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1. Introduction

We consider here parametric inference for a dynamical model subject to three
sources of forcing: the geometry of the state space is described by a potential
term V(a, x), a Brownian motion with small noise allows to include small ran-
dom pertubations and a self-stabilization term ®(3,x). Such processes appear
when describing the limit behaviour of a large population of interacting particles
with an interaction function between the dynamical systems. More precisely, we
study the one-dimensional process

dXt = V(Oé7Xt)dt — b(9,t,€,Xt)dt + Eth, X() = 2o, (11)

where (W}) is a Wiener process, z is deterministic and known,
b(0,t, e, x) = / (B, x — y)uf’f(dy) =E[®(8,z — Xf’s’xo)}, (1.2)
R

u?F (dy) = u*™°(dy) is the distribution of X; := X" V : Rx R — R,
® : R xR — R are deterministic Borel known functions and 0 = (a, ) €
O = 0, x O C R? is an unknown parameter. A solution of (1.1) is the cou-
ple (Xt,uf’s(dy))tzo composed of the stochastic process (X;) and the family
of distributions (u). The function z — b(d,t,e,z) (see (1.2)) depends on
0,t, e, the starting point xy and uf’g. When defined, the process (1.1) is a time-
inhomogeneous Markov process known as self-stabilizing diffusion, nonlinear
stochastic differential equation, or McKean-Vlasov stochastic differential equa-
tion.

These models were first described by [39] and arised in Statistical Physics
for the modeling of granular media by interacting particle systems (see e.g. [7]).
Due to their growing importance, many fundamental probabilistic tools for their
study were developed later (see e.g. [18], [48] for a survey, [5, 6, 40, 43] and many
others). [26] is concerned with small noise properties and large deviations results
for these processes.

Except [31], the statistical inference for interacting particle systems remained
unstudied for many years. Since 2010, the fields of application of these models
progressively encompassed Statistical Physics and these equations were shown
to describe collective and observable dynamics in other application fields such
as Mathematical Biology (see e.g. [4, 44]), Epidemics Dynamics (see [3, 8, 17]),
Finance (see [22] and references therein). More recently, several authors were
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concerned by statistical studies based on the direct observation of large inter-
acting particle sytems (see [16, 22]).

The convergence as N tends to infinity of systems of N interacting particles
has been investigated (propagation of chaos). One of the most important limiting
processes is the class of McKean-Vlasov diffusion processes (see e.g. [43, 48]).
Therefore, it is a worthwhile stochastic model to study from the statistical point
of view.

Inference for stochastic differential equations (SDEs) (®(8,z) = 0) based on
the observation of sample paths on a time interval [0,T] has been widely in-
vestigated. Authors consider continuous or discrete observations, parametric or
nonparametric inference under various asymptotic frameworks: small diffusion
asymptotics on a fixed time interval; long time interval, especially for ergodic
models; observation of n i.i.d. paths with large n. Among many studies, we refer
first to several textbooks: [29, 30, 32, 33, 34]. Second, among the many papers on
the topic, we can quote: [10, 11, 12, 13, 19, 20, 23, 24, 25, 28, 35, 47, 50, 51]. More-
over, these works have opened the field of inference for more complex stochastic
differential equations: diffusions with jumps (see e.g. [2, 41, 46]), SDEs driven by
Lévy processes (see e.g. [42]), diffusions with mixed effects (see e.g. [14, 15, 45]),
stochastic partial differential equations (see e.g. [1, 9]).

For what concerns McKean-Vlasov models, in a previous paper, [21] has in-
vestigated the estimation of («, 3) based on the continuous observation on a
fixed time interval [0, ] of model (1.1) under the asymptotic framework ¢ — 0.
The assumptions on the model are those of [26]. In particular, it is assumed
that ®(5,.) is increasing and odd. Then, it appears that, as ¢ — 0 with fixed
T, only « can be consistently estimated but not 8. More information is needed
for 8. Assuming that n 4.i.d. sample paths of model (1.1) are observed on the
fixed interval [0,7T], that £ — 0 and n tends to infinity, both parameters are
estimated but they have different rates, \/ne~! for a, /n for 3.

In the present paper, we consider one sample path (X;) which is continuously
observed on [0, T] and study the parametric inference of (o, 8) for the Mc-Kean-
Vlasov model (1.1) in the new double asymptotic framework ¢ — 0,7 — oo. Up
to our knowledge, this framework has not been studied before. As a side result,
the inference for classical SDEs in this asymptotic framework is obtained.

In Section 2, we study probabilistic properties of the process (X;). Let x¢(«)
be the solution of the ordinary differential equation

dzi(a) = V(a, ze(a))dt, zo(a) = zo. (1.3)

We prove that all the moments of e~ *(X; — () are uniformly bounded in
t > 0,e <1 (Theorem 2.2), that the Gaussian approximating process of (X;)
as € — 0 obtained in [21] holds on RT and that the remainder terms of this
approximation have moments uniformly bounded in ¢ > 0,¢ < 1 (Theorem
2.3). Moreover, Corollary 2.1 deals with the rate of the difference b(6,¢, X;) —
O(8, X —x¢()) as € tends to 0. To prove these results, important assumptions
are that ®(4,.) is increasing and odd, that V(«,.) is decreasing and that there
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is a unique z*(a) such that V(«a,2*(a)) = 0 which is an attractive point for
(1.3). In Section 3, we define an approximate log-likelihood and study its prop-
erties together with the associated estimators as € — 0 and T'— +o0 in such a
way that ev/T — 0. Two cases have to be distinguished. Either Case (1), 2*(«)
depends on a, or Case (2), z*(«) does not depend on «. In the two cases, we
obtain that the estimators of (a,3) are consistent and have different rates of
convergence. In Case (1), the estimator of « is asymptotically Gaussian with
the fast rate v/Te~! while in Case (2), its rate is e~!. In both cases, the pa-
rameter [ is estimated at rate v/T' (Theorems 3.1-3.2-3.3). Finally, we prove the
asymptotic efficiency of the estimators by means of an asymptotic equivalence
of experiments property. Section 4 gives some concluding remarks. Proofs are
gathered in Section 5. Throughout the paper, we assume that ¢ < 1.

2. Probabilistic properties
2.1. Assumptions and recap of previous results

We consider the following assumptions:

e [HO] For all a, 3, the functions x — V(«,x) and & — ®(3,x) are locally
Lipschitz.

e [H1] Either, ®(8,.) = 0 for all 3, or for all § the function z — ®(5, x)
is odd, increasing and grows at most polynomially: there exist K(5) > 0
and r(8) € N such that
(5, 2) — B(8, )| < |z — | (K(8) + |o"® + |y"®), 2,y € R

e [H2-k] The functions  — V(a, x) and x — ®(/3, ) have continuous partial
derivatives up to order k and these derivatives have polynomial growth:
for all o, 3, and all 4,7 < k, there exist constants k(a) > 0,k(8) > 0 and
integers y(a) > 0,7v(8) > 0, such that

1TV ()| k(@)1 + |2 "), [ S2(8,2) <K+ 2P,

e [H3] For all a, the function © — V(«, x) is continuously differentiable and
there exists Ky (o) > 0 such that for all z € R, 2¥(a, z) < —Kv ().
e [H4] There exists z*(a) such that V(a,z*(a)) = 0.

Vz € R,

Note that the case ®(3,2) = 0 corresponds to a classical stochastic differential
equation.
Let us recall some results of [26] where Equation (1.1) is studied in the more gen-
eral case of X a random variable, independent of (W;) with distribution p. Un-
der [HOJ-[H1] and [H3], if IEng2 < 400 where ¢ = [(r(5)/2) + 1], then, for all 6,
there exists a drift term b(60, ¢, &, x) = b*(0,t, ¢, x) such that (1.1) admits a unique
strong solution (X, = X" satisfying b(0,t,e, x) = 2B,z —yu ul E’“(dy)
and X is the unique strong solution of (1. 1) Moreover, for all n € {1,...,4¢*},
whenever EX2" < +00, sup;~o EX?" < +oo. We assume here X, = o deter-
ministic, which yields that ¥n € N, sup,~, EX?" < +oo. Under [H3], 2*(a) in
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[H4] is the unique value such that V' («, 2*(«)) = 0. Under [HO], [H3]-[H4], z+(x)
converges as t — 400 to the fixed point z*(a) with exponential rate (see also
below Proposition 3.1). Assumptions [H1] and [H3]-[H4] are especially used in
the proofs of Theorems 2.2, 2.3 and Corollary 2.1 to obtain uniform bounds.

In a previous paper, we have studied the process (X;) on a fixed time interval
[0,T]. Let us recall the results that we need in the sequel. First, properties of
continuity and differentiability of b(6,¢,e,x) defined in (1.2) with respect to
and z at (0,t,0,z) can be derived from the assumptions.

Lemma 2.1 ([21]). Assume [HOJ-[H1], [H2-2], [H3] and that Xo = xo is deter-
mainistic. Then,

(i) For all0,t > 0, (e,z) — b(0,t,e,x) is continuously differentiable on RT X R.
(1) lime 0 b(0, t,e,2) = ®(B, 2 — x¢()).

(iii) At e =0, %(ﬁ,t,(),x) =0 and %(9,2&,0,1‘) = g—f(,@,x — x¢(a)).

Property (ii) is also proved in [26].This property is strengthened in Corollary
2.1 yielding uniform closeness in t.

Next, the asymptotic properties of (X;) on a fixed time interval [0, 7] ase — 0
have been studied. As ¢ tends to 0, (X;) converges uniformly in probability
on [0,T] to x¢(a) defined in (1.3). Due to [H1], ®(5,0) = 0, so that z:(«)
corresponds to the solution of (1.1) with & = 0. Moreover, setting

a(0.1) = 2 (ot ()~ 22(5.0), (.)

define (g¢(0)) the Ornstein-Uhlenbeck process
dgi(0) = a(0,t)g(0)dt + dWy, go(6) = 0. (2.2)

Note that 22(3,0) > 0 so that, under [H3], a(6,t) < —(Kv(a) + $2(8,0)) < 0.
Then, the following expansion of (X;) with respect to € holds.

Theorem 2.1 ([21]). Assume [HOJ, [H1] and [H2-3], then
X; = x4(@) + £g:(0) + €2 R5(0), (2.3)
where the remainder term RS (0) has moments uniformly bounded on [0, T).

Equation (2.2) can be solved
t t t
g:(0) = / exp (/ a(0,u)du)dW, = / eAOD=A05) gy, where (2.4)
0 s 0

A(@,t):/o a6, u)du. (2.5)

To illustrate the results, consider the following explicit example.

Ezample 1. Let V(a,z) = —az,®(8,2) = Bz with a > 0,8 > 0. We have
b(0,t,e,x) = Bz — Ey(X})), and Equation (1.1) writes:

dXt = —O[Xtdt — ﬂ(Xt — Eg(Xt))dt + €th, XO = Xy.
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We easily check that Eg(X;) = zge™ %" and (1.1) can be solved explicitely:

t
X, = zge 4 ge (@A) / elatPsquy,. (2.6)
0

The remainder term R$(f) is here equal to 0.

2.2. Statement of probabilistic results

Under the assumptions of Section 2.1, we can extend the results of [21] and
prove uniform bounds on RT, thanks to [H1] and [H3]-[H4].

Theorem 2.2. Let (X;) denote the solution of (1.1) and x(a) of (1.3).
(i) Assume [HO]-[H1], [H3]. Then, for allmn > 1, there exists a constant 6(a,n)
such that

2n
Vee (0,1, V>0, E (J‘}%M) < 5(a,n).
(i) If moreover [H2-2] and [H4] hold, there exists a constant §(o) > 0 such
that,
Ve € (0,1] V>0, e 2|Ep(X; — z4())| < 6().

In the special case where V (o, x) = —ax, Eg(X;) = z¢(a).
The following comment is important for the sequel.

Comment 2.1. The bounds 6(a,n) and 6(a) depend on 6 only through a.
From the proofs, we have that §(c,n) = (nKy* (a))™ and that §(«) is a function
of B(a), k(),v(a), Ky ' (@), where B(a) = sup,s |7¢(a)| < +00. These bounds
increase in each of their variables (see (5.6) and (5.9)). Thus, if these quantities
are upper bounded by constants independent of «, the bounds of Theorem 2.2
are uniform in «. This property is used in Section 3 in the proofs of consistency

for the estimators and of the asymptotic sufficiency property.

Note that, under [HO], [H3]-[H4], we easily check that (z;(a)—z*(a))® <
(20 — 2*())? exp (—2Ky (@)t). Therefore z;() converges as ¢t — 400 to z*(a)
with exponential rate. It follows immediately from Theorem 2.2 that, under
[HO]-[H1], [H3]-[H4], X — 2*(«) in probability as t — 400 and ¢ — 0. The
Dirac measure d,+(q) appears as the limit of the distribution of (X;) as t — 400
and € — 0.

We also have that the remainder term R$(#) defined in (2.3) has moments
uniformly bounded on R™T.

Theorem 2.3. Under [HOJ-[H1], [H2-3], [HS]-[H4], the exzpansion X; = x(a)+
£g+(0) + €2R5 () holds on RT and R5(0) satisfies

sup  EglR5(0)|=0(1) and¥p>1, sup Eo(RS(6) — EgRS (60)* =0(1).
t>0,e€(0,1] t>0,e€(0,1]
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Note that Egg?(6) is uniformly bounded on RT. Indeed, using the explicit
expression of g;(0) given in (2.4) and the property that, under [H3], for s < ¢,
A(0,t) — A0, s) < —Ky(a)(t — s), we get that

Eog?(6) = [y exp [2(A(6,1) — A(6,))lds < (2Ky ()"
Define the difference (see Lemma 2.1, (ii))
D(0,t,e,x) =b(0,t,e,2) — ®(B,z — (). (2.7)

The following corollary dealing with D(0,t,e, X;) is a crucial tool for the sta-
tistical study. As for RZ(6), uniform bounds hold for D(0,t,¢e, X}).

Corollary 2.1. Assume [HOJ-[H1], [H2-3], [H3]-[H{]. Then D(0,t,e,X;) de-
fined in (2.7) satisfies,

sup £ 2|EgD(0,t,e, X;)| = O(1), (2.8)
teRt, e€(0,1]
Vp > 1, sup e PEy(D(0,t,e,X;) —EgD(0,t,e,X;))?P = O(1). (2.9)

teRT, e€(0,1]

Comment 2.2. The constants O(1) in Theorem 2.8 and Corollary 2.1 are
independent of 0 if the constants k(c), k(B),v(a),v(B), Ky ' (a), B(ar) are upper
bounded independently of 8 (see Comment 2.1).

3. Estimation when both € tends to 0 and T tends to infinity

We have previously obtained that o can be estimated, while § cannot be es-
timated on a fixed time interval [0,7] (see [21]). Therefore, to estimate both
parameters, we have to combine two asymptotic frameworks. In [21], we consid-
ered n i.i.d. paths of process (1.1) with € — 0 and n — +00. We investigate here
the inference based on the continuous observation on [0, 7] of one sample path
ruled by (1.1) under the double asymptotic framework of e — 0 and 7" — +o0.

3.1. Notations and assumptions

As it is usual in statistics, we consider the canonical space associated with the
observation of (Xy,t € [0,T), (R, F,(F,t € [0,T]),Pp), where Q@ = C([0,T])
is the space of continuous real-valued functions defined on [0, 7] endowed with
the Borel o-field associated with the uniform convergence on [0,7], (X;,t €
[0,77) is the canonical process (X¢(w) = w(t)), (Fz,t € [0,T]) is the canonical
filtration and IP’Z’T = Py the distribution of (1.1) on C([0,T]). We denote Egy the
expectation with respect to Py.

In this section, we study the estimation of («, 8) from a continuous observation
(Xt,t €[0,7T]) and, in addition to [HO]-[H1], [H3]-[H4], we assume

e [SO] The parameter set is © = O, x ©g where 0, O3 are bounded closed
intervals. The true value of the parameter 6y = (ayp, o) belongs to O.
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e [S1] The function (o, z) — V(a, ) (resp. (8,2) — ®(5,x)) is defined and
continuous on U, X R (resp. Ug x R), and all the derivatives

6i+jV 8i+j¢)
W(a%% (B,z) — 9210B

exist, are continuous on U, XR (resp. Ug xR), where Uy, Ug are open inter-
vals containing respectively ©,, ©g, with polynomial growth with respect
to x: there exist K > 0 and k € N such that for all 4,5 > 0,

oIV o' tidp
3zi0a7 It 555

[S2] There exists Ky such that: Va € Oy, Ky () > Ky > 0 (see [H3]).
[S3] {z*(a) = 2™ ()} = {@ = ap}.

[S4] xo # 2™ and {s = V(a, zs(ap)) — V(ap, zs(cv)) = 0 and

s = xs(a) — zs(ag) = 0} = {a=ap}.

[S5] For all 8 € 6[3, 3505 L (B,0) #0.

o [S6] {32(8,0) = §2(60,0)} = {8 = Bo}-

Assumption [SO] is standard in parametric inference and used only for consis-
tency. Assuming the existence of derivatives of any order is not necessary but
it simplifies the exposure. The uniformity of the constants K, k in [S1] is only
required for the consistency part. As ©,, 03 are supposed to be compact, this
is not a strong assumption. Assumption [S2] is crucial for the statistical results
since the uniform bounds on R* of the moments explicitly depend on K‘jl(a)
(see Comment 2.1 after Theorem 2.2). Assumption [S3] (resp. [S4]) is an identi-
fiability assumption for « associated with the case where the fixed point x*(«)
depends (resp. does not depend) on a. Assumption [S5] ensures that v/7 is the
convergence rate for . Finally [S6] is an identifiability assumption for S.

Let us state some consequences of these statistical assumptions on the results
of Section 2. By the relation V' (a, 2*(«)) = 0, the function o — z*(«) is contin-
uous so, as O, is compact, sup,cg_ [2*(a)| = A < 4-00. Therefore, under [S2],
SUP,co, SUP;>g |Tt(a)| = B < +o00. In view of Comments 2.1 and 2.2, under
[S1]-[S2] all the bounds of Theorems 2.2, 2.3 and Corollary 2.1 are not only
uniform in ¢, e but also in 6.

(8,x)

(o, ) —

V(a,5) €©,Vz €R, |7 (B, 2)| < K(1+ [z[*).

3.2. Approximate likelihood

First note that b(6,s,e,x) is a non random term given in (1.2) so that the
Girsanov theorem holds and the loglikelihood associated with the observation
of (X, t € [0,T)) is b () with

T T
1
52657T(9):/(V(Q,X8) —b(0,s,¢,X5))dXs — 5/ (V(a, X5) — b(0, 5,8, X)) ds.
0 0
It contains the term b(0,s,e, X) which is involved for the estimation of 6.
However, for small €, b(6,¢,¢, x) is close to ®(8, z —x¢()) (see Lemma 2.1, (ii)).
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Therefore, as in [21], we replace b(0, s,€,z) by ®(8,x — z¢(«)) and consider the
process (&)

d& = [V(o, &) — (8,8 — ve(a))|dt +edWy, & = wo. (3.1)

From [26], this process is close to (X;) for small € and was used for getting large
deviations results. Here, we derive an approximate log-likelihood for (X;) by
plugging the observation (X;) in the exact log-likelihood of (&;):

A7 (6) /HosX )dX s /H293X ds, with (3.2

(G,S,LE):V( a, )_ (Bv - s( )) (33)

Clearly, this approximate log-likelihood is easier to study.
Let us consider the estimators (&. 7, Be,1) associated with A, 7(0) defined as
any solution of

Qe T, 3 =ar max Acr(a, B). 3.4
(6o fur) =g max - Aor(.f) (3.4)
The general set-up for such statistical problems is to study first the gradient
vector and the Hessian matrix of § — A, 1 (6), i.e. its first and second partial
derivatives with respect to a and . This yields the right normalizations to get
the assoc1ated convergence results. We obtain different rates for the two partial

derivatives aZT( , AE L (0) and a diagonal rate matrix for the Hessian (The-

orems 3.1-3.2) so that the inference for (o, ) is a two-rate statistical problem.
Such a situation often arises for various kinds of observations in statistics of
stochastic processes (see [23, 32, 47]). This yields a specific difficulty for proving
consistency and asymptotic normality of estimators (3.4). The sketch of proof
relies on three steps. Prove that

1. & 1 is consistent.
2. the sequence (&1 — ap), when suitably normalized, is Py, - tight.
3. Be,r is consistent.

Once the consistency is proved, asymptotic normality can be obtained from
Theorems 3.1-3.2.

3.3. Preliminary results

Let us set

o) = fg(a,x*(a)); Lo, B) = L(a) + g—i(ﬂ,()). (3.5)

Note that ¢(a) > Ky (a) > Ky > 0 and (., 8) > ().
Proposition 3.1. Assume [H4], [S1], [S2]. Then (z:(c), %2’ (o, 1), %Of’ (o, 1))
converges to (z*(a), 22 () P (@) exponentially fast with rate exp (—¢(a)t)

' da ' da?

as t tends to infinity.
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We also need to specify the asymptotic behaviour of functionals of the time
inhomogeneous process (g;(0)) defined by(2.2) or (2.4).

Proposition 3.2. Assume [H1], [H}], [S1], [S2]. Then, as T — oo,

(i) & [ 19:(0)]2dt —12(,) [20(c, B)] 7Y,

g T
(“) %fo gt( dt _>]P’9 0;
(iii) If the function h:RT — R* is continuous and satisfies lim;_, . o h(t) = 0,

then = [ 1(0)h(t)dt —s, 0.

3.4. Rates of convergence

We may now consider the joint estimation of (a, 8) and start by studying the
convergence of the gradient vector and the Hessian matrix of § — A, 1(6).
The estimation of « varies according to the property that x*(«) depends on «
or not. As, for all o, V(a, 2*(a)) =0, under [S1],

d . o, ) I
7o Vi a™(@)) = 5-(a,2" (@) + 5 (2" (@) - ~(a) = 0. (3.6)

By [S2], 2¥ (e, 2*(ar)) = —£(cx) # 0. Consequently, we distinguish the two cases:

(1) f()¢0@> o (02" (@) # 0.

(2) % (a) =0 & 9 (a,2"(a)) = 0: 2*(a) = =* does not depend on «.

Let us remark that Example 1 presented in Section 2.1 belongs to Case (2).
According to these two cases, we set

=9 c 0 PAer gy PAer g
o=(7 1)0a=(5 3) a0 ZE).
VT VT B0 (9) 282 (9)
Theorem 3.1. Case (1) ‘f;g () £ 0). Assume [H1], [H4], [S1], [S2] and
[S5]. Then, ife — 0,T — +oc in such a way that e/T — 0, the following holds:
under Py, using (3.5) for the definition of ¢(a), (v, B),

8AE_T LaAa,T
0 e (0) 77 e (0) 1
D1 = [ — 2 N2(0, 71 (9)), (3.7)
A T (9) 1 OAcr (9)
9B VT 0B
where
yory (aw ()
VRIOE o, ﬁ)( () ) 0
0 (aBaL 8, 0))
( 7/3)

Moreover, the matrix —Di}%jaT(@)Dg% =JD0) +op(1).
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The term op(1) = op, (1) is uniform with respect to . Assumptions [S2], [S5]

ensure that Dil% is the right rate matrix and that J()(6) is non singular.

Theorem 3.2. Case (2) (Va,z*(a) = x*). Assume [H1], [Hi], [S1], [S2],
[85] and xo # x*. If ¢ = 0,T — +o0 with e\/T — 0, then under Py,

N0 )
Di% = —2 N2(0, 7)),
i 1 Ao
25 (0) 7 o5 (0)

where £(«, B) is defined in (3.5) and

@) (an LY (a,xg(a) + 22(B,0) %= (a, 5))]2ds 0
7= (& .0)
0 T 2l(ap)

Moreover, the matrix —Dg%jaT(G)DS% =T 0) + op(1).

The term op(1) = op,(1) is uniform with respect to 6. In Theorem 3.2, the
additional condition zy # z* appears as a minimal assumption. Indeed, since z*
does not depend on «, xy = z* implies that, for all & and all s > 0, z,(a) = z*
and using Assumption [S2] and (3.6), the term J®)(0);; = 0. Now, if z # 2*,
the integrand in J()(#)1; tends to 0 as s tends to oo. This convergence is
exponential (see Proposition 3.1), so that J(2)(0);; is finite. Assumptions [S2],
[S5] ensure that Déz% is the right rate matrix and that J® (6) is non singular.
We stress that Theorems 3.1 and 3.2 show that the estimation of o and 8 have
different rates of convergence. While in both cases, /3 is estimated at rate v/T,
according to the assumptions « is estimated at rate vTe~ ! or e~ 1.

We can check that these rates hold also for o when ®(3,.) = 0 (i.e. for
classical stochastic differential equations), Assumption [S5] being required only
for 8. This yields the corollary stated below.

Corollary 3.1. Assume that ®(8,.) =0 (classical stochastic differential equa-
tion) and that [H{], [S1] and [S2] hold. The contrast A 7(0) is equal to the exact
log-likelihood (. v(c) (it depends only on «). Then, if ¢ — 0,T — 400 in such
a way that e/T — 0, the following holds:

If %(a) % 0, under P,,

() oo N (0, et (a)] ) L St v - ()] B

I %(a) =0 and xg # z*, under P,,

clh(0) —p N <o, / - [Z—Zm,xs(a))rds) ,
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200(a) - — /0 o B—Z(a,xs(a))rd&

Up to our knowledge, these statistical results are also new for classical sto-
chastic differential equations.

3.5. Asymptotic properties of estimators

Let us first study the consistency properties of (ds’T,BAE,T) defined in (3.4).
Since we are in a two-rate inference case, we first have to study, preliminary to
the statistical scheme detailed in Section 3.1, the limits under Py, of the two
suitably normalized quantities, A. 7 (o, 8) — Az 7 (v, ), for all (o, 8) € © and
Ac (o, B) — Ac (e, Bo) for all 5 € Og.

Define the three functions using (3.5),

AP (0,00, 8) = —5 (V(a, 2" (00) — B(5, 2" (a0) ~ a* (@), (38)
+oo
Agz)(a,ao,ﬁ):—%/o [V (e, 24 (i) =V (g, 2 (0r0)) = R(B, 24 (i) — 4 ()] dis,
(3.9)
1 /0% 0P 2 1
Ao (g, B, Bo) = 3 (%(570) - %(50,00 (a0, Bo)” (3.10)

Lemma 3.1. Assume [H1], [H}], [S0], [S1], [S2]. Then, ase — 0 and T — +00
in such a way that e/T — 0, the following holds in probability under Py,

(i) Case (1)(“(a) #0). Uniformly with respect to (v, 8) € O x O,

& (Acr(a, 8) = Acr(ao. 8) = A (o 0. B).

(ii) Case (2) ‘fg (o) =0). Uniformly with respect to (o, B) € O, X Og,
52(A57T(Oé, ﬂ) - AE,T(O‘(M /6)) — A?) (Oé, @, ﬁ)

(iit) Both cases. Uniformly with respect to € ©g,

%(AE,T(a07B) — Ac r(ao, Bo)) — A2(ao, B, Bo)-

Let us determine the identifiability assumptions associated with Lemma 3.1
which ensure that the above limits are nul if and only if o = ag, 5 = 8.

For 3, the statement (iii) yields that the identifiability assumption [S6] is
straightforward in both cases since (g, 5p) > 0 under [S2].

Consider now successively the two cases for a.
Case (1): Assume that V3, Agl)(a,ao, B) = 0. This implies

VB, Via,z*(ag)) = (8, 2" (o) — 2" ().

The left-hand side depends on «, the right-hand side depends on « and . As
®(B,.) is an increasing function, this yields that

V(a,z"(ap)) =0 and @(5,2" () — 2" () = 0. (3.11)
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Since ®(8,z) = 0 implies x = 0, the last equality implies z*(«) = x* (). This
yields that the identifiability assumption for « is here [S3].

Consider now the case of standard SDE (®(3,.) = 0).

The condition {V (e, z*(c)) = 0} only remains in (3.11). By the uniqueness of
the fixed point, this implies that 2*(«) = 2*(ayp), also leading to [S3].

Case (2) (for all o, 2* () = a*): If 29 = 2*, z5(g) = 25(a) = z* for all s > 0.
Thus, A§2)(047 ag, 8) = 0 leading to the additional assumption xg # z*.
Assume now that xo # x*. The term under the integral in (3.9) converges to

0 exponentially fast (see Proposition 3.1). Hence, AgQ) (o, g, B) is well defined
and finite. This leads to [S4].
In the case ®(8,.) =0, then [S4] has to be changed into:

o [S4Db]: zp # z* and {s — V(a, zs()) — V(ap, zs(v)) =0} = {a = ap}.

Theorem 3.3. Assume [H1], [Hi], [S0]-[S2], [S5]-[S6] and that ¢ — 0 and
T — 400 in such a way that ev/T — 0.

Case (1) (%(a) #0). Assume moreover that [S3] holds. Then (@E,TaBs,T) is
consistent and, under Py,

T (A
(7;((%;? : Zg;)agNg(O, [TD(00)]7Y), with TV (0) defined in Theorem 3.1.

Case (2) (Ya,z*(a) = z*). Assume moreover that [S4] holds. Then (ée.r, Ber)

is consistent and, under Py,

(%?ET - ag))>_>£N2(0a [T@(00)]7Y), with TP (0) defined in Theorem 3.2.
e, " — MO

Let us consider several simple examples that illustrate these results.

Ezample 1 (continued): Let V(a,x) = —ax, ®(8,z) = Bz, « > 0,5 > 0.

As z*(a) = 2* = 0, we are in Case (2). The contrast is equal to the exact
log-likelihood, [S5] is satisfied and as e — 0, T — 400 with /T — 0, applying
Theorem 3.2 yields that, under Py,

66251 (0)

( 1 g%E,T (9)) —>£ NQ(Oa j(2) (0)) w’Lth

VT 0B

T (6) = (x% Jo L+ sB)?em20ds (1)_> .
0 2(a+8)

The functions AgQ)(a, ag, 8) and As (g, B, Bo) are explicit.

a2
(o — a0)?, As(ao, B, fo) = —%.

+ B)? + apar
A® _ 2l
(@, a0, ) o daga(ap + @)
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Hence, the two identifiability assumptions [S4] and [S6] are satisfied and

(365775 et

Ezample 2 : Consider the slightly different case V(«o,z) = —az + 1, ®(8,z) =
Bz, a > 0,8 > 0. Then 2*(a) = a~* and 2¥ (o, 2% (@) = —a~! # 0. We are
in Case (1). Applying Theorem 3.1 to A, p, which is the exact log-likelihood,
yields

oe .
—=as(0) , (a+p)
(‘/F oer g | e N2(0, W) with 7VO) = | "5 0.

vr o O Tath)
Assumptions [S3], [S5] and [S6] are satisfied,

(a+B)*

2,2
2050

(B — Bo)?

(1) = _ Ao + Bo)
Ay (o, a0, 8) = 4(ao + o)

(CY - 040)2, A?(O{Oaﬁaﬁo) = -
and

ﬁ(ﬂe,T - ﬂO)

Ezample 3: Let V (o, z) = —ax and @ satisfying [H1], [S1], [S5], [S6]. We are in
Case (2), z*(a) =2 =0, {(a) = o and

<@<%T - ao)) 2 N2(0, 7D (6) 7).

A(lz) (o, 0, B) = 7%/0 [xo(ag — a)e™ 0% — B(B, zp(e™*° — 6*"‘5))}2ds
1 0® 0P 1
Ao (o, B, o) = —5(37(570) - %(50,0))2 X 2o+ 22 (50.0)) (3.12)
ox ’

We have AgQ)(a,ao,B) =0iff g = 2" or @ = ap and As(ap, B, Ho) = 0 iff
B = Bo. Theorem 3.3 (2) yields the consistency and the asymptotic normality.

3.6. Asymptotic efficiency.

The approximate loglikelihood (3.2) corresponds to the exact loglikelihood of
the process (&) defined in (3.1) where we have plugged the observed process
(X4). It is natural to wonder whether information was lost in this approach. As
in [21], we rely on the theory of asymptotic equivalence of experiments (see e.g.
37, 38]). Recall that P57 denotes the distribution of (X;) satisfying (1.1) with
Xo = zg on (2 = C([0,T)),F, (Ft,t € [0,T])) (see the notations introduced in
Section 3), and let Q‘;’T be the distribution of (&;) satisfying (3.1) with &y = xo.
Set © = ©, x O3 and consider the two statistical experiments

T = (O, F,(Py )peo) and  G57 = (Q, F, (Q 7 )peo).
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Let A(E57,G=T) be their Le Cam deficiency distance. As the experiments are
defined on the same probability space, we have the upper bound:

AET,G77) < Ao(€7,G5) = sup |15 — Q5 Irv-

with ||.||7y the total variation distance. By the Pinsker inequality (see e.g. [49]),

1P —Qllrv < vVE(P,Q)/2,

where K(P,Q) is the Kullback-Leibler divergence of P with respect to Q. Set
p(0,s,Xs) =V(a, Xs) — b0, ¢, s, X;), the Girsanov formula yields, using (3.3),

dIP)E,T T 1 T
e?log ZT :/(p(O,s,XS)—H(H,s,XS))dXS——/(pZ(H,s,XS)—HQ(G,s,XS))ds.
dQy 0 2Jo

Under ]P’Z’T, dXs—p(0,s,Xs)ds = edW, and p(0, s, Xs) — H(0,s,Xs) = Dg with
Ds; =D(0,s,e,X;) defined in (2.7). Hence,

1 T
T T
K(Py", Q5 ):@EPZ,T/O DZds.

Now, we have

T T T
2
—2 2 2 2
e EPZ,T/O Dids < 5 (/O Eper((Dy — Eger D) )ds+/0 (Eper Dy) ds) .

. . T
Using Corollary 2.1 yields that under Py,
K(Py", Q") <°T C(0),

where, by Comment 2.1 and Assumptions [S0]-[S2], C(0) is uniformly bounded
on ©. Thus, the Le Cam deficiency distance A(E57T,G5T) between the two
experiments converges to 0 as ¢ — 0 and T — +oo under the condition ev/T —
0, implying that they are asymptotically equivalent.

This proves the asymptotic efficiency of our method and of the estimators.

4. Concluding remarks

In this paper, we consider the one-dimensional McKean-Vlasov process (X;)
given by (1.1) with small noise €, under assumptions ensuring existence and
uniqueness of solutions. We are interested in the statistical estimation of the
unknown parameters «, S present in the classical drift term V(a, z) and in the
self-stabilizing term ® (3, ). In a previous paper ([21]), we have shown that, on
the basis of one trajectory continuously observed on a time interval [0, 7], while
it is possible to estimate consistently a as e tends to 0, it is not possible to
estimate (3 if T is kept fixed. This is why in this paper, we consider the double
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asymptotic framework ¢ — 0 and T" — +oo. This requires some additional
assumptions on the model ([H3]-[H4]). In particular, we assume that there is a
unique 2*(«) such that V(a,z*(a)) = 0 and this value is an attractive point
for the ordinary differential equation x:(a) = g + fot V(a,zs(a))ds. We stress
that this double asymptotic framework has never been studied even for classical
stochastic differential equations (corresponding to ®(3,.) = 0).

In a first part, we study probabilistic properties of the process (X;). We prove
that all the moments of e (X, — x;(«)) are uniformly bounded in ¢ > 0,e < 1,
that the Gaussian approximating process of (X;) as ¢ — 0 obtained in [21]
holds on Rt and that the remainder terms of this approximation have moments
uniformly bounded in ¢t > 0,¢ < 1.

In a second part, we define a contrast (approximate loglikelihood) and prove the
consistency and asymptotic normality of the corresponding maximum contrast
estimators as ¢ — 0 and T — +oco in such a way that ev/T — 0. For the
estimation of a, two cases have to be distinguished. Either Case (1), %(a) Z£0
or Case (2), %(a) = 0. In Case (1), the estimator of « is asymptotically
Gaussian with the fast rate v/Te~! while in Case (2), its rate is e~'. In both
cases, the parameter 3 is estimated at rate v/T. This confirms the fact that a
double asymptotic is needed for estimating both « and S on the basis of one
trajectory. We also prove the asymptotic efficiency of our estimators by means
of an asymptotic equivalence of experiments property.

Extensions of this work could be to consider multidimensional Mc-Kean-Vlasov
models of the more general form (see e.g. [43, 48]):

dX, = b(0,t, X¢,u?%)dt + eo(c, t, Xy, ud ) dW,.

where 6, ¢ are unknown parameters, uf’c is the distribution of X;.

Another direction would be to study, for discrete observations of McKean-Vlasov
diffusions, the estimation of both parameters in the drift and in the diffusion
coefficient as in [23, 25].

5. Appendix
5.1. Proofs of Section 2
Proof of Theorem 2.2. Let
¢t = (Xt — z(a)) /e with distribution v (dz). (5.1)

We have
d¢; = e Y (V(a, X;) — Via,z(q)))dt — é </<I>(5, X, — y)ufﬁ(dy)> dt + dW;.

Hence,

t t
¢ = 2/0 gde5+2/0 Ce V(e Xs) — V(a, zs()]ds
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~ et /0 ., ( / (8, X, y)ui’f(dw) ds +1.

This implies, setting m§(t) := Eq(?,
K 1
ms(t) = 2/0 Eo[Cs~ (Via, Xs) = Ve, z5(a)))]ds (5:2)
9 [t
- 2 [ Bk / B(5, X, — y)ul(dy))ds +1.

Using (5'1)7(1)(67)(5_ ) (67 (y xé - (ﬁa (C M)) Hence

2[Ey (Csa_l/fb(ﬁ,Xs— y)ule( dy) =2~ / / (B,e(z — 2"))evi(dz') vi(dz)
= [ [ @3t - witaapie) 2o,
Differentiating (5.2) and using [H3], we get (m§)’(t) < —2Ky (a)m§(t) + 1.

Now, we can use the following property which holds for f(.) a C*(R*,R) func-
tion: If there exists £ > 0 such that

(t>0,f() >0} C{t>0,f(t) <0} then supf(t)<fO)VL  (5.3)

>0
Thus, choosing ¢ = m yields, since m§(0) = 0,

1

5() < ——. 5.4
e S 55 o
Let us now study m$,, (t) := Ea¢?". We have
¢ t
2n — 2n/ ¢ ¢ +n(2n — 1)/ 2" 2ds. (5.5)
0 0
Analogously, for n > 1, using that ®(g,.) is odd,
1
2 B (cf“— / @(B,Xs—y)uif(dy)>
/ n= 1/ (B,e(z — 2"))evs(dz)vE(dz")
= / (2t =22 [ 0(8, (s - #)i(dawi(d) 2 0
The first term of d{s in (5.5) satisfies under [H3],
11 oo 1
o[ (Ve Xo) = Viaszs(@))] = Bl ¢ (Ve Xo) = V(ws(a))]

IN

—Kv(a)Ee(Z".
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Therefore, applying the Holder inequality to f(z) = z'~Y/", we get
(M5, (1)) < —2nKy(a) m3,(t) + n(2n — 1)m, (t)
< —2nKy(a) mg, (1) +n(2n — 1)(ms, (1) 1"
Choosing d(a,n) = (#(a))", we have that, for x > §(a, n),
—2nKy () +n(2n —1)z' =Y/ < 0. Thus, as m5,, (0) = 0, applying (5.3) yields

supms,, (t) < 6(a,n), with (o, n) independent of €, 3. (5.6)
>0

It remains to study Eg(X; — z¢(a)). We have,

Eo(X; — a¢(a)) = /0 Eg (V(a, X5) — V(e zs(ax))) ds — /0 Egb(0, s, e, Xs)ds.

Let (X) be an independent copy of (X;). Then,
Egb(0,s,¢,Xs) = ]Eg/(I)(B,XS —y)u?e(dy) = FEe(®(8, X, — X)) =0, (5.7)

since ®(f3,.) is odd and since the distribution of X, — X is symmetric.
Now, a Taylor expansion at z(a) yields

Eo(V (0, X,) = Vi@, 24(0)) = Eg(X, — 2,(a)) 22 (o, 2,(0)) + R, with

or
1 2
R = [0 0B (X, (@) ) + X, = ) ) du

Therefore,

f(0,t) :=FEp Xy — () = /01 (EgXs — x5()) Z—Z(a,xs(a))ds —|—/0 R; ds.

Differentiating with respect to ¢ yields g—{(@, t) = 2 (a, z4(a)) £ (0, t) + Ry. Con-
sequently, using that f(6,0) = 0, we get

£0,4) = /O "R oxp ( / t g—‘;(a, xu(a))du> ds. (5.8)

USing [H2_2]7 |Rs| Sk(a)EO ((Xb - xs(a))Q(l + |xs(a)|7(a)+ ‘Xs - xs(a)rY(a)))'
Under [H3], [H4], z¢(«) is uniformly bounded on R* by B(«a) (see Comment
2.1). Using the first part, Eq(X; — 24(a))? < ﬁz(a) By the Holder inequality,

a « __ ()
Eo|X; — xt(a)|2+’y( ) < g2 )(m§+2’y(a)(t))1 2+2+(a)
Therefore, |Rs| < £2C(a) where

Cla) = 21’25/0‘()(1) (1+ B(a)" @ +2(1 +(a))( 1;‘7((2‘)) ) o ) is independent of ¢, €.

Hence, EgX; — z:(a) = f(0,t) satisfies

Cla) = (5.9)

t
0,t)| < 2C / —Kv(a)(t=5) 15 <
.0 <0 [ o s el
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If Via,z) = —ax, Eg Xy = 29 — ozfot E¢X,ds. Thus, EgX; = xoe™ = z4(a).

Proof of Theorem 2.3. Recall that «+ — ®(5,z) is odd so that the odd
derivatives are odd and therefore null at x = 0.

By (2.3), we have R5(0) = ¢72(X; — () — £9¢(0)). Therefore, using (1.1),
(1.3), (2.1) and (2.2),

ARE(0) = =5 (Via, X)) = Via,ai(a)) — b(O, 1,2, X;) — alh, )g4(6)) dr

= Eiz [(Xy — x¢(a))a(8,t) —ea(8,t)g:.(0))] dt + v(6,t,e, Xy )dt
= ( ) ( )dt + V(H t,e, Xy)dt, RS(Q) =0, where

u(@,t,e,Xt) = Tl(t) + Tz(t), with
Ty(t) =e2 (V(a, X:) = V(a,z () — (Xy — xt(a))%gg (o, xt(a))),

Ty(t) = -2 </ (8, Xt — y)u?’g(dy) - g_i(ﬁ,o)(Xt — xt(a))) . (5.10)

The equation satisfied by R:(6) can be solved. We get, using (2.1) and (2.4),

Rf(@):/o V(9,3,67Xs)exp(/ a(0,u)du)ds. (5.11)

Let us first study T3 (t). A Taylor expansion at point z;(«) yields, using [H2-2],

1 2
T (t) = e (X, — xt(a))Z/O (1-— u)%(a,xt(a) + (X — ze(@))du, (5.12)

IT1(8)] < k(a)e™2(X; — 24()2(1 4 |2:(a)| " + | X; — z4(a)[ 7).

Therefore, since () is uniformly bounded, applying Theorem 2.2 yields that,
for all p > 1,

Eg|T1(t)[* = O(1) uniformly on t > 0,¢ > 0.

For T5(t), we have —e?Ty(t)= [ (®(8, X; — y) — (57 0)(X; — z())) ul* (dy).

A Taylor expansion at point 0 yields, noting that gz‘f (8,0) =0,

85, X, — ) ~ G (8,0)(X, — () = 57 (5,0)(wi(a) ~ 9) + 1 (X ),

where

1 3
p1(Xey) = %(Xt v [a- u>227§,’</3,u<xt S (513)

Therefore, Th(t) = —c~2 aq> 2(8,0))(we(a) — EgXy) — 2 [ p1 Xt,y) “(dy) =
To1(t) + Toa(t).
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Let us study first EgT3(t) = T21(t) + EgT22(t). For the second term, we can
write, for X; an independent copy of X,

1 = [ PP —
B [ o1 (Xl ()= 350 (06 - X0° [ (1= 0P G5 (0,00, = Kpau ).
0
Under [H2-3], z — :E?"g%)(ﬂ, uz) is well defined and odd so that

o [ p1(Xes )l () = Bo(pa (X0, 1)) =0, (5.14)

Therefore, EgTs2(t) = 0. For T;(t) which is deterministic, applying Theorem
2.2 (ii) yields

|T2:1(2)] < 5(@)2—3?(6,0) = O(1) uniformly on ¢t > 0,e > 0.

Therefore |EgT2(t)| = |T21(¢)| is also uniformly bounded for ¢t > 0, > 0.
Consider Tg_(t)—IEng (t) = Toa(t). By (5.14), Toa(t) = — 2 [ p1 (X, y))uf"E (dy).
Hence, if (X;) is an independent copy of (X;),

Eg(To(t) — EoTo(t))?P = e *PEq(p1 (Xs, X¢)?P).

Now, by [H2-3] and (5.13),

_ _ 1 93P _
Eo(p1(Xs, X1)*P)=2""PEy ((Xt—Xt)6p(/ (I—U)Q%(ﬁ,U(Xt—Xt))dU)2p>
0
<27Ey (|X, =X (k(3) (141X, X, 7))
<K(3)27 "By (1X, =X (14X, = X 27 )) ).

By splitting X; — X; into Xy — () + z4(a) — X; we get that

E(p1(Xe, X0)™) < K (B)Eg (2771 (X, — 24(1)) )
+k2P(B)Eqy (20721 (X, — 2y () 0P T2 (B)) < Cp(a, B)°P,

where Cy(a, 5) depends on p, k(3) and K;l(a). Applying Theorem 2.2 yields
that, uniformly on ¢t > 0, € > 0,

Eq (T2(t) — EgTo(t)™ < e C)(a, B).

Joining these inequalities there exist constants 6(«, 3), ,(a, 5) such that for all
t>0,e >0,

Eglv(0,t,e, X1)| < (e, B); Eg (v(0,t,e,Xy) — Egu(&t,e,Xt))Qp < dp(e, B).

Now, using (3.5), (2.5) and [H3], f; a(f,u)du = A(0,t)— A(0,s) < —K(0)(t—s)
with
K(0) = K(a, ) :Kv(a)Jrg—i(ﬂ,O) > 0. (5.15)



Inference for McKean-Viasov models 5831
Therefore (5.11) yields that

5(a, B)
K(0)

¢
Eo|R; (0)] < / Eolv(0, 5,6, X,)|e” K= ds <

0
Consider now Eg(R5 () — EgR: (0))?F. Equation (5.11) yields

t
(R (6)—Eo B3 ()2 < ( | 165, X0-Eavt6,1,2, X)) ep<A<9»t>-A<9’s>>ds)
0

t 2p—1
y ( / pr (A(0.0)-A(0,9)) dS) .
0

Using the inequality for A(0, s) yields that M, = Eq(R5(0) —EqR; (0))? satisfies

2p —1

t
-1 [ | X,) - E X,)))2Pe PEO(t=5) qq.
< gy [ Eov10.5.0.X) ~Eou(0.5.2. X)) e s

Therefore, this expectation is uniformly bounded on ¢t > 0, > 0. O
Proof of Corollary 2.1 . We have that
D(0,t,e,X;) = /(‘N@Xt —y) — OB, X, — w(@)))uy (dy).
Similarly to the study T(t), a Taylor expansion of ®(3,.) yields, using (5.13),
0P
OB, Xe —y) = (B, Xt — we(a)) = 5—(6,0))(e(a) —y) + p1(Xe, y) = p2(X),
with
1 s ! , PP
p2(X:) = §<Xt — z¢()) (1—w) %(B,u(Xt — z¢(@)))du. (5.16)
0

Therefore, D(0,t,e, X;)= g—‘f(ﬁ, 0))(@e(a)—EoXy)+ [ p1(Xs, y)uf’a(dy)—pg(Xt).
Using (5.14),

oP
EQD(07t7€7Xt) = %(670)(xt(a) - ]E9Xt) - ]F‘gpQ(Xt)'
By Theorem 2.2, Eg|p2(X;)| < €2O(1). This yields (2.8). Moreover, as for the
upper bound of T (t), Eg|p1 (X, X¢)[?P < Eg| Xy — X 4|7 < 0P,

By Theorem 2.2, uniformly on ¢t > 0, Eg|p2(X;)|?* < Eg| X —24 ()| < 570(1).
Joining these two inequalities, we get (2.9). O

5.2. Proofs of Section 3

We start with two preliminary propositions useful for the inference.
Proof of Proposition 3.1.
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Set x1(t) = wma),z2(t) = L(a,t),z3(t) = %Z”; (a,t) and x(t) =
[x1(t) 22(t) 23(¢)]). Then, x(t) is solution of the ordinary differential equation
) = [Bi(x(t)) B2(x(t)) Bs(x(t)) (5.17)
where By (x) = V(a,z1), Ba(x) = 2¥ (a 1) + ¥ (a, 371).7}2 and
+2

Bs(x) = %(a,xl)—k[% (o, 1 ) [‘)maa(a ml)}xg—l— oV (a, xl)x2+%—‘;(a,x1 x3.
oy for £(a)

dx(t) = B(x(t))dt, B(x(t)

We easily check that B(x or x* = [z} x5 x}) with, using (3.5) for {(a),
7] = 2" (), Ty = m%(a,xl), (5.18)
1 0%V ov 0%V oV
* T *[2 7 9 #\2Y Y * ) 1
3 () <8a2 erz[&v + 895804] + (22) 896) (1) (5.19)

We have to compute DB(x*) = [gfj (x*)]1<i,j<3 to check if this point is asymp-
totically stable. The matrix DB(x) is triangular with diagonal elements equal
to —¢(a)) < 0. Thus, the eigenvalues of DB(x*) are negative which implies that
x* is asymptotically stable for (5.17). Thus x(¢) converges as t — +oo to x*
with exponential rate exp (—¢(a)t) (see e.g. [27]). O

Note that o — 2*(«) is C* on U,. As ©, is compact, ‘iﬁx (o) and ddg ()
are uniformly bounded on ©, as well as z* ().

Proof of Proposition 3.2.
Proof of (i): Consider the process (g:) such that dg; = —Agidt + dWs, ¢g:(0) =0

with A > 0. It is standard that g; = exp (—A\t) fot exp (As)dW, and that (g;) is
a positive recurrent diﬂusion with invariant distribution A(0,1/(2))). By the

ergodic theorem, T Jo gS 2ds converges a.s. to (1/2)). This implies, by the central
limit theorem for martingales, that ﬁ fo gsdWy converges in distribution to
N(0,(1/2))). Moreover, one easily gets

E(i/T Qd)—l/T 2d—i+(1)
T ), 98 =7 ) Bgsds=g3to

We can also compute

1 T, S
E— / gsds | = —/ E gsg dsdt.
72\ Jo 12 Jiorp2 (9:7)

2
If £(X,Y) = N5(0,%) with & = (“p fg) Then E(X2Y?2) = 0272 + 22,

Applying this property to the centered Gaussian process (g;), we get that
E(gig?) = 2cov? (gs,9t) + Egi]Eg,%’. Therefore,

1 T 2 1 (T 2
Ers (/O 93d8> = (T/o Egﬁds> +Cr (). (5.20)
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2 4
Cr(\) = ﬁ/ cov?(gs, g¢ )dsdt = ﬁ/ cov?(gs, g¢)dsdt.  (5.21)
(0,772 0<s<t<T

For s <'t, Cov(gs’gt) = fOS e~ At—uts—u) 1o — % (ek(s—t) _ €>\(s+t)).
1

By elementary computations, we see that Cr(\) = £0(1) so that

1 [T 1 [T ?
E|= 2ds — = Eg2d .
(T/o g:ds T/o gs s) —0

With this direct calculus, we have obtained that fOT g2ds —p2 3.

We rely on this approach to prove Proposition 3.2 for the process g;(8). Using
(2.1), (2.5) and (5.15), we have that under [H3], for u < t,
A(,t) — A(0,u) < —K(0)(t — u). (5.22)

Moreover, by (2.4), g:(0) = fot A0 =AWOs) gy,
Equations (5.20)-(5.21) hold for g:(6),

T 2 T 2
E"% </0 [95(9)]2d5> = (%/@ Ee[gs(ﬂ)}zds) +Cr(f) with

Cr(0) = 75 fycucreqm c0va(gs(0), g1 (8))dsdt. For s < t, using (5.15) and (5.22)
cove(gs(0), g:(0)) = /5 A0+ A0,5)=2400.4) gy, < /S e~ KO t-uts—u) gy,
0 0

Therefore C7(0) < Cp(K(6)). Finally, using (5.20)-(5.21),

T T 2
Es (} | mora-g | Ee[gsw)}?ds) < Cr(K(0)) = 7:0(1).

Thus,

T T
7| s 1 [ BalaoPds a0 (523)

Now, the function ¢t — %—‘;(a,xt(a)) is continuous. Therefore, under [H3]-
[H4], as t = 400, z4(a) = 2*(a), and Z¥ (o, z¢(@)) = ZL(a, 2% (@) = —() <
—Ky(a) < 0. Therefore,

v
Yh >0, 3tg >0, Vt > ty, —l(a) —h < g—x(a,xt(a)) < —l(a) + h.

It follows, using (3.5), that for all ¢, s such that ¢ > s > ¢,

— (6, B) + W)t — 5) < A(B,1) — A(,) < —(0(ev, B) — h)(t —s).  (5.24)
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Choose h > 0 such that £(a, 3) — h > 0. We have, using (2.4), Eq(g:(0)?) =
e24(0:1) f(f e~2400:5)ds. Hence, Bg(T~" fOT[gt(G)]th) =T +T> + T3 where

1

— e
to<s<t<T

T, = & / 2(AOD=AG.) gogt.
T Jocs<totost<r

As T tends to infinity, T} = o(1). For Ty we have,

T, = l/ A=A g5t T, — 2A0.0-A0.9) gt
T Jo<s<t<t,

1 to T
T = T/ o~ 2(A0.5)~A(0.10)) g5 X/ Q2(AB.D—-A®.t0) gy
0 to

Now, using (5.24),

T T
1
2AAWD-AD.10)) gy < / 280 B)—h)(t—to) g <
€ e .
/to =i = 2(0e, B) = 1)

Therefore 0 < T5 < %O(l) and 75 — 0 as T — oo. Consider now T3:
, < 1 / "
< = s
3 T/,
1
——— (T
Q(K(Oé,ﬁ) - h)T <

Therefore, imyp_, o T3 < PRI 15)7h). Analogously, limy_, T35 > m.
Therefore, T3 — so that

T
/ 206000 B)—h)(1—3) gy

_tO_

1— 62(£(a’ﬁ)h)(Tt0)>

1
2(¢(c,B)

T
Ey <;/0 [gt(ﬁ)]zdt> — 23(01475) as T — oo.

Using (5.23), the first item is proved.

Proof of (ii): Let Zp = fOT g¢(0)dt. Using (2.4) and interchanging the order of
integrations yields:

T T t T T
Zr= / g (0)dt = / A0t / e~ A0S qW dt = / e~ A5 g, / 200 gt
0 0 0 0 s

Therefore, Zr is centered and, using (5.22)

T T 2 T T 2
EZ2 :/ e~ 2A0:5) 4g / A1) gy :/ ds / A0 —A0:5) gy
0 s 0 s
’ T o) o [T (1= K@@\
< ds / e~ “dt ] < / ds ( ) < .
/0 s 0 K(0) K2(0)
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Therefore, we find that EZ2 < T and T'Zr tends to 0 in probability as T
tends to infinity.

Proof of (iii): As lim; ,4o A(t) =0, for all A > 0, there exists Ty > 0 such that
for all T > Ty, |h(t)| < h. So, we split

1 T 1 To 1 T
= / Moo O)ds = / () (0)ds + /T h(s)on(0)ds
— op(1) + ——2(Ty, T), with

VT

T To S
Z(Ty,T) = / h(s)eA®) ( / e A0 aw, + / eA<97“>qu> ds

To 0 To

To T
= / e~ A0 aw, h(s)e?(®*)ds
0 To

T T
+ / €7A(0’u)qu/ h(S)@A(G’S)dS = ZT71 + ZT,Q.
Tg u

For the first term of Z(Ty,T'), Zr,1, using (5.22) yields
T T h
| h(s)e?@)ds| < h/ e KOs < me_K(e)TD = hOp(1).
To To

Hence E(Zr1)? = h20(1). For the second term of Z(Ty,T), we write

T T 2
/ e 240 gy, / h(s)eA(®%)ds
To u
T T 2
/ du / h(s)eA(g’s)_A(g’")ds
To u

2 K(0)(s—u) i 21
— s—u < o )
h /TO du /u e ds (1 Io)h OE

Therefore, for all T > Ty, +E(Z(Ty,T))? < %2 + h?. Hence,
limr oo % foT gs(0)h(s)ds = 0. O

E(Z7.2)*

IN

Proof of Theorem 3.1. Recall that H(0,s,z) = V(a,z) — (5,2 — zs()).
Thus, using (2.7),

dXs =edW,+ H(0,s,X,)ds — D(0, s,e, X;)ds. (5.25)
The derivatives of H with respect to the parameters are given by:
OH )% 0P 0xs
%(9757)(8) = %(Q’X§)+%(B7Xs 71‘3(00) Ao (Oé,S),
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%_I;(G’S’XS) = —a—(;(ﬁ,Xs—xs(a))

05X = G X+ G5 ) T )
20wt (220))

8827}2[(9’5’)(8) - —%(67)(8_378(&))7

PO XD = (X~ n() e o).

Note that for the convergence in distribution stated in Theorem 3.1, it is enough
to prove that

e OA.r B g—Z(a z*(a)) Wr

= (0) = Z(a,ﬂ)if(a) 7 tor(D), (5.26)
L oA 0 0@ I .
a5 O = 6ﬁ8x(5,0)ﬁ/0 9s(0)dW, +op(1).  (5.27)

The bracket of the two stochastic integrals above is equal, up to a constant, to
T-1 fOT gs(0)ds and tends to 0 as T tends to infinity by Proposition 3.2.

Moreover, as T 1 fOT [95(6)])%ds tends to [2¢(cr, 3)] 71, by the central limit theorem
for martingales, % fOT gs(0)dW, converges in distribution to N(0, [2¢(a, 8)]71).
The proof of (5.26)-(5.27) relies on the following Lemma:

Lemma 5.1. Let F(0,s,x) a continuous function on © x RY x R, differentiable

with respect to x and assume that there exist C' > 0 and a nonnegative integer
¢ such that, Y0 € 0, Vs > 0,

|F(0,s,2)] <C(1+|z|°) and |8 0,s,2)] <C+|z|). (5.28)

Then, for T > 1,e <1, D(,s,¢e,x) given in (2.7), the following holds.
(i) Efo F(0,s,Xs) — F(0,s,25(a)))?ds < C1(0,F) T 2.
(ii) E‘fo 0,5, X,)D (G,S,a,Xs)ds‘ < Cy(0,F) T &2.
(iii) Iff F(0,s,zs(a))|ds < +o0, then
E]fo 9 5, X,) (G,S,a,Xs)ds‘ < Cy(0, F)(e2 + £3T).
where the constants C;(0, F) only depend on F and 6.

Note that the functions F(0,s,z) = H(6,s,z), %—’Z(G,s,x), ’?;TIZ(Q,S,J:) satisfy
(5.28) under [S1] so that Lemma 5.1 holds for these functions.
We now start the proof of (5.26)-(5.27).
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Derivative of the contrast with respect to «
Replacing dX; by its expression, we get (see (2.7), (3.2), (3.3) and (5.25)):

oNer, o 1 0H 0H
W(e)_ﬁ(() 8a(98X )dXs / HGsX)aa(H,s,Xs)ds>.
Hence,
OAc 7 T oH T oH
— - X, - — X, X,)ds.
0 (0) = ) — (0,8, Xs)dW, 52 . Da —(0,s,Xs)D(0, s,¢,Xs)ds
(5.29)
Let us define
0H . 0 . 8_<I> dx*
o (0.27(0) = 5o (a7 (@) + S (3,0 (). (530)
Then,
OH OH

o (0.5.2,(a)) - %w,x*m))

ov ov . 0xs dz*
— Gelan(a) - o aat @)+ 5 6.0 (G - (@),

Therefore 8—H(0 x*(e)) is the limit of OH 2(0,5,05(a)) as s — 0. Since we are
in Case (1), (3.6) yields using (3.5) that V(a z* () = £(o) L " (a) # 0 and

o)

e @) £ 0

O (g, (0) = 0, 8) 2 (o = 1)
Consequently, we can write

9 8A5’T _ YWrod (o
) = a0 (@)
1
T
1

/f(?j(g’s’xs(a)) - ZE(H z*(a )))dWs (5.31)

T /:(ag(a’s’Xs) - ?5(9:5,%(@)) AW, (5.32)

1 T oH
— 0,s,Xs)D(0,s,e,Xs)ds | . 5.33
= [ Ga@sx0D05ex) ) (53
Using Proposition 3.1 and [Sl] 919, s, 25(cx)) — %—g(G,x* (a)) converges expo-
2
nentially fast to 0 so that [,">° (aa (0,s,25(a)) — ZL(0, 2% ()" ds < +oc.

To study (5.31), we split

/0 (?an 5, Xs) = ({;—Z(M*(a))) AW,
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OH OH
—/0 <8a 0,s,Xs) — 90 (O,S,ms(a))) dWs
T roH oH ,
[ (Gatosata - Gl @) ) aw.
Therefore, (5.31) is Op(1/+/T) and tends to 0. By Lemma 5.1 (i),

1 OH OH 2
_ < 2
TE9/0 (8 0,s,Xs) — 5 — (9, s,xs(a))> ds < e,

so that (5.32) is Op(e). Lemma 5.1 (ii) yields

1 8H
0,5, Xs)D(0, 5,6, X,)| ds < eVT,
5\/_ ( $,Xs)D(0,s,e,Xs)|ds S e
so that (5.33) is also op(1) under the condition ev/T — 0. So we find that
e Oher WroH | 3o (2" (a) Wy
. , 1) = Do\ BT Q) WT
\/T Ao (9) \/— Ao (9 (Oé)) +OP< ) E(Oé,ﬁ) E(OL) \/T +0P( )
which gives (5.26).
Derivative of the contrast with respect to g
We have:
OAc1 B ToH
a5 0 = 5208[3(08X /HGSX ﬁ(QsX)ds
T oo
FJy o, (5.34)
T oo
+€2 T — (8, Xs —zs(a))D(0, s,e, Xs)ds
Since z — 22 (6, ) is an odd function, g—%’(ﬁ, 0) =0, so
i P ! >’
G0 = e (0 +a? [ (—wgm G (536)

Replacing z by X — z5(a)) = £gs(0) + e2R5(0) yields that

9% T
= 8ﬂ8 250220 (/0 gS(Q)dWS> — Ty, with

T
5/ RE(0)dW,
0
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- [ @) [ 0w X — ) dudy

Thus,

1 0?® 1

—T = y s d —_T .

VTt om0 (f/ (001 ) VT
We have, by Theorem 2.3,

T T T
By [ (R0)2as <28y [ (R0)-BoRs(0)ds+2 [ (@oRi(0)2ds S TOW),

where O(1) does not depend on T and e. This implies

1 T ? g2 T 9 g2 0
_ € = € < =
~Ef 6/0 RE(0)dW, TEG/O (RE(0)ds S == x T =<2,

Then, using [S1],

T 1 3P 2
o ( | o=@ [ 0= w6, s<a>>>dudws) S
1

T
1
o ( /0 (X, — g(@)* (1 + (X, - x5<a>>26>ds> S g x T =2,
Therefore,

1 %P 1 T
=i =~ 6 )<ﬁ/0 gs(9)dWs>+Op(s).

For T, we have using (5.36),

T
T = aaﬁax(ﬁ’ )1 /0 (Xo—5(a))D(0, 5,6, X, )ds+
1T 3%

1
0°P
5_2 0 (XS—Z‘S(OK))2/O (1_ )aﬁa Q(ﬁ’ ( xs(oz)))duD(H,s,g,Xs)ds.
We split D(0, s,¢, Xs) =EgD(0,s,¢,Xs) + D(0,s,e,Xs) —EgD(6,s,¢, Xs) and
use Corollary 2.1 and Theorem 2.2.
The main term of |T2\/ﬁ is 52}/T
the expectation of this term yields

|fOT(XS —xzs(a))EgD(0, s,e, Xs)ds|. Taking

NEeD(0, s,e,Xs)ds| <
E2f'/ JEo D( |

1
—6 sup |[EgD(0, s,e, X;) /IEX ds < —=0
\/T S£|9 | 9| )| T()
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Finally, T /vVT = ev/TOp(1).

Therefore,

1 0A, AL
ﬁ aBT(Q)— 8&9 (67 (\/—/ gs dW>+0P()

This yields (5.27). Hence the first part of Theorem 3.1, is proved.

It remains to study the limit of

€2 0°Acr e O°Acr
D(l)j 0 D(l) _ _ | T oaz (0) T 9B0a (0)
exJer(0)D; r = e PAcr 1 9%Acr
T “5B0a 0 =z o3° (9)
We have:
2 0?A. 1 T o2 0*H
— . = = X)dXs — = H( X X,
~ et () = T % OH g s x)d / 0,5.X,) 5 3 (6,5, X.)ds
——/ (aH(G S X))2d8:T1 +T2+T5 with
T = 7 Jy G (0. X)dWes Ty = = fy G (0,5, X) D0, ., X, )dsi Ty =
—x fOT (%—S(H,S,XS)) ds. For Ty, we write
T 52
€ 0°H
== 2=
1 T 0 a 2 (easvxs(a))dWs
(92H 0*°H
_/ ( X,) =S (05 xs(a))> aw,.
(ﬂ, x) is odd,
0’H o?V

0%z,

D2 (o, ).

This function is uniformly bounded thanks to Proposition 3.1. Therefore, using
Lemma 5.1,

0P
o (0.5,2,(0) = S (v as(a)) + S (8,0)

2 g2
2 2y _
EngNﬁX(T+€ T) = T(1+5)70(1).
By Lemma 5.1, Eg(|To|) S 7 x €21 = &2
For the last and main term T37 we write (see (5.30)):

:__/ [( (6, s XS)>2—<2—§(9,5,1:5(@)))2] ds

B ) I >>)2] i~ (o))
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For the first term, we use Lemma 5.1 to prove that it is op(1). For the second
term, we use that ( 0, s xs(a)))2 converges to (%—Z(G,x*(a)))g with expo-
nential rate and thls 1mphes that this second term is o(1). Hence T5 tends to
OH * 2
— (G (0,2%(e)))". -
0°A
Joining these results, we have proved that c & T
) T 0a?
- (%—5(9@*(@))) -
1 9%Ac 1 0’H 0°®

(9) tends to

Let us study — T 052 (9). Using that —- FL 0,s,Xs) = ~o (8, Xs—zs())
yields
1 9?A.p 1 (7920
—Z 2, - —— | 225X, -, ,
T aﬂQ (9) {‘:T 0 852 (B? S xé(a))de
1 [T’
+ 82_T a—BQ(BaXs _xs(a))D(aaSasts)ds

1 o ?
_E2T <8ﬁ(0 X (a))> ds:Sl+S2+Sg.
0

The following relation is analogous to (5.36):

o52d o3 1 o4d
G 0on) = o (B0 2t [ (- B (57

Substituting = by X, — xs(a) = €g,(0) + 2 R*(s), we get that the main term of
Sl is
FoaL) 1
Sll**_ 628 (6; )dWs:OP(ﬁ)v
as, using Proposition 3.2,(1)7 E¢S% = Op(1/T). For Sy, we split as previously
D(0,s,e,Xs) =EgD(0,s,¢,Xs)+ D(0,s,e,Xs) —EgD(6,s,¢, X) and find that
the main term of Sy is

s L/T<X (@) (8, 0ED(0, 5,5, X, )d
22 — €2T 0 S gl 352330 ) 0 7‘955’ S S,

where |EgSaz| < € using Corollary 2.1 and Theorem 2.2.
The limit is obtained by S5 whose main term is (see (5.36))

su = g | (0@ 65.0) b

_ (8a;§$(ﬂ,0)>2%/OTgf(H)ds—i—oP(l).

Therefore, Proposition 3.2, (i) yields that Ss3 tends to — (356m (s, )) /(2(¢(a,

2

B)). Joining these results, we get that the same holds for %BQ%ZT (0).
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It remains to study the off diagonal term (e/ T) 55 (0). We have

e O?Acr 0’H 0’H
?6@35(9) — 8a6ﬁ(98X)dW__/D085X)88,8

(0,5, Xs)ds

1 oH d
- ( ; %(878,)(5)%(0,8,)(5)(15) T+ Ty + Ty

where aaj—aHﬂ(G 3, Xs)s %g (0,s,X,) are detailed above. As before, the main term

of Ty is & [} 2L (0, 5,2,(0))dW, = % [f gfw(ﬂ, 0) %2 (v, 5)dW.

Since %2 (q, s) is uniformly bounded, EgT?Z = £O(1) and T, = Op(

For Ty, by Lemma 5.1, [EgTs| < Zxe?T =e.
For T3, we have, using (5.36),

I

TS: 3858 (Ba )1/0 gs(e)g—g(e,s,xs(a))ds_|_0P(1)

Now, setting h(s) = %—‘Z(G, s, xs(a)) — %(O,x*(a)), we have

T T
—/ (025 0, 5 xs(a))dSZZ—Z(H,x*(a))%/o g5(9)d3—|—%/0 95(0)h(s)ds.

Since z4(a) = z*(a), h(s) — 0, Proposition 3.2 yields that both terms above
converge to 0.
To conclude, we have obtained

i 82A57T
T 00«

(0) = op(1).

The proof of Theorem 3.1 is now complete. []

Proof of Theorem 3.2. Let us set

H0,) = (@) + 5 (8,0 5 ) = S (0,5, 2,(a)). (539

Here, for the convergence in distribution, it is enough to prove

8AET T

et gy / h(0, $)dW, + op(1) (5.39)
Oa 0

1 OAr 920

1 T
=0 = S [ a@)avor(). (a0

Indeed, the bracket of the two stochastic integrals is equal, up to a constant, to
T
ﬁ fo gs(0)h(0, s)ds.
We are in Case (2): using (3.6), it corresponds to %—g(H,m*(a)) = 0. There-
fore, by Proposition 3.1, h(6, s) converges exponentially fast to %—5(0, z*(a)) =0
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and f0+oo (%—5(9, s,:vs(oz)))2 ds < +o0. Proposition 3.2 yields that
% fOT gs(0)h(0, s)ds tends to 0.

Let us prove (5.39). We now have (see (5.29)):

M. 1 o OH OH
S5 0) = [ Ga0s.mo ))dWS+/O (a (6,5, X,)~ S 6.5 xé(a))> W,
T om
— g %0 — (0,5, X5)D(0, 8,6, X5)ds =Ty + To + T5. (5.41)
0

Since Ey(17) < oo, Ty — +°o aH(6‘ s, xs(a))dWs as T — oo.

By Lemma 5.1, Eg(T3) < €2T = 0(1) under the condition ev/T — 0.

As f0+°o ‘%—g(ﬁ,s,xs(a))’ds < 400, Lemma 5.1 (iii) yields that E|T5| < e +
e2T = o(1)

This achieves the proof of (5.39).

The study of - 23=r (0) is similar to its study in Theorem 3.1. The proof of

VT 9B
(5.40) is complete.

5 : _&_ )

Now we study the limit of D TJE 7(0)D {5_2%:_ _ 62?\:T ) x/lfazaia’;z )
ﬁ@ﬁaa() T{)ﬁ2()

We have

82/\ 82 82H
e2 aO;T(e) = 6/0 7o 2(9 s, X dW / 9 s X) (9,5,5’Xs)d5
OH
- / <3 (0,s X)) ds =T+ 1> + T5.
0

For the first term, we write

TorH TrorH O*H
Tlfs/o W(0757I<9(a))dwg+€/ (Oég(gasaXs) - M(Q,S,S%(Oé))) dWe

0

We have that %2713(9,8,965(@)) = gi}f(a,xs(a)) + ‘g—f(ﬂ,o»%(a,s), which is
uniformly bounded on RT. Thus,

The second term of T} is ruled by Lemma 5.1 (i) and is eop(1). Next, Eg|Ta| <
Te? by Lemma 5.1 (ii).

T82H < 2
E0| W(6787X5)D(978757X8)d8| € T.
0 «
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Finally, we can check, using Lemma 5.1 (i), that the main term of T3 is, using
(5.38), IOT h2(6 s)ds where h(0, s) converges exponentially fast to 0. Therefore,
fo (22(9,s,X,)) ds—>f+ooh2 0,s)ds < 400, so that

ety / ((Zg (6,5 xs<a>>)2ds-

2
The study of + 881;;21 (0) is the same as for Theorem 3.1. It remains to study

e 0?A.r 1 T o2
_ J X
77 0005 V=77 ), anp® s X)W
0’H
— E\/T/ D(97S78,X5)m(9,8,_xs)d8
1 OH oOH
- — X X =T+ 15+ T3.
E\/T( 0 85(93 )305(9’8’ s>d5> 1+ 2+ 3

The proof is essentially analogous to the study of BagﬁT (9) in the previous

theorem. We point out the dlfferences

1 T 929 Ox,
7= | 32955975
VT 0xdp

We are in Case (2) so that 8“(7; (o, s) converges exponentially fast to %(a) =0.

The main term of 77 is ( ,8)dWs.

00 1
Therefore, [ (%gf; (v, s))2 < 400. Consequently, 71 = —=0Op(1).

0 JT
For T, the main term is /D0 6X)62H(0 (a))d
r main term i s .
2, —JT s 9005 .8, xs(a))ds
Using that i(& s, xzs(a)) = 0% —— (8,0 )&vs (a, s) is integrable, we get b
g 8@86 )y S 8 aﬁ I g ) Wi g y
Lemma 5.1 (iii),
1
Eo[T3| S >+ &%) = o(1).
o[Ta] S =+ ) = of)
It remains to study T3. Using (5.36) and (5.38),
1 T 0% oH

82
= w08 (8,0 \/—/ 9s(0)h(0,s) + op(1).

As h(0,s) — 0 as s — o0, % fOT gs(0)h(0, s)ds = op(1) by Proposition 3.2.

(0) = op(1). So the proof of Theorem 3.2 is complete. [J
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Proof of Lemma 5.1.
Proof of (i) A Taylor expansion yields:

F(0,5,Xs) = F(0,s,25(a)) = (Xs —2s(a)) /O1 g—i(a,zs(a)w(xs —z,4(a)))du.
Hence
(F(8,5,Xs) — F(6,s,z,(a)))?
< 30% (M(l +sup 2y (0)[2) + 21K _;i(i))mc) .

By Theorem 2.2, since s — x5() is uniformly bounded on R™ by B(a), we get

T
E, / (F(0,5,X,) — F(0,5,24(a)))” ds
0
< 3C%*T (8(a, 1)(1 + B*() + £%6(a, 1 + ¢)) = Cy (e, F)eT.
This achieves the proof of (i).

Proof of (ii) For the second inequality, we split

T
]Eg/ F(G,S,XS)D(G,S,{E,XS)CIS:Al+A2+A3+A4, with
0

T
A = Eg/ F(0,s,25(a)EegD(0, s,¢, Xs)ds,
0
T
Ay = Eg/ F(0,5,2.(0)) (D(0, 5., X.) — EgD(0, 5., X,)) ds,
0
T
As = Eg/ (F(0,s,Xs) — F(0,s,xz5(a))) EgD(0, s, ¢, X;)ds,
0

Ay

T
IEg/ (F(0,s,Xs) — F(0,s,25(c))) (D(0, s,e,Xs) —EgD(0,s,¢,Xs)) ds.
0
Since |zs(a)| < B(a), F(0,s,2) < C(1+ |x|°), we get that
|F(0,s,25(a))| < C(1+4 B%a)) = C(a). Thererore, using Corollary 2.1
T
44| < sup |]E9D(9,S,E,X5)|/ (0, 5,24(a))]| ds
520 0
< 2T x [sup |F(0,s,xs(a))] ds] < C(a)e’T

s>0

T
|As] < / |F(0,s,2s(a))|Eg |D(8,s,¢,Xs) —EogD(0, 5,2, Xs)|ds
0
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T 1/2
< 53[/ IF(0, 5, 25(c))] [EGE-G D6, 5,¢, X,) — EqD(6, S,E,Xs)ﬂ ds
0

< T
For As, we have using (i),

1/2

T
|As| < sup|EgD(0, s,e, X)| x Eg T/ |F(8,s,Xs) — F(97s,xs(a)|2] ds
s>0 0

S eXT x (e2T)1/2 < 3T

For Ay, we write:

|Ag] < fOT Eo [|F(0,s,Xs)—F(0,s,xs())|| (D(O,s,e,Xs)—EogD(6,s,e,Xs)) |] ds.
We apply the Cauchy-Schwarz inequality.

Using (i), Eg |F(0,s, X,) — F(0,s,25(a))]* < [Eo(X, — xs(a))2]1/2 <e.
Therefore, by Theorem 2.2 and Corollary 2.1, |A4| < €T

Finally, joining these inequalities yields (ii).

Proof of (iii) Since [~ |F(,s,zs())| ds < oo, we bound differently A; and A,.

|A1] < sup|]E9D(9 s,€,Xs) |/ F(0,s,25(a))|ds < €%
Analogously, for As,

T
|As| < [/ |F(0,s,25(a))|Eg |D(6,s,e,Xs) —EogD(0, 5,2, Xs)|ds
0

1/2 [t
< sup (EQHD(O, s,e,Xs) —EgD(6, s,e,Xs)|2]) / |F(0,s,xs(c))|ds
s>0 0
< &

The terms Az, A4 are bounded as previously. Thus | 4; +A2 +A3 +Ay| S e2+e3T.
It remains to look at the functions H (6, s, ), 4 910, s ,x), 2 8a2 1.0, s,2). Using [S1]-
[S2], as B = sup, ; |z¢(a)| < 400, we easily check (5.28) for H(6,s,z). By [S2]
and Proposition 3.1, sup, , | 2% (o, t)| < +00, sup, ; |%252‘ (a,t)| < 4o00. There-
fore, we can check that (5.28) holds for the two other functions. O

Proof of Lemma 3.1. We have to study under Pg,:

T
eAcr(a, B) / H(0,5, X)[(V(, Xs)ds — b6, s, Xs))ds + edW]
0

1T, e 5
-3 H%(0,s,X5)ds = —5 (H(9,s,Xs) — V(ag, Xs))“ds
0 0

1

T
2
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where, using (3.3), (2.7)

T T

T = 5/ H(0,s, Xs)dWy; T2:/ H(0,s,Xs)D(6,s,e, Xs)ds
0 0
T

T, — _/ (H(0, 5, Xs) — H(0, 5,74(0)))®(Bo, X — ws(c10))ds
0
T

T, = 7/0 H(0,s,25(c0))P(Bo, Xs — zs(vo))ds.

Let us consider the first term of e2A. 1 (o, B). It satisfies, using Lemma 5.1 (i)
that, under the condition ev/T — 0,

T

T
/0(H(H,S,XS)—V(aO,XS))2ds:/ (H(Q,s,xs(ao))—V(ao,xs(ao)))zds+0p(1).

0

Now, define the limit of its integrand term as s — oo,
h* (o, ag, B) = V(a,z*(an)) — P(B, 2™ (ag) — 2™ (). (5.42)

The two cases pointed out in Section 3.4 occur here.

Case (1): VB, h*(a, a0, 8) # 0 and

T fo (0,s,25(v0)) — V(Oéo,mg(ao)))QdS — (h*(a, ap, B))2.

Case (2) VB, h*(a, a0, 8) = 0; [(H(0, 8, 25(c)) — V(cw, 25 (ag)))?ds < 0.

The second term satisfies fOT V2(ag, Xs)ds = fOT V2(ag, zs(ap)))ds + op(1) in
both cases. This integral converges, as T' — oo to [~ V?(ap, zs(ag)))ds < oo.

Consider now the remainder terms T} of e2A. 1 (v, 3).

We have Eg, 77 = £2Ey, fOT[V(a, X,) — ®(B, X5 — x5(a))]?ds. Using Lemma 5.1
(i) and similar tools detailed in the proof yields that Eg, 77 < £27'. Therefore,
under the condition ev/T = o(1), we find that T) = op(1),T> = op(1). For T,
applying Lemma 5.1 (i) yields that

T
Ey, / [H(0,s,Xs) — H(0,s,2,(0))®(Bo, Xs — x5(ap)])?ds < Te?
0

and By, |T3] = eV'T = op(1).

For Ty, using Theorem 2.3, ® (89, X — xs(cn)) = $2(B,0)(egs(00) + 2R (60)).
T

Therefore Ty = Ea—q)(ﬂ, )/ H(0,s,25(c))gs(00)ds + op(1).

The limit, as s — oo of H(9 s,xs(ap)) is h* (g, , B) defined in (5.42). There-

fore, we have to study Z* in Case (1) and T} in Case (2). We have

T
7, =22 (5.0 (0,00 ) / 02(60)ds
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+ / (H (0, 5,74(a0)) — h* (e, a0, B))gs (80 )ds].
0

T.
Therefore, in Case (1), by Proposition 3.2 (ii) and (iii), ?4 =cop(1).

In Case (2), for all 8, h*(ag,a,8) = 0 and Proposition 3.2 (iii) yields that
T4 = EﬁOP(l) = Op(l).

Consider now 621\5 1(ap, B). Noting that h*(ag, a0, 8) = 0, Ty = op(1). Using
that fo B, Xs — x5())]?ds = Op(e2T), we get

1

T 1 T
Pher(onf) = =5 [ 180X —n(@)Pds+ 5 [ V¥oo Xds +op()

T
:_/ V%(ap, Xs)ds + op(1).
0

Joining these results yields that, using (5.42),
50 (@, 00, 8))% = A} (e, a0, ).

Case (1): T( er(a,B) = Acr(ao, B)) = —

Case (2): e2(Acr(a, B) — Acr(ao, 8)) = AP (a, aq, B), with
AP (e, a0, B)=—1 [F¥IV (@, 25(0))~V (a0, 25 (o)) —® (B, 2 (a0) — () )] ds.

The uniformity of the convergence is obtained using that ©,,03 are compact
sets, Assumptions [S1], [S2] and Comments 2.1, 2.2.

Finally, it remains to study 7 (Ac (o0, 8) — Ac v (a0, Bo)).

A, (a0, B /H 00, B, 5, X)[(H (0, 5, Xs) — D00, 5,2, X.))ds + edV]
1 ) I )
_5 H (ao,ﬁ7S,X3)dS:—§ (H(aOvﬁvsts)_H(9078aXs)) ds
0 0
T T
+€/ H(a076757X8)dW8 _/ H(O{Q,ﬁ,S,XS)D(Go,S,E,XS)dS.
0 0

Now, H(«o, B, s, Xs)—H (6o, s, Xs) = —(P(8, Xs—zs(ag)) —P(Bo, Xs —xs(ap))),

(B, Xs—ws(an)) = %(570)(Xs—$s(a0))+0p(5) = Eg_i(ﬁ’ 0)gs(60)+£%0p(1).

Therefore,
1 1 [Tod oL
T(Ae,T(QOa/B)_Aa,T(aOaﬂO)) = _ﬁ/o (%(5,0)— %(60,0))293(00)%

+ T1 + T2 + EOP(l),
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where T} = ELT fOT(H(a07ﬂ,s7XS) — H(by, s, Xs))dWs,

— L [ (H (e, 8,5, Xs) — H(00, 5, X)) D (00, 5, ¢, X,)ds.
For T3, we have, using Theorem 2.2,

1 T
E90T12 - WEQO /(; (H(a076757X5) - H(OO,S,XS))QdS
1 oo 1
5 EQTQTSUP]EOO((XS - .’ES(Oé())) ) 5 T

Therefore T3 = op(1).
For Ty, set F(X;) = H(ay, 8,8, Xs) — H(bo, s, X;s).
Then, splitting D(6y, s,¢, X,) as in the proof of Lemma 5.1,

T T
/ F(X5)D(0o,s,e,Xs)ds :/ F(Xs)Eg,D(00,s,&, Xs)
0
/ F(X,)(D(0o, 5,2, Xs) — Eg, D(0o, 5, 2, Xs))ds.
Using that Eg, | fo |F(X,)|ds < VT (Eg, fOT F%(X,)ds)'/? < eT, we get

T
E90|/ F(X,)Eg,D(0,s,¢,Xs)ds| < sup|Eg,D(0p,s,e, Xs)l,
0 s

T
Ego/ |F(X)|ds < €.
0

Now, we have that

Eg, |F(X)(D (00,5, ¢, Xs) —Eo, D(00, 5,, X))| < &3[Eg, (X —24(0))?]/20(1).
Hence, B, | [, F(X,)(D (6o, 5,6, X;) — Eg, D (60, 5,¢, X,))ds| < T

These two inequalities yield that Ty = 2 = 0p( ) and finally, as T — oo,

7 (Ac (oo, B) — Ac T(Oéoaﬂo — 5 fo B3,0) — 92 (B0, 0)]2g2(6o)ds + op(1)
— m[az (8,0) — QJ(BO, 0)? = Ag(ao,ﬁ Bo). Moreover, we can prove
that this convergence is uniform with respect to g € ©3. O

Proof of Theorem 3.3. We just give here a sketch of the proof. To get (i),
we prove the three steps 1-3 of [23], Section 4.4.1, that we have recalled at the
beginning of Section 3.5.

Proof of 1. Case (1): since (£2/T)(Ac.r(, B) — Ac 7(v, B)) —Py, Agl)(a, ap, B),

uniformly with respect to («, 8) where («, 8) — A})(a, ag, B) is continuous, < 0,
and = 0 iff & = oy implies the consistency of é. 7.
Analogously, in Case (2), since £2(A. 7 (o, 3) — Ac 1 (a0, B)) —Pg, A?)(a, ag, B),
uniformly with respect to (a, £) implies the consistency of . 7.
Proof of 2. By (1), &. r is consistent thus Py, (de1r € ©4) — 1 as € tends to 0.
On the set (&1 € O,), we have:

0N 1

0 = O (ae T, Be T) ‘/e,T + (&E,T - aO)NE,Ta where
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OA. 5 L92A, X .
Ver = aa’T (o, Beyry,  Ner = /o 6042’T (oo + t(Ge,r — ), Be,1)dt.
Thus, we have vVTe (a7 — ap) = —% for Case (1)and
e N ber —ap) = — EVE L for Case (2).

We must prove that (5/\/_) .7 and (¢2/T)N. r for Case (1), V. r and 2N,
for Case (2), are tight under Py,. This can be done using the same tools as in
Theorems 3.1 and 3.2, and using the assumption that ‘g—‘i’(ﬂ,O) is uniformly

bounded on O and that 3. € Op.

Proof of 3. To obtain the consistency of BE’T, it is enough to prove that:

1

T(AE,T(ds,Ta B) = Aer(ée 1, Bo)) — Az(w, B, Bo) (5.43)

uniformly in f.
Consider first Case (1). Using (5.26), we have, setting o, = ag + u(Ge,r — a0),

Aer(ber, B) — Aer(Geyr, Bo) = (Aer(a0, B) — Acr(ao, Bo))

3

+ T(&E,T —ag)—=R(e,0,T),

3

with

1
RE0.7) = [ (2 @) - 25 o)

\/T ! (e(o”uﬁ) —€(au,ﬂo)) ov * Wr

(/0 ) D0 (Qy, 2% () )du JT + 0p(1)) .
Now, since &, r is consistent, the integral term converges to a constant C'(6g, )
which is bounded. Therefore T3/2 eR(e,0,T) = TY[;/TZ C(bo,8) + Fop(1) = op(1).
Using now the tightness of e 'v/T (G — ) yields (5.43). The uniformity in
B follows from the continuity of 8 — £(6).
For Case (2), we use (5.38)-(5.39) and

OAc 1

£

5 9 T / / O‘uwga h(auwBOaS)du)dWs =+ OP(l))

Therefore T&‘R(E 0,T) = + fo dW( fo (o, B,8) — h(aw, Bo, s)du) + Fop(1)
Since &g is consistent, the integral term converges to a function F(6y, 3, s)
which is bounded uniformly in s.
Hence Eg,(:cR(,0,T))? = 75 fOT dsEgo(fol(h(au,ﬂ,s) — h(aw, Bo, 8)du)?) <
70(1). Hence, we get that (5.43) also holds in Case (2).
Under the identifiability asssumption for £, we get that in both cases the con-
sistency of Baj.

The proof of the asymptotic normality follows, by standard tools from (i)
and Theorems 3.1 and 3.2. OJ
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