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Abstract

In 74, d > 2, we consider random walks in a balanced random environment with a
finite range of dependence. We first obtain both positive and negative exponential
moment bounds for the invariant measure of the process of the environment as viewed
from the particle. We then deduce the exponential integrability for both the lower
and upper bounds of the heat kernel of the RWRE which greatly improves the known
L? bounds. Using these bounds, we prove the optimal decay rate for the semigroup
generated by the heat kernel for d > 3 when the environment is i.i.d. As a consequence,
we deduce a functional central limit theorem for the environment viewed from the
particle.
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1 Introduction

In the model of random walks in random environment (RWRE), the invariant measure
for the process of the environment viewed from the particle plays a crucial role in the
study of the limiting behavior, cf. [47, 46, 39, 23, 50] and references therein. It has been
used to derive the central limit theorem (CLT) and to determine the effective equations
in homogenization, cf. e.g., [42, 36, 22, 38, 32, 27]. For time-reversible random walks in
random environment, Kipnis and Varadhan [37] proved a functional central limit theorem
(FCLT) which states that the process of the environment as viewed from the particle
(centered at the invariant measure) has a diffusive scaling limit. It is interesting to
investigate whether such behavior is still shared by non-ballistic RWRE models which in
general are non-reversible in time.
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Stochastic integrability of heat-kernels for RWBRE

The Gaussian bounds of the heat kernel, which compare the transition probability of
the RWRE to that of the Brownian motion, offer finer descriptions of the diffusivity than
the CLT. Such heat kernel estimates (HKE) have been established for RWRE where either
the invariant measure is explicitly known (e.g., the conductance model [19, 20, 5, 1])
or models where the environment process decorrelates with a relatively fast speed
(e.g., ballistic RWRE [9]). For general RWRE, the HKE, which is usually in terms of
the invariant measure, is not expected to achieve deterministic Gaussian bounds. (An
important class of such models is the random walk in a balanced environment, a process
generated by a non-divergence form operator [29, 28, 45]). Although the HKE may
have Gaussian bounds in the limit, the lack of good moments of the random HKE could
significantly limit its applicability in the quantitative comparison to the Brownian motion.
Therefore it is essential to establish good stochastic integrability for both the invariant
measure and the HKE.

In this article we consider random walks in a uniformly elliptic, balanced random
environment in Z? for d > 2. We will prove the exponential integrability for both the
lower and upper bounds of the invariant measure and the heat kernel, greatly improving
known results of L4/(4=1) integrability in the ergodic setting. Of course, the L%/ (¢—1)
integrability holds in the weaker stationary and ergodic setting, while we need a finite
range of dependence condition to obtain the exponential integrability. Furthermore, we
will obtain optimal variance decay rate for the semigroup generated by the heat kernel
in dimensions d > 3. As a consequence, we deduce a FCLT for the environment viewed
from the particle. Our results are crucially inspired by an argument from Armstrong and
Lin [3].

1.1 Settings
Let $4x4 be the set of d x d positive-definite diagonal matrices. A map

w:Zd%ded

is called an environment. Denote the set of all environments by (2 and let P be a
probability measure on {2 so that

{w(z) = diaglw: (2),. .. ,wa(z)],z € Z4}
is stationary and ergodic with respect to the spatial shifts 0, : 2 — Q defined by
(Opw) () = w(zx + ).

Expectation with respect to P is denoted by IE or Ep.

Let {e1,...,eq} be the canonical basis for R?. We set
(ot e) = 20 i1 4 (1.1)
w(z,xrte;) = i=1,...,d, .
2trw(x)

and w(z,y) = 0if |z — y| # 1. Namely, we normalize w to get a transition probability. We
remark that the configuration of {w(z,y) : x,y € Z?} is called a balanced environment in
the literature [42, 35, 11].

Definition 1.1. For a fixed w € €, the random walk (X,,),,>0 in the environment w started
at z € Z% is a Markov chain in Z? with law P2 specified by P*(X, = ) = 1 and

PP (Xpt1 = 21X, =y) =w(y, 2). (1.2)
The expectation with respect to P is written as E,. When the starting point of the

random walk is 0, we sometimes omit the superscript and simply write P°, EY as P, and
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FE,,, respectively. Notice that under Pg, w € (), the process
ot = Ox,we, ic Z>y,

is also a Markov chain, called the environment viewed from the particle process. With
abuse of notation, we enlarge our probability space so that P, still denotes the joint law
of the random walks and (©%);>0.

We also consider the continuous-time RWRE (Y;) started at = € Z? on Z“.
Definition 1.2. For any function u : Z? — R, we let Vu(z) = u(z+¢e;) +u(x — e;) — 2u(x)
for 1 < i < d. Define V? = diag|V3,..., V2], which is a diagonal matrix. Let (Y;);>o be
the Markov process on Z® with generator

B 1
- 2trw(w)

L,u(z) = Zw(x, y)[u(y) — u(z)] tr(w(z)V>u). (1.3)

Y

With abuse of notation, we still let P? denote the quenched law of (Y;). If there is
no ambiguity from the context, we also write, for z,y € Z¢, n € Z,t € R, the transition
kernels of the discrete and continuous time walks as

Ph(@,y) = Pi(Xn =y), and py(z,y)=Pi(Y=y),
respectively. We still denote the process of the environment viewed from the particle as
ot = 9ytw, te ]RZO' (1.4)

Both the discrete- and continuous-time RWRE share the same trajectory, and their
behavior are very much the same. The solutions to the Dirichlet problem can be
characterized using the discrete-time RWRE, whereas for the transition kernels it is
easier to manipulate the continuous-time case where the derivatives in time have less
cumbersome notation compared to theirs discrete counterparts. Hence we will use both
(X,) and (Y;) in our paper for convenience.

1.2 Main assumptions
We assume the following points throughout the paper.
(A1) The measure P is translation-invariant under shifts {6, : z € Z?}, and P has a finite
range A > 0 of dependence. That is, for any subsets A, B C Z? with dist(4, B) =

inf{lz —y| : « € A,y € B} > A, the collections of variables {w(z) : x € A} and
{w(y) : y € B} are independent.

(A2) ﬁ > 2«1 for P-almost every w and some constant « € (0, 2—161]

Of course, a special case of (Al) is the i.i.d. assumption below.
(A3) {w(z),x € Z%} are ii.d. under the probability measure P.

In this paper, we use ¢, C to denote positive constants which may change from line
to line but that only depend on the dimension d and the ellipticity constant « unless
otherwise stated. We write A < Bif A < (CB, and A < Bif both A < B and A 2 B hold.

1.3 Earlier results in the literature

The following quenched central limit theorem (QCLT) was proved by Lawler [42],
which is a discrete version of Papanicolaou, Varadhan [47].

Theorem A. Assume (A2) and that law P of the environment is translation-invariant and
ergodic under spatial shifts {6, : = € Z?}. Then
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(i) There exists a probability measure Q ~ P such that (@*);>¢ is an ergodic (with
respect to time shifts) sequence under law Q x P,_,.

(ii) For P-almost every w, the rescaled path X,,2;/n converges weakly (under law P,)
to a Brownian motion with covariance matrix a = Eq[w/trw] > 0.

QCLT for the balanced RWRE in static environments under weaker ellipticity assump-
tions can be found at [35, 11]. For dynamic balanced random environment, QCLT was
established in [25] and finer results concerning the local limit theorem and heat kernel
estimates were obtained at [24]. An algebraic rate of convergence for the QCLT in the
balanced environment was obtained in [32]. When the RWRE is allowed to make long
jumps, non-CLT stable limits of the balanced random walk are considered in [17, 18].
We refer to the lecture notes [13, 50, 12, 26, 41] for QCLT results in different models of
RWRE.

Denote the Radon-Nikodym derivative of Q with respect to P as

p(w) = dQ/dP(w). (1.5)

For any = € Z% and finite set A C Z¢, we write

pu(®) == p(fw) and pu(A) = Z Pu ().
T€EA

It is known that (see, e.g., [24]) for P-almost all w, the measure p,(-) on Z? is the
unique (up to a multiplicative constant) invariant measure for the RWRE (X,,),,>0. In this
sense, Q is the steady state for the environmental process. To investigate the long term
behavior of the RWRE and the homogenization of the corresponding diffusion equations,
it is essential to characterize the invariant measure p,,. For ergodic balanced random
environments, the following stochastic bounds for the invariant measure p,, and the heat
kernel were proved in [42, 29, 24].
Forr > 0,t > 0, denote by

2

h(r,t) = —

vt+rlog(fv1), r>0,t> 0. (1.6)

t

Theorem B. Assume (A2) and that law P of the environment is translation-invariant and
ergodic under spatial shifts {6, : z € Z?}. There exist constants ¢ > ﬁfl and p > 0 both
depending on (d, ) such that

(1)

(ii) IP-almost surely, for any r > 0,
pw(BZT) S pr<Br)7
(iii) P-almost surely, for all x € Z<¢, t > 0,

s(0)_—clap /s < p¥(x,0) < Cpu0) —co(al), (1.7)
Pw(B ) pw(B )

Moreover, for x € Z4, t > 0,

C

198 (0, 2) Lagpy < me_cb(‘xl’t)7 (1.8)
) Cc _Clz|?
Hpt (Oax)Hpr(Ip) > We Clz| /t. (1.9)
EJP 29 (2024), paper 194. https://www.imstat.org/ejp
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Remark 1.3. The positive moment bound in (i) with ¢ = % was obtained by Lawler
[42]. The negative moment bound (i) and volume-doubling property (ii) were proved by
Bauman [6]. The L? bound of the invariant measure in (i) and a heat kernel moment
bound of [|py (0, )| ,(p) were obtained by Fabes and Stroock [29]. Note that although
[6, 29] are results for deterministic operators, they yield the corresponding stochastic
integrability of the RWRE by Birkhoff’s ergodic theorem. Deterministic heat kernel
bounds of the form (1.7) were shown by Escauriaza [28] in the PDE setting, and by
Mustapha [45] for discrete time balanced random walks. In the more general dynamic
ergodic balanced environment setting, Theorem B was proved by Deuschel and the
first named author [24]. The optimality of the L? moment, ¢ > d—il, of the heat kernel
was also discussed in [29, (4.10)] with examples where ¢ could be as close to d%l as

possible. Note that in the general time-dependent environment setting, the number %

in Theorem B, which is due to the integrability of p in the static environment should be
replaced by 4.

g Pw(0)
Roughly speaking, the term o (B

time the RWRE visits the origin and the time it spends in the ball B, ;. For the special
deterministic environment a = I, i.e., when the RWRE is a simple random walk, we have
p = 1 and this term becomes a constant C't~%/2.

However, as an important feature of the non-divergence form model, both p, and
Pw (O)td/2
pw(Bﬂ)
general. For instance, Gantert’s example in [50, Page 281] shows that there exists

a uniformly elliptic balanced environment with an arbitrarily strong local “blocking”
property so that p,(0) > 0 can be as small as we want. In other words, there are
examples of balanced i.i.d. uniformly elliptic random environments with the property
P(inf,ez4 pow(z) = 0) = 1. The poor stochastic integrability of the heat kernel bounds
could greatly limit their usefulness in the prediction of the diffusive behavior of the
RWRE.

One of the goals in this paper is to show that, in a balanced environment with finite
range of dependence, both p,, and the heat kernel have positive and negative exponential
moment bounds.

Since @ is the limiting ergodic measure of the environment, it is expected that, as ¢t —
o0, P(w') — Eqlt] almost surely for ¢ € L'(PP). (Recall the process &' of the environment
as viewed from the particle in (1.4).) When the balanced environment satisfies a finite
range of dependence and ¢ is an L*°(IP) local function, it is shown in [32, Theorem 1.2]
that, with overwhelming annealed probability, the average ¢! fot (%) ds converges
to Eg[¢] at an algebraic speed. For time-reversible RWRE, Kipnis and Varadhan [37]
proved that the process of the environment as viewed from the particle has diffusive
behavior. Further, in the conductance model where the walk is generated by divergence
form operators, algebraic rates for the decay of E,,[1/(&")] are obtained in [44, 31, 21].

Another goal in this paper is to establish the optimal decay rate of E, [¢)(&")] — Eqy
for the the balanced RWRE. To this end, we will adapt the strategy of Gloria, Neukamm,
Otto [31] on the semigroup decay of divergence form equations into the non-divergence
form setting.

In our proof of improved moment bounds for the invariant measure and heat kernels,
we will employ the following quantitative homogenization result for the elliptic non-
divergence form operator L.

We need some notations to describe the homogenization problem. For a function f
on R? we let D?f denote the Hessian matrix of f. For any function v : Z% — R, recall
that VZu(z) = u(z +€;) + u(z — ;) — 2u(z) for 1 < i < d. Also, V? = diag[V%,...,V3]isa
diagonal matrix. For 7 > 0, y € R? we let

in the HKE is the long term ratio between the

are not expected to have deterministic upper and (nonzero) lower bounds in
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Br(y): {xe]Rd: ‘x_y‘ <’I“}, Br(y):IBT(y)mZd
denote the continuous and discrete balls with center y and radius r, respectively. When
y = 0, we also write B, = B,.(0) and B, = B,.(0). For any B C Z¢, its discrete boundary
is the set

0B = {z € Z*\ B : dist(z,z) = 1 for some z € B} .
Let B = B U OB. Note that with abuse of notation, whenever confusion does not occur,
we also use 0A and A to denote the usual continuous boundary and closure of A C R?,
respectively.

A function ¢ : Q — R is said to be local if it is measurable and depends only on the

environment {w(z) : x € S} in a finite set S C Z¢.

Proposition C. Assume (Al), (A2), and that the v is a local function. Recall the measure
Q in Theorem A. Suppose g € C*(0B,), f € C*(B;) for some o € (0,1], and ¢ is
a measurable function of w(0) with ||¢/trw||, = ess SquW < oo. Let @ be the
solution of the Dirichlet problem

itr(aD?u) = fyp  in By,

uU=g on 0By,
with @ = Eqw/trw] > 0 being a positive-definite matrix and ¢ = Egq[¢/trw].

For any ¢ € (0,d), there exist a random variable 2, = 24(w, d, x) with E[exp(cZ,%)] <
oo, and a constant 8 = 5(d, k, q) € (0,1) such that for any y € Bsg, the solution u of

{ %tr(wvlu(x)) = %f(’c}_%y)'l/}(ezfyw) HANS BR(y)v (1.10)
u(z) = g(li:Z\) x € O0Br(y) '
satisfies, with A1 = ||flloo.es |5l + [glooeom,).

max ‘u(ﬂc) —a(5)| < Ay (1 + 2R RF, (1.11)

z€BRr(y)

Remark 1.4. The proof of Proposition C, which is a small modification of [32, Theo-
rem 1.5], can be found in the Appendix.

In terms of the quantitative homogenization of elliptic non-divergence form operators
in the PDE setting, Yurinski derived a second moment estimate of the homogenization
error in [49] for linear elliptic case, and Caffarelli, Souganidis [16] proved a logarithmic
convergence rate for the nonlinear case. Afterwards, Armstrong, Smart [4] achieved
an algebraic convergence rate for fully nonlinear elliptic equations. Armstrong, Lin [3]
obtained quantitative estimates for the approximate corrector problems.

In the random walks in a balanced random environment setting, the above algebraic
rate (1.11) was proved in [32] by Peterson and the authors, following ideas of Armstrong,
Smart [4] in the PDE setting. When the environment is non-elliptic but genuinely d-
dimensional and i.i.d., Harnack inequalities with near optimal constants were proved in
[8] for elliptic operators by Berger, Cohen, Deuschel and the first named author, and in
[10] for parabolic operators by Berger and Criens, respectively.

1.4 Main results

For RWRE in a balanced, uniformly elliptic environment with a finite range of depen-
dence, we will establish natural lower and upper bounds for both the invariant measure
and the heat kernel (Theorem 1.5) which possess both positive and negative exponential
moments, greatly improving the stochastic integrability in Theorem B for the ergodic
setting. When the environment is i.i.d., we will obtain the optimal decay rate of the
semigroup generated by the heat kernel for d > 3 in Theorem 1.6.
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Theorem 1.5. Assume (Al), (A2), and d > 2. Let s = s(d,k) =2+ i —d > 2. For any
¢ > 0, there exists a random variable J# (w) = 7 (w, d, k,&) > 0 with Elexp(cs#9¢)] < oo
such that the following properties hold.

(a) For P-almost all w,
e < plw) < Cd1,

_d _d
s’ d—1

In particular, for any q € ( ), we have

Elexp (ep?)] < oo.

(b) For any r > 1 and IP-almost all w,

pow (O)

< Cupdt,
Pw(Br)

cH %<

(c) Recall the function b in (1.6). For any z € Z%,t > 0, and PP-almost all w,

P (x,0) < Co1 (1 + 1)~V 2emeb D)
P (2,0) > e (1 4 1) 42 Clel/t,

Recall the continuous time RWRE (Y});>( in Definition 1.2. For any measurable
function ¢ : Q — R, we define its stationary extension  : Z¢ x Q — R as

((2) = C(z5w) = ¢(Bzw).

Define the semigroup P, t > 0, on R® by
P(w) = EJC@N] = Y97 (0,2)¢(25w).

The following theorem estimates the speed of decorrelation of the environmental
process @' from the original environment under (A3). It gives a rate ¢t~%* of decay for
the semigroup, which is optimal. A function ¢ : 2 — R is said to be local if it depends
only on the environment {w(z) : z € S} in a finite set S C Z?. The smallest such a set S
is called the support of ¢ and denoted by Supp(().

Theorem 1.6. Assume (A2), (A3), and d > 3. For any local measurable function( : 2 — R
with ||(||, <1 andt > 0, we have, for C = C(d, k, #Supp(()),

Varg(P:¢) < C(1 +t)~4/2; (1.12)
1P:¢ = EqCll i ey + 1P:¢ = B[Pl 1oy < Cp(1+6)"Y* forallp e (0,2).  (1.13)

For divergence form operators, optimal diffusive decay of the semigroup generated by
the heat kernel was obtained by Gloria, Neukamm, Otto [31], de Buyer, Mourrat [21]. Our
proof of Theorem 1.6 is motivated by the approach of [31], which uses an Efron-Stein type
inequality and the Duhamel representation formula for the vertical derivative. However,
unlike the divergence form setting [31], there are no deterministic Gaussian bounds for
the heat kernel, and the steady state Q of the environment process (@");>¢ is not only
different from the original measure P but also without an explicit formula. To overcome
these difficulties, our heat kernel estimates and the (negative and positive) exponential
moment bounds of the Radon-Nikodym derivative g% in Theorem 1.5 play crucial roles.
Another feature of our non-divergence setting is that there are no Caccioppoli estimates
for p > 2. See Lemma 3.2.
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As a consequence of Theorem 1.6 and the CLT of [22], we obtain a CLT for the
additive functional of the environmental process. Recall that &' = fy,w is an ergodic
process under the law @ x P,, and time shifts. The following CLT says that, when d > 3,
the fluctuation around the ergodic mean is approximately Gaussian under the diffusive
rescaling.

Corollary 1.7. Assume (A2), (A3). Let d > 3. For P-almost all w and any bounded
measurable local function ¢ of the environment with Eq( = 0, the P,, law of

= (@) s

converges weakly to a Brownian motion with a deterministic diffusivity constant.

Another immediate consequence of Theorem 1.6 is the existence of a stationary
corrector in d > 5 for the non-divergence form homogenization problem (1.10).

Corollary 1.8. Assume (A2), (A3). When d > 5, for any bounded local measurable
function ¢ : Q — R, there exists ¢ : 2 — R such that ¢ € LP(P) for all p € (0,2), and for
P-almost all w, its stationary extension ¢(x) = ¢(f,w) solves

L,o(z) = {(x) — Eg[¢], forallzc Z. (1.14)

Remark 1.9. In the classical periodic environment setting, it is well-known that the
existence of a stationary corrector implies that the optimal homogenization error of
problem (1.10) is generically of scale R~1. Readers may refer to the classical books [7,
36] for the derivation of the rate in the periodic setting, and [34, 48, 33] for discussions
on the optimality of the rates.

We remark that our Corollary 1.8 is a weaker version of [3, Theorem 7.1] where a
stretched exponential tail was obtained for the corrector. Neverthless, our Corollary 1.8
is an immediate consequence of the optimal semigroup decay rate.

To obtain the above results, we need to study properties of the Green functions. For
d > 2,R > 1, denote the exit time from Bgr of the RWRE by

T=71g=inf{n >0: X, ¢ Br}. (1.15)

Definition 1.10. For R > 1, w € Q, z € Z¢, S C Z%, the Green function Gg(-,-) in the
ball By, for the balanced random walk is defined by

TR—l
Z IlX,LGS] ; T € Bg.

Gr(z,S) = G%(x,S) == E®

n=0

We also write Gr(z,y) = G%(z,{y}) and Ggr(z) := G(z,0).

Note that for d > 3, by [35, Theorem 1], the RWRE is transient, and so the Green
function in the whole space

G¥(z) = lim Gg(z) < o0

is well-defined for all 2 € Z9, P-almost surely. Whereas, when d = 2, the RWRE is
recurrent, and thus the Green function in the whole Z2 is infinity. In this case, the
potential kernel

A(a;):Aw(x):i[pg(o,o)—p;(x,o)], € Z? (1.16)
n=0
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is well-defined. Note that G and A are both non-negative functions, and, for x € VAS
LWG(III) = —ﬂz:(), if d 2 3,

and
L A(z) = 1,0, ifd=2.

Theorem 1.11. Assume (Al), (A2). Forr > 0, let
U(r) = { ;Ijg’" =2, (1.17)

For any e > 0, there exists a random variable S = ' (w,d, k&) > 0 with Elexp(c#~¢)] <
oo such that, IP-almost surely, for all x € Bg,

AU (|2 +1) = U(R+2)] £ Gie) S 27U (Ja| +1) = U(R +2)],

where s = s(d,k) =2+ 5~ —d > 2.

In terms of the Green function of non-divergence form operators, L4/(d-1) gnd L9,
q > d%l upper bounds were proved by Bauman [6] and Fabes, Stroock [29]. For non-
divergence form operators in a random environment with a finite range of dependence,
an upper bound for the Green function of the approximate corrector with exponential
integrability was obtained by Armstrong, Lin [3]. For balanced RW in a time-dependent
ergodic environments, positive and negative moment bounds and scaling limits of the
Green’s function were obtained by Deuschel and the first named author in [24].

Our proof of the bounds of G% follows the idea of Armstrong, Lin [3, Proposition 4.1].
In Theorem 1.11, we apply their idea to obtain both upper and lower bounds for the
Green function Gy in a finite region.

With the bounds in Theorem 1.11 and the heat kernel estimates Theorem 1.5, we can
deduce bounds of the Green functions on the whole space.

Corollary 1.12. Assume (Al), (A2). Let s be as in Theorem 1.11. For any € > 0, there
exists a random variable # = #(w,d,k,c) > 0 with E[exp(c#9¢)] < oo such that,
P-almost surely, for all x € 7,

% log(|z| + 1) S AY(x) < Hlog(|x| + 1), when d = 2;
A1+ |z)) 1< GY(x) S A1+ |2])? ¢, whend > 3.

The proof of Corollary 1.12 will be given in Section 3.2.

2 Bounds of the Green function in a ball

By the Markov property, Ggr(z, S) satisfies Gr = 0 on 0Bg and
LUJGR((IJ,S) = —14cs, « € Bpg. (2.1)

We will establish upper and lower bounds of the Green function G (Theorem 1.11) by
comparing G g to test functions, an idea we learnt from Armstrong-Lin [3, Proposition 4.1].
Note that [3] only obtained an upper bound of the Green function corresponding to the
“approximate” operator defined on the whole R¢, while our Green function corresponds
to the original non-divergence form operator within a finite ball Br. Hence, in our case,
the challenge lies in finding appropriate test functions (for both lower and upper bounds)
so that they have the desired boundary values and concavity near the discrete boundary.
More details are explained below.
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Let us call a function u : Z¢ — R w-harmonic on A C Z® if L,u(y) = 0 for y € A.
Clearly, the Green function Gg(z,0) is w-harmonic on By \ {0}.

To obtain the upper bound, we construct a function A which is almost w-harmonic
away from the origin and with (almost) zero boundary values, so that Gp — h is sub-
harmonic at places that are either close to the origin or the boundary of Bg. As a result,
if (Gr — h)(x¢) = maxp,(Gr — h) were positive, then the maximum principle forces the
maximizer x( to be sufficiently far away from both the origin and the boundary. This
allows enough space for the homogenization to occur around xg, i.e., h is close to its
continuous harmonic counterpart up to an algebraic error. On the other hand, by the
maximal principle, the w-harmonic counterpart of Gp — h (which is an algebraic error
away from G — h) cannot achieve its maximum over the ball B|x0| /2(:50) in the center.
This would contradict the assumption that the maximizer is x(, if we can exploit the fact
that h is w-superharmonic to give it enough room to absorb the algebraic error.

The proof of the lower bound follows similar philosophy.

The following Lemmas contain properties of some deterministic functions that will be
useful in our construction of the test functions in the next subsections.

Lemma 2.1. Let 6 = 3/2, where § = 3(d, k, ¢.) is as defined in Proposition C. Define
¢,£:(0,00) — R as

= [ —(logr)ex (r=0/8) d

=2
Plexp(—r0/8) 4 >3,

OR el L R i
r* % exp(r~°/9) d>3.
Define two functions ¢, ¢ : R\ {0} — R as
Cy) =<(yl), and &(y) =&(lyD), y#0.
Then, the following statements hold.

(i) ¢, are decreasing functions on (C,c0). Moreover, forr > C,

= < —€(r) < (d - ;) ri=d.

1
—{'(ry=r'=1  and 3

(ii) For |y| > C, we have
—AC(y) > [y"ENC(y)l, and  — AL(y) < —[ylm TV E).
(iii) For |y| > 2 and k € N, there exists C = C(k,d) such that

ID*¢(y)| < Cly|™"I¢(y)|,  and |DF¢(y)| < Clyl~*|€(y)].

Lemma 2.2. There exist constants «g € (0,1) and Ay > 1 depending on « such that, for
any a € (0,ap), A > Ay,

L(e721#//BY <0 in Bg\ Bgys, when R > Ag; (2.2)
Lo(e ey > 1, o, ez (2.3)
Ly(e" /%) 5 0, 2 € Bp\ By, when R > A% (2.4)

The proof of Lemma 2.2 is in Section A.2 of the Appendix.
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2.1 Upper bounds of Green’s functions

Recall £ in Proposition C. For any ¢ € (0,1), we write
Ro = Ro(w, d, k,¢) := 2,779 4 K,

where K is a sufficiently large constant depending on (d, ), and denote the exit time
from Bpg, as
so =min{n >0: X, ¢ Bgr,}. (2.5)

Note that Ry plays the role of a “homogenization radius” in the sense that for all R > R,
and y € Bsp, the upper bound in (1.11) can be replaced by the algebraic term CA,R P,
Let o = a(d, k) > 0 be a constant to be determined in Lemma 2.4, and set
[C(r/2) —C(R)IR>

Co.r = —atZa/R -%a =« -, when R > Ry.

Definition 2.3. Let (,( be as in Lemma 2.1. For any fixed R > 4R, we define a function
h: BR — [0,00) by
hi(x), x € Bp,,
h(z) = q ha(z), =€ Brya\ Br,,
hs(z), x € Br\ Bgy2,

where the functions h, ho, h3 are defined as below
h1<y):Eu%[h2(Xso>+|X80|_|yH’ yEBRm
ha(y) = Ry [(@™" = 1)(C(R/2) = ¢(R)) + ¢(y) —¢(R)], y € R\ {0},
hg(y) _ R(c)l—laflcayRR27d[ef2a(|y\71)/R _ 672(1]’ y e Rd.

Note that hs is defined first and the definition of h; follows.

Lemma 2.4. When R > 4R, there exists a constant o« > 0 such that the functions
h1, ho, h3, h given in Definition 2.3 have the following properties.

(a) Lyhi(x) = —Ly(|z]) < —1y=o forx € Bp,;

(b) hy = hy on OBgr,, and hy = hz on OBg/;

(c) hy > hy in Bg, \ Bg, 2.

(d) hy > hz in Br \ Br/s, and hy < hz in Br/s \ Br/a—1.
(e) Lohs <0 in B\ Bg)s.

Proof. (a) and (b) are obvious. To see (c), note that ho(x) — hy(x) = EZ[f(Jz|) — f(| Xs )],
where f(r) =1+ Rg_lf(r). Since Ry > K, by Lemma 2.1(i), taking K sufficiently large,
f(r) is a decreasing function for r € [Ry/2, Ry + 1].

Next, we will prove (d). Indeed, we can write, for y € R\ {0},

ha(y) — hs(y) = R§'a(ly|) + A(Ro, R),

where A(Ry, R) is a constant, and a(r) = {(r) — a™'C, grR* % 2¢0—1/E For r ¢
[R/2 — 1, R], by Lemma 2.1(i), taking « > 0 sufficiently small, we have

a'(r) > —Cr'=% +2C, ge R > —Cr' "+ ca'R"? > 0.

Hence, hy — h3 is radially increasing in Bg \ Bg/2—1. Item (d) then follows from the fact
that hy — hz = 0 on 0Bg/s.
Item (e) is a consequence of (2.2) in Lemma 2.2. O
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Proof of the upper bound in Theorem 1.11. For 0 < a < b and d > 2, we have an elemen-
tary inequality
b—a < b1 (U(a) — U(b)). (2.6)

When R € (1,4Ry), note that for € Bg one has L,[Gr(x) — (R+1— |z])] > 0, and
Gr=0<R+1-|z| on 0Bg. By the maximum principle, we have, for « € Bg,
(2.6 d—1
Gr(x) <R+1—|z|] < (R+2)“[U(Jz|+1)—UR+2)].

Hence the upper bound in Theorem 1.11 holds when R € (1,4Ry]. It remains to consider
the case R > 4R,.
First, we will prove via contradiction that

Gr <h in Bg. (2.7)

Assume by contradiction that (2.7) fails, i.e., maxz, (Gr — h) > 0. By Lemma 2.4(a),
L,(Gg —h) > 0in Bg, and so maxg,(Gr — h) is achieved outside of Bg,. Further, note
that (GR — h)'BBR = (_h3)|BBR <0. By Lemma 2.4(6), LM(GR — h3) > 0in BR \ BR/2'
and so, by the maximum principle and Lemma 2.4(d),

max (Gr—h)< max Gr—h3) <0V max (Gr—h).
BR\BR/Q( R )_a(BR\BR/2)( R 3)_ BR/Q\BRO( B )

Hence, if maxz, (Gr — h) > 0, then there exists zo € Bg/s \ Br, so that

(Gr — h)(xo) = I%aX(GR —h) > 0.

Since x¢ € Br/2 \ Br,, by Lemma 2.4(c)(d),

(GR*hQ)(IO) Z max (GR 7h2),

Bzg)/2(20)

which is equivalent to

(Gr — RITI) (o) > g )(GR — R&TL0). (2.8)
lzgl/2(Z0

Recall @ = Eglw/trw] > 0. Without loss of generality, assume that @ = I, and set
C(y) = ((y) + clzo| "¢ (zo)lly — wol?, y € R\ {0},
where ¢ > 0 is chosen so that (by Lemma 2.1(ii))
Al(y) < —lyl"F*1CW)] + 2nclwo| =TV I¢(w0)| <O for y € Byg|ja(wo)-

Then (by Lemma 2.1(iii)) |D¢| < Clxo| ¢ (x0)] in By |z,/2(0), and

~ (2.8) ~
(Gr—= Ry O(w0) = max (Gr -~ RG'C) + CRG Mao| °[¢(z0).  (2.9)
lzgl/2(Z0

Let v : By — R and v : B,,)/2(20) — R be the solutions of (Here a = I.)

tr(aD?*v) = Av =0 x € By
o(x) = R (w0 + 22l2) € 0B,

and
{ va( ) =0 x e B‘IO‘/Q(:EO)

v(z) = 0(5=2) @ € 0Bjzy)/2(20).
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We will show that v can be controlled by Rg_lf both on the boundary and inside of
B|x0‘/2(1‘0). Indeed, for z € aB‘ZOVQ(xO),

[o(z) = R§ ™' C(@)] = Ry~ [Clao + i) — ((a)

2|z —xo|
<RI' sup  |D{]
Bijegl/2(z0)
< CR§ ™ Hao| ¢ (o). (2.10)

For x € B|x0|/2(x0), applying Proposition C with ¢ = d — ¢ to the case a = 1, there exists
B8 = p(d,k,e) € (0,1) such that

v(@) < B(E2) + Cloo| P RS sup |D(wo + ly)
y€OB,
< B({&25) + CRG ™ |wo| =P 1¢ (o)) (2.11)

Furthermore, using the fact that ACN(:EO + @x) < 0 for z € By, we get v(z) < Rgilf(xo +
‘g—olx) in IB;. This, together with (2.11), yields, for z € B,,|/2(z0),

v(@) < Ry~ C(x) + ORG Haol~7I¢(wo)]. (2.12)
Notice that (Gg — v) is an w-harmonic function on By, /2(%0), and so

max (Ggr—v)< max Gr—).
B|mo\/2(w0)( f )_aB\mm/z(Io)( R=v)

Therefore, combining this inequality and (2.10), (2.12), we get

max (Gr—Rj ()<  max (Gr—R§ () +CRY Nzl P|¢(20)]
Bz /2(x0) 9Bz /2(z0)

which contradicts (2.9), since |zg| € (Ro, R), 6 = 3/2 by definition in Lemma 2.1, and
Ry > K is chosen to be sufficiently large. Inequality (2.7) is proved.

(2.7)
Finally, when = € Bg/; \ Bgr,, we have Gr(x) < ha(z), and, by Lemma 2.1(i),

ha(z) < Ry a ' [((Jz]) — ¢(R)]

R
< Ri- /| (~C)'(r)dr

|

R
< Rgl*l/ =4 dr < REU(e]) — U(R)]. (2.13)
|z
When z € Bpg, \ {0},
2.7)
Gr(z) < hi(z) = Ej[ha(Xs,) + [ Xso| — [2]]
@136
S Ry T ESU(|Xs|) —U(R) +U(Jz]) — U(|1 X, )]

= Ry '[U(|z]) - U(R)].

Note that, for |z| > 1, U(Jz|) —U(R) S U(Jz| + 1) — U(R + 2).
When z € Br \ Bg/2,

GR < hg < CRgflRQ—d(e—Qa(kd—l)/R _ 6—2(1)

SRR - ) = R{TIRTUR 41— )
(2.6)
< RYHU(Jz) + 1) — U(R +2)].

~

The upper bound in Theorem 1.11 is proved by putting 57 = Ry. O
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2.2 Lower bounds of Green’s functions

The proof of the lower bound of Theorem 1.11, which is similar to that of the upper
bound, is via comparing G to appropriate test functions. However, unlike the Green
function in the whole space, G is defined only in bounded region, and so the test
functions should be carefully designed to capture the behavior of G near the boundary.

Lemma 2.5. Define 7} : R — (0,00) as 7(r) = (1 + r?)~?, where
0 :=1/(4r) > d/2. (2.14)
Definen : RY — R as

n(y) = 1(ly)).
There exists a constant Cy = Cy(d, k) > 0 such that, for z € 74,

Lwn(x) 2 *]]-mGB

Cpo2 "’

The proof of Lemma 2.5 is in Section A.2 of the Appendix.

Let v = v(k) > 0 be a large constant to be determined, and set

3 _ 7 d—2
O o= EED 2SI s

when R > Ry.

Definition 2.6. Recall ¢, &, 7,7, 0 from Lemma 2.1 and Lemma 2.5. For any fixed R > 4R,
we define three functions ¢;, i = 1,2,3, as

0 (y) = EY[02(Xs) +1(y) —1(Xs,)], Y € Bry;
by) = RETPP (v = 1E(R/2) — &(R) +£(y) —E(R)], vy e R\ {0}
ls(y) = Rg_2_29~y’2C%RR2*d(677“"2/1%2 ), ye RY,

Note that /5 is defined first and the definition of /1 follows. Also, for R > 4R, we define
a function ¢ : Bg — R by

01 (), x € Bp,,
g(l’): Eg(x), xEBﬁ/Q\BRO,
Eg(.’L‘), xEBR\BR/z.

Lemma 2.7. When R > 4Ry, there exists a constant v > 0 such that the functions
{1,445, ¢3, ¢ given in Definition 2.6 have the following properties.

(a) L,y =L,n> —]lmeBcng forx € Bp,;

(b) {1 =4y on 0Bg,, and ¢, = {3 on 6‘]BR/2;

(c) {2 < ¢y in Bp, \BRO/Q.

(d) ly <{l3inBr\ Bpr/s, and ly > £3inBr/y \ Br/o_s.
(e) L,l3>0in Br\ Bg/s.

Proof. (a) follows from Lemma 2.5, and (b) follows from definition. To see (c), note that
0y — by = E2[f(| X4 |) — f(|z|)], where f(r) = RI"272%¢(r) —7j(r). Since Ry > K, by taking
K sufficiently large and by Lemma 2.1(i), we have

f'(r) = —(d—1/2)R{>720r 1T 4 20(1 4 )0 1pd =22

(2.14)
Z (d o 1/2)(7,(172729 o R(c)l—2—20) > 0
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and so f(r) is decreasing for r € [Ry/2, Ry)]. Item (c) is proved.
Next, we will show (d). Indeed, we can write, for y # 0,

Us(y) — 3(y) = RG> *a(ly|) + A(Ro, R),
where A(Ry, R) is a constant, and a(r) = £(r) — y~2C,, gR2~%~"*/%* By Lemma 2.1(i),
a'(r) < —ert=d 4 C”yilCWR’de*WZ/RQ
<er' T (-1+C0y 1 (H)Y) <0
for r € [R/2 — 2, R] if v is chosen to be sufficiently large. Hence, ¢; — {3 is radially

decreasing in Bg \ Bgr/2—2. Item (d) then follows from the fact that ¢ = /3 on OBp/5.
Item (e) is a consequence of (2.4) in Lemma 2.2. O

Proof of the lower bound in Theorem 1.11: It suffices to show that, for x € Bp,
G%(x) 2 RS’Z’”(U(|QE| +1)-U(R+1)). (2.15)

Recall U(r) in (1.17). Indeed, (2.15) is equivalent to the lower bound of Theorem 1.11
when x € Bgr_1. When x € By \ Br_1, R > 2, taking y € Br with |y| < |J,‘| — 1 and
|z — y|1 < 2d, by the assumption (A2), inequality (2.15) yields

Gr(7) > P ( X2y, =y)Gr(Y)
2 RG(U(z)) - U(R+1))
2 Ry (U (x| + 1) — U(R+2)).
Our proof of (2.15) consists of several steps. Let Cy be as in Lemma 2.5 and recall

7= TR in (1.15).
When R € (1,2Cy6?), by (2.3), taking A = A(x) > 1 sufficiently large,

Lo[Gr — (e~ A" — ¢=4R*) <0 in By,

Since Gg =0 > (e"“'“’“"2 — e’ARQ) on OBg, by the maximum principle, we have G >
e~Alzl* _ ¢=AR® in B Thus, using the inequality e® > 1+ a for a > 0, we get, for # € Bp,
(Note that R < 1 in this case.)

GR > e—AR2 (eA(R2—\3’:|2) _ 1) > e—AR2 (R2 _ ‘$|2> 2 R— |$|

By the fact a > log(1 + a),a > 0, we have R — |z| 2 log |f|++11' Moreover, since R =< 1, for

d >3, we also have R — |z| > (|z| + 1)>~¢ — (R + 1)2>~<. Thus (2.15) holds for this case.
When R > 2C6?, by assumption (A2), for x € By and any y € Bc, g2,

Gr(z) > Y PHXi=y,i <7r)PY(y & {X1,..., X}y, }, X}y, = 0)
=0

> GR(may)H‘yh z GR(xay)a
and so (Recall Gg(+,-) in Definition 1.10.)
GR($> Z GR<33,BC[)92) = HR(J,‘), T € Bpg. (2.16)

Thus it suffices to obtain the corresponding lower bound for Hy defined above.
When R € (2Cy6?,4Ry), since (by Lemma 2.5) L,,(Hg —7) < 0 in Bg, by the maximum
principle, we have Hr > n — 7j(R) in Bgr. Notice that

i(r1) = 7(r2) 2 R&2720(U(r +1) = U(rg + 1)), Vi <y < 4Ry. (2.17)
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Indeed, ford = 2,

) =02 [(524) " =1 @ty

—20 1473 —20 1
> CRy ™ log 1+:§ > CRy ™ log 11:?,

where we used the fact a > log(1 + a) for a > 0 in the second inequality. For d > 3,
recalling that 6 > d/2 in (2.14),

N(r) —n(re) = (1473 = (1+13)7°
> (14 r2)¥W27170[(1 4 p2)1=4/2 _ (1 4 42)1=4/2]
2R 4r)P = (L4 1)

Hence, we obtain Hp > RY272(U(|z| + 1) — U(R + 1)) for this case.
It remains to consider the case R > 4R,. To this end, we will prove

(2.16) _

Assume by contradiction that (2.18) fails, i.e., maxg, (¢ — Hr) > 0. By Lemma 2.7(a),
maxp, (¢ — Hg) is achieved outside of Bg,. Further, note that (¢ — Hg)|sp, < 0. By
Lemma 2.7 (e), (d), and the maximum principle,

max (/— Hg) < max f3— Hr) <0V max (¢ — Hpg).
BR\BR/Z( R) < 6(BR\BR/2)( ’ R) < BR/2\BR0( 7

Hence, if maxp (¢ — Hg) > 0, then there exists zo € Bg/, \ Br, such that

(¢ — Hp)(xo) = I%?zX(Z — Hpg).

Since xg € Br/2 \ Bg,, by Lemma 2.7(c), (d),

(62 — HR)(CC()) Z _ Imax (ég — HR),
Bzg)/2(20)

which is equivalent to

(R§>7%°¢ — Hp)(wo) > _max (R{>7*°¢ — Hg).
Bz /2(z0)

Without loss of generality, assume a = I, and set, for y € R\ {0},
£(y) = &(y) — clwo| TV |E (o) ly — ol
where ¢ > 0 is chosen so that (Lemma 2.1(ii)) —Af < 0 for |y| > C. Then

(RE>72¢ — Hp)(wo) > max  (RE272¢ — Hp) + cRE> o] I¢(wo)].  (2.19)

By /2(z0)

Next, let g(z) = &(z0 + @x) and let v be the solution of

L,v(x)=0 x € Bjyy)/2(20)
’U(],‘) = Rg—2—299( Lo ) T € 6B‘I0V2(xo).

|z—x0]

Note that v is close to RI™27%¢ on 0B|3,|/2(70) in the sense that |g(;7=%) — £(z)|<

|z—wo
Clao| 7 |¢(wo)| for @ € 8B4, /2(x0). Comparing the L-harmonic functions v and Hg, in
Bm‘/g(a:o) via the maximum principle, we have, for x € B|,|/2(z0),

Hp(e) +  max )(Rg*H@é — Hg) > v(x) — RG> |ao| " [¢(wo) . (2.20)
lzgl/2(Zo
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By Proposition C, for x € B|,|/2(70),

v(@) > B E5) — CRS ™ o[ Plgloon omy) > () — CRE fao| Pl (o), (2:21)

where v solves
tr(aD?v) = Av =0 x € By
v(z) = Ry g(z) x € IB,.

Furthermore, using the fact that Ag(z) = |2o|2A&(zo + ‘7“2—0‘96) > 0 for z € By, we get
v > Rg_2_2eg in B;. Therefore, by (2.20), (2.21), for z € B‘%W(xo),

RI2g(2=20) _ Hp(z) < max (R3¢~ Hg) + CRE > |xo|P|€(w0)]-
201/ OB jaya(a0)

Noting that g(£=%%) = £(z), the above inequality contradicts (2.19) since |xo| > Ry > K,

lzol/2
where K is chosoen to be sufficiently large. Inequality (2.18) is proved.
(2.18)
2 {3, and, by Lemma 2.1(i),

~

When = € Bg/s \ Br,, we have Gr

by > Ry 2E(J2]) — €(R)]

R
= Rg_2_29 r=dqp
o]
> RETPU (2| +1) —U(R+1)). (2.22)
When x € Bp,,
(2.18)
Gr 2 0 = EJ[la(Xs,) +n(z) — n(Xs,)]
(2.22),(2.17)

~

= RG> 2U(|2| +1) - U(R+1)].

> RyPYELU(X|+1) —UR+1)+U(lz| +1) — U(|Xs| + 1)

Finally, when x € Bg \ Bg/s, using the inequality e* > 1 +a fora > 0,

Cn (2%8) (5 > RI-2-20 g2-d (eV(I*\IIQ/RQ) B 1)

z R(c)172720R2—d(1 o %) Z Rg7272GR2—d(1 _ \LR\)

For d = 2, note that 1 — % = % —1>log ITR\' For d = 3, clearly

R4 =) 2 [P = ().

Our proof is complete. O

3 Heat kernel bounds and consequences

3.1 Integrability of p and the heat kernel bounds

Using bounds of the Green functions, we will obtain the exponential integrability
(under P) of the Radon-Nikodym derivative p(w) (defined in (1.5)) and of the heat kernel
of the RWRE.

The goal of this section is to prove Theorem 1.5. Recall the continuous-time RWRE in
Definition 1.2 and its transition kernel p;(x, y). We remark that for the time continuous
random walk (Y;), setting

™V =7Y . =inf{t>0:Y; ¢ Bgr}, (3.1)
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the corresponding Green functions of (Y;) can be defined similarly as

’TY
/ 1K€Sdt] 7d227
0

and they have the same values as G(z,.5) and Gr(z, S), respectively. Thus we do not
need to distinguish notations in discrete and continuous time cases and use G(z, S) and
GRr(z,S) to denote Green’s functions in both settings.

/pf(w,S)dt,dzi%, and E7
0

Corollary 3.1. Assume (Al), (A2) and d = 2. For any € > 0, there exists a random
variable # = ' (w,d, k,e) > 0 with E[exp(c#9~¢)] < oo such that P-almost surely, for
R >0,

R2
/ Y (2,0)dt < (1 + log ‘ftll), Vz € Bg.
0

Proof. We only consider R > 4, because for R < 4 and x € Br we can simply use the
statement for R = 4 to get an upper bound 57 (1 + log \zl%) <.

Let Ry, := 28R, and define recursively Tp = 0,
Ty :=min{t > Ty_1:Y; ¢ Br, }, kecN.
Set Ng = max{n > 0:T,, < R?}. Then, using the strong Markov property, a.s.,

RZ
/ ﬂyt =0 dt
0

Ty

oo
Z Liv,—o0,1._.<RrR%} dt
k=1"Tk-1

E® <E"

o

Ez [Gb}ék (YTk—l)ﬂ{Tk_l SRQ}]

=
Il
—

S GR(z) + Y Pi(Thy < RY),
k=2

where we used (by Theorem 1.11) the fact G% (Yp,_,) S 2, k > 2, in the last inequality.

k

Note that (Y;) is a martingale. By Hoeffding’s inequality, for & > 1,

P*(T, < R*) < P* (sup Y| > Rk> < Ce R/ < C exp(—c4").
t<R2

The conclusion follows. O

Proof of Theorem 1.5: First, we will show the upper bounds in (a) and (b). To this end,
for r > 1, we take zg € 0B,. We claim that

2

9—d spd—1 — 2 Pw(0)
zo|" A Z/ Py (z0,0)dt 2 7 . (3.2)
| | 7-2/2 t ( pw(BT)

Indeed, the lower bound of (3.2) follows from the volume doubling property Theorem B(ii)
and integrating the lower bound of (1.7). For d = 2, the upper bound in (3.2) is a
consequence of Corollary 3.1. When d > 3, by the upper bound in Theorem 1.11,

T2
[, 0. 0)de < G (oo) = Jim Giplao) S el 4,
r2/2 R—o0
which gives the upper bound in (3.2).
Note that |zo| < r. The upper bound in (b) is proved. The upper bound in (a) then
follows from taking » — oo and the ergodic theorem.
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To obtain the lower bound in (b), for » > 5. Recall 7,. in (1.15) and G.,.(+,-) in Defini-
tion 1.10. For any fixed yo € 9B, /2, the function v(x) = G..(yo, *)/p.(x) solves the adjoint
equation

Liv(@) ==Y w*(z,y)u(y) —v(@)] =0, € B, (3.3)
Y

where
w (@, y) = po(Y)w(y, )/ pu(z). (3.4)

Here, we used the facts that ), p.,(y)w(y, ) = po(2) and 3, G (vo, y)w(y, x) = Gr(yo, ).
By the Harnack inequality for the adjoint operator [24, Theorem 6], we have v(0) =< v(x)
forall x € B, /4. Hence
w BT
Grla0) 22 < G, 40,8, ), 35)
Moreover, since (|X,|?> — n) is a martingale under P,,, by the optional stopping lemma
we get E¥[| X, |?> — 7] = |yo|> > 0, and so

GT’(y07 Br/4) S Ego [TT] S EE,OHXTTF] S CT2.
The above inequality, together with (3.5) and Theorem 1.11, yields

pw(o) > Gr(yoa()) > %_ST2_d
pw(Br/4) ~ GT(yOaBT'/Zl) ~ 2

The lower bound in Theorem 1.5(b) follows. Letting r — oo, we also get the lower bound
in (a). O

> s,

3.2 The Green functions on the whole space: proof of Corollary 1.12

Proof of Corollary 1.12. The statement for d > 3 is an immediate consequence of Theo-
rem 1.11. Thus it remains to prove the statement for d = 2 and |z| > 1.

To show the bounds for d = 2, recall that A“(z) is w-harmonic on Z< \ {0}. Applying
the Harnack inequality Theorem A.1 (Actually we only need the elliptic version, e.g.,
[40, 43]) to a constant number of balls centered on 8B|x‘, we get

A¥(x) < A¥(y) forall y € 0B,
In particular, letting 7. = inf{¢ : Y; ¢ B,.} be the exit time from B,, we have
A% (x) = EQ[A(Yy,,))-

We claim that E9[A(Y,,)] = G%(0) for R > 0. Indeed, the function

o) = B2 [ 06,0) < 2 (Vo 0)
satisfies L, v(y) = 1,—0 and v|sp, = 0. Hence, by (2.1), we have
v(y) = GR(y) for ye Bg.
In particular, v(0) = G%(0), and the claim is proved. Therefore,
A“(x) =< EJ[A(Yy,)] = Gt (0)
Therefore, the upper and lower bounds of A“(x) follow from the inequality
A" log(1 + |z]) < G3(0) < 7 log(1 + |z|)

due to Theorem 1.11. Our proof is complete. O
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3.3 Optimal semigroup decay for d > 3 in i.i.d. environments: proof of Theo-
rem 1.6

The Efron-Stein inequality (3.8) of Boucheron, Bousquet, and Massart [14] for i.i.d.
ensembles will be used in our derivation of the variance decay for the semi-group. Notice
that we assume (A3) throughout this subsection.

Let w'(x),z € Z*, be independent copies of w(z),z € Z?. For any y € Z¢, let w}, €
be the environment such that

_ w(z) ifxz#y,
wy(x) = { () ifz=y.

That is, w’y is a modification of w only at location y. For any measurable function Z of the
environment w, we write, for y € Z<,

Z; = Z(wz’/), BQZ(w) = Z; -7, (3.6)
and set
V(Z)= Y (0,2) (3.7)
yeZd

By an L, version of Efron-Stein inequality [14, Theorem 3], for ¢ > 2,
E[|Z —EZ|%] < C¢/*E[VY/?. (3.8)

Following the strategy of [31], our proof of the diffusive decay of the semi-group {P;}
will make use of the Efron-Stein type inequality (3.8) and the Duhamel representation
formula (3.11) for the vertical derivative. Let us reemphasize that, in the non-divergence
form setting, there is no deterministic Gaussian bounds for the heat kernel, and the
steady state Q of the environment process (&');>o is not the same as the original measure
P. To overcome these difficulties, we employ crucially the heat kernel estimates and
the (negative and positive) moment bounds of the Radon-Nikodym derivative 4£ in

dQ
Theorem 1.5.
For any ¢ € L(§), we write

v(t) := Pi(w).

Then, its stationary extension o(¢t, z) solves the parabolic equation

{ Qv (t,x) — Lyo(t,x) = g(t,x) >0,z €2, (3.9)

v
(0, 2) = go(x) x € 79,

with g(t,2) = 0 and go(x) = {(z;w). In general, the solution of (3.9) can be represented
by Duhamel’s formula

o(t,x) = Zp‘t”(x, 2)go(2) +/O Py (x,2)g(s, z)ds. (3.10)

To apply (3.8), recall notations Z; and 8;Z in (3.6). By enlarging the probability
space, we still use PP to denote the joint law of (w,w’). For y € Z?, applying 0, to (3.9),
we get that 0, v satisfies

{ B,(9,0)(t, ) — L (9,0)(t,2) = (Owi(2)) V20, (t,z) t >0,z € Z7,
(9,0)(0,z) = 9, ¢(z), x € 7.
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Here we used the convention of summation over repeated integer indices. Hence, by
formula (3.10), 6;17 has the representation

9, v(t,x) = Z Py (0, 2)0,C( —|—Z/ Pe (2, 2)(Oywi(2)) V7o, (s, 2) ds

z

S Y @i+ / P (2, 9) (0i(y)) V2T (s,y) ds,  (3.11)
=1

z€y-+Supp(¢)

where in the last equality we used the fact 9,w;(z) = 0 for y # z, and that 8{15 (z) =0 for
z ¢ y + Supp(¢).

Proof of Theorem 1.6: Recall the notation V(-) in (3.7) and that we assume (A3). We

write
d

K(y,s) = K(y,s;w,w') =Y _(9hwi(y) Vv, (s,y).

i=1

We also write ¢, := 5 (0,w) and S := Supp({). Without loss of generality, assume
Eq(¢ =0. Using (3.11), for any p > 1,

IV, = 560
SIS (pr(0,2+y> I, +|IZ (/ (0, y)K(y,S)d8> I,

Yy z€S
< (#9) Hzpt (0,9)? /||Zpt 0,02 K (y,5)%| /2 ds
=: (#5) 1+112, (3.12)

where #S denote the cardinality of S, and in the last inequality we applied the Cauchy-
Schwarz inequality and Minkowski’s integral inequality to the two norms respectively.
Then, by Theorem 1.5(c),

L= 13207 (0.7, S (1) 30 o2 Demebledn,
S (L) Y e g2,

S (L4622 e 1P, (3.13)

where in the last inequality we used the translation invariance of P to get ||jf (d=1) I, =

| 2D ||, = || Dr |/,
Further, using Theorem 1.5(c) again,

. 1/2
11 < / (14t —s)"%2 (Z e DIVLE=) | S =D e (y, 5)2p> ds
0

Y

t
5/ 1+t — )" V4|2 =P g (0,5)2)1/ 4P ds (3.14)
0

where in the last inequality we used the translation-invariance of P and the fact that
9]l S 1.
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Let p’ > 1 denote the Hoélder conjugate of p > 1. Since E[exp(c#1~¢)] < oo for all
e > 0, we know that E[#*] < oo for all k > 0. In particular, ||#24=D?| , < co. Hence

12 IPK(0,5)? ), < [l D)1 K (0, 9)°)1,
d
_ 2
<G Z”V?U(Sao)nm

i=1

<Gy Y lats,e) — o(s,0)[/7 |1/
e:le|=1

Holder _ 1 B B 1/p2
< Gllos 1" Y pslots,e) =o(s. 0PI (3.15)
e:le|=1
where in the third inequality we used the fact |7, < 1. Then, setting
u(t) := Varg(v(t)),

by (3.15), Theorem 1.5(b) and Lemma 3.2, we obtain
AR, 2], < Cp Y Bal(i(s,e) ~ o(s, 0)717 < Gy~ S @316)
This inequality, together with (3.12),(3.13), (3.14), implies
IVEOI” 5 0407+ [ Wt sy o St g

where <, means that the multiplicative constant depends on (p, d, k).
Furthermore, by Holder’s inequality and Theorem 1.5(a),

u(t) < Eql(v(t) — Bu(1)*] < [l I (v(t) = Eo())[l, <p IV ()],

where we applied (3.8) in the last inequality.
Therefore, we conclude that, for any p > 1,

t
u(t)? <, (14¢)~44 —|—/ (1+t— s)_d/4(—%u(s))1/(2p3) ds.
0

When d > 3, we can take p > 1 sufficiently close to 1 and apply [2, Lemma 3.5]) (Under
the notation of [2], we apply it to the case v = d/4 and § = 1/p3.) to obtain

Varg(v(t)) = u(t) S (1+1)~%2.
Thus, (1.12) is proved. By Holder’s inequality,
lv@®)ll, < oz 12 lpwv®?I/? < Cu(t)/? < C(1+ 1)~/

Then, by the triangle inequality, we get Eq[(v(t) — Ev(t))?] < (1 +t)~%/2. By Holder’s
inequality, for any ¢ > 1,

o) = Bo) )1, < [1p5Y ]| 0™ |o(t) = Bo(®)[*?]], Sq Eal(v(t) — FBu(t))]*/9.
Display (1.13) is proved. O

Lemma 3.2. For any bounded measurable function ¢ € RY,

%VarQ(v(t)) < - Z Eq [(E(t,e) — ﬂ(t,O))Q] .

e:le|]=1
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Proof. Without loss of generality, assume E[v(¢)] = 0. In the following, L, only acts on
the spatial variables. Then

€ Balv(t)?] = 2Bq[v(1) Lu(t,0)]

= Eq | L,(0(t,0)%) — > w(0,e)(v(t, e) — 0(t,0))

e:le|=1

= - EQ [W(O’ 6)(17(t, 6) - T}(t7 O))Q]

e:le|]=1

where in the last equality we used the fact that (since (&');>0 is stationary under Q x F,)
for any f € L'(Q), Eq[L.f(0;w)] = 0. The lemma follows by the uniform ellipticity
assumption. O

3.4 Proof of Corollary 1.8 in i.i.d. environments: Existence of a stationary
corrector for d > 5

Proof of Corollary 1.8: Without loss of generality, assume Eq[¢] = 0. By Theorem 1.6,
since [~ (1+¢)~%*dt < co when d > 5, the limit

t

¢(w) = lim ¢¢(w) := — lim (Ps¢)ds (3.17)

t—o0 t—o0 Jo
exists in LP(P) for any p € (0,2). By (3.9), ¢;(x) satisfies
Logi(w) = ((0zw) — Pi((0pw), = € Z°.

Note that by Theorem 1.6, lim; o, P,{ = 0 in LP(IP), Vp € (0,2). Therefore, taking LP(PP)
limits as t — oo, we conclude that ¢ satisfies L, ¢(z) = ((z) P-a.s., x € Z%. O

A Appendix

Define the parabolic operator .Z, as

gwu(xa t) = Z (U(.’E, y)[u(ya t) - U(l‘, t)] - 815“(3:’ t)
Yy~
for every function u : Z¢ x R — R which is differentiable in ¢.

Theorem A.1l. ([24, Proposition 5]) Assume ﬁ > 2xI for some x > 0 and R > 0. Any
non-negative function u with .2, u = 0 in Baor x (0,4R?) satisfies

sup u<C inf Uu.
Brx(R2,2R?) Brx(3R?,4R?)

The following Holder estimate is a standard consequence of the Harnack inequality
Theorem A.1.

Corollary A.2. Assume ;2= > 2x/ for some x > 0 and (o, tg) € 7% x R. There exists v =
v(d, x) € (0,1) such that any non-negative function u with Z,u = 0 in Bg(zo) x (to—R?, o),
R > 0, satisfies
.
u(@) — u(@)| < € () sipw
R/ g

o)X (to—R2,to)

forall #,9 € B,(xg) x (to — r%,to) and r € (0, R).
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A.1 Proof of Proposition C

Our proof of Proposition C follows similar lines as the proof of [32, Theorem 1.5],
with necessary modifications to address the fact that g and f have less regularity than
the functions in [32, Theorem 1.5].

Before giving a proof, recall that by [32, Proposition 2.1], for any p € (0,d), there
exists §, depending on (d, x, p) such that for any R > 0, the solution ¢ : Br — R of

Loé=a—a inBp,
{ $=0 on 0Bg S
satisfies
IP(HJlBaXMb\ > CR2_5P) < Cexp(—cRP). (A.2)
R
Set 0 := d;. For ¢ € (0,d), let v = v(d, k, ¢) be the constant
d—q 1
— mi [ A.3
v=min 55 1) (43
and set
Ry:=R", oc=min{n >0: X, — Xy ¢ Bg,}
Let

wo = 5, Yo = to(w) = 5

Following [32, Definition 4.1], we define bad points.

Definition A.1. Let § = §(d, k) be as above. We say that a point x is good (and otherwise
bad) if for any ¢(w) € {10, wo},

\Eii[i(EQ[c] —¢(@i)] \S Cli¢l R
=0

Note that by (A.2) and Chebyshev’s inequality, P(z is bad) < e~ CFoR27° < g=¢Fo,

We will give first the proof for the special case g € C?*(9B;). It is a small modification
of the proof of [32, Theorem 1.5].

Proof of Proposition C for the case f € C%(By),g € C*%(0B;) and y =0: Note thatifg €
C?%(9By), it can be extended to be a function § € C?(B,) such that

|§|27a;]B2 < C‘g|2,o¢;8ﬂ31 .

By [30, Theorem 6.6],

|t]2,0,8, S |f

0,081 |5ty oo + 1912.050m, =2 A (A4)

Step 1. Set ug(x) = u(z/R) for v € Br. We will show that in Bg, ug is very close to the
solution @ : Bp — R of

Lyu = %tr[w0D2ﬂR] in Bgr
u=g ‘””—l) on dBg.

To this end, define u;,u_ by uy(r) = §(75) + CA%, x € Bry1. Here

A is as defined in (A.4). Then, for € B, taking C large enough,

C
tr[aD?(uy — ag41)] < 2 (9l2.am, +[flop, — CA) <0,
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and similarly tr[a(u_ — tig+1)] > 0. The comparison principle then yields
u— < Upt1 <uq in Bprig.

2.2
N < 147(1”1})%2 || < % and so

In particular, for z € 9Bg, |ur+1(z) — §( 757

max |t — Ugp41]| = max |g( ) aps1(z)] < (A.5)

OBRr r€OBR

ol

Moreover, noting that D*up(z) = R~?D*u(%), in Bg,

| Lo (@ — tips)| = |trfwo (D*tig — Vig41)]]
< |trlwo(D*up — D*upsr)]| + [trlwo(D*upsr — VZags)]]
2 “d) 2
<R™ _a|ﬂ|27a;]-31 < AR, (A.6)

Hence, by the ABP maximum principle [32, Lemmas 2.3 and 2.4], (A.5) and (A.6)
imply maxp, |t — ag+1| S AR™®, and so, by (A.4),

max |4 — ag| S AR™“.
Br

Let v = u — 4. Then v solves

{ Lov = 3tr[(a — wo)D?ug) + 7z f (%) (%o — ) in Bg
v=10 on JBpg.

Note that, for x € Br_g, and y € Bg,(z),

(A.4)
|D*up(x) — D*ug(y)| < R72() [@2.am, S ART(40)%,
1F(5) = FE < (5)" [Flass, -
Hence, if x € Br_p, is a good point, setting
(I)é = wo(XZ-) and 'Q[JB = w()(gxiw),
and noting that E%[o] < (R + 1), we have
Ejv(Xo) —v(z)]
o—1
= E5 | 3trl(@f — a)D*ar(Xi)] + 72 f(58) (% — wé)]
i=0
o—1 o—1
T —1 = — T 7 % Ry T
Str | B3 (@) —a)|D%ur(@) | + a2 f(£)ELY (& — vh)] + Ammi= ES[o]
i=0 =0
o—1 -1 2+
§$E£[Z(@0—a ’|U|2]B1 2= flos, |E [Z P —p) “*‘A o)
i=0

S ARV RS,

SARTRG + A ()
Let 7R = min{n > 0: X,, ¢ Bgr} and set
w(z) = v(z) + CLAR 2"V E%[rg].
Then, for any good point z € Bg_g,, by choosing C; big enough,

Eflw(X,) —w(x)] = EX[v(Xs) —v(z)] — ClAR_Z_"‘ME(f [0] <0,
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where we used the fact that E%[o] > R2. This implies
Ow(xz; Bg) =0 for any good point x € Bg_g, (A.7)

where Jw(z; Br) denote the sub-differential set of w at x with respect to Bg.
For the definition of the sub-differential set and the ABP inequality, we refer to
[32, Definition 2.2, Lemmas 2.3 and 2.4]. Next, we will apply the ABP inequality
to bound |v| from the above.

By [32, Lemma 2.4], since
Low = Lyv— CiAR™27%% < AR™2,
we know that |0w(z; Br)| < AYR™2? for x € Bg. Let
Br = Br(w,v) := #bad points in Br_g,,
where #S denotes the cardinality of a set S. Display (A.7) then yields
|0w(BR)| < [Br + #(Br \ Br_g,)]A"R™2? < (Br + R AR,
Hence, by the ABP inequality [32, Lemma 2.4],

minw > ~CR|ow(Bg)["* 2 ~AR™' 2} + R/,

Therefore, noting that max,cp, E%[Tr] < (R + 1)? and choosing § < 1/d,

minv > minw — CAR™“%7 > —A(R—lf@}?/d + R—avé).

Br Br

Similar bound for ming, (—v) can be obtained by substituting f, g by —f, —g in
the problem. Therefore

max [v] S AR 2] + R~°).
R

Step 3. Combining results in Steps 1 and 2, we get
max lu—ag| < A(R_lt%’]l%/d + R™%),
R
It is shown in Step 6 of [32, Page 24, Proof of Theorem 1.5] that, with

2 =% (w) = maXR_'Y%’}l%/d, (A.8)
R>1

we have E[exp(c%d)] < oo. Therefore, recalling the values of v, A in (A.3), (A.4),
we conclude that

maxu — g € R+ RVIL)( floass, ol + lobacom,). (A9)
R
O

In what follows, we will relax the regularity of g to be C%(9B;).

Proof of Proposition C. First, we consider the case y = 0. The function g € C%*(9B;)
can be extended into R? so that g € C%*(R%) and

|g|0,0t§]B2 < C‘g|0,a;3131 .
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We can further obtain a smooth perturbation of it. To this end, let p € C>(R¢) be a
mollifier supported on By with [, pdz = 1. For h € (0,1), set py(z) := h~%p(}), and let
gn = pn * g. That is, gy (x) = [ pn(2z — 2)g(2) dz. Then g, satisfies

{ lg — gh\o;aﬂgl < Ch®|glo,a;0m,
|gh 2,a;01B4 S Ch_2|g|0,a;8]}31~

Next, for h € (0,1),letv: Bgr — R and v : B; — R be solutions of

{ str(wV20) = 75 f(5)Y(0w) in Br
v(x) = gn(%) for x € 0Bg

and _
tr(aD?v) = fy in B,
@ = g}l on 8]]31

Then, maxg, | — 0] < maxgp, |g — gn] < h*|9lo,a;08,, and

max [u — v| < max|g(x) — gn(F)| < Ch®glo,aom, -
Br dBr

Moreover, by (A.9), with A; = ”fHCOv”(IBl) ||tr1(z’—w)||OO + [g9]co.(aB,) as in Proposition C,

_, T — _
max |v(z) - ()| S R 1+ RVIL) (| flo,as 5oy oo + 190120508, )

zEBR

S AR 2R (1 4+ R4,

Notice that up to an additive constant, we may assume that infsp, g = 0, so that
|90,a:0B; < C[glo,a:0m, - Therefore, putting h = R~°79/3 by the triangle inequality,

max [u —u(%)] S AR B4+ R V). (A.10)
x€BR

We proved Proposition C for the case y = 0 with 8 = v§/3.
Finally, for any y € Bsg, it follows from (A.10) that

max |a(258) — u(x)|< ALR—F(1 + 2 (8,w) R-9/%).
z€BR(y)

Let
Br(y) = Br(0,yw,v) := #bad points in Br_g, (y)-

Observe that Zr(y) < B4r(0). Thus, recalling the definition of 2 in (A.8),
2 (0yw) < max R‘T@L@d <4Z.
‘ R>1
Our proof of Proposition C is complete. O

A.2 Proofs of Lemmas 2.5 and 2.2

Proof of Lemma 2.5: By direct computation, foranyi = 1,...,d, « € Z¢,

n(z) = 0(1+ [x*) " 72[4(0 + 1)a} — 2|z|* — 2], (A.11)
02n(z)| < CO*|z|(1+ |=|?) 02

Moreover, noting that for any y € R? and z ¢ By with |y — z| < 1,

07 n(y)l < CO () 2] (1 + [af) 07 < OO (1 + |f?) 072
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and |Vin(z) — 87n(x)| < Csup,.,—.<1 10P0(y)],
Co(l*i) >1andzx ¢ BCOQZ,

Lante) 2 3 g [oFate) = 0l + o)

(A.11)
S 001+ 2?02 [4k(0 + 1)|zf? — |22 — 1 — CO2|z]] > 0

On the other hand, for z € B¢ g2, clearly L,n(z) > —n(z) > —1.
The lemma is proved. O

Proof of Lemma 2.2. Computations show that, forx #0,:=1,...,d,

2
§2e20ll/ R _ ( 2y 2acf | 4?‘ @ )Rflefm\x\/R’

G al?

§le20l=l/R (GO‘ 3 dox] da’a} 3553) 2ai e 2alz|/R.

Rl Rl Rl| o) RP

Note that, fori=1,...,d, x € BR\BR/Q,

‘(372 — lv?)672a|x|/3’< C  sup ‘8?672a\y|/R‘< %67204‘“/1%7
-  yly—al<1! - R3
and so
- Ca
‘Zw(%ﬂf +ei)(97 — %V?)E’QC““”'/R‘S e, (A.12)
i=1

Further, by taking K > 0 sufficiently large (note R > K), and choosing o > 0 to be
sufficiently small, we have, for x € Br \ Bg/2,

d
E W IE ZZZ+6 2a\z|/R
1=1

2 20z? 4a’a? —-1,-2 R
w(z,z+e;) (f—”‘+ e T REp ) B ofel/

B

I
M=~

1
( & (1-2k)alz|? +2(1—2n>a2|z\2>R—le_zam/R

ER Rlz|?

C( 1 +COL) 72a|:r\/R < 7%672a|x|/R.

<.
I

IN

This, together with (A.12), implies,
L 20lel/f < _Cae=20lel/R - for 4 € By \ Bpys.

Display (2.2) is proved.
To prove (2.3), note that when z = 0, Lw(e*Amz) =e 4 —~1>—1. Whenz € 72\ {0},
choosing A > 0 sufficiently large,

d
2 o _ .
Lw( A|:v\ 7A\z| E ZL’ £L'+€Z 2A:cl A te 2Az; A) ~1

> e~ Alel? [ke*A=4 —1] > 0.

Display (2.3) is proved.
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It remains to prove (2.4). Using the inequalities e® +e~% > 2 + a2, e% > 1 + a, we get,
by taking A sufficiently large, for 2 € Br \ Bg/2,

d
Lw(e—A|x|2/R2) — o~ Alz|?/R? Zw(%m te) [e—A(1+2zi)/R2 1 e Al—22)/R* _ 2}
=1

d
> e~ Alzl*/R? Zw(w7x +ei) {e_A/RQ(Q 4A%22 /RY) — 2]
i=1
d

2
> %e‘A‘“lz/Rz Zw(x,:c + €;) [42? (1—7%) — 1}
i=1

2,p2 [2kA|T 2

Our proof is complete. O

References

[1] S. Andres, J.-D. Deuschel, M. Slowik, Heat kernel estimates for random walks with degenerate
weights. Electron. J. Probab. 21 (2016), No. 33, 21. MR3492937

[2] S. Andres, S. Neukamm, Berry-Esseen Theorem and Quantitative homogenization for the
Random Conductance Model with degenerate Conductances Stoch PDE: Anal Comp. 7,
240-296 (2019). MR3949105

[3] S. Armstrong, J. Lin, Optimal quantitative estimates in stochastic homogenization for elliptic
equations in nondivergence form Arch. Ration. Mech. Anal. 225 (2017), no. 2, 937-991.
MR3665674

[4] S. N. Armstrong, C. Smart, Quantitative Stochastic Homogenization of Elliptic Equations in
Nondivergence Form. Arch. Ration. Mech. Anal. 214 (2014), no. 3, 867-911. MR3269637

[5] M.T. Barlow, Random walks on supercritical percolation clusters. Ann. Probab. 32(4), 3024-
3084 (2004). MR2094438

[6] P. Bauman, Positive solutions of elliptic equations in nondivergence form and their adjoints.
Ark. Mat. 22 (1984), no. 2, 153-173. MR0765409

[7]1 A. Bensoussan, J.-L. Lions, G. Papanicolaou, Asymptotic analysis for periodic structures. AMS
Chelsea Publishing, Providence, RI, 2011. xii+398 pp. MR2839402

[8] N. Berger, M. Cohen, ]J.-D. Deuschel, X. Guo, An elliptic Harnack inequality for random walk
in balanced environments. Ann. Probab. 50 (2022), no. 3, 835-873. MR4413206

[9] N. Berger, M. Cohen, R. Rosenthal, Local limit theorem and equivalence of dynamic and
static points of view for certain ballistic random walks in i.i.d. environments. Ann. Probab. 44
(2016), no. 4, 2889-2979. MR3531683

[10] N. Berger, D. Criens, A parabolic Harnack principle for balanced difference equations in
random environments. Arch Rational Mech Anal 245, 899-947 (2022). MR4451478

[11] N. Berger, J.-D. Deuschel, A quenched invariance principle for non-elliptic random walk
in i.i.d. balanced random environment. Probab. Theory Related Fields 158 (2014), no. 1-2,
91-126. MR3152781

[12] M. Biskup, Recent progress on the random conductance model. Probab. Surv. 8 (2011),
294-373. MR2861133

[13] E. Bolthausen, A.-S. Sznitman, Ten lectures on random media. DMV Seminar, vol 32.
Birkhauser, Basel, 2002. MR1890289

[14] S, Boucheron, O. Bousquet, G. Lugosi, P. Massart, Moment inequalities for functions of
independent random variables. Ann. Probab. 33 (2005), no. 2, 514-560. MR2123200

[15] S, Boucheron, G. Lugosi, P. Massart, Concentration Inequalities: A Nonasymptotic Theory of
Independence. Oxford University Press, 2013. MR3185193

EJP 29 (2024), paper 194. https://www.imstat.org/ejp
Page 29/31


https://mathscinet.ams.org/mathscinet-getitem?mr=3492937
https://mathscinet.ams.org/mathscinet-getitem?mr=3949105
https://mathscinet.ams.org/mathscinet-getitem?mr=3665674
https://mathscinet.ams.org/mathscinet-getitem?mr=3269637
https://mathscinet.ams.org/mathscinet-getitem?mr=2094438
https://mathscinet.ams.org/mathscinet-getitem?mr=0765409
https://mathscinet.ams.org/mathscinet-getitem?mr=2839402
https://mathscinet.ams.org/mathscinet-getitem?mr=4413206
https://mathscinet.ams.org/mathscinet-getitem?mr=3531683
https://mathscinet.ams.org/mathscinet-getitem?mr=4451478
https://mathscinet.ams.org/mathscinet-getitem?mr=3152781
https://mathscinet.ams.org/mathscinet-getitem?mr=2861133
https://mathscinet.ams.org/mathscinet-getitem?mr=1890289
https://mathscinet.ams.org/mathscinet-getitem?mr=2123200
https://mathscinet.ams.org/mathscinet-getitem?mr=3185193
https://doi.org/10.1214/24-EJP1251
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Stochastic integrability of heat-kernels for RWBRE

[16] L. A. Caffarelli, P. E. Souganidis, Rates of convergence for the homogenization of fully
nonlinear uniformly elliptic pde in random media. Invent. Math. 180(2), 301-360 (2010).
MR2609244

[17] X. Chen, Z.-Q. Chen, T. Kumagai, ]J. Wang, Quenched invariance principle for long range
random walks in balanced random environments. Ann. Inst. Henri Poincaré Probab. Stat. Vol.
57, No. 4(2021), 2243-2267. MR4328563

[18] X. Chen, Z.-Q. Chen, T. Kumagai, J. Wang, Homogenization of symmetric stable-like processes
in stationary ergodic medium. SIAM J. Math. Anal. 53 (2021), no. 3, 2957-3001. MR4261110

[19] E.B. Davies, Heat kernels and spectral theory. Cambridge Tracts in Mathematics, 92. Cam-
bridge University Press, Cambridge, 1989. MR0990239

[20] T. Delmotte, Parabolic Harnack inequality and estimates of Markov chains on graphs. Rev.
Mat. Iberoamericana 15 (1999), no. 1, 181-232. MR1681641

[21] P. de Buyer, J.-C. Mourrat, Diffusive decay of the environment viewed by the particle, Electron.
Commun. Probab. 20 (2015), no. 23, 1-12. MR3320411

[22] Y. Derriennic, M. Lin, The central limit theorem for Markov chains started at a point. Probab.
Theory Relat. Fields 125 (2003), 73-76. MR1952457

[23] A. De Masi, PA. Ferrari, S. Goldstein, W.D Wick., An invariance principle for reversible
Markov processes. Applications to random motions in random environments. J. Stat. Phys.
55, 787-855 (1989) MR1003538

[24] ]J.-D. Deuschel, X. Guo, Quenched local central limit theorem for random walks in a time-
dependent balanced random. Probab. Theory Relat. Fields 182 (2022), 111-156. MR4367946

[25] ]J.-D. Deuschel, X. Guo, A. Ramirez, Quenched invariance principle for random walk in time-
dependent balanced random environment. Ann. Inst. Henri Poincaré Probab. Stat. Vol. 54,
No. 1(2018), 363-384. MR3765893

[26] A. Drewitz, A. Ramirez, Selected topics random walk in random environment. Topics in
percolative and disordered systems. Springer, New York, NY, 2014. 23-83. MR3229286

[27] A. Dunlap, Y. Gu, A quenched local limit theorem for stochastic flows. Journal of Functional
Analysis, 282 (2022), no. 6, 109372. MR4362856

[28] L. Escauriaza, Bounds for the fundamental solutions of elliptic and parabolic equations: In
memory of Eugene Fabes. Communications in Partial Differential Equations 25.5-6 (2000):
821-845. MR1759794

[29] E. Fabes, D. Stroock, The LP-integrability of Green’s functions and fundamental solutions for
elliptic and parabolic equations. Duke Math. J. 51 (1984), no. 4, 997-1016. MR0771392

[30] D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order. Reprint
of the 1998 edition. Classics in Mathematics. Springer-Verlag, Berlin, 2001. xiv+517 pp.
MR1814364

[31] A. Gloria, S. Neukamm, F. Otto, Quantification of ergodicity in stochastic homogenization:
optimal bounds via spectral gap on Glauber dynamics. Invent. Math. 199 (2015), no. 2,
455-515. MR3302119

[32] X. Guo, J. Peterson, H. V. Tran, Quantitative homogenization in a balanced random environ-
ment. Electron. J. Probab., 27(2022), 1-31. MR4491712

[33] X. Guo, T. Sprekeler, H. V. Tran Characterizations of diffusion matrices in homogenization of
elliptic equations in nondivergence-form. Calc. Var. 64, 1 (2025). MR4827041

[34] X. Guo, H. V. Tran, Y. Yu, Remarks on optimal rates of convergence in periodic homogenization
of linear elliptic equations in non-divergence form. Partial Differ. Equ. Appl. 1(4), Paper No.
15, 16 pp (2020). MR4354730

[35] X. Guo, O. Zeitouni, Quenched invariance principle for random walks in balanced random
environment. Probab. Theory Related Fields 152 (2012), 207-230. MR2875757

[36] V. V. Jikov, S. M. Kozlov, O. A. Oleinik, Homogenization of Differential Operators and Integral
Functionals. Translated from the Russian by G.A. Yosifian, Springer-Verlag Berlin Heidelberg
1994, xii+570 pp. ISBN: 3-540-54809-2. MR1329546

EJP 29 (2024), paper 194. https://www.imstat.org/ejp
Page 30/31


https://mathscinet.ams.org/mathscinet-getitem?mr=2609244
https://mathscinet.ams.org/mathscinet-getitem?mr=4328563
https://mathscinet.ams.org/mathscinet-getitem?mr=4261110
https://mathscinet.ams.org/mathscinet-getitem?mr=0990239
https://mathscinet.ams.org/mathscinet-getitem?mr=1681641
https://mathscinet.ams.org/mathscinet-getitem?mr=3320411
https://mathscinet.ams.org/mathscinet-getitem?mr=1952457
https://mathscinet.ams.org/mathscinet-getitem?mr=1003538
https://mathscinet.ams.org/mathscinet-getitem?mr=4367946
https://mathscinet.ams.org/mathscinet-getitem?mr=3765893
https://mathscinet.ams.org/mathscinet-getitem?mr=3229286
https://mathscinet.ams.org/mathscinet-getitem?mr=4362856
https://mathscinet.ams.org/mathscinet-getitem?mr=1759794
https://mathscinet.ams.org/mathscinet-getitem?mr=0771392
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://mathscinet.ams.org/mathscinet-getitem?mr=3302119
https://mathscinet.ams.org/mathscinet-getitem?mr=4491712
https://mathscinet.ams.org/mathscinet-getitem?mr=4827041
https://mathscinet.ams.org/mathscinet-getitem?mr=4354730
https://mathscinet.ams.org/mathscinet-getitem?mr=2875757
https://mathscinet.ams.org/mathscinet-getitem?mr=1329546
https://doi.org/10.1214/24-EJP1251
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Stochastic integrability of heat-kernels for RWBRE

[37] C. Kipnis, S. R. S. Varadhan, Central Limit Theorem for Additive Functionals of Reversible
Markov Processes and Applications to Simple Exclusions, Commun.Math.Phys. 104,1-
19(1986). MR0834478

[38] T. Komorowski, C. Landim, S. Olla, Fluctuations in Markov processes: time symmetry and
martingale approximation. Fluctuations in Markov processes: time symmetry and martingale
approximation. Vol. 345. Springer Science & Business Media, 2012. MR2952852

[39] S. M. Kozlov, The averaging method and walks in inhomogeneous environments. Russian
Math. Surveys 40 (2) (1985) 73-145. MR0786087

[40] H. J. Kuo, N. Trudinger, Linear elliptic difference inequalities with random coefficients. Math.
Comp. 55 37-53. MR1023049

[41] T. Kumagai, Random walks on disordered media and their scaling limits. Cham: Springer,
2014. Lecture notes from the 40th Probability Summer School held in Saint-Flour, 2010,
Ecole d’Eté de Probabilités de Saint-Flour. MR3156983

[42] G. Lawler, Weak convergence of a random walk in a random environment. Comm. Math. Phys.
87:81-87, (1982). MR0680649

[43] G. Lawler, Estimates for differences and Harnack inequality for difference operators coming
from random walks with symmetric, spatially inhomogeneous, increments. Proceedings of
the London Mathematical Society, s3-63(3):552-568, 1991. MR1127149

[44] ]J.-C. Mourrat, Variance decay for functionals of the environment viewed by the particle. Ann.
Inst. H. Poincaré Probab. Stat. 47(11), 294-327 (2011) MR2779406

[45] S. Mustapha, Gaussian estimates for spatially inhomogeneous random walks on Z®. Ann.
Probab. 34(1), 264-283 (2006). MR2206348

[46] H. Osada, Homogenization of diffusion processes with random stationary coefficients. Prob-
ability theory and mathematical statistics (Thilisi, 1982), 507-517, Lecture Notes in Math.,
1021, Springer, Berlin, 1983. MR0736016

[47] G. Papanicolaou and S.R.S. Varadhan. Diffusions with random coefficients. Statistics and
probability: essays in honor of C. R. Rao, pp. 547-552, North-Holland, Amsterdam, (1982).
MR0659505

[48] T. Sprekeler and H. V. Tran, Optimal convergence rates for elliptic homogenization prob-
lems in nondivergence-form: analysis and numerical illustrations. Multiscale Model. Simul.,
19(3):1453-1473, 2021. MR4308690

[49] V. V. Yurinski, On the error of averaging of multidimensional diffusions. Teor. Veroyatnost.
i Primenen 33(1), 14-24 (1988) [Eng. transl. in Theory Probab. Appl. 33(1), 11-21 (1988)].
MR0939985

[50] O. Zeitouni, Random walks in random environment. In Lectures on probability theory and

statistics, volume 1837 of Lecture Notes in Math., pages 189-312. Springer, Berlin, 2004.
MR2071631

EJP 29 (2024), paper 194. https://www.imstat.org/ejp
Page 31/31


https://mathscinet.ams.org/mathscinet-getitem?mr=0834478
https://mathscinet.ams.org/mathscinet-getitem?mr=2952852
https://mathscinet.ams.org/mathscinet-getitem?mr=0786087
https://mathscinet.ams.org/mathscinet-getitem?mr=1023049
https://mathscinet.ams.org/mathscinet-getitem?mr=3156983
https://mathscinet.ams.org/mathscinet-getitem?mr=0680649
https://mathscinet.ams.org/mathscinet-getitem?mr=1127149
https://mathscinet.ams.org/mathscinet-getitem?mr=2779406
https://mathscinet.ams.org/mathscinet-getitem?mr=2206348
https://mathscinet.ams.org/mathscinet-getitem?mr=0736016
https://mathscinet.ams.org/mathscinet-getitem?mr=0659505
https://mathscinet.ams.org/mathscinet-getitem?mr=4308690
https://mathscinet.ams.org/mathscinet-getitem?mr=0939985
https://mathscinet.ams.org/mathscinet-getitem?mr=2071631
https://doi.org/10.1214/24-EJP1251
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS*, ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)
e Submit your best articles to EJP-ECP

e Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System: https://vtex.lt/services/ejms-peer-review/
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: https://imstat.org/shop/donation/


http://en.wikipedia.org/wiki/LOCKSS
https://vtex.lt/services/ejms-peer-review
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://imstat.org/shop/donation/
http://www.lockss.org/
https://vtex.lt/services/ejms-peer-review/
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
https://imstat.org/shop/donation/

	Introduction
	Settings
	Main assumptions
	Earlier results in the literature
	Main results

	Bounds of the Green function in a ball
	Upper bounds of Green's functions
	Lower bounds of Green's functions

	Heat kernel bounds and consequences
	Integrability of  and the heat kernel bounds
	The Green functions on the whole space: proof of Corollary 1.12
	Optimal semigroup decay for d3 in i.i.d. environments: proof of Theorem 1.6
	Proof of Corollary 1.8 in i.i.d. environments: Existence of a stationary corrector for d5

	Appendix
	Proof of Proposition C
	Proofs of Lemmas 2.5 and 2.2

	References

