Tsas, Tac2p, and Tsco,, are generally comparable and they are
all around 5% while the empirical powers of Tsr, Tsa1, T3c2m and Tieop are gen-
erally comparable. This means that the empirical sizes and powers of T'sc1, T5¢1p
and T3c2, have been improved substantially and to make Tsg1, T3c1p and T3c9p
work well, it is indeed very important to make the squared distances of the
observations and the dimension based kernel width p have the same scale level.
Second, the empirical sizes of T5.1,, and T3.1, are now generally comparable
and so are their empirical powers. Nevertheless, T3c1,, and T3.1, are still rather
conservative due to the same reason as mentioned in the previous paragraph for
the conservativity of T3.1,, and due to this conservativity, the empirical pow-
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TABLE 4
Empirical sizes and powers (in %) of all tests for the experiments based on the scaled colon
data set (n =ni = na).

n  Tsr Tsgi Tsgz Tsgz Tscip  T3cim  T3c2p  T3com
Empirical sizes

5 5.6 5.7 5.2 5.1 1.2 1.7 4.8 5.1
6 5.2 5.1 5.5 6.0 2.0 2.9 5.5 6.5
7 4.3 4.0 4.5 4.1 2.0 2.6 4.1 4.7
8 5.7 5.3 6.0 5.7 3.1 3.8 6.0 5.8
9 4.9 4.7 5.2 5.1 2.8 3.4 5.2 5.7
10 5.7 5.3 5.2 4.9 3.1 4.4 5.6 5.8
11 6.4 6.1 5.2 5.7 3.5 4.1 6.2 6.3
12 4.8 4.9 5.3 5.1 2.7 3.0 5.0 5.0
13 6.7 5.5 5.8 5.3 4.0 4.8 5.9 6.2
14 4.8 5.5 5.3 5.2 3.3 3.6 5.3 5.1
15 5.3 5.0 4.9 5.3 2.9 3.3 5.4 5.5
16 4.8 5.0 4.8 4.9 3.1 3.3 4.8 4.6
17 4.7 5.0 4.9 5.3 3.2 3.5 5.3 4.8
18 4.5 5.0 4.6 5.2 3.0 3.1 5.0 4.8
19 4.2 4.6 4.5 4.1 2.6 3.3 4.2 4.6
20 5.7 5.6 5.8 5.7 3.7 4.2 5.8 5.6
Empirical powers
5 6.7 8.0 6.5 7.2 1.6 2.0 7.5 7.4
6 6.0 6.9 5.2 6.0 1.9 2.6 7.5 7.7
7 7.9 8.8 6.0 7.3 2.8 3.5 9.7 9.7
8 8.5 8.9 5.3 7.0 2.8 3.6 9.4 9.8
9 9.8 11.0 6.5 7.8 3.1 4.2 11.0 10.6
10 10.7 12.7 8.5 9.7 5.0 5.1 13.9 13.2
11  10.8 13.5 6.8 8.1 4.5 5.3 12.9 12.6
12 114 13.8 6.8 8.6 4.7 5.6 14.4 13.7
13 13.5 17.8 6.2 9.2 5.4 5.9 16.5 15.8
14 174 18.4 8.6 11.0 7.5 9.0 18.8 17.5
15 17.1 21.2 8.8 11.8 7.5 8.6 22.9 20.0

16 20.6 24.4 8.8 12.1 9.5 10.1 25.2 24.1
17 21.7 26.2 8.5 12.5 9.3 10.4 26.2 23.3
18 264 31.5 8.4 13.7 11.9 12.2 30.7 26.1
19 30.2 37.6 9.1 16.6 15.3 14.8 36.3 32.2
20  34.7 41.8 10.8 18.1 17.2 18.3 40.8 36.8

ers of T3c1ym and T5.1, are generally smaller than those of Tsr, Tsq1, T3c2p and
T300m. Third, both Tsae and Tsgs have good size control but their empirical
powers are still much smaller than those of Tsgr,Tsg1,T3c2p and T3c2m. This
again shows that Tsge and Tsgs do not perform well in the colon data set
based experiments.

5.4. Comparison with the Gretton et al. tests

To address a concern from the reviewer, some simulation studies are conducted
to compare our tests Ts.14 and T3.o, against two of the Gretton et al. tests,
namely the test (denoted as T¢,..) based on the null distribution estimate using
the empirical Gram matrix spectrum [13, Section 3.2], and the test (denoted as

T}.,) based on the Pearson curve approximation [11, Section 4], for ¢ = p, m.
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TABLE 5
Empirical sizes (under Models 1 and 2) and powers (under Models 6[1N| and 6[ts]) (in %)
of Tsppecy Tgea'm TBClp; T302p; ngem TgreLary T3c1m and T3c2m for n = (301 30)

Model p P Tsppec Tzlr)ear T3clp T3c2p T‘;ﬂp}ec T;'eba’,- T3c1m T3c2m
1 10 0.2 3.6 2.9 3.3 4.7 3.6 3.4 3.7 4.6
0.5 4.1 3.9 4.1 4.9 4.0 3.5 3.6 4.5

0.8 4.4 3.8 4.0 4.9 4.9 4.3 5.0 5.3

100 0.2 1.9 1.0 1.6 5.0 3.3 2.2 2.8 5.1

0.5 3.7 3.4 3.5 4.4 3.9 3.4 3.7 4.3

0.8 4.9 3.8 4.3 4.9 4.6 4.1 4.7 5.0

500 0.2 2.9 1.1 2.3 4.4 3.0 1.6 2.3 4.5

0.5 4.0 3.1 4.1 4.7 3.9 3.2 3.4 4.1

0.8 4.3 3.7 3.7 4.1 3.9 3.4 3.8 4.0

2 10 0.2 2.8 2.2 2.5 4.4 3.1 2.2 2.7 4.1
0.5 3.8 3.5 3.4 4.9 4.4 3.7 4.1 5.2

0.8 3.9 3.3 3.6 4.6 4.3 3.6 4.4 4.9

100 0.2 0.3 0.1 0.3 4.2 3.4 1.9 2.7 5.1

0.5 4.1 2.9 3.6 5.2 4.1 3.3 4.0 5.0

0.8 4.7 4.5 4.4 5.3 4.3 3.4 4.1 4.4

500 0.2 0.2 0.1 0.3 4.2 3.5 2.4 3.1 5.7

0.5 2.8 1.9 2.5 4.8 4.1 3.3 4.0 4.4

0.8 4.1 3.4 3.5 4.8 4.3 3.8 4.4 4.6

6[N] 10 0.2 4.7 2.8 4.5 7.5 4.1 3.3 4.2 6.1
0.5 12.1 10.4 11.0 15.0 9.2 8.1 7.8 9.8

0.8 8.5 7.7 8.0 9.3 7.2 6.4 6.5 7.5

100 0.2 2.8 1.4 2.4 18.9 3.5 1.7 3.0 9.8

0.5 67.4 47.7 63.0 90.7 31.1 22.0 27.5 42.4
0.8 99.4 98.1 99.2 99.7 76.2 64.9 72.0 83.7
500 0.2 2.2 0.3 1.9 28.4 3.4 0.9 2.6 12.7
0.5 85.9 63.0 81.6 99.9 38.9 25.2 32.9 57.6
0.8 100.0 100.0 100.0 100.0 99.0 95.6 99.3 100.0

6[ta] 10 0.2 3.4 1.8 3.0 7.9 4.5 3.8 4.1 6.6
0.5 13.3 10.3 12.4 19.6 8.0 6.6 7.5 9.4

0.8 16.4 12.6 14.4 19.3 8.9 7.3 8.3 8.7

100 0.2 0.4 0.1 0.5 37.4 3.6 1.5 3.1 10.7

0.5 86.8 64.3 86.6 99.7 30.5 22.6 27.7 43.4
0.8 100.0 100.0 100.0 100.0 75.7 67.0 71.4 83.4
500 0.2 0.2 0.0 0.1 71.5 2.6 1.1 2.5 12.8
0.5 98.1 80.9 98.8  100.0 37.7 24.9 32.5 58.0
0.8 100.0 100.0 100.0  100.0 98.3 94.9 98.09 100.0

We do not consider the test based on the Gamma approximation, since “Gamma
approrimation to the null distribution, which has a smaller computational cost,
is generally less accurate” [10, p. 738].

Table 5 presents the empirical sizes (under Models 1 and 2 in Section 5.2)
and powers (under Models 6[N] and 6[ts]) of Th,.., TF..., T3c1ps T3c2ps Tapecs
T s Tsc1m and Tseo,, for n = (30,30). It is seen that in terms of size control

ear?
arﬁd power, for ¢ = p,m, T3.2, substantially outperforms T¢,.., T}, ,, and T3c14
which are generally comparable and are all quite conservative. As mentioned in
Remark 4.2, the conservativity of T3.1, and T3.1., is due to the fact that the null
distributions of T5.1, and T5.1,, are estimated using the estimated eigenvalues of

the Gram matrix whose asymptotic properties may not take effect for small and
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TABLE 6
Empirical sizes and powers (in %) of Tipec, Tpear, T3cip, T3c2p, Tinee, Totar, Tscim and
Tscam for the experiments based on the glass data set (n = ni = na).

n Tsppec Tgear T3clp T3c2p Tsppec Tgear TBClp T3c2p

Empirical sizes Empirical powers
11 6.2 4.9 5.5 5.8 13.0 12.0 13.5 24.8
12 3.3 3.2 3.1 4.3 19.1 17.6 174 33.2
13 4.7 4.3 4.8 4.9 21.0 20.1 19.2 35.1
14 5.2 4.0 5.0 5.1 25.2 24.1 24.8 41.2
15 5.6 5.3 5.6 5.9 29.4 27.9 27.5 45.2
16 4.9 4.1 4.5 5.0 34.1 33.7 32.6 49.8
17 4.9 4.8 4.7 4.9 37.9 38.4 36.2 55.0
18 4.7 3.7 4.7 4.7 41.9 42.7 39.5 56.8
19 5.2 4.5 4.8 5.0 48.5 48.1 46.5 63.4
20 3.8 3.6 3.4 4.2 54.5 55.4 52.7 68.6
21 5.2 4.2 5.3 5.3 61.4 62.2 61.3 74.3
22 5.5 5.0 5.8 5.9 64.0 64.7 62.4 76.2
23 5.7 4.6 5.7 5.9 68.5 69.2 68.2 81.4
24 5.7 5.0 5.2 5.4 74.6 77.2 74.5 86.4
25 5.4 4.8 5.2 5.3 78.8 79.7 78.1 87.4
26 5.0 4.1 5.1 5.1 83.3 82.5 82.5 89.7
27 4.2 3.6 4.1 4.3 86.1 85.3 85.9 92.8
28 5.2 4.6 5.2 5.2 88.0 88.3 87.9 93.5
29 6.8 6.2 6.4 5.6 92.5 91.8 91.9 95.4
30 5.0 4.7 5.0 5.1 92.8 92.8 92.2 95.8
n T‘;ﬂp}ec T;ZM T3c1m T3c2m T;zec T;’;a’,« T3c1m T3c2m
Empirical sizes Empirical powers
11 5.4 5.0 4.9 5.7 29.2 23.1 28.0 38.4
12 3.3 3.1 3.1 4.2 34.1 30.0 32.8 43.8
13 4.5 4.1 4.6 4.8 38.7 33.1 37.8 48.8
14 4.2 4.0 3.9 4.6 45.4 41.1 44.3 54.6
15 5.7 4.2 5.3 5.7 48.3 44.5 46.8 57.4
16 4.5 4.3 4.0 4.5 57.6 51.6 54.9 65.7
17 3.9 3.8 3.9 4.2 62.8 57.5 61.3 70.1
18 3.6 3.6 3.5 4.3 64.6 60.0 62.3 72.7
19 5.2 4.6 5.0 5.1 71.0 65.7 69.0 76.6
20 3.7 3.0 2.9 4.2 75.1 71.0 75.4 82.5
21 5.8 5.1 5.8 5.9 80.3 77.1 80.0 85.5
22 5.9 5.1 6.2 5.3 81.6 77.3 81.2 87.1
23 5.6 5.1 5.2 5.7 86.8 85.0 86.5 90.4
24 5.1 4.8 4.5 5.0 89.0 87.1 89.1 92.9
25 5.3 4.8 5.2 5.3 92.1 89.3 91.6 93.8
26 5.0 4.3 5.0 5.2 94.9 92.9 94.3 96.5
27 4.8 3.7 3.9 4.4 95.7 94.9 95.8 97.4
28 5.5 4.7 5.4 5.7 96.2 94.9 96.0 97.3
29 6.3 6.1 6.0 5.6 98.6 97.7 98.5 99.1
30 5.3 4.7 4.8 5.0 98.7 97.9 98.7 98.9

moderate sample sizes. Obviously, this reason is also applicable to explain the
conservativity of T%,,. and Tgp,.; see also [13, p. 7]. Tables 6, 7 and 8 present the
empirical sizes and powers of TF .., TF. .., Tsc1p, T3c2ps Topecs Tpears T3c1m and
T3c0m for the experiments based on the glass data set, the colon data set, and the
scaled colon data set respectively as described in Section 5.3. For the colon data
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TABLE 7
Empirical sizes and powers (in %) of Tipec, Tpears T3c1m and T3com for the experiments

based on the colon data set (n = n1 = n2).

Empirical sizes Empirical powers
n TgZec T;;Zar T3c1m T5com T;Zee T;:Zar T3c1m Ts3c2m
5 2.8 0.6 2.8 5.6 6.0 1.0 5.0 19.3
6 2.3 0.4 1.9 4.8 8.4 2.1 7.7 25.4
7 3.4 1.7 2.8 4.9 12.4 5.7 11.4 31.9
8 3.2 1.9 2.8 5.4 18.4 8.5 16.2 38.2
9 4.2 2.3 3.6 5.9 25.2 13.4 21.8 46.8
10 3.3 2.5 2.7 5.2 31.7 20.1 30.3 52.7
11 3.6 2.1 3.0 5.2 42.8 28.8 41.4 65.3
12 3.9 2.2 3.5 5.7 51.9 36.8 48.9 73.2
13 3.3 2.3 3.1 4.5 57.7 44.9 55.0 76.8
14 2.9 2.1 2.9 4.4 67.2 55.7 64.4 83.7
15 4.2 2.9 3.8 4.9 77.8 66.6 75.8 90.4
16 3.5 2.4 3.1 4.9 84.5 73.5 82.8 93.5
17 3.0 2.7 3.1 4.4 90.4 82.1 89.2 96.0
18 4.1 3.6 3.7 5.2 93.6 87.2 92.6 98.7
19 4.9 3.8 4.6 5.2 96.8 92.9 96.8 99.7
20 3.6 3.3 3.1 4.2 99.0 97.1 99.3 99.9

set, the empirical sizes and powers of T .., TP, ., Tsc1p and T2, were all equal
to zero, and thus they are omitted in Table 7 (see Section 5.3 for explanation).
It is seen that in terms of size control and power, T5.2, outperforms T .., T,
and T5.1, generally, for ¢ = p, m. In addition, in terms of size control, we can
also observe the conservativity of 77, and T}¢,, in some cases in Table 6 and

the conservativity of T%,.., Tspecs Thears Tpears T3c1p and T3e1y, in almost all
cases in Tables 7-8. The above results show that in terms of size control and
power, our tests T3c1p, 13c2p, T3c1m and Tseom outperform or perform not worse

than the Gretton et al. tests under consideration.

5.5. Computational time comparison of the tests

To address a question from the reviewer, we display the computational time (in
minutes) of some considered tests in Figures 2 and 3. The experiments were
performed for one physical computer with 4 cores, 8 GB RAM, Ubuntu 18.04
64-bit, R 4.1.1. In Figure 2, we present the fastest tests, i.e., T5c1m, 13c2m and
Tsgr, with T5.1,, the fastest, followed T5.9,,, which is significantly faster than
Tsgr- It is seen that compared with T3.1,,, the U-statistics used in estimating
the first three cumulants in T3.9,, does add some amount of extra computation.
In Figure 3, we present the computational time of Tsg1, T3¢1m, 13c2m and Tsg.
It is seen that Tsg1 is much more time-consuming than T5¢1,m, T3¢2m, and Tsg.
Moreover, from Table 9, we obtain that Tsgo and Tsg3 are much more time-
consuming than Tsg1, Tsr, T3c1m and Tseom. Note that the implementations
of Tsaq1,Tsqe and Tsas are based on the C++ implementation of the most
time-consuming parts of their constructions.



Two-sample test for equal distributions 4113

TABLE 8
Empirical sizes and powers (in %) of Thpec, Thears Tieip, T3c2p, Tiecs Tpears T3cim and
T3cam for the experiments based on the scaled colon data set (n =ni = na).

n Tsppec Tgear TBClp T3c2p Tsppec Tgear TBClp T3c2p

Empirical sizes Empirical powers
5 1.3 0.2 1.1 4.8 1.1 0.0 0.8 5.8
6 2.3 0.4 2.0 4.8 1.7 0.1 1.5 7.2
7 3.3 1.8 3.2 5.6 2.0 0.6 1.9 8.9
8 3.0 1.8 2.6 5.8 2.5 1.0 2.0 8.0
9 3.1 2.2 3.1 5.4 3.1 1.3 2.5 8.8
10 3.6 1.6 2.8 5.2 3.3 1.8 2.5 10.6
11 2.6 1.6 2.5 4.7 3.3 1.2 3.0 12.0
12 3.2 1.9 2.5 4.8 5.4 2.4 4.4 13.0
13 3.5 1.9 3.0 5.3 6.5 3.7 5.3 17.3
14 3.0 2.0 3.2 5.2 7.5 4.3 6.1 16.9
15 3.5 2.4 3.0 5.1 10.0 6.4 7.3 21.0
16 3.0 2.3 2.7 4.6 9.3 6.1 7.5 20.5
17 3.7 2.5 2.9 4.5 10.4 6.7 7.6 23.7
18 3.0 2.4 2.6 4.5 15.7 9.6 10.7 30.8
19 3.8 2.8 3.4 4.6 17.7 12.0 12.1 35.3
20 4.6 3.1 4.5 5.2 19.3 14.4 14.8 39.3
n TgZec ngg‘r T3c1m T3c2m T;;ec T;ga’,« T3c1m T3c2m
Empirical sizes Empirical powers
5 1.7 0.3 1.6 4.3 1.4 0.2 1.2 5.6
6 2.3 0.8 2.3 5.2 2.5 0.4 2.1 6.1
7 4.0 2.2 3.7 5.8 3.7 0.9 3.0 8.6
8 3.3 2.0 3.1 5.9 3.2 1.6 2.5 7.7
9 3.2 2.4 3.1 4.8 3.1 1.6 2.8 8.5
10 4.0 2.0 3.4 5.1 4.1 2.4 3.5 8.7
11 3.2 2.0 3.0 4.7 4.5 2.3 3.7 10.4
12 3.3 2.3 3.0 4.6 5.7 3.9 4.8 11.4
13 3.9 2.7 3.4 5.4 6.4 5.0 6.1 13.5
14 3.3 2.3 3.2 5.3 8.1 5.5 6.7 15.2
15 3.8 2.7 3.7 5.4 9.3 8.3 7.4 18.6
16 3.5 3.0 3.0 4.6 9.9 7.7 7.5 16.9
17 3.6 2.9 3.2 5.1 10.8 8.1 7.3 19.5
18 3.4 2.9 3.0 3.7 15.4 11.7 10.9 26.2
19 4.2 3.4 3.9 4.7 17.2 14.6 12.5 29.6
20 4.7 3.4 4.1 5.7 18.9 16.2 14.6 32.2

In conclusion, our tests T5¢1p, T3¢2p; T3c1m, and T3qopm, are faster to compute
than the existing tests under consideration.

5.6. Testing procedure recommendation

Based on the above numerical experiments using artificial and real data, we can
recommend T3c2, and T5co,, for practical applications when the sample sizes
are small or moderate. They keep the type I error level very well and have high
powers generally. They are fast to compute and outperform several existing tests.
The squared median-distance based kernel width can be used generally since it
is scale-invariant in the sense that the associated test statistic does not change if
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Fig 2: Computational time (in minutes) of Tsr (solid line), T5.1,, (dashed line),
and T3e0,, (dotted line) for different sample sizes (n1 = ng) and dimensions
p = 100, 500, 1000, 1500, 2000, 2500.
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Fig 3: Computational time (in minutes) of Tsg1 (dash-dotted line), Tsg (solid
line), T5.1m (dashed line), and Ts.9,, (dotted line) for different sample sizes
(n1 = n2) and dimensions p = 100, 500.
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TABLE 9
Computational time (in minutes) of Tsr, Tsc1, Tsc2, TsGs, Tscim, and Tscam for
different sample sizes (n1 = n2) and dimension p = 100.

n=n2 Tsr Tsc1 Tsae Tsgs  Tscim  T3cam
100 0.00 0.10 1.46 1.40 0.00 0.00
200 0.01 0.34 5.84 5.53 0.00 0.00
300 0.03 0.79 13.24 12.70 0.00 0.00
400 0.07 1.54 23.81 22.90 0.00 0.01
500 0.16 2.37 37.50 35.95 0.01 0.01
600 0.25 3.46 53.81 51.80 0.01 0.03
700 0.42 4.57 72.75 71.20 0.01 0.04
800 0.48 6.65 95.68 94.01 0.02 0.08
900 0.64 7.90 122.63 116.43 0.02 0.11
1000 0.83 9.75 152.26  141.12 0.03 0.15
1100 1.01 11.61 183.06 170.18 0.04 0.20
1200 1.23 14.07 221.46  200.87 0.06 0.28
1300 1.39 16.10 252.16 237.65 0.07 0.36
1400 1.67 18.94 290.86 272.37 0.08 0.47

each observation is multiplied by a nonzero constant, while the dimension based
kernel width p in T3c1, and T3eop should be used with caution, since it is not
scale-invariant and not always applicable.

6. Concluding remarks

We have considered the two-sample problem in a separable metric space, which
includes many data types. For this problem, we have proposed two new tests
based on the maximum mean discrepancy. In contrast to the existing tests, we
allowed different sample sizes, which is more realistic, in both theoretical and
practical issues. In addition, unlike the existing tests, which are implemented
by permutation, the two new tests were based on the three-cumulant matched
x2-approximation. The first test, Ts.1, used the cumulants of the asymptotic
null distribution of the test statistic, which resulted in its good behavior for
large sample sizes, but for small and moderate sample sizes, conservativity ap-
peared and resulted in less power. On the other hand, the second test, T5.2,
used the cumulants of the null distribution, which resulted in an accurate and
fast test for small and moderate sample sizes. In the numerical experiments pre-
sented in Section 5, we considered a squared median distance based kernel width
and a dimension-based kernel width. The former kernel width is scale-invariant
while the latter one is not. The resulting tests are denoted as T5.1m, 15c2m and
T3c1p, Te2p respectively. In the numerical experiments based on artificial data,
T3c1p and T3eop outperform T3e1p, and T3eop, substantially while in the numer-
ical experiments based on the two real data sets, T3.1, and T3.2, can perform
much worse than T3.1,, and T3.2,,, unless the data are properly re-scaled so that
the squared distances of the transformed observations and the dimension based
kernel width p are at the same scale level. This means that we should use the
dimension-based kernel width with caution. It also says that it is important to
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select a good kernel width for the proposed new tests. Further research in this
direction is interesting and warranted. Of course, the performance of the new
tests needs to be further evaluated on additional artificial and real data sets.
In particular, we can examine the behavior of the new tests for other types of
data including strings and graphs. This may constitute a direction for our future
research.

Appendix A: Proofs

The equalities (8) of the form

Saa = Saa +2(To — fas fhar) + HNQHQ’
Stz = Sia+ (1 — . pi2) + (T2 — 2, ) + (p1, p2),

where a = 1,2, follow from

Saa = ﬁ 21§i<jﬁna<(xai — fa) + a, (xaj — fta) + Ha)
- ﬁ 1<i<j<ng (Zai — Ha; Taj = pa) + (Tai = Ha, Ha)
j‘<:umxaj — ta) + ”:ua”2)
= Saa +2(Ta — fa, pa) + ||,LLaH27
Si2 = ((Z1 — 1) + p1, (T2 — p2) + p2)
(T1— 1, Ta — p2) + (1 — pa, p2) + (1, T2 — pio) + (i, pio)
= Sig+(T1 — p, p2) + (T2 — p2, 1) + (p1, p2),

where o = 1,2 and
Saa = FaTT) L1<i<i<ne (Tai = Ha, Taj — Ha)
. na(n2af1) Zl§i<j§na K(yai7yaj)7 3
Sia = (T1— p1, T2 — pa) = 7= 0 D002 K (Y1, y2)-
Lemma A.1. Let o, f = 1,2 and o # B. We have E(Saa) = 0, E(Sap) = 0,
and cov(Saa, Sag) = 0. Further,

2 - ~ 1
E(Kz(y(xlv y(xQ))a Var(S(!ﬁ) =

vSee) = L oD hars

E(K?(Ya1,yp1))-

Proof of Lemma A.1. We have the following useful properties. By (7), when
y' =y, we have

Ey(i((yv y)) = Ey(K(y7 y)) - EZ,Z' (K(Z, Z,)) > Ov (28)

where z and 2’ are independent copies of y, and when y and vy’ are independent,
we have

Ey(K(y,y)) = Ey(K(y,y)) = By (K(y,y')) = 0. (29)
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v (28), (29) and (9), we have

*S:Yaa) = D Z1gz‘<j§na~E(f((yai,yaj)) =0,
Saﬁ) = nalnﬂ 2:21 Z?il E(K (Yai, yﬁj)) =0,
cov (gaa, S'aﬁ = E(S’aaga/g) =0,

var(S’aa) = m Z}gz‘q’gna Var(K'(ym-, Yaj))
ﬁE(I@(yahycﬂ)),
var(Sap) = 725 RTRT 2i1 21 ? ) var(K (yai, ys;)
= nalnﬁE(K (yahyﬁl))'

O

Theorem 3.1. Under Assumptions 1-3, as n — oo, we have T, BN T,
where

~ii (4, —1), 4rz§d'x%.

Proof of Theorem 3.1. Under Assumption 1, we have P; = P, = P. Let y, 1/ BN

P. Under Assumption 3, we have the Mercer’s expansion (12). By (29) and (13),
we have

M E, (6, (4)) = /y Ey (R (5, 3/))r (4 ) P(dy) = 0.

This, together with (13) implies that E(¢,.(y)) = 0 whenever \. # 0 and

var (i, (y fy V2(y)P(dy) = 1. Set 200 = ¥r(Yai) (i = 1,...,na;a = 1,2).
Under Assumptlon 17 we have 14 "k P 1t follows that for a fixed r = 1,2,...,
Zrai (1 =1,...,nq;a =1,2) are i.1.d. with mean 0 and variance 1. For different

T Zrai (1 =1,...,nq; 0 = 1,2) are uncorrelated. Then by (9) and (12), we have

Sz = i Z Zn2 (Z?«il )‘Tz'r‘,liz'r,2j)
= Zr 1 )\ ZT lz'r 25
o0
Saa = na(ni—l 21S1<3§na (X orz1 Arzr,ai®raz)
= Zjil Ar na(nifl) Zl§i<j5n(, Z’r,aizr,aj)

= 3 A(E e = 1/na) (14 0y(1)),

where z,., = n;! Yo zrai (@ = 1,257 = 1,2,...). In the last equality, we
have used the following facts

2 R
§ Zraifraj = o5 § § Zr,aifr,aj § 22 1))
na(na _ 1) L > [y na J Qi
1<i<j<ng =1 j=1

(2o ) W),

(0%
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since as nq — 00, we have ng' Y2 22 2, Bz 2.1) = 1. By (11), we then
have
T, = — 1/n2) — 2Z,,17r2) (1 + 0p(1))

Doy A2 (2 — 1/n1 +(
= Z%l )\T (n1nn2 (Zr 11— Zr2 -1
Zr:1 /\T(An F— 1D+ Op(l))

where A, , = w} . with wy,, = (nina/n)Y?(2.1 — Zr2) (r = 1,2,...), which

are uncorrelated. For any given r = 1,2, ..., by the central limit theorem, under

Z
) +op(1

Assumptions 2 and 3, as n — oo, we have ni/QZna LN N(0,1) (& =1,2) and
Zr,1 and Z.o are independent. It follows that under Assumptions 2 and 3, as

n — 00, Wn,r - wy ~ N(0,1), and hence
Apr=wh, 5 A =0l G (r=1.2,.0), (30)

It follows that as n — oo, E(An’,«) =1+ o0(1) and var(A, ,) =2+ o(1).
Let px(t) = E(e"¥) denote the characteristic function of a random vari-

able X. Set T\" = ¥4_, A (An, — 1). Then |z (t) — o ()] < [¢](E(T, -

Zf’,(Lq))Q) 12 Therefore, as n — oo, we have
(@) %0 ?
BT, - TP = B (252,00 M Anr = 1) (14 0,(1))
— var (Zfiq+1 )\TAM> (1 + 0,(1))
2
(352 s vart (0 Any) ) (L4 0,(1)
2
2( 0 M) (1 0,(1).

IN

It follows that

oz, (8) = a0 ()] < [t1V2 < S A) o(1)). (31)

r=q+1

Let t be fixed. Under Assumption 3 and (14), as ¢ — oo, we have Y27° /| A, —
0. Thus, by (31), for any given € > 0, there exist N7 and @1, dependmg on |t|
and ¢, such that as n > Nj and ¢ > @1, we have

oz, (1) — o0 ()] < . (32)

For any fixed ¢ > @1, by (30), as n — oo, we have T N O > A (A—
1), A, R X3. Thus, there exists Ny, depending on g and € such that as n > Na,
we have

[z (1) = i (H)] < e (33)
Recall that T = St A (A4 — 1), A, i X3. Along the same lines as those
for proving (32), we can show that there exist @2, depending on |¢| and ¢, such
that as ¢ > @2, we have

o7 (8) = pr(t)] < e (34)
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It follows from (32)—(34) that for any n > max(Ny, N3) and ¢ > max(Q1, Q2),
we have

o7, O =p7B)] < oz, () =Pz )| +]0z0 (O =070 O)|+|erm () =07 t)] < 3e.

The convergence in distribution of T}, to T follows as we can let € — 0. O

Theorem 3.2. Assume that |K(y,y')| < Bk for dll y,y' € Y for some
By < 0o. Then we have

E(T,) =0, var(T,) < 64B%,
and
var(Qy,) = nin3n®273 (o} /n1 + 03 /ns) ,
where 01,03 < 4||h||* Bk

Proof of Theorem 3.2. First of all, by (7), |K(y,y')| < 4Bk for all y,y" € ).
Then by Lemma A.1, for o # 8, «, 8 = 1,2, we have E(T,,) = 0 and

V&I(Saa) ﬁE(K (ya17ya2)) = %7
var(Sap) = A= E(K* (Yo, yp1)) < 165

ng — nang’

It follows that

var(T,) = (2202)% (var(S),) + var(Ss) + 4var(S12))

< (w)2 32B% 32B% 64B%
— n ni(ni1—1) na(nz—1) nins

2
32B% (1+ iy + iy ) < 64B%.
By the Cauchy-Schwarz inequality and (17), we have
72 < E(|za1 = nal*)IR]* = E(K (ya1, ya1))IWl* < 4][2]* B

Finally, var(Q,) = n#n3n?2=3 (0} /n1 + 03 /n2). O

Theorem 3.3. Assume that |K(y,y')| < B for all y,y' € Y for some
By < o0. Then under Assumption 2 and the local alternative hypothesis (16),
as n — 00, we have

(a) T/ (var(Qn))*/* =0,
(b) Qn/(var(Qn))"/2 —% N(0, 1),
(c) [T, — nina|lh||?/(n?=22)]//var(T,) LN N(0,1), and hence

R N
P > ) =0 (G s ) (1 o(1) = 1.

where C. denotes a consistent estimator of C¢, the upper 100e percentile of
T, with € being the given significance level, T is defined in Assumption 2,
and ®(-) denotes the cumulative distribution of N'(0,1).
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Proof of Theorem 5.3. Under the given conditions, by Theorem 3.2, we have

E(T,) = 0, var(T},) < 64B%, and as n — oo,
var(Qn) = (7(1 = 7))% (o1 /7 + 02/ (1 = 7)) n*2(1 + o(1)),

where 7 is defined in Assumption 2. It follows that as n — oo, var(T,) /var(Q,,) —

0. Thus, we have T, /(var(Q,))"/? - 0, and hence (a) is proved. To show (b),
notice that by the central limit theorem, as n, — oo, we have

_ d
U = n(11/2<xa — Moy 1 — /1‘2> — N(0,0’i) (Ol = 172)
Since Z; and T are independent and by (19), we have
Qn = nyngn = (3/2=4) (ul/n}/2 — u2/n§/2)

and Q,,/(var(Q,))'/? N N(0,1). To show (c), notice that as n — oo, by (18),

we have

T — mana|[p]?/(n*22)
var(T;,)

T, N Qn
2¢/var(Q,)  /var(Q,)

Note that C. denotes a consistent estimator of C.. Therefore, as n — oo, we
have

[14 0(1)] -% N(0,1).

_ 2 2—2A A 2 2—2A
P, 5 ) = p<Tn nina|B]2/(n2722) _ Ce—ninal||]2/(n >>

2./var(Q.,) N 2¢/var(Qn)

C. B2/ (n2-2A
=y1-° 2nin 2 2 o anrlLTLQH ||2 /(n 2) (1 + 0(1))
SV oi/mto3/ne SEYR A/ 0/n+ 03 /ng

o U] (1+0(1))
2/} /T +02/(1—71)

—1.

The theorem is proved. O

Theorem 4.1. Assume that |K(y,y')| < Bk for all y,y' € Y for some
Bg < co. Then under Assumption 1, as n — 0o, we have

K (yi,y5) — K(yi,y;)| = Op(n™2)  uniformly for all y;,y;.

Proof of Theorem 4.1. Under Assumption 1, set x; = K(-,v;),7 = 1,2,...,
and g = E(x;). Then we have K(y;,y;) = (z; — p,x; — p) and K*(y;,y;)
(x; — x,x; — ). It follows that

s

|K*(yi, y5) — K(yi,y5)| = [(wi — T,z — &) — (2 — p, 05 — )|

(=2, 05 — p) + (xi — po 0 — ) + (= T, 0 — Z)|
12 — plll|z; — pll + 112 = plllz: — pll + 12 = pl?
12 = pll? + |2 = pll (s — pll + llz; = pl)-

A I
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Note that we have E[K(y,y')] = 0 when y,y are independent. We have

nlla—pl2 = n USSR (yey,) )
= n! Zizl K(yiyi) +2(n — 1)71 Zl§i<j§n K(yi,y5)-

It follows that as n — oo, we have
Enlz - ul?] = E|K(yy)| <4Bx,
~ ~ 2
var [z = ul?] = n~tvar [K(y,y)]| + 200~ 1)7'B [K(y,y)]
~ 2
2B [K(y,y/)| 11+ 0(1)] < 32B%[1 + o(1)],

- . 2
where we use the fact that var [K(y, y)] <FE {K(y, y)} < 16 B%.. Therefore, as

n — oo, we have

|17 = pll* = Op(1/n), and ||z — ul| = Op(1/v/n),

uniformly. Since ||z; — p| = \/K(vi,v:) < VABg and similarly |lz; — pf <
V4Bg. As n — oo, we have

K (i, 95) = K (yi, y5)| = Op(n™"/?),
uniformly for all y;,y;’s. O

Theorem 4.2. Under Assumptions 1, 2 and Condition (25), as n — oo, we
have M, -2 My, ¢ =2,3 and

ﬁAO i>/60751 Lﬁhde

Proof of Theorem 4.2. First of all, under Condition (25), by (26), we have

o0 o0 2
Yo < [Z \/XT] < 0. (35)
r=1 r=1

By Proposition 12 of [20], under the given conditions, as n — oo, we have

> A=A 0. (36)

r=1

It follows that as n — oo, we have

PIRED IS
r=1 r=1

<SR- Al o
r=1
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Therefore, as n — oo, we have

i Ar 2 i Ar. (37)
r=1 r=1

Then as n — oo, for £ = 2,3, we have

My — Ml < 3372 1M = M| ) )
< A = A 1+)\f*2)\r+-~'+>\,«>\ﬁ*2+)\fﬁ*1)
< X A= Al + A
< X A = AT A T A

(O A+ Yo AT A = M| 0.

That is, as n — co, we have M, 2 My, ¢ = 2,3. The remaining claims then
follow. The theorem is complete. O

Theorem 4.3. Under Assumption 1, the first three cumulants of T,, are given

E(T,) = 0,

2 {1+ (i + iy ) } BCR?(09),

E(TS): 81— n3(n7?71)2—|—nS(n"il)z)}E(K(y,y’)f}'(y,y”)R(y’,y”))
+4 (i — 2 4 it ) B(RS(y, 1),

n3(na—1)

<
o
=
—
éﬂx
Il

i d. .
where y,y',y" "~ P. Furthermore, under Assumptions 1-3, as n — 0o, we
have

var(T,) = 2E(K2(y,y))(1+o(1)),

E(T3)

8E(K (y, 4/ ) K (y,y" ) Ky y") (1 + o(1)).

Proof of Theorem 4.3. Under Assumption 1, Lemma A.1 implies that
BE(T,) = ™m2(E(S11) + E(S2) - 2E(S12)) =
T,) = ((m"z)2 (var(S11) + var(Sas) —|—4var(512))
= (mm) @mn (B2(4,9) + = E(R(1.9))
E(
2

K%ym

= nﬂl ) (n1 (n1-1) nz(nlz 1) + ﬁ) E(kg(yay/))
2 ~

- { (n2(n1 1) + n2(n2 1))}E(K2(y,y'))-

n1n2

Note that

T3 = S5 + 53, — 857, + 3(57 52 + 5115%;) — 6(57 512 + 51253,
+12(5115122 + 5122522) — 125711 51259.
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First of all, it is easy to see that E(S%Ss) = E(S115%,) = E(5}4512) =
E(S12532,) = 0. Further,

E(Zj¢k K(y15,918) Za¢/3 (Y2a,Y28) ZT ) Z 2 K( y1r1y25))

n?(n;— 1)n2(n2 1)
Z]#k Za#; Z 2 B(K (y15,916) K (1r,925) K (y20,928))
nl(nl 1)n2(n271)

E(Sngugzz) =

= 0.

ii.

Now let y, v/, y" X" P. Then

- = > K 7y1k)za Dol Kyiowzs) Y000 Y012 K(yiryas)
E(5115%) = ( L : : n3(n1 2 : )

ijék Doty DD an E(K (y1;,916) K (y10,928) K (y17,925))

3(~n1 1)n2 _ ~
T D Zj;ék 25y B(K (1 y1) K (5155 y26) K (y1re, y25))
= vty B(K (9 ) K (" E (', y").

Similarly, we have E(5'122§22) = Q(nlng)_lE(f((y, y’)K(y, y”)f((y’,y”)). More-
over
3 1 3
B = gl (S0 it Ky van)
= ng} 3 E Ek 1 (ylj7y2k))
= n‘;’lng ("7‘177/2£§(I(3 (ya Yy )))
= nflngE(Kg(yvy/))~

Finally,

= WE e K2 (Y15, vk + 33 K2(y1j, y11) K (Y1a. y15)
+6 > K(ylj7ylk)K(ylaaylﬁ f((yn,yls))

= i { LR )
6= B (R (y, ) K (y,y") K (o' ")) |

= %E(K( VK@ y" VKW y") + i B (. 9),

. 3
E(5%)) = m ZK;J{ Y15, Y1k )
)
)

where * means “j < k,a < 7 and “(j,k) # (o, ()", while *x means “j <
k,a < B,u <v” and “(4,k), (a, B), (r, s) are not mutually equal to each other.”.
Similarly,

4 _

B(nz —2) E(R(y.4/).

B(83,) = WE(K(%y’)f?(y,y”)f?(y’,y”))+ AT
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Thus, we have

3 . SO o~
M( (S3) + E(SQQ) 8E(S53,) 4+ 12E(5115%,) + 12E(5%,522))

E(T})

"3
niny Jg ng—2 3 np—2
3 2 2 2 —_1)2
1
n { (nl(nl—l) n2ng Zna nin; na(na—1)

B(K(y, 4K (5,9 R (o, y")
+4 (m — n22n§ + W) E(K?’(y,y/))
= 8{1- (ot + woae ) | BR ()R (5" K (Y y")
3 3
+4( Nyny _ 2n1n2 4 nin2 )E( /))

n3(ngy—1)2

Ky,

n3(n1—1)2
O

Theorem 4.4. Assume that |K (y,y’)| < Bk for ally,y’ € Y for some Bi <
0o. Then under Assumptions 1 and 2, as n — 0o, we have M, 25 Mp, 0 =2,3

and A . .
Bo 2 Bo, B1 2 Br,d L d.

Proof of Theorem /4.4. By (27), under Assumption 2, as n — 0o, we can write
My = Mj[t+0(n™ Y],
Mz = M;[1—-0(n 2]+ Mz [O(n™Y)],
where
]\?g = nn 1 Zl<1<g<n(K*(yl7y])) ’ B
Mz = Wzl<z<j<k<nK (i v ) K (v, k) K (yk, 92),
M;s = n(n D El<7,<7<n(K (Wi, y5)).

By Theorem 4.1, we have K*(yi,v;) = K (yi,y;) + Op(n~'/?) uniformly for all
Yi,y;’s. Since |K(y,y')| < 4Bk < oo for all y,y’ € Y, we have

M3 = My + O, (n~Y?), Mj = M3+ Op(nY?), Mgy = Mag + O, (n~%/?),

where

M2 = n(n 1) Zl<z<]<n(K(yiay‘))2a

Mz = - D Zl<l<]<k<nf((y“yj)f{(ijyk)f((ykaZ/z‘)a
Moy = n(n 1) Zl<z<]<n( (yuy]))

. . . 3
Since M, M3 and Mg are U-statistics for Moy, M3, and Moy = E {K(y,y’)]

respectively and under the given conditions, we have

B[Rw.y)] < By <,
E f((y,y’)f((%y”)f((y’,y”)}

E [K(%y’)r < (4Bk)b < oo,

IN

[\
IN

(4BK)6 < o0,
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then by Lemma A of [19, p. 185], as n — 0o, we have M, L5 My, My 25 Ms,
and Mays —2 Mos. It follows that as n — 00, we have M; L, Mo, M; SN M3,
and M§3 L4 Mys. Thus, as n — oo, we have My 25 My, ¢ = 2,3. The remaining
claims then follow. The theorem is complete. O

Appendix B: Tables of the numerical experimental results

The detailed results of the numerical experiments based on the artificial data
sets in Section 5.2 are displayed in Tables 10-15.

Table 10: Empirical sizes (in %) of all tests obtained under Models 1-3. Column
M denotes Model, n = (n1,n2), n; = (20,30), and ny = (40, 60).

M n P P Tsr  Tsgi  Tsg2  Tsgzs  Tscip  Tzeim  Tzeap  T3eam
1 n; 10 0.2 5.5 5.3 5.4 5.4 3.3 3.7 5.4 5.3
0.5 5.9 5.8 5.5 5.9 4.7 5.0 5.6 5.8

0.8 6.0 5.6 6.2 5.5 5.1 5.2 5.5 5.4

100 0.2 5.8 6.4 5.5 5.3 1.9 2.6 5.7 5.9

0.5 5.6 5.9 6.0 5.8 4.5 5.0 5.9 5.7

0.8 4.4 4.1 4.1 4.3 3.8 3.9 4.2 4.0

500 0.2 6.0 6.0 5.7 5.7 1.9 2.9 5.9 6.2

0.5 6.4 5.6 5.8 5.4 4.0 4.5 5.2 5.6

0.8 4.8 4.8 4.8 4.9 4.5 4.4 5.0 4.7

ns 10 0.2 4.1 4.0 3.6 4.4 3.2 3.5 3.9 4.2
0.5 5.1 5.0 5.0 5.5 4.0 4.4 4.7 4.7

0.8 5.4 5.9 6.1 5.4 5.7 5.8 5.8 5.8

100 0.2 4.7 4.5 4.8 4.6 2.0 2.8 4.3 4.2

0.5 4.3 4.1 4.1 4.2 3.1 3.4 3.8 3.9

0.8 3.9 3.8 3.6 3.8 3.9 3.8 4.2 3.9

500 0.2 5.6 5.9 5.8 5.5 3.7 4.4 5.6 5.7

0.5 5.1 6.1 5.1 6.2 5.1 5.3 5.9 5.9

0.8 5.5 5.3 5.7 5.0 5.0 5.2 5.1 5.4

2 n; 10 0.2 4.3 4.4 4.1 3.8 1.5 2.6 4.1 3.9
0.5 5.4 5.4 5.9 6.0 3.5 4.3 5.4 4.9

0.8 4.6 4.8 4.7 4.9 3.9 4.5 5.0 5.1

100 0.2 5.0 4.7 4.5 4.3 0.5 2.2 4.3 4.9

0.5 4.9 4.8 4.8 5.6 2.2 3.9 5.1 4.8

0.8 5.5 5.9 5.9 5.5 4.9 5.5 5.8 5.9

500 0.2 4.4 5.0 4.6 5.0 0.2 2.2 4.2 4.6

0.5 4.3 3.9 4.6 4.0 1.5 3.5 3.8 4.6

0.8 5.9 4.3 4.6 4.4 3.7 4.9 4.7 5.3

no 10 0.2 5.4 5.0 5.4 4.7 3.4 4.1 4.7 4.9
0.5 5.3 4.6 4.4 4.6 3.5 3.6 4.6 4.3

0.8 5.2 5.0 5.4 4.8 4.2 5.4 4.6 5.7

100 0.2 4.8 5.3 5.5 5.1 0.6 3.3 4.6 4.5

0.5 3.6 5.2 4.5 4.7 3.1 3.9 4.9 4.2

0.8 4.7 4.7 4.5 4.6 4.4 4.3 4.6 4.4

500 0.2 6.0 6.5 5.8 6.2 1.1 3.8 5.8 6.2

0.5 4.5 4.9 4.8 5.0 3.2 4.2 4.8 4.6

0.8 3.6 5.1 4.6 5.0 4.3 4.0 4.7 4.2

3 n; 10 0.2 5.6 5.0 5.8 5.6 3.1 3.9 4.8 5.2
0.5 5.9 5.7 5.1 5.7 4.3 3.5 5.4 4.8

0.8 6.6 5.6 5.8 5.1 4.9 5.9 5.4 6.2

100 0.2 5.1 5.0 5.0 5.2 0.3 2.7 4.5 4.9

0.5 4.8 4.1 4.2 4.0 1.9 3.8 3.9 4.6

0.8 5.2 4.3 4.4 4.4 3.7 4.4 4.4 4.7

500 0.2 5.6 6.3 5.8 6.3 0.3 3.5 5.4 5.7

0.5 4.4 4.5 4.9 5.0 2.2 4.3 4.5 4.8

Continued on next page
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Table 10 — Continued from previous page

M n 2 P Tsr  Tsgi  Tsg2  Tsgs  Tscip  Tzeim  Tzc2p  T3cam
0.8 5.6 5.4 5.2 5.1 4.3 4.6 5.6 5.2

ns 10 0.2 5.3 5.0 4.5 5.1 3.2 4.5 4.8 4.8
0.5 5.1 6.4 5.7 6.5 5.0 4.8 5.6 4.9

0.8 5.2 5.8 5.2 5.3 4.8 4.5 5.2 4.9

100 0.2 5.1 4.8 5.5 5.8 1.5 3.5 4.2 4.8

0.5 5.0 5.8 5.7 5.6 4.3 4.8 5.6 5.4

0.8 6.2 5.3 5.3 4.9 4.9 5.0 5.2 5.2

500 0.2 5.0 5.5 5.2 5.8 1.0 3.2 4.9 5.0

0.5 4.5 4.8 4.7 4.6 3.2 4.2 4.6 4.8

0.8 5.7 4.5 5.2 4.9 3.9 5.0 4.3 5.2

Table 11: Empirical powers (in %) of all tests under

n; = (20,30), ny, = (40,60)).
n p P s Tsr Tsgi  Tsg2 Tscs  Tscip  Tscim  Tzc2p  Ticom
n; 10 0.2 0.2 22.0 19.6 19.4 17.0 15.0 18.0 19.8 21.8
0.4 63.3 58.5 59.6 53.1 51.4 58.6 58.3 61.5
0.6 94.6 92.4 92.2 87.6 89.6 92.5 92.0 93.6
0.5 0.2 14.1 13.3 13.9 11.6 11.1 12.2 13.1 14.0
0.4 41.7 37.0 40.0 35.2 34.4 37.3 37.3 39.4
0.6 76.4 68.8 72.0 66.0 66.3 70.4 68.2 72.2
0.8 0.2 10.1 9.3 9.5 9.2 8.7 8.6 9.6 9.6
0.4 30.7 27.1 28.8 24.3 25.2 27.1 26.5 27.9
0.6 57.5 47.9 50.9 43.1 46.3 48.5 47.6 50.1
100 0.2 0.2 29.5 28.1 28.7 27.4 14.6 20.6 27.2 28.5
0.4 82.2 80.2 81.1 79.3 67.8 73.8 79.5 81.6
0.6 99.2 99.3 99.3 99.2 97.6 99.0 99.3 99.3
0.5 0.2 17.8 17.3 18.1 17.1 13.7 15.6 17.1 18.1
0.4 45.3 41.4 43.9 40.7 36.5 40.0 40.9 43.6
0.6 80.0 76.3 79.2 76.2 71.9 75.7 76.0 78.3
0.8 0.2 13.0 10.2 11.0 9.7 9.4 10.0 10.5 10.9
0.4 30.9 25.8 27.7 23.4 24.6 25.6 25.5 26.6
0.6 61.0 54.2 55.9 50.2 52.8 54.8 53.7 56.0
500 0.2 0.2 29.0 28.9 29.4 29.2 16.0 20.3 28.0 28.7
0.4 85.7 84.4 85.7 85.3 69.9 7.7 84.5 85.5
0.6 99.6 99.1 99.4 99.2 97.9 98.8 99.1 99.6
0.5 0.2 14.6 13.2 13.8 13.0 10.6 11.8 13.5 14.0
0.4 45.5 39.9 43.5 39.6 35.5 38.6 38.7 42.4
0.6 81.7 77.0 80.6 77.0 73.3 77.0 77.0 79.2
0.8 0.2 9.8 9.5 9.9 9.8 9.6 9.4 9.8 9.6
0.4 32.1 27.1 28.8 24.3 25.9 27.1 26.6 28.0
0.6 59.1 52.4 54.4 47.9 50.8 52.6 52.2 53.3
no 10 0.2 0.2 40.6 36.4 36.3 31.2 33.1 36.4 36.0 40.0
0.4 91.6 87.9 89.0 83.3 85.8 89.8 88.0 90.9
0.6 99.9 99.7 99.7 99.7 99.7 99.9 99.7 99.9
0.5 0.2 27.1 24.1 25.1 22.2 21.5 23.6 23.1 24.5
0.4 70.7 63.9 68.0 61.8 61.7 65.5 63.1 66.5
0.6 96.8 94.2 95.7 92.3 93.3 95.0 93.8 95.5
0.8 0.2 18.1 16.1 16.6 14.6 15.1 15.7 15.7 16.0
0.4 55.1 47.6 51.0 42.7 46.1 47.5 46.9 48.2
0.6 88.0 81.8 83.9 78.3 81.1 82.4 81.6 82.6
100 0.2 0.2 53.8 52.5 53.4 50.8 43.6 48.0 51.5 52.8
0.4 98.3 98.0 98.3 97.7 96.6 97.7 98.1 98.2
0.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
0.5 0.2 25.6 22.3 25.2 22.3 20.5 22.1 22.0 23.8
0.4 7.4 72.3 75.5 72.5 70.4 73.7 72.5 74.6
0.6 98.3 97.5 98.4 97.7 97.1 98.0 97.5 98.2
0.8 0.2 17.2 15.2 15.6 13.8 14.1 15.0 14.6 15.5
0.4 56.6 49.7 52.4 46.5 48.5 50.2 49.2 50.5

Continued on next page
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Table 11 — Continued from previous page
n 2 P g Tsr  Tsci  Tsg2  Tsgz  Tscip  Tscim  Tzeap  Tzeom
0.6 88.7 83.0 84.6 79.2 82.4 83.3 82.7 83.6
500 0.2 0.2 59.7 57.4 58.7 56.9 45.4 51.4 56.5 58.6
0.4 99.1 98.8 99.1 99.0 97.8 98.2 98.9 99.1
0.6 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
0.5 0.2 24.7 22.8 24.3 22.2 20.8 22.5 22.6 23.7
0.4 78.5 75.4 7.4 75.2 72.3 75.1 75.3 76.6
0.6 98.7 98.3 98.7 98.2 97.9 98.3 98.0 98.5
0.8 0.2 18.9 17.1 17.6 16.1 15.8 16.4 16.7 16.5
0.4 57.3 50.6 53.3 46.5 49.5 50.8 49.8 51.4
0.6 90.2 84.2 86.6 80.1 83.2 84.5 83.7 85.5

Table 12: Empirical powers (in %) of all tests under Model 5 (n = (n1,n2)).

n p 4 Tsr  Tsci  Tsgz2  Tsgz  Tscip  Tzcim  Tse2p  T3com
(20, 30) 10 0.3 21.2 70.7 9.4 42.5 61.2 17.4 70.0 20.5
0.5 11.1 24.8 7.0 21.4 21.6 10.0 24.3 10.9

0.7 7.6 10.3 7.1 10.6 9.0 6.6 10.0 7.1

100 0.3 30.6 97.5 9.5 50.3 93.2 17.5 97.8 21.4

0.5 14.2 35.7 6.9 19.4 28.7 9.7 35.9 11.5

0.7 7.1 10.9 6.0 9.4 8.9 6.6 10.5 7.0

500 0.3 32.5 99.3 8.5 49.7 96.2 19.2 99.5 21.8

0.5 13.8 41.3 7.6 21.0 33.9 10.2 41.4 11.3

0.7 9.0 12.3 6.4 10.0 10.6 6.8 12.1 7.2

(40, 60) 10 0.3 76.7 100.0 9.9 97.9 99.9 50.7 100.0 54.7
0.5 23.4 71.2 7.9 52.3 65.2 15.7 70.2 16.6

0.7 9.8 15.6 6.1 15.6 13.6 7.8 14.8 7.9

100 0.3 98.3 100.0 11.8 100.0 100.0 57.0 100.0 61.0

0.5 31.9 97.9 5.9 56.2 96.1 15.2 98.1 16.0

0.7 10.7 19.3 6.4 16.4 17.7 8.0 19.4 8.0

500 0.3 99.2 100.0 13.2 99.9 100.0 58.6 100.0 62.9

0.5 34.2 99.2 7.6 56.7 97.6 17.1 99.2 18.2

0.7 11.3 20.0 6.3 16.8 18 8.3 19.8 8.5

Table 13: Empirical powers (in %) of all tests under Model 6. Column D lists

the distributions, n = (n1,n2), n; = (20, 30), and ny = (40, 60).

D n p P Tsr Tsg1  Tsg2  Tsgz  Tscip  Tzcim  T3c2p  Tzcom
N n; 10 0.2 5.6 6.1 4.3 4.5 3.5 3.7 6.2 5.6
0.5 7.1 114 5.0 5.1 7.9 6.6 11.3 8.0

0.8 7.8 10.7 5.1 4.5 9.4 8.3 10.8 8.8

100 0.2 6.6 13.1 3.4 3.5 1.3 1.6 11.9 6.5

0.5 14.4 65.0 4.4 4.2 32.1 13.1 64.3 23.6

0.8 31.8 89.7 3.0 2.8 79.2 35.9 89.3 46.2

500 0.2 5.1 13.0 2.6 2.6 0.5 0.9 11.6 5.1

0.5 13.7 87.0 2.2 2.3 36.2 13.5 86.9 26.2

0.8 54.9 99.9 3.1 2.3 99.8 60.0 99.9 83

no 10 0.2 5.2 7.6 4.4 4.6 6.1 5.0 7.5 6.1

0.5 9.3 28.0 3.1 3.9 22.2 12.8 25.9 15.4

0.8 9.5 17.4 4.6 5.2 15.6 11.6 16.6 11.9

100 0.2 9.6 39.4 3.1 2.8 10.3 4.3 35.0 11.7

0.5 55.2 100.0 3.1 3.7 100.0 79.4 100.0 89.2

0.8 99.8 100.0 3.5 3.5 100.0 100.0 100.0 100.0

500 0.2 9.5 65.8 2.1 2.0 9.9 3.8 62.1 13.1
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Table 13 — Continued from previous page

D n »p p Tsr  Tscr  Tsgz  Tses  Tseip  Tseim  Tsczp  Tseom
05 783 100.0 .8 2.0 1000 96.8 100.0 _ 99.8

0.8 100.0  100.0 2.1 1.9 100.0  100.0 100.0  100.0

ta ny 10 0.2 5.8 7.8 5.4 4.7 2.9 3.4 8.0 5.6
0.5 6.9  15.8 3.9 4.0 9.2 6.0 158 8.9

0.8 71 133 4.2 3.7 9.7 6.4 126 7.3

100 0.2 6.8  27.0 3.7 45 0.1 0.8 228 6.8

0.5 106  94.7 3.3 3.4 411 8.9 949 18.1

08 324  99.9 2.7 2.9 994 366 1000  46.8

500 0.2 58 485 3.3 4.0 0.0 0.5  36.2 6.1

05  13.5  100.0 3.0 41 658 113 100.0  23.7

08  53.6 100.0 2.7 2.9 1000  60.5 100.0  81.4

n, 10 02 71 101 4.3 4.9 5.4 53 105 7.0

05 11.6  41.2 4.9 47 316 130 39.3 15.1

0.8 9.4 309 5.7 54 258 113 204 12.2

100 0.2 7.9 735 4.8 6.4 7.2 43 711 10.8

05  53.2  100.0 4.4 6.2 100.0  80.0 100.0  90.0

0.8  99.7 100.0 4.8 48 100.0  100.0 100.0  100.0

500 0.2 9.7 99.2 3.3 4.2 5.9 41 99.0 13.9

05  79.6  100.0 5.4 82 1000  97.4 100.0  99.9

0.8 100.0  100.0 2.9 41 1000 100.0  100.0 _ 100.0

Table 14: Empirical powers (in %) of all tests under Model 7 (n = (ny,ng

n; = (20,30), ny = (40,60)).

n p P g Tsr  Tsci  Tsgz Tsgs  Tscip  Tzeim  Tze2p  Tzcom
ni 10 0.2 0.5 4.1 6.7 6.2 7.5 4.1 3.7 6.8 5.2
0.75 8.2 28.8 19.1 24.1 19.2 8.7 28.5 13.2

1.0 19.7 80.1 54.0 63.7 67.1 25.3 80.1 33.6

0.5 0.5 4.8 7.1 5.6 7.2 4.8 4.0 6.8 5.1

0.75 7.2 18.6 15.4 19.5 14.6 9.4 18.4 10.3

1.0 11.9 51.0 37.2 48.8 42.8 21.3 50.5 26.4

0.8 0.5 5.3 6.5 6.1 7.1 5.8 6.2 6.7 6.3

0.75 5.8 10.7 10.6 12.0 10.3 9.0 10.8 9.4

1.0 7.2 24.3 20.2 25.9 21.7 15.9 24.3 17.1

100 0.2 0.5 4.7 10.3 8.5 11.6 2.9 3.0 9.5 5.5
0.75 9.1 69.0 44.0 63.9 28.5 6.2 67.4 16.3

1.0 44.0 100.0 96.5 99.4 98.7 38.2 100.0 66.6

0.5 0.5 5.8 8.7 7.6 9.2 6.0 5.7 9.2 7.2

0.75 7.0 25.1 18.1 26.8 16.8 9.6 25.0 12.1

1.0 11.4 70.6 45.0 65.3 55.6 22.0 69.8 27.9

0.8 0.5 4.5 5.7 5.7 6.3 5.3 5.5 5.8 5.9

0.75 6.1 9.9 9.4 11.0 9.3 8.2 10.2 8.9

1.0 8.6 27.0 22.9 28.4 24.9 18.6 27.4 19.9

500 0.2 0.5 5.9 13.2 9.1 12.6 2.6 2.8 12.4 7.2
0.75 8.4 78.7 49.4 73.9 27.6 6.4 77.1 16.5

1.0 47.5 100.0 98.6 99.8 99.2 39.1 100.0 74.3

0.5 0.5 5.0 7.5 6.1 8.1 4.9 5.3 8.2 6.0

0.75 7.2 25.1 17.1 26.1 16.8 9.9 24.2 12.6

1.0 11.7 72.0 48.6 67.3 59.2 25.7 71.8 31.5

0.8 0.5 4.8 7.1 6.8 7.5 6.6 6.1 7.0 6.7

0.75 6.8 11.8 11.1 13.5 11.0 9.9 12.3 10.3

1.0 9.0 26.8 22.4 28.3 25.2 18.3 27.5 20.0

ns 10 0.2 0.5 8.2 15.3 10.5 12.8 11.4 7.8 14.6 10.0
0.75 16.7 65.3 43.8 53.7 57.6 23.2 64.4 27.1

1.0 64.8 99.2 92.1 95.6 98.6 78.9 99.3 81.4

0.5 0.5 4.5 9.3 7.4 11.2 7.1 5.3 8.5 5.7

0.75 11.6 39.3 29.1 38.3 35.0 21.0 37.9 22.3

1.0 31.8 89.4 71.5 84.0 86.2 54.3 88.8 56.0

0.8 0.5 5.9 7.4 7.2 7.4 6.1 6.1 6.6 6.3

Continued on next page



Two-sample test for equal distributions 4129
Table 14 — Continued from previous page
n P p g Tsr  Tsgi  Tsgz Tscs  Tscip  Tscim  Tze2p  Taecom
0.75 8.5 19.0 17.3 20.8 17.7 15.8 18.6 16.3
1.0 19.3 52.9 46.3 55.9 50.5 40.7 51.8 41.5
100 0.2 0.5 6.6 24.1 15.8 25.5 10.3 5.8 21.8 8.4
0.75 35.2 99.7 89.8 97.5 95.3 37.0 99.6 53.0
1.0 99.1 100.0 100.0 100.0 100.0 99.2 100.0 99.6
0.5 0.5 5.9 11.8 8.8 13.1 8.8 6.7 114 7.4
0.75 12.2 49.9 35.6 51.6 44.9 21.6 50.1 23.5
1.0 43.6 98.8 86.3 97.3 98.0 68.0 98.7 70.7
0.8 0.5 4.9 6.9 6.4 7.4 6.4 5.9 6.8 6.1
0.75 8.4 21.8 19.0 24.6 21.1 16.8 21.9 17.3
1.0 20.1 56.4 49.5 58.7 54.9 43.7 55.7 44.7
500 0.2 0.5 6.9 24.6 15.8 27.7 11.0 6.4 23.1 9.3
0.75 36.6 99.9 94.4 99.2 98.9 38.2 100.0 57.6
1.0 99.8 100.0 100.0 100.0 100.0 99.8 100.0 100.0
0.5 0.5 6.4 13.7 9.6 14.2 10.5 7.7 13.2 8.9
0.75 12.4 56.7 38.7 58.2 49.7 24.3 56.1 26.6
1.0 42.8 98.9 87.5 98.1 98.6 68.4 98.8 72.0
0.8 0.5 5.5 7.6 6.7 8.0 6.5 6.6 6.7 7.1
0.75 7.7 20.3 18.9 22.9 19.5 16.3 20.1 17.0
1.0 20.9 56.5 48.9 59.6 55.0 44.9 55.8 45.5
Table 15: Empirical powers (in %) of all tests under Model 8 (n = (ny,ng),
n; = (20,30), ng = (40,60)).
n p P g Tsr Tsgi  Tsgz2 Tscs  Ticip  Tscim  Tze2p  T3com
ni 10 0.2 0.5 6.3 21.5 11.2 15.9 12.2 7.1 21.4 10.6
0.75 20.1 78.4 43.0 53.8 67.7 28.4 78.9 37.4
1.0 61.8 99.6 85.3 91.2 98.9 78.6 99.6 85.1
0.5 0.5 6.0 13.9 9.4 12.0 10.8 7.9 13.9 9.0
0.75 10.0 53.4 30.1 41.6 43.5 21.0 53.0 25.3
1.0 34.2 93.0 67.5 79.8 89.7 59.5 93.4 64.5
0.8 0.5 5.0 9.2 8.7 10.1 8.2 7.6 9.3 8.2
0.75 8.9 28.8 23.0 27.6 25.3 19.7 28.4 21.0
1.0 18.1 60.6 48.4 54.9 57.3 43.9 60.6 46.3
100 0.2 0.5 7.2 57.3 21.3 35.3 16.0 6.1 53.5 12.1
0.75 55.4 100.0 90.4 98.3 99.7 51.6 100.0 79.6
1.0 99.8 100.0 100.0 100.0 100.0 99.4 100.0 100.0
0.5 0.5 6.1 19.2 12.2 17.5 12.9 8.4 18.3 10.2
0.75 15.0 79.8 42.6 62.3 68.9 28.6 79.3 34.9
1.0 54.1 99.9 86.1 96.2 99.8 75.1 100.0 80.1
0.8 0.5 4.3 8.6 7.9 8.9 7.8 7.2 9.2 8.1
0.75 8.6 31.3 24.6 29.8 28.6 21.0 31.2 22.5
1.0 23.9 72.2 55.2 65.7 68.8 50.7 72.0 53.5
500 0.2 0.5 7.5 63.7 24.1 43.3 16.0 5.3 60.9 12.2
0.75 67.9 100.0 94.5 99.5 100.0 60.2 100.0 86.4
1.0 100.0 100.0 100.0 100.0 100.0 99.9 100.0 100.0
0.5 0.5 4.1 17.9 8.8 16.4 11.2 6.0 17.2 7.9
0.75 13.6 84.3 47.0 66.1 73.5 31.7 84.4 37.6
1.0 58.0 100.0 88.8 98.5 100.0 76.8 100.0 83.0
0.8 0.5 5.9 10.9 9.9 11.3 9.6 8.2 10.2 9.1
0.75 10.3 33.6 27 32.2 31.5 22.9 34.1 24.3
1.0 21.7 74.6 55.7 66.5 70.6 50.5 74.3 53.0
no 10 0.2 0.5 12.6 46.9 26.2 33.2 40.2 17.0 46.0 20.6
0.75 66.0 99.1 84.3 91.3 98.8 80.9 99.1 84.9
1.0 99.7 100.0 99.7 100.0 100.0 99.9 100.0 99.9
0.5 0.5 10.0 27.9 19.2 25.6 24.3 14.9 27.2 16.3
0.75 38.5 91.6 65.1 79.8 89.4 60.8 91.0 63.1
1.0 89.7 100.0 96.3 99.7 100.0 97.2 100.0 97.6
0.8 0.5 6.9 16.5 14.3 18.3 15.2 13.1 15.6 13.5
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Table 15 — Continued from previous page
n P P g Tsr  Tsgi  Tsg2  Tsgs  Tscip  Tscim  Tze2p  Tacam
0.75 19.5 55.4 46.2 53 53.3 43.8 55.0 44.6
1.0 55.9 93.0 82.5 90.4 92.0 83.7 92.8 84.2
100 0.2 0.5 22.0 95.8 57.5 77.8 84.7 25.3 95.1 36.7
0.75 99.7 100.0 99.8 100.0 100.0 99.7 100.0 99.9
1.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
0.5 0.5 8.4 38.2 20.9 32.7 32.7 16.5 37.1 18.6
0.75 54.1 100.0 82.8 95.9 99.9 75.4 100.0 78.3
1.0 99.0 100.0 99.5 100.0 100.0 99.5 100.0 99.8
0.8 0.5 7.6 17.7 15.9 18.3 16.8 14.0 17.3 15.5
0.75 25.5 66.0 53.3 63.1 63.7 50.1 64.9 51.1
1.0 69.5 97.6 88.7 94.9 97.1 88.9 97.7 90.0
500 0.2 0.5 28.3 99.1 68.9 89.8 93.2 31.7 98.7 45.7
0.75 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
1.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
0.5 0.5 8.8 40.6 22.9 36.5 36.3 17.3 40.2 19.4
0.75 58.0 99.8 86.5 96.4 99.7 80.0 99.8 82.6
1.0 99.7 100.0 99.7 100.0 100.0 99.8 100.0 99.8
0.8 0.5 7.9 17.5 15.1 18.7 16.6 14.3 17.7 15.0
0.75 25.7 66.2 54.6 63.8 64.6 52.3 65.9 53.5
1.0 72.3 98.7 90.9 97.1 98.6 91.5 98.7 91.8
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