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Abstract

The self-repelling random walk with directed edges was introduced by Tóth and Vető in
2008 [23] as a nearest-neighbor random walk onZ that is non-Markovian: at each step,
the probability to cross a directed edge depends on the number of previous crossings
of this directed edge. Tóth and Vető found this walk to have a very peculiar behavior,
and conjectured that, denoting the walk by (Xm)m∈N, for any t ≥ 0 the quantity
1√
N
XbNtc converges in distribution to a non-trivial limit when N tends to +∞, but

the process ( 1√
N
XbNtc)t≥0 does not converge in distribution. In this paper, we prove

not only that ( 1√
N
XbNtc)t≥0 admits no limit in distribution in the standard Skorohod

topology, but more importantly that the trajectories of the random walk still satisfy
another limit theorem, of a new kind. Indeed, we show that for n suitably smaller than
N and TN in a large family of stopping times, the process ( 1

n
(XTN+tn3/2 −XTN ))t≥0

admits a non-trivial limit in distribution. The proof partly relies on combinations of
reflected and absorbed Brownian motions which may be interesting in their own right.
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1 Introduction

The “true” self-avoiding random walk was introduced by Amit, Parisi and Peliti in [1]
in order to approximate a random self-avoiding path on Zd, which cannot be constructed
step by step in a straightforward way, by a random walk constructed step by step. In
dimension 1, it is a random walk on Z that is discrete-time, nearest-neighbor and non-
Markovian (in this paper, the term “random walk” will often be used for non-Markovian
processes), defined so that at each time, if the process is at i ∈ Z, it may go to i+ 1 or
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i− 1 with a transition probability depending on the time already spent by the process at
sites i+ 1 and i− 1 (the local time at these sites). This transition probability is defined
so that the process is self-repelling: if the process spent more time at i+ 1 than at i− 1

in the past, it will have a larger probability to go to i− 1 than to i+ 1.
However, the non-Markovian nature of the “true” self-avoiding random walk makes it

hard to study. This led to the introduction by Tóth in the fundamental series of papers
[18, 19, 20] of models where the probability of going to i+ 1 or i− 1 does not depend on
the local time at the sites i+ 1 and i− 1, but instead of the local time of the non-oriented
edges {i, i + 1} and {i, i − 1}, that is of the number of times the process already went
through these edges. These processes are easier to study because they allow the use
of a Ray–Knight argument : under some conditions, the local times on the edges form
a Markov process, and its Markovian nature allows its analysis. This kind of argument
was first used for simple random walks (see the original papers of Knight [9] and Ray
[16]), then applied to random walks in random environments in [7]. In [18, 19, 20], Tóth
was able to extend this Ray-Knight argument to self-repelling random walks and proved
that the process of their local times, once properly rescaled, converges in distribution.
The limit, as well as the rescaling, depends on the exact definition of the transition
probabilities, but is always a random process, either a power of a reflected Brownian
motion or a gluing of squared Bessel processes (a non-Markovian random walk with
a deterministic limit was studied by Tóth in [21], but it is very different as it is self-
attracting instead of self-repelling: the more an edge was crossed in the past, the more
likely it is to be crossed again).

In [23], Tóth and Vető introduced a self-repelling random walk whose transition
probabilities are defined through the local time on oriented edges rather than non-
oriented ones. This random walk (Xm)m∈N on Z is defined as follows. Let w : Z 7→
(0,+∞) be a non-decreasing, non-constant function. If the cardinal of a set A is denoted
by |A|, for any m ∈ N, i ∈ Z, we denote

`±m,i = |{0 ≤ k ≤ m− 1 | (Xk, Xk+1) = (i, i± 1)}| (1.1)

the local time of the oriented edge (i, i± 1), and

∆m,i = `−m,i − `
+
m,i. (1.2)

We then set X0 = 0, and for all m ∈ N,

P(Xm+1 = Xm + 1) = 1− P(Xm+1 = Xm − 1) =
w(∆m,Xm)

w(∆m,Xm) + w(−∆m,Xm)
. (1.3)

On an intuitive level, it is not a priori clear why this processs should behave differently
from the processes with non-oriented edges, especially the process introduced by Tóth
in [19], which seems to be very similar when w is exponential. However, the process
of Tóth and Vető [23] exhibits a sharply different behavior. Indeed, building on the
Ray Knight techniques developed by Tóth in [18, 19, 20], Tóth and Vető proved in [23]
that the renormalized process of the local times of (Xm)m∈N does converge, but to a
deterministic limit forming a triangle f(x) = (1 − |x|)+, instead of a random process
(the fluctuations around this deterministic limit were studied by the first author in [11]).
Since this model behaves differently from the self-repelling models previously studied, it
is interesting to explore its behavior in more depth.

In [13], Pimentel, Valle and the second author proved that Xn√
n

converges in distribu-

tion to the uniform distribution on [−1, 1]: the random walk has a diffusive scaling. This
suggests the process ( 1

nXbn2tc)t≥0 should converge in distribution when n tends to +∞,
which would be a diffusive renormalization. However, the simulations of Tóth and Vető
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in [23] seem to indicate that this process does not converge. This is the starting point of
this work.

We prove not only that ( 1
nXbn2tc)t≥0 has no limit with respect to the topology of

continuous real processes on [0,+∞), but the stronger result that there is no limit point
in the standard Skorohod topology for càdlàg processes on [0,+∞) (see [15] or [4] for
an introduction to this topology).

Proposition 1.1. ( 1
nXbtn2c)t∈[0,+∞) admits no limit point in distribution in the standard

Skorohod topology for càdlàg processes on [0,+∞) when n tends to +∞.

Proposition 1.1 means that there is no diffusive renormalization, but we show nonethe-
less that a non-trivial renormalization of the process exists. This renormalization is the
first result of its kind to our knowledge: we show that there exist stopping times of order
N2 so that for n� N , the random walk started at these stopping times and considered
on a scale n admits a superdiffusive renormalization. We define the scale n as follows:

n = φ(N) where ∃α > 1, N0 ∈ N∗,∀N ≥ N0, φ(N) ≤ N1/α and lim
N→+∞

φ(N) = +∞
(1.4)

and φ : N∗ 7→ N∗. For any m ∈ N, i ∈ Z, let us denote

T±m,i = inf{k ≥ 0 | `±k,i = m}. (1.5)

We set θ > 0, x ∈ R. For any N ∈ N∗, we denote (Y Nt )t∈R+ the continuous process
defined by

Y Nt =
XT±bNθc,bNxc+tn

3/2 −XT±bNθc,bNxc

n
(1.6)

when tn3/2 is an integer and by linear interpolation otherwise. We prove the following.

Theorem 1.2. (Y Nt )t∈[0,+∞) converges in distribution in the topology of continuous real
processes on [0,+∞) when N tends to +∞, to a limit different from the null function.

Theorem 1.2 means that locally after T±bNθc,bNxc, the process (Xm)m∈N has a su-
perdiffusive behavior. It thus fluctuates more quickly than diffusively, which explains
why ( 1

nXbtn2c)t∈[0,+∞) admits no limit in distribution. Once Theorem 1.2 is established,
proving Proposition 1.1 is rather easy. In order to show Theorem 1.2, we follow the ap-
proach recently introduced by Kosygina, Peterson and the second author [10] for another
kind of non-Markovian random walk, called an excited random walk with Markovian
cookie stacks. They used that approach to prove the convergence of their renormalized
random walk to a Brownian motion perturbed at extrema. For some ε > 0, we consider
“mesoscopic times” depending on N : T0 = T±bNθc,bNxc, and Tk+1 is the first moment m

after Tk at which |Xm −XTk | = bεnc. The convergence of (Y Nt )t∈[0,+∞) can be deduced
from the convergence in distribution of the 1

n (XTk+1
−XTk) and the 1

n3/2 (Tk+1−Tk) when
N , and therefore n, tends to +∞, which is obtained by using Ray-Knight arguments for
the process (XTk+m)m∈N.

There are important differences between the argument in [10] and ours. In [10], the
behavior when Xm was near the extremities of the range of (Xm)0≤m≤Tk was different
from its behavior in the “bulk” of the range. In our work, the normalization considered
keeps the process far from the extremities of the range, so we never need to take this
different behavior into account.

Furthermore, the Ray-Knight arguments for the process (XTk+m)m∈N give a different
law for its local times than in [10], so they need a different treatment. Interestingly,
the behavior of (XTk+m)m∈N is close to that of the random walk of [19], which allows
to use arguments similar to those in [19], though the processes are different enough
so they do not suffice. We roughly have that (

∑i
j ∆Tk+1,j)i is a random walk reflected
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on or absorbed by (
∑i
j ∆Tk,j)i (see Definition 6.1 for the notion of reflection), which we

may consider as an “environment”, hence ( 1√
n

∑i
j ∆Tk+1,j)i converges in distribution to

a Brownian motion reflected by or absorbed on the limit of ( 1√
n

∑i
j ∆Tk,j)i. In [19] the

environment was absent, therefore we had to find new ideas to control the interaction
between (

∑i
j ∆Tk+1,j)i and (

∑i
j ∆Tk,j)i. Moreover, we need to study the properties of

the limit processes, which lead us to study combinations of reflected and absorbed
Brownian motions which we consider novel and of interest in their own right. Indeed,
Brownian motions reflected on other Brownian motions have been studied before (see
[2, 17, 22, 25]), but the results found in those papers were insufficient for our purposes.

Finally, the limit of the random walk in [10] was known, expected from prior results
on particular cases. Here the limit is unknown, and we do not identify it beyond noting
that it exists and is continuous. It is not obvious whether the limit is intimately related
to the process of [24, 14], and it would be useful to develop the ideas presented here to
understand this limit process better. The lack of knowledge about the limit forced us
to find novel arguments to prove the convergence. An attribute of our approach is that
the “coarse-graining” with the mesoscopic times relies purely on Ray-Knight properties.
This, we feel, gives it the potential to be generalized to yield limits for a much larger
class of self-interacting random walks.

The paper unfolds as follows. In Section 2 we give an outline of the proof. In Section 3
we give the proofs of Theorem 1.2 and Proposition 1.1 conditionally on the results proven
in the later sections. In Section 4 we introduce much notation, and auxiliary random
variables we will use throughout the paper. Section 5 considers some “bad events”
outside which the environment and some associated variables behave well, and proves
that they have very small probability. In Section 6, we prove that outside of the bad
events, (

∑i
j ∆Tk+1,j)i is indeed close to a random walk reflected on the environment.

Section 7 is the most important in that it shows that with very high probability, the
stopping times Tk do not accumulate and Tk − T0 is at least of order kn3/2. We need
such a control on the Tk because we do not know the limit of (Y Nt )t∈[0,+∞); it is the most
novel part of the work. Section 8 discusses the limit process of the environment and
introduces the reflected/absorbed processes which may be of interest in their own right;
this section is mostly independent from the rest of the paper. Finally, in Section 9, we
prove that the environments indeed converge to these limit processes and we use this
convergence to deduce the convergence in distribution of the “mesoscopic quantities”
1
n (XTk+1

−XTk) and 1
n3/2 (Tk+1 − Tk). Some arguments that are necessary to complete

the proof but not very specific or novel are omitted, but can be found in the appendix of
the arXiv version of the paper [12].

2 Outline of the proof

This section being an outline, most of its content will be non-rigorous. We first outline
how to prove Theorem 1.2, which is done rigorously in Section 3.1 modulo subsequent
technical results. In order to prove the convergence in distribution of the renormalized
process (Y Nt )t∈[0,+∞), we need to prove its tightness and the convergence of its finite-
dimensional marginals. Let us concentrate on the finite-dimensional marginals for
now.

The proof of the convergence of the finite-dimensional marginals (Proposition 3.1)
is partially inspired from the method introduced by Kosygina, Peterson and the second
author in [10]: we define “mesoscopic times” (Tk)k∈N so that T0 = T±bNθc,bNxc, and Tk+1

is the first time m after Tk at which |Xm − XTk | = bεnc. For m ∈ {Tk, . . . , Tk+1} we
have |Xm − XTk | ≤ bεnc, hence if t ∈ [ 1

n3/2 (Tk − T0), 1
n3/2 (Tk+1 − T0)] we have |Y Nt −

1
n (XTk −XT0

)| ≤ ε. Consequently, if we can prove the convergence in distribution of the
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1
n (XTk+1

−XTk) and the 1
n3/2 (Tk+1 − Tk) (Proposition 9.1), we can prove that the finite-

dimensional marginals of (Y Nt )t∈[0,+∞) are close to those of a limit process depending
on ε, which we may call (Y εt )t∈[0,+∞). In [10], the limit of (Y Nt )t∈[0,+∞) was known, and
(the equivalent of) (Y εt )t∈[0,+∞) converges towards it when ε tends to 0, so this suffices.
However, here we do not know the limit of (Y Nt )t∈[0,+∞), which forces us to add another
step. We notice that if the finite-dimensional marginals converge, then their limit has
to be close to the finite-dimensional marginals of (Y εt )t∈[0,+∞) for any ε, so the limit is
uniquely determined. Consequently, if the finite-dimensional marginals are tight, then
they converge.

However, this means we also have to prove the tightness of the finite-dimensional
marginals. In order to do that, we prove that the 1

n3/2 (Tk − T0) are at least of order
k (or rather k times a constant), which is the work of Section 7. Indeed, when m ∈
{T0, T0 + 1, . . . , Tk} we have |Xm − XT0 | ≤ kbεnc, thus 1

n3/2 (Tk − T0) is the smallest
time at which (Y Nt )t∈[0,+∞) can reach kε. Therefore, if 1

n3/2 (Tk − T0) tends to +∞ with
k, then the finite-dimensional marginals of (Y Nt )t∈[0,+∞) will be tight, hence they will
converge. Consequently, to prove the convergence of the finite-dimensional marginals
of (Y Nt )t∈[0,+∞), it is sufficient to prove that 1

n3/2 (Tk − T0) is of order k as well as the
convergence in distribution of the 1

n (XTk+1
− XTk), 1

n3/2 (Tk+1 − Tk). Actually, proving
that also yields the tightness of the process (Y Nt )t∈[0,+∞) (Proposition 3.2). Indeed, it
is tight when (Xm)m∈N does not fluctuate too quickly, which is the same thing as the

1
n3/2 (Tk+1 − Tk) not being too small. Therefore, we have two main things to prove: the
convergence in distribution of the 1

n (XTk+1
−XTk), 1

n3/2 (Tk+1 − Tk) (Proposition 9.1) and
the fact that 1

n3/2 (Tk − T0) is of order k (Proposition 7.7).

2.1 Convergence in distribution of the 1
n (XTk+1

−XTk), 1
n3/2 (Tk+1 − Tk)

As was done in [10], we prove this convergence through a study of “mesoscopic” local
times. We let β−Tk be the first time m after Tk at which Xm = XTk − bεnc (see (4.3)), then

β−Tk will be Tk+1 if (XTk+m)m∈N reaches XTk − bεnc before XTk + bεnc. For any i ∈ Z, let

LTk,−i the local time on the oriented edge (i− 1, i) between times Tk and β−Tk , that is the

number of times the process went from i− 1 to i between times Tk and β−Tk (rigorously
defined in Definition 4.1). Then we will have XTk+1

= XTk − bεnc if and only if there

exists i ∈ {XTk , . . . , XTk + bεnc} so that LTk,−i = 0, because this means that before β−Tk
i.e. before (XTk+m)m∈N goes to XTk − bεnc, it does not reach i hence does not reach
XTk + bεnc. Consequently, one can know whether XTk+1

= XTk − bεnc or XTk + bεnc by

looking at the local times LTk,−i . Moreover, if XTk+1
= XTk − bεnc, we have Tk+1 = β−Tk ,

and at each step made between times Tk and β−Tk the random walk crosses an edge, so

one can compute Tk+1 − Tk from the local times LTk,−i , and if XTk+1
= XTk + bεnc, one

can compute Tk+1−Tk from local times defined in a symmetric way. In order to establish
the convergence in distribution of the 1

n (XTk+1
−XTk), 1

n3/2 (Tk+1 − Tk), it is thus enough

to understand the local times LTk,−i .

As in [10], we will study these local times through a Ray-Knight argument, that
is by exploiting their Markov properties. However, the use of the ideas of [10] stops
here, because the dynamics of our process is different from theirs. We are able to
express LTk,−i as roughly

∑i
ζTk,−,Ej −

∑i
ζTk,−,Bj (Fact 4.2), where the ζTk,−,Ej , defined

in Definition 4.1, are small modifications of the ∆β−Tk
,j (see (1.2)) and the ζTk,−,Bj , also

defined in Definition 4.1, are small modifications of the ∆Tk,j . We thus express LTk,−i as
the difference between the random walk

∑i
ζTk,−,Ej and the random walk

∑i
ζTk,−,Bj . We

then need to study these walks, hence the ∆β−Tk
,i and ∆Tk,i. Part of this study resembles

what was done in [19], though there are very important differences.
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We first notice that (∆m,i)m resembles a Markov chain. We are only interested in
i ≥ XTk − bεnc, since (Xm)m∈N does not go below XTk − bεnc between times Tk and β−Tk
so LTk,−i = 0 for i < XTk − bεnc. We notice that given the transition probabilities (1.3),
when Xm = i the probability for Xm+1 to be i − 1 or i + 1, hence for ∆m+1,i to be
∆m,i + 1 or ∆m,i − 1, depends only on ∆m,Xm = ∆m,i, therefore if we only keep track of
the changes of ∆m,i, we get a Markov chain (whose transition probabilities are given
in (4.4)). If we only keep track of the values of ∆m,i when ∆m,i = ∆m−1,i+1 (respectively
∆m,i = ∆m−1,i − 1), which means the last move of the walk at i was to go to the left
of i (respectively to the right), we obtain another Markov chain, the ⊕-Markov chain
(respectively the 	-Markov chain). These chains correspond respectively to the −η+ and
η− defined in (4.5) and (4.6). Their equilibrium measures are called ρ+ and ρ−, defined
in (4.9) and (4.8).

This yields that the ∆β−Tk
,i are roughly i.i.d. with law ρ+ and independent from the

∆Tk,i (Proposition 4.7). Indeed, we have Xβ−Tk
= XTk − bεnc, so for i ≥ XTk − bεnc, our

self-repelling random walk is at the left of i at time β−Tk , hence ∆β−Tk
,i is a step of the

⊕-Markov chain at i. If LTk,−i is large, the ⊕-Markov chain at i made many steps between
times Tk and β−Tk , therefore at time β−Tk it will have forgotten the value of ∆Tk,i and the

law of ∆β−Tk
,i will be close to ρ+. This implies that when LTk,−i is large, the ∆β−Tk

,i are

roughly i.i.d. with law ρ+ and independent from the ∆Tk,i.

This allows to understand the behavior of
∑i

ζTk,−,Ej , which is done in Sections 5

and 6. Indeed, since LTk,−i is roughly
∑i

ζTk,−,Ej −
∑i

ζTk,−,Bj , this means that when∑i
ζTk,−,Ej is well above

∑i
ζTk,−,Bj , then

∑i
ζTk,−,Ej behaves like a random walk with i.i.d.

increments independent from
∑i

ζTk,−,Bj . Furthermore, we have roughly
∑i

ζTk,−,Ej −∑i
ζTk,−,Bj = LTk,−i with LTk,−i non-negative, hence

∑i
ζTk,−,Ej remains larger than∑i

ζTk,−,Bj at all times. More precisely, for i ∈ {XTk − bεnc, . . . , XTk}, the process∑i
ζTk,−,Ej will behave like a random walk reflected on the “environment”

∑i
ζTk,−,Bj

(Proposition 6.5). Moreover, for i > XTk , when LTk,−i = 0 then (Xm)m∈N does not reach i
between times Tk and β−Tk (that is when going from XTk to XTk−bεnc), so it will not reach

any j > i, so LTk,−j = 0 for any j > i. This implies that as soon as
∑i

ζTk,−,Ej =
∑i

ζTk,−,Bj

then
∑j

ζTk,−,Ej′ =
∑j

ζTk,−,Bj′ for any j > i, which means the random walk
∑i

ζTk,−,Ej is

“absorbed” by the environment
∑i

ζTk,−,Bj when it hits said environment.

We can now study the behavior of
∑i

ζTk,−,Bj and
∑i

ζTk,−,Ej when N tends to +∞,

which was done in Section 9. If 1√
n

∑i
ζTk,−,Bj converges to some limit process, then

1√
n

∑i
ζTk,−,Ej converges to a Brownian motion that is partly reflected on the limit of

1√
n

∑i
ζTk,−,Bj and partly absorbed by this limit. We can then use the convergence of

1√
n

∑i
ζTk,−,Ej to deduce the convergence of 1√

n

∑i
ζ
Tk+1,−,B
j . It is thus possible to prove

the joint convergence of the 1√
n

∑i
ζTk,−,Bj , 1√

n

∑i
ζTk,−,Ej by induction on k, which is

Proposition 9.4. This yields control of the LTk,−i . In [19], Tóth used a similar strategy to
prove the convergence of the local times process of a self-repelling random walk with
undirected edges, but he had no equivalent of 1√

n

∑i
ζTk,−,Bj (his random walk is simply

reflected on 0).

There are three major problems for putting this approach into practice to prove
the convergence in distribution of the 1

n (XTk+1
−XTk), 1

n3/2 (Tk+1 − Tk). Firstly, though

we know that when
∑i

ζTk,−,Ej is well above
∑i

ζTk,−,Bj , then
∑i

ζTk,−,Ej behaves like a

random walk with i.i.d. increments independent from
∑i

ζTk,−,Bj , we do not have this
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sort of control when
∑i

ζTk,−,Ej is close to
∑i

ζTk,−,Bj , so it is not that easy to prove

that
∑i

ζTk,−,Ej behaves like a random walk reflected on
∑i

ζTk,−,Bj . Our model being
very different from the one studied by Tóth in [19], we had to find a novel argument,
which is used in the proof of Proposition 5.1. We notice that though when LTk,−i is small
the ⊕-Markov chain at i is not at equilibrium, it can be coupled with another that is at
equilibrium, and can therefore be controlled. Even with this control, we need to establish
rather complex inequalities (see (6.3)) to prove

∑i
ζTk,−,Ej is close to a random walk

reflected on
∑i

ζTk,−,Bj .

The second problem lies in the definition of the limit process of 1√
n

∑i
ζ
Tk+1,−,B
j .

Indeed, Tk+1 is β−Tk when there exists i ∈ {XTk , . . . , XTk + bεnc} so that LTk,−i = 0, i.e.∑i
ζTk,−,Ej =

∑i
ζTk,−,Bj , which means

∑i
ζTk,−,Ej is absorbed by

∑i
ζTk,−,Bj . In this case

we have ∆Tk+1,i = ∆β−Tk
,i, hence the ζ

Tk+1,−,B
j can be obtained from the ∆β−Tk

,i hence from

the ζTk,−,Ej . The limit of 1√
n

∑i
ζ
Tk+1,−,B
j is then obtained from the limit of 1√

n

∑i
ζTk,−,Ej ,

and this works roughly in the case where the limit of 1√
n

∑i
ζTk,−,Ej is absorbed by

the limit of 1√
n

∑i
ζTk,−,Bj . However, we also have to consider the case Tk+1 6= β−Tk ,

that is XTk+1
= XTk + bεnc. We can study it in the same way that the case XTk+1

=

XTk −bεnc, defining symmetric quantities ζTk,+,Bi , ζTk,+,Ei . We then get that the behavior

of the ∆Tk+1,i, hence the limit of 1√
n

∑i
ζ
Tk+1,−,B
j , can be obtained from the limit of

1√
n

∑i
ζTk,+,Ej when the latter is absorbed by the limit of 1√

n

∑i
ζTk,+,Bj . Consequently, to

be able to construct the limit process of 1√
n

∑i
ζ
Tk+1,−,B
j (which is done in Definition 8.5),

we have to show that the probability that the limit of 1√
n

∑i
ζTk,+,Ej is absorbed by the

limit of 1√
n

∑i
ζTk,+,Bj is one minus the probability the limit of 1√

n

∑i
ζTk,−,Ej is absorbed

by the limit of 1√
n

∑i
ζTk,−,Bj . In order to do that, in Section 8.1 we study the following

setting: we have a Brownian motion reflected by some function called the “barrier”
from time −1 to time 0 and absorbed by the barrier from time 0 to time 1, and another
Brownian motion going backwards, reflected above the same barrier from time 1 to
time 0 and absorbed by the barrier from time 0 to time −1. We prove several conditions
(Propositions 8.1, 8.3 and 8.4) for the probability that the first Brownian motion actually
gets absorbed to be one minus the probability that the second Brownian motion is
absorbed. We believe this study to be of independent interest.

The third problem lies in deducing rigorously the convergence of 1
n (XTk+1

− XTk)

from the convergence of the processes 1√
n

∑i
ζTk,−,Bj and 1√

n

∑i
ζTk,−,Ej . Indeed, we

know that XTk+1
= XTk − bεnc if and only if

∑i
ζTk,−,Ej gets absorbed by

∑i
ζTk,−,Bj , but

proving that the probability of this absorption converges to the probability of absorption
of the limit processs requires some property of continuity of the absorption time for
the limit process. In order to show such a property, in Section 8.2 we study the limit
processes of the environments 1√

n

∑i
ζTk,−,Bj , k ∈ N. These limit processes, constructed

in Definition 8.5, may be interesting on their own: they are the sequence of processes
obtained by firstly running either a Brownian motion first reflected then absorbed on
another Brownian motion, conditioned to absorption, or a backwards Brownian motion
with the same properties, and then iterating this procedure by reflecting and absorbing
the new Brownian motion on the resulting process. We prove that the law of the limit
processes thus obtained, on certain small intervals, is close in some sense either to the
law of a Brownian motion or to the law of a Brownian motion reflected on a Brownian
motion (Proposition 8.9). These latter processes being easy to control, this allows us to
deduce the required continuity property.
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2.2 1
n3/2 (Tk − T0) is of order k

This relies on an entirely novel argument, laid out in Section 7. We first link Tk+1−Tk
to the behavior of the walks

∑i
ζTk,−,Ej ,

∑i
ζTk,−,Bj . As we already mentioned at the

beginning of Section 2.1, if β−Tk = Tk, we can deduce Tk+1−Tk from the LTk,−i ; actually we

roughly have Tk+1−Tk = 2
∑
LTk,−i , where the sum is on i ∈ {XTk−bεnc, . . . , XTk +bεnc}.

We also know that LTk,−i is the difference between the random walks
∑i

ζTk,−,Ej and∑i
ζTk,−,Bj , and that

∑i
ζTk,−,Ej is an i.i.d. random walk reflected on

∑i
ζTk,−,Bj for

i ∈ {XTk−bεnc, . . . , XTk} and absorbed by
∑i

ζTk,−,Bj for i ∈ {XTk , . . . , XTk+bεnc}. Since

we need only a lower bound on Tk+1 − Tk = 2
∑
LTk,−i , we can consider only the sum on

i ∈ {XTk − bεnc, . . . , XTk}, where the walk
∑i

ζTk,−,Ej is reflected. Then since
∑i

ζTk,−,Ej

is an i.i.d. random walk reflected on
∑i

ζTk,−,Bj , it will be larger than some i.i.d. random

walk which we call
∑i

ζTk,−,Ij (the construction of the ζTk,−,Ij can be found just before

Proposition 4.10). We deduce LTk,−i =
∑i

ζTk,−,Ej −
∑i

ζTk,−,Bj ≥
∑i

ζTk,−,Ij −
∑i

ζTk,−,Bj .

If
∑i

ζTk,−,Bj was an i.i.d. random walk too,
∑i

ζTk,−,Ij −
∑i

ζTk,−,Bj would be an i.i.d.

random walk, hence Tk+1 − Tk = 2
∑
LTk,−i would be larger than the integral of an i.i.d.

random walk on an interval of length of order n. Since such a random walk may go to
an height of order

√
n, we would have Tk+1 − Tk of order n3/2, hence 1

n3/2 (Tk+1 − Tk)

would be of order 1, hence 1
n3/2 (Tk − T0) would be of order k. Consequently, it is enough

to prove that
∑i

ζTk,−,Bj is close to an i.i.d. random walk. The arguments will differ
depending on the evolution of the process prior to Tk.

For k = 0, then
∑i

ζTk,−,Bj will be close to an i.i.d. random walk. Indeed, the ζT0,−,B
j

are based on the ∆T0,i, and if i is at the right of XT0 (respectively at its left), the last
move of the process at i before T0 was going to the left (respectively to the right), hence
∆T0,i is a step of the ⊕-Markov chain at i (respectively the 	-Markov chain at i). Now,
at time T0 = T±bNθc,bNxc, the local times around XT0 = bNxc ± 1 are not far from bNθc,
hence they are large enough for the ⊕- and 	-Markov chains to be at equilibrium. These
Markov chains are also independent for different i. We deduce that at the right of XT0

,
the ∆T0,i are i.i.d. with law ρ+, and at the left of XT0

, the ∆T0,i are i.i.d. with law ρ−. This
will imply

∑i
ζT0,−,B
j is an i.i.d. random walk.

∑i
ζTk,−,Bj will also be an i.i.d. random

walk if between times T0 and Tk, the process (Xm)m∈N never went between XTk and
XTk+1

, since in this case, for i between XTk and XTk+1
we have ∆T0,k = ∆T0,i.

Another favorable case is when the “mesoscopic process” (XTk)k∈N does a U-turn,
that is when XTk+1

= XTk ± bεnc = XTk−1
(in the following we consider XTk+1

=

XTk − bεnc = XTk−1
to fix the notation). Indeed, the ζTk,−,Bi are based on the ∆Tk,i, and

in this case XTk = XTk−1
+ bεnc, hence the ∆Tk,i can be deduced from the ζ

Tk−1,+,E
i .

Furthermore, the process
∑i

ζ
Tk−1,+,E
j is roughly a reflected i.i.d. random walk, hence is

above an i.i.d. random walk, which allows to control it, hence to control
∑i

ζTk,−,Bj . The
case of a U-turn is thus tractable.

However, if the mesoscopic process does not do a U-turn, for example if XTk+1
=

XTk − bεnc = XTk−1
− 2bεnc, things quickly become more complicated. Indeed, we need

to control the ∆Tk+1,i on {XTk , . . . , XTk + bεnc}, since if at some point after time Tk+1

the mesoscopic process goes from XTk to XTk + bεnc, then the environment will be
based on these ∆Tk+1,i. As Tk+1 = β−Tk , the ∆Tk+1,i = ∆β−Tk

,i can be deduced from the

ζTk,−,Ei , so we have to control those. Now, since XTk+1
= XTk − bεnc, between times

Tk and Tk+1 the process (Xm)m∈N may enter {XTk , . . . , XTk + bεnc}, but will not reach
XTk + bεnc. Let i0 the rightmost site of Z that is reached. We already saw that on
{XTk , . . . , XTk + bεnc},

∑i
ζTk,−,Ej is an i.i.d. random walk absorbed by

∑i
ζTk,−,Bj . For

i ≤ i0, we have LTk,−i > 0, so
∑i

ζTk,−,Ej is not yet absorbed, thus
∑i

ζTk,−,Ej behaves as
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an i.i.d. random walk, hence we can control it. For i > i0, since (Xm)m∈N does not reach
i between times Tk and Tk+1, we have ∆Tk+1,i = ∆Tk,i, and since XTk = XTk−1

− bεnc,
we have Tk = β−Tk−1

, hence the ∆Tk,i can be deduced from the ζ
Tk−1,−,E
i . We then notice

that since we consider i ∈ {XTk , . . . , XTk + bεnc}, we have i ∈ {XTk−1
− bεnc, . . . , XTk−1

},
and that for such i the process

∑i
ζ
Tk−1,−,E
j is a reflected i.i.d. random walk, hence is

larger than an i.i.d. random walk, therefore we can control it. To sum up, we have two
cases, both of which can be controlled, so this will still give a tractable environment for
the next time the mesoscopic process goes from XTk to XTk + bεnc.

However, if before that the mesoscopic process makes a visit from XTk − bεnc to
XTk and back, then during the shift from XTk to XTk − bεnc, (Xm)m∈N may visit some
i ∈ {XTk , . . . , XTk + bεnc}, which will change their ∆m,i and give us another case to take
into account. Since there is no limit on the number of such visits, the environment on
{XTk , . . . , XTk + bεnc} can become uncontrollable. In order to solve this problem, we
devised an algorithm that keeps track of the control we have on the environment, and
used it to prove that whatever the path of the mesoscopic process (XTk)k∈N, there is
always a positive fraction of its steps in which we can control the environment, hence
for which 1

n3/2 (Tk+1 − Tk) is of order 1. This is enough to prove 1
n3/2 (Tk − T0) is of order

k (Proposition 7.7).

2.3 Proof of Proposition 1.1

In order to prove this proposition, which is done in Section 3.2, we need to show
(Xm)m∈N fluctuates too quickly for ( 1

NXbN2tc)t∈[0,+∞) to have a limit. In order to do
that, we reuse some of the techniques developed for the proof of Theorem 1.2. If
we choose again T0 = T±bNθc,bNxc, but we take T1 the first time m after T0 at which

|Xm −XT0 | = bεNc (instead of bεnc as in the proof of Theorem 1.2), we can prove that
1

N3/2 (T1 − T0) converges in distribution (Lemma 9.2), which implies T1 − T0 is of order

N3/2. This means the time needed for (Xm)m∈N to move on a scale N is of order N3/2,
therefore the time needed for ( 1

NXbN2tc)t∈[0,+∞) to move on a scale 1 is of order 1/N1/2.
It is thus clear the latter process cannot converge when N tends to +∞.

3 Proof of Theorem 1.2 and Proposition 1.1

In this section, we give the proofs of Theorem 1.2 and Proposition 1.1, conditionally on
important results which will be proven in the following sections. We recall the definition
of n given in (1.4) and that of (Y Nt )t∈[0,+∞) spelled out in (1.6). We need to introduce
several other objects. Remembering the definition of T±bNθc,bNxc given in (1.5), for any
ε > 0 we define (as at the beginning of Section 2):

T0 = T±bNθc,bNxc and ∀ k ∈ N, Tk+1 = inf{k′ ≥ Tk | |Xk′ −XTk | = bεnc}.

The Tk depend on n and ε, but we do not write it in the notation to make it lighter. The
Tk are “mesoscopic times”. For k ∈ N, we also set ZNk = 1

bεnc (XTk − XT0
), which is a

“mesoscopic walk”.

We also need to define some “bad events” B, B0, B1, . . . ,B6 such that outside of these
bad events, “the process behaves well”. Since their definition is long, technical, and
unnecessary to understand this section, we do not give it here and rather refer to the
definitions in Propositions 4.8, 4.7, as well as to the beginning of Section 5. We also need
some ε̃ > 0 which will depend on ε, given by (7.1). Finally, if µ is a probability measure
and f a function taking real values, we denote µ(f) the expectation of f under µ.
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3.1 Proof of Theorem 1.2

To prove that (Y Nt )t∈[0,+∞) converges in distribution in the topology of continuous
real processes on [0,+∞), it is enough to show the two following propositions.

Proposition 3.1. For any ` ∈ N∗, for any 0 < t1 < · · · < t`, (Y Nt1 , . . . , Y
N
t`

) converges in
distribution when N → +∞.

Proposition 3.2. For any ϑ > 0, for any δ1, δ2 > 0, there exists δ3 > 0 such that for N
large enough, we have P(sup0≤s,t≤ϑ,|s−t|≤δ3 |Y

N
t − Y Ns | > δ1) ≤ δ2.

Given Propositions 3.1 and 3.2, all that remains to prove Theorem 1.2 is to prove the
following lemma.

Lemma 3.3. (Y Nt )t∈[0,+∞) does not converge in distribution to the null function in the
topology of continuous real processes on [0,+∞).

We now prove Propositions 3.1 and 3.2, as well as Lemma 3.3.

Proof of Proposition 3.1. We first show ((Y Nt1 , . . . , Y
N
t`

))N∈N∗ is tight. For this part of the
proof, we choose ε = 1. We fix δ > 0. We notice that for any K ∈ N∗, if (Y Nt1 , . . . , Y

N
t`

) 6∈
[−K,K]`, then TK − T0 ≤ dt`n3/2e. This implies

P((Y Nt1 , . . . , Y
N
t`

) 6∈ [−K,K]`)

≤ P(B) + P

(
6⋃
r=0

Br

)
+ P

(
TK − T0 ≤ dt`n3/2e,Bc ∩

6⋂
r=0

Bcr

)
.

The results in the later sections allow us to prove that this tends to 0 when N tends to
+∞. Indeed, Proposition 4.8 yields P(B) ≤ e−c′n((α−1)/4)∧(1/10)

when n is large enough, and
by assumption n tends to +∞ when N tends to +∞, hence P(B) tends to 0 when N tends
to +∞. Similarly, by Proposition 5.8, P(

⋃6
r=0 Br) ≤ e−c(lnn)2

when n is large enough,
hence P(

⋃6
r=0 Br) tends to 0 when N tends to +∞. In addition, by Proposition 7.7, if we

choose K large enough so that K ≥ 240t`
ε̃3/2r2

and 1/2K ≤ δ/2, then when n is large enough
we have

P

(
TK − T0 ≤ dt`n3/2e,Bc ∩

6⋂
r=0

Bcr

)
≤ P

(
TK − T0 ≤ K

r2

120
(ε̃n)3/2,Bc ∩

6⋂
r=0

Bcr

)
≤ δ/2.

Therefore, for such a K, when N is large enough P((Y Nt1 , . . . , Y
N
t`

) 6∈ [−K,K]`) ≤ δ, which
is enough to prove the tightness of ((Y Nt1 , . . . , Y

N
t`

))N∈N∗ .
It remains to prove that all subsequences of ((Y Nt1 , . . . , Y

N
t`

))N∈N∗ that converge do so

to the same limit. Let ((Y
ψ(N)
t1 , . . . , Y

ψ(N)
t`

))N∈N∗ be a converging subsequence, and µ be
its limit law. Let f : R` 7→ R be a continuous function with compact support. We are going
to study µ(f). Let δ1 > 0. f is uniformly continuous, hence if we denote ‖(y1, . . . , y`)‖∞ =

max1≤`′≤` |y`′ | for any (y1, . . . , y`) ∈ R`, there exists δ2 > 0 such that if y, y′ ∈ R` satisfy
‖y − y′‖∞ ≤ δ2 then |f(y) − f(y′)| ≤ δ1. For any ε > 0, for any `′ ∈ {1, . . . , `}, we
define τ`′ = sup{k ∈ N : Tk − T0 ≤ t`′n

3/2}. Then Tτ`′ ≤ T0 + t`′n
3/2 < Tτ`′+1, hence

|XT0+bt`′n3/2c − XTτ
`′
| ≤ bεnc and |XT0+dt`′n3/2e − XTτ

`′
| ≤ bεnc, which implies |Y Nt`′ −

1
n (XTτ

`′
−XT0)| ≤ bεncn , therefore |Y Nt`′ −

bεnc
n ZNτ`′ | ≤ ε. Therefore when ε ≤ δ2, we have∣∣∣∣f(Y Nt1 , . . . , Y

N
t`

)− f
(
bεnc
n

ZNτ1 , . . . ,
bεnc
n

ZNτ`

)∣∣∣∣ ≤ δ1. (3.1)

Let us study f( bεncn ZNτ1 , . . . ,
bεnc
n ZNτ` ). By Proposition 9.1, we have that ((ZNk ,

1
n3/2 (Tk −

Tk−1)))k∈N∗ converges in distribution to the law ((Z̆k, T̆k))k∈N∗ defined in Definition 8.5
when N tends to +∞ (in the sense of convergence of the finite-dimensional marginals).
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Moreover, (ZNτ1 , . . . , Z
N
τ`

) is a function of ((ZNk ,
1

n3/2 (Tk−Tk−1)))k∈N∗ , and since by Proposi-

tion 9.1 the
∑k
k′=1 T̆k′ , k ∈ N have no atoms, almost surely for all k ∈ N∗,

∑k
k′=1 T̆k′ 6= t`′

for all `′ ∈ {1, . . . , `}, therefore almost surely ((Z̆k, T̆k))k∈N∗ is a point of continuity of
this function. Consequently, (ZNτ1 , . . . , Z

N
τ`

) converges in distribution when N tends to

+∞. We denote µε its limiting law, which is also the limiting law of bεncn (ZNτ1 , . . . , Z
N
τ`

).
Now, from (3.1) we deduce |µ(f)−µε(f)| ≤ δ1. To sum up, for any δ1 > 0, when ε is small
enough we have |µ(f) − µε(f)| ≤ δ1, hence µ(f) = limε→0 µε(f). This means µ(f) does
not depend on the choice of the subsequence, thus µ does not depend on the choice of
the subsequence, which ends the proof.

Proof of Proposition 3.2. Let ϑ > 0, δ1, δ2 > 0. In this proof, we will set ε = δ1
3 . Then for

any m,m′ ∈ N, if there exists k ∈ N such that m,m′ ∈ [Tk, Tk+2], then |Xm −Xm′ | ≤ 3εn.
This implies that for any s, t ∈ [0, ϑ], if sn3/2 +T0, tn

3/2 +T0 ∈ [Tk, Tk+2] then |Y Nt −Y Ns | ≤
3ε = δ1. Now for δ3 > 0, K ∈ N∗, if TK ≥ ϑn3/2 + T0 and for each k ∈ {0, . . . ,K − 1} we
have Tk+1 − Tk > δ3n

3/2, then for any s, t ∈ [0, ϑ] so that |s − t| ≤ δ3 there exists k ∈ N
such that sn3/2 + T0, tn

3/2 + T0 ∈ [Tk, Tk+2], so we obtain |Y Nt − Y Ns | ≤ δ1, therefore
sup0≤s,t≤ϑ,|s−t|≤δ3 |Y

N
t − Y Ns | ≤ δ1. We deduce

P

(
sup

0≤s,t≤ϑ,|s−t|≤δ3
|Y Nt − Y Ns | > δ1

)
≤ P(TK < ϑn3/2 + T0) +

K−1∑
k=0

P(Tk+1 − Tk ≤ δ3n3/2).

We set K so that 1/2K ≤ δ2/8 and ϑ ≤ K r2
120 (ε̃)3/2. Then we have

P(TK < ϑn3/2 + T0) ≤ P

(
TK − T0 < K

r2

120
(ε̃n)3/2,Bc ∩

6⋂
r=0

Bcr

)
+ P(B) + P

(
6⋃
r=0

Br

)
.

By Proposition 7.7, when N is large enough, the first term is at most δ2/6. By Proposi-
tion 4.8, P(B) tends to 0 when n tends to +∞, so if N is large enough, P(B) ≤ δ2/6. By
Proposition 5.8, P(

⋃6
r=0 Br) ≤ e−c(lnn)2

when n is large enough, so P(
⋃6
r=0 Br) ≤ δ2/6

when N is large enough. We deduce P(TK < ϑn3/2 + T0) ≤ δ2/2 when N is large enough.
Furthermore for any k ∈ {0, . . . ,K − 1}, we notice

P(Tk+1 − Tk ≤ δ3n3/2) = P

(
1

n3/2
(Tk+1 − Tk) ≤ δ3

)
.

Now, by Proposition 9.1, 1
n3/2 (Tk+1 − Tk) converges in distribution to the law T̆k+1

defined in Definition 8.5, thus when N is large enough P( 1
n3/2 (Tk+1 − Tk) ≤ δ3) ≤

P(T̆k+1 ≤ δ3) + δ2
4K . In addition, Proposition 9.1 yields that for any k ∈ {0, . . . ,K − 1} we

have P(T̆k+1 = 0) = 0, hence we can choose δ3 > 0 so that for any k ∈ {0, . . . ,K − 1},
P(T̆k+1 ≤ δ3) ≤ δ2

4K . For such δ3, we obtain that for any k ∈ {0, . . . ,K − 1} we have
P(Tk+1 − Tk ≤ δ3n3/2) ≤ δ2

2K when N is large enough.
Consequently, there exists δ3 > 0 such that P(sup0≤s,t≤ϑ,|s−t|≤δ3 |Y

N
t −Y Ns | > δ1) ≤ δ2

when N is large enough.

Proof of Lemma 3.3. We assume by contradiction that (Y Nt )t∈[0,+∞) converges in dis-
tribution to the null function in the topology of continuous real processes on [0,+∞)

when N tends to +∞. Then, by the Skorohod Representation Theorem, there exists a
probability space containing random variables (Ŷ Nt )t∈[0,+∞) for any N ∈ N∗ so that the

(Ŷ Nt )t∈[0,+∞) have the same distribution as the (Y Nt )t∈[0,+∞), and (Ŷ Nt )t∈[0,+∞) converges
almost surely to the null function in the topology of continuous real processes on [0,+∞)

when N tends to +∞. Then for any M > 0 we have P(supt∈[0,M ] |Ŷ Nt | ≥ 1/2) tends to

0 when N tends to +∞, thus P(supt∈[0,M ] |Y Nt | ≥ 1/2) tends to 0 when N tends to +∞.
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Limit theorems for trajectory of self-repelling random walk with directed edges

In this proof, we set ε = 1. Then for any M > 0 we have that P( 1
n3/2 (T1 − T0) ≤ M)

tends to 0 when N tends to +∞. However, by Proposition 9.1, 1
n3/2 (T1 − T0) converges

in distribution to the T̆1 defined in Definition 8.5 when N tends to +∞, and T̆1 has no
atoms. This implies that for any M > 0, we have P(T̆1 ≤ M) = 0, which is impossible.
This ends the proof.

3.2 Proof of Proposition 1.1

For any t ∈ R+, N ∈ N∗, we denote Ŷ Nt = 1
NXbtN2c. By the definition of the Skorohod

topology (see Theorem 10 of Chapter VI of [15]), it is enough to prove that for any
subsequence (Ŷ

ψ(N)
t )N∈N∗ , there exists δ1, δ2 > 0 so that for any ϑ > 0 large enough, for

any M ∈ N∗ and any 0 = t0 < · · · < tM = ϑ, we have

lim sup
N→+∞

P

(
max

1≤i≤M
inf{δ3 > 0 | ∃ t ∈ (ti−1, ti] with |Ŷ ψ(N)

s − Ŷ ψ(N)
ti−1

| < δ3 if ti−1 ≤ s < t

and |Ŷ ψ(N)
s − Ŷ ψ(N)

ti | < δ3 if t ≤ s ≤ ti} > δ2

)
≥ δ1.

Moreover, the process (Ŷ
ψ(N)
t )t∈[0,+∞) has jumps of size 1/ψ(N), which tends to 0

when N tends to +∞, so it is enough to show that for any ϑ ≥ 1, M ∈ N∗ and any
0 = t0 < · · · < tM = ϑ, we have

lim
N→+∞

P

(
∃ i ∈ {1, . . . ,M}, max

ti−1≤t≤ti
|Ŷ ψ(N)
t − Ŷ ψ(N)

ti−1
| > 1

32
√

2

)
= 1.

Let ϑ ≥ 1, M ∈ N∗ and 0 = t0 < · · · < tM = ϑ. We notice that if there exist s, t ∈ [0, ϑ]

so that |s − t| < min1≤i≤M |ti − ti−1| but |Ŷ ψ(N)
s − Ŷ

ψ(N)
t | > 1

8
√

2
, then there exists

i ∈ {1, . . . ,M} so that maxti−1≤t≤ti |Ŷ
ψ(N)
t − Ŷ ψ(N)

ti−1
| > 1

32
√

2
. We will choose t =

T ′0
ψ(N)2 and

s =
T ′1

ψ(N)2 , where T ′0 and T ′1 are equivalents of T0, T1 which we define now. We set x = 0,

θ =
√
ϑ

2
√

2
, T ′0 = T−bψ(N)θc,0 (see (1.5)), and T ′1 = inf{m ≥ T ′0 | |Xm − XT ′0

| = bθψ(N)/2c}
(this definition differs slightly from the definition of T1, as ψ(N) replaces N and θψ(N)/2

replaces εn). We then have

|Ŷ ψ(N)
t − Ŷ ψ(N)

s | = 1

ψ(N)
bθψ(N)/2c > θ

4
≥ 1

8
√

2

when N is large enough. Consequently, we only have to prove that

lim
N→+∞

P

(
T ′1

ψ(N)2
≤ ϑ, T ′1

ψ(N)2
− T ′0
ψ(N)2

≤ min
1≤i≤M

|ti − ti−1|
)

= 1.

In order to do that, we remark that Corollary 1 of [23] states that T ′0
ψ(N)2 converges in prob-

ability to 4θ2 = 4(
√
ϑ

2
√

2
)2 = ϑ

2 when N tends to +∞, which implies limN→+∞P(
T ′0

ψ(N)2 >

3ϑ
4 ) = 0, thus we only have to prove limN→+∞P(

T ′1
ψ(N)2− T ′0

ψ(N)2 >
ϑ
4∧min1≤i≤M |ti−ti−1|) =

0. Moreover, by Lemma 9.2 1
ψ(N)3/2 (T ′1 − T ′0) converges in distribution when N tends to

+∞, which is sufficient and ends the proof.

4 Notation and auxiliary random variables

If a, b ∈ R, we set a ∧ b = min(a, b), a ∨ b = max(a, b), and a+ = max(a, 0). For any
set A and any function f : A 7→ R, we denote ‖f‖∞ = supx∈A |f(x)|. For any m ∈ N, we
define

Fm = σ(X0, X1, . . . , Xm) (4.1)
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Limit theorems for trajectory of self-repelling random walk with directed edges

Let ε > 0. ε may take different values throughout the paper, but the one used will
always be clear from the context. Remembering that T±bNθc,bNxc was defined in (1.5), we
recall the following definition already given at the beginning of Section 3:

T0 = T±bNθc,bNxc and ∀ k ∈ N, Tk+1 = inf{k′ ≥ Tk | |Xk′ −XTk | = bεnc}. (4.2)

For any m ∈ N, we also introduce the stopping times (compatible with those defined at
the beginning of Section 2.1):

β±m = inf{m′ ≥ m |Xm′ = Xm ± bεnc}. (4.3)

Proposition 1 of [23] states that almost surely, for any i ∈ Z, m,m′ ∈ N, the local time
`±m,i defined in (1.1) will reach m′ in finite time, therefore all these stopping times are
finite. We recall the definition of the ∆m,i in (1.2).

Definition 4.1. For any m ∈ N, we define random variables ζm,±,Bi , ζm,±,Ei for i ∈ Z as
follows:

ζm,−,Bi =

{
−∆m,i − 1/2 if i ≤ Xm,

−∆m,i + 1/2 if i > Xm,
and ζm,−,Ei = −∆β−m,i

+ 1/2,

ζm,+,Bi =

{
∆m,i + 1/2 if i ≤ Xm,

∆m,i − 1/2 if i > Xm,
and ζm,+,Ei = ∆β+

m,i
+ 1/2.

We also define Lm,±i = |{m ≤ m′ < β±m | (Xm′ , Xm′+1) = (i− 1, i)}|.
The superscript B stands for “beginning”, and the superscript E for “end”, since we

will use the corresponding random variables respectively at the beginning and at the
end of “steps of the mesoscopic walk (XTk)k∈N”.

Fact 4.2. For i ≥ Xm − bεnc + 1, we have Lm,−i+1 = Lm,−i + ζm,−,Ei − ζm,−,Bi , and for

i ≤ Xm + bεnc − 1 we have Lm,+i = Lm,+i+1 + ζm,+,Ei − ζm,+,Bi .

Proof. We write the proof for Lm,−i+1 ; the argument for Lm,+i is similar. We have

Lm,−i+1 = `+
β−m,i
− `+m,i = (`+

β−m,i
− `−

β−m,i
)− (`+m,i − `

−
m,i) + `−

β−m,i
− `−m,i

= −∆β−m,i
− (−∆m,i) + `−

β−m,i
− `−m,i.

Now, `−
β−m,i
− `−m,i is the number of times X goes from i to i− 1 between m and β−m, which

is Lm,−i + 1 if i ≤ Xm and Lm,−i if i > Xm, hence the result.

In order to control the behavior of the ζm,±,Bi , ζm,±,Ei , we recall some definitions
and properties from [23]. We define a Markov chain (ξ(m))m∈N on Z by the following
transition probabilities:

P(ξ(m+ 1) = ξ(m) + 1) = 1− P(ξ(m+ 1) = ξ(m)− 1) =
w(−ξ(m))

w(ξ(m)) + w(−ξ(m))
. (4.4)

We notice that for any i ∈ Z the jump chain of (∆m,i)m∈N has the law of (ξ(m))m∈N.
For any m ∈ N, we denote by τ+(m) (respectively τ−(m)) the time of the m-th upwards
(respectively downwards) step of ξ:

τ±(0) = 0 and ∀m ∈ N, τ±(m+ 1) = inf{m′ > τ±(m) | ξ(m′) = ξ(m′ − 1)± 1} (4.5)

which can easily be seen to be finite. The processes (η−(m))m∈N and (η+(m))m∈N defined
by

η+(m) = −ξ(τ+(m)) and η−(m) = ξ(τ−(m)) (4.6)
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for any m ∈ N are Markov chains on Z. Moreover, and one can check that ξ and −ξ have
the same law, which implies η+ and η− have the same law. In what follows, η will refer
to a Markov chain with this law.

For any m ∈ N, i > Xm − bεnc, at time β−m the process (Xm′)m′∈N is at the left of i,
thus the last time (Xm′)m′∈N was at i it went to the left, hence the last step of (∆m′,i)m′∈N
before time β−m was an upwards step. Moreover, the number of upwards steps made
by (∆m′,i)m′∈N between times m and β−m is |{m ≤ m′ ≤ β−m | (Xm′ , Xm′+1) = (i, i− 1)}| =
`−
β−m,i
− `−m,i. This implies ∆β−m,i

= ξ(τ+(`−
β−m,i
− `−m,i)) = −η(`−

β−m,i
− `−m,i) where ξ starts at

∆m,i, so η starts at −∆m,i, with the transitions of ξ, η independent of Fm, ∆β−m,j
, j < i.

Similarly, if i < Xm + bεnc, we have ∆β+
m,i

= η(`+
β+
m,i
− `+m,i) with η(0) = ∆m,i. We deduce

that

ζm,−,Ei =

{
η(Lm,−i + 1) + 1/2 with η(0) = −∆m,i if Xm − bεnc < i ≤ Xm,

η(Lm,−i ) + 1/2 with η(0) = −∆m,i if i > Xm,
(4.7)

∀ i ∈ Z, ζm,+,Ei = η(Lm,+i+1 ) + 1/2 with η(0) = ∆m,i.

In [23], it was proven that the measure ρ− defined as follows is the unique invariant
probability measure of η:

∀ i ∈ Z, ρ−(i) =
1

Z(w)

b|2i+1|/2c∏
j=1

w(−j)
w(j)

with Z(w) =
∑
i∈Z

b|2i+1|/2c∏
j=1

w(−j)
w(j)

. (4.8)

We notice that for any i ∈ N, ρ−(−i−1) = ρ−(i), so ρ− is symmetric with respect to −1/2.
Therefore, we may define the measure ρ+ on Z by

∀ i ∈ Z, ρ+(i) = ρ−(i− 1) = ρ−(−i). (4.9)

ρ− and ρ+ have respective expectations −1/2 and 1/2. We also denote ρ0 the measure
on 1

2 +Z defined by

∀ i ∈ 1

2
+Z, ρ0(i) = ρ−

(
i− 1

2

)
, (4.10)

which has expectation 0. The measure ρ0 is very important, since the law of the
ζT

ι
m,i,±,B , ζT

ι
m,i,±,E will be close to ρ0 under “good conditions”. In particular, these

variables will have expectation close to 0.

Remark 4.3. We could study our random walk (Xm)m∈N “starting from a random envi-
ronment”, that is setting the ∆0,i, i ∈ Z to random variables instead of setting them to 0,
and then evolving (Xm)m∈N and the (∆m,i)m∈N, i ∈ Z according to the usual rules. This
yields a new random walk (X̂m)m∈N and an “environment” process on (∆̂m,i)m∈N,i∈Z
which evolves as follows:

1. We choose the ∆̂0,i, i ∈ Z to be independent, with distribution ρ− for i < 0, ρ+ for
i > 0 and ρ−+ρ+

2 for i = 0. We set X̂0 = 0.

2. For any m ≥ 0, P(X̂m+1 = X̂m+1) = 1−P(X̂m+1 = X̂m−1) =
w(∆̂m,X̂m

)

w(−∆̂m,X̂m
)+w(∆̂m,X̂m

)
.

3. For m ≥ 0, we set ∆̂m+1,i = ∆̂m,i for i 6= X̂m and ∆̂m+1,X̂m
= ∆̂m,X̂m

−(X̂m+1−X̂m).

Let µ0 be the law of (∆0,i)i∈Z and for all m > 0 let µm be the law of (∆m,i)i∈Z shifted
by the “tagged particle” X̂m, that is the law of (∆m,X̂m+i)i∈Z. Then direct calculation
shows that for each m ≥ 0, µm = µ0. So with this particular measure µ0 for the initial
environment, the distribution of the environment is stationary, hence the increments of
(X̂m)m∈N are stationary. Though of course knowing that X̂1 = 1 will typically mean that
the conditional distribution of (∆̂1,i)i∈Z shifted by 1 is not µ0.
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Limit theorems for trajectory of self-repelling random walk with directed edges

A slight modification of our arguments (to deal with the distribution of (∆̂0,i)i∈Z)
shows that the motion of (X̂m)m∈N is governed by Theorem 1.2. Unlike the motion of
the tagged particle in an exclusion process with a non nearest neighbor jump kernel or
in high dimension with an initial product measure (see [8]), our environment does not
evolve outside of the position of X̂m. In this it is like the Markov chain cookie random
walk studied by [10] where the intial distribution of the environment is π− for i < 0, π+

for i > 0 and π++π−
2 = π for i = 0. However, in the Markov chain cookie random walk,

the “tagged particle” does have a motion that (under diffusive scaling) converges to a
Brownian motion, which is not the case in our model (as the limit has non-Brownian
scaling properties). The two models, though similar, thus have a different behavior, and
the reason for that is not clear, though obviously the operator for our process does not
fall into the domain of Kipnis-Varadhan analysis.

In order to control the behavior of η, thus of the ζm,±,Bi , ζm,±,Ei , we will need the
following lemma, proved in [23].

Lemma 4.4 (Lemma 1 of [23]). There exist constants c̄ = c̄(w) > 0 and C̄ = C̄(w) <∞
such that for any m ≥ 0,

P(η(m) = i|η(0) = 0) ≤ C̄e−c̄|i| and
∑
i∈Z
|P(η(m) = i|η(0) = 0)− ρ−(i)| ≤ C̄e−c̄m.

We now state two easy coupling lemmas, which we will need in order to define
auxiliary random variables.

Lemma 4.5. For any probability laws µ and ν on Z, for any random variables Vµ with
law µ and U independent from Vµ uniform on [0, 1], one can construct a random variable
Vν of law ν depending only on Vµ and U such that P(Vµ 6= Vν) is minimal.

Proof. We suppose µ 6= ν, as if µ = ν we can take Vν = Vµ. The construction is as follows.

If µ(Vµ) ≤ ν(Vµ), we set Vν = Vµ. If µ(Vµ) > ν(Vµ), we set Vν = Vµ if U ∈ [0,
ν(Vµ)
µ(Vµ) ], and

for any i ∈ Z \ {Vµ}, Vν = i if U is in(
ν(Vµ)

µ(Vµ)
+
µ(Vµ)− ν(Vµ)

µ(Vµ)

∑
j<i(ν(j)− µ(j))+∑
j∈Z(ν(j)− µ(j))+

,
ν(Vµ)

µ(Vµ)
+
µ(Vµ)− ν(Vµ)

µ(Vµ)

∑
j≤i(ν(j)− µ(j))+∑
j∈Z(ν(j)− µ(j))+

]
.

It is straightforward to check that Vν has law ν and that P(Vµ 6= Vν) =
∑
j∈Z(µ(j)−ν(j))+,

hence is minimal.

Lemma 4.6. It is possible to couple two processes η and η′ with η′(0) = η(0)− 1 so that
for any ` ∈ N, η(`)− 1 ≤ η′(`) ≤ η(`).

Proof. It is enough to couple η(1) and η′(1) so that η(1) − 1 ≤ η′(1) ≤ η(1). For this,
we set U a random variable uniform on [0, 1], and we set η̃(1) = i when U ∈ (P(η̃(1) ≥
i+ 1),P(η̃(1) ≥ i)] for η̃ = η or η′. η and η′ have the right marginal laws. We only have to
prove that for any i ∈ Z,

P(η′(1) ≥ i+ 1) ≤ P(η(1) ≥ i+ 1) and P(η(1) ≥ i) ≤ P(η′(1) ≥ i− 1).

Now, for any i ∈ Z, one can check that P(η̃(1) ≥ i) =
∏i
j=η̃(0)

w(−j)
w(j)+w(−j) if i ≥ η̃(0), and

P(η̃(1) ≥ i) = 1 if i < η̃(0). Since η′(0) < η(0), we deduce P(η′(1) ≥ i+1) ≤ P(η(1) ≥ i+1).
Now, if i < η(0), i − 1 < η′(0), so P(η(1) ≥ i) = P(η′(1) ≥ i − 1) = 1, and if i ≥ η(0) we
have

P(η(1) ≥ i) =

i∏
j=η(0)

w(−j)
w(j) + w(−j)

≤
i−1∏

j=η′(0)

w(−j)
w(j) + w(−j)

= P(η′(1) ≥ i− 1)

since w(−.)
w(.)+w(−.) is non-increasing. This ends the proof of the lemma.
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We are now in position to control the laws of the ∆Tιm,i,j
for m ≥ Nθ/2, i ∈ Z, ι ∈

{+,−}. Heuristically, the ∆Tιm,i,j
are steps of chains η or −η, and these chains have made

a large number of steps before time Tι
m,i since m is large, hence the ∆Tιm,i,j

will have
law close to the invariant measure of η or −η, that is ρ− or ρ+. More precisely, we have
the following proposition (remember the definitions of n and Fm given in (1.4), (4.1)).

Proposition 4.7. For any m ≥ Nθ/2, i ∈ Z, ι ∈ {+,−}, there exists a collection of
random variables (∆̄Tιm,i,j

)j∈Z, an event Bm,i,ι0 , and constants C0 = C0(w, ε) < ∞ and

c0 = c0(w) > 0, so that when n is large enough, P(Bm,i,ι0 ) ≤ C0e
−c0n(α−1)/4

, Bm,i,ι0

contains {there exists i− n(α−1)/4bεnc − 1 ≤ j ≤ i+ n(α−1)/4bεnc+ 1, ∆̄Tιm,i,j
6= ∆Tιm,i,j

},
Bm,i,ι0 depends only on FTιm,i

and on random variables independent from X, and the

(∆̄Tιm,i,j
)j∈Z are independent with the following laws:

• for ι = −, ∆̄Tιm,i,j
has law ρ− for j ≤ i− 1 and ∆̄Tιm,i,j

has law ρ+ for j ≥ i;

• for ι = +, ∆̄Tιm,i,j
has law ρ− for j ≤ i and ∆̄Tιm,i,j

has law ρ+ for j ≥ i+ 1.

Proof. We write the argument for ι = −; the case ι = + is similar. We begin by
constructing (∆̄Tιm,i,j

)j∈Z. This construction is inspired from the one in Section 3.3 of
[23]. We have XTιm,i−1 = i, thus for j ≤ i− 1, the last time before Tι

m,i that the process
(Xm′)m′∈Z was at j, it went to the right, hence the last step of (∆m′,j)m′∈N before time
Tι
m,i is an downwards step. Moreover, the number of downwards steps of (∆m′,j)m′∈N

before time Tι
m,i is `+

T−m,i,j
. We deduce that ∆T−m,i,j

= ξj(τ−(`+
T−m,i,j

)) = ηj,−(`+
T−m,i,j

),

where the ηj,− are independent copies of η starting from 0 (and the ξj are independent
copies of ξ starting from 0). In the same way, for j ≥ i, ∆T−m,i,j

= ξj(τ+(`−
T−m,i,j

)) =

−ηj,+(`−
T−m,i,j

) where the ηj,+ are independent, independent from the ηj,−, j ≤ i− 1, and

start from 0. We will drop the index + or − from the ηj,± for convenience. By Lemmas 4.4
and 4.5, we can introduce random variables rj i.i.d. of law ρ− such that for any j,
P(ηj(dNθ/4e) 6= rj) ≤ C̄e−c̄θN/4. For any j, we define another copy of η, (η̄j(`))`≥dNθ/4e,
so that η̄j(dNθ/4e) = rj , if ηj(dNθ/4e) = rj , η̄j(`) = ηj(`) for any ` ≥ dNθ/4e, and the η̄j
are independent. For j ≤ i− 1, we set ∆̄T−m,i,j

= η̄j(`
+

T−m,i,j
∨ dNθ/4e), and for j ≥ i we

set ∆̄T−m,i,j
= −η̄j(`−T−m,i,j

∨ dNθ/4e).

To show that the ∆̄T−m,i,j
are independent with the required laws, we notice that since

ρ− is invariant for η, η̄j(`) has law ρ− for any ` ≥ dNθ/4e. Now, for j > i, we notice that
`−
T−m,i,j

= `+
T−m,i,j−1

or `+
T−m,i,j−1

+ 1 depending only on the position of i and j with respect

to 0. Furthermore, `+
T−m,i,j−1

= `−
T−m,i,j−1

− ∆T−m,i,j−1 = `−
T−m,i,j−1

+ ηj−1(`−
T−m,i,j−1

), and

we recall that `−
T−m,i,i

= m, so one can prove by induction that `−
T−m,i,j

depends only on

the ηj′ , i ≤ j′ < j, which are independent from η̄j , therefore ∆̄T−m,i,j
is independent from

the ηj′ , η̄j′ , j′ < j, and has law ρ+. The same argument can be used for j ≤ i− 1 to show
that `+

T−m,i,j
depends only on the ηj′ , j < j′ < i so ∆̄T−m,i,j

has law ρ− and is independent

from the ηj′ , η̄j′ , j′ > j. This implies the ∆̄T−m,i,j
are independent with the required laws.

We now define Bm,i,−0 . We set

Bm,i,−0,1 = {∃ j so that i− n(α−1)/4bεnc − 1 ≤ j ≤ i+ n(α−1)/4bεnc+ 1, ηj(dNθ/4e) 6= rj},

Bm,i,−0,2 = {∃ j so that i− n(α−1)/4bεnc ≤ j ≤ i+ n(α−1)/4bεnc, |∆T−m,i,j
| > n(α−1)/4},

and Bm,i,−0 = Bm,i,−0,1 ∪ Bm,i,−0,2 . To show that Bm,i,−0 contains the required event, we notice

that for any j ∈ Z, `−
T−m,i,j

= ∆T−m,i,j
+ `+

T−m,i,j
and |`−

T−m,i,j
− `+

T−m,i,j−1
| ≤ 1, so we have
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|`+
T−m,i,j−1

− `+
T−m,i,j

| ≤ |∆T−m,i,j
| + 1 and |`−

T−m,i,j+1
− `−

T−m,i,j
| ≤ |∆T−m,i,j

| + 1. In addition,

we recall that `−
T−m,i,i

= m. We deduce that when n is large enough, for any 0 ≤ s ≤

n(α−1)/4bεnc, if |∆T−m,i,j
| ≤ n(α−1)/4 for all i−s ≤ j ≤ i−1, then |`+

T−m,i,j
−m| ≤ 4εn(α+1)/2

for i− s− 1 ≤ j ≤ i− 1, and if |∆T−m,i,j
| ≤ n(α−1)/4 for all i ≤ j ≤ i+ s then |`−

T−m,i,j
−m| ≤

4εn(α+1)/2 for i ≤ j ≤ i + s + 1. Consequently, if (Bm,i,−0,2 )c is satisfied and n is large

enough, for all i−n(α−1)/4bεnc−1 ≤ j ≤ i−1 we have `+
T−m,i,j

≥ m−4εn(α+1)/2 ≥ dNθ/4e,

and for all i ≤ j ≤ i+ n(α−1)/4bεnc+ 1 we have `−
T−m,i,j

≥ m− 4εn(α+1)/2 ≥ dNθ/4e. This

implies that if (Bm,i,−0 )c is satisfied, for all i− n(α−1)/4bεnc − 1 ≤ j ≤ i+ n(α−1)/4bεnc+ 1,
∆̄T−m,i,j

= ∆T−m,i,j
, thus Bm,i,−0 contains the required event.

To see that Bm,i,−0 has the required dependencies, we notice that Bm,i,−0,2 depends on

FT−m,i
. Furthermore, if (Bm,i,−0,2 )c is satisfied and n is large enough, for all i−n(α−1)/4bεnc−

1 ≤ j ≤ i − 1 we have `+
T−m,i,j

≥ dNθ/4e and for all i ≤ j ≤ i + n(α−1)/4bεnc + 1 we have

`−
T−m,i,j

≥ dNθ/4e, so the events {ηj(dNθ/4e) 6= rj} depend only on FT−m,i
and on the

random variables used to construct the rj .
We now bound the probability of Bm,i,−0 . By the definition of the rj , when n is large

enough, P(Bm,i,−0,1 ) ≤ 3εn(α+3)/4C̄e−c̄θN/4. Furthermore, when n is large enough, if Bm,i,−0,2

is satisfied by some i − n(α−1)/4bεnc ≤ j ≤ i − 1 (the case i ≤ j ≤ i + n(α−1)/4bεnc is
similar), and if we consider the largest such j, then |`+

T−m,i,j
−m| ≤ 4εn(α+1)/2, so there

exists an integer m′ ∈ [m− 4εn(α+1)/2,m+ 4εn(α+1)/2] such that |ηj(m′)| ≥ n(α−1)/4. This
implies

P(Bm,i,−0,2 ) ≤
∑

|j−i|≤n(α−1)/4bεnc,|m′−m|≤4εn(α+1)/2

P(|ηj(m′)| ≥ n(α−1)/4)

≤ 32ε2n(3α+5)/4 2C̄

1− e−c̄
e−c̄n

(α−1)/4

,

the latter inequality coming from Lemma 4.4. This ends the proof.

Proposition 4.7 gives us a good control on the ∆m,i when m is some Tι
m′,i′ with

m′ ≥ Nθ/2. However, we will need to understand the ∆m,i when m is Tk, k ∈ N. In
order to do that, we establish the following proposition, which states that outside of
an event of very small probability, each Tk will be one of the Tι

m′,i′ for some random
m′ ≥ Nθ/2, i′ ∈ Z, ι ∈ {+,−}.
Proposition 4.8. We can define an event B such that for any k ∈ N∗, if Bc occurs
and n is large enough, Tk = T+

m,i or T−m,i for some integers bNθc − 2n(α+4)/5 ≤ m ≤
bNθc+ 2n(α+4)/5 and bNxc − n(α+4)/5 ≤ i ≤ bNxc+ n(α+4)/5. In addition, there exists a

constant c′ = c′(w) > 0 such that P(B) ≤ e−c′n((α−1)/4)∧(1/10)

when n is large enough.

Proof. By the definition of the Tk, if n is large enough, there exist m ∈ N, bNxc −
n(α+4)/5 ≤ i ≤ bNxc + n(α+4)/5 and ι ∈ {+,−} so that Tk = Tι

m,i, hence we only have
to obtain the property on m. Roughly, the idea of the proof is that at T0 = T±bNθc,bNxc,

Proposition 4.7 allows us to control the ∆T0,j , which are tightly linked to the `±T0,j
, which

allows to show that the `±T0,j
cannot be too small, thus since Tk ≥ T0, the `±Tk,j cannot be

too small which yields a lower bound onm. Moreover, this control on the `±T0,j
also implies

that they cannot be too large, therefore `ι
T0,b(N+n(α+9)/10)xc ≤ b(N+n(α+9)/10)θc, thus T0 ≤

Tι
b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc. Since the random walk cannot reach b(N + n(α+9)/10)xc

from bNxc between times T0 and Tk, this implies Tk ≤ Tι
b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc.
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We can exert the same control on the `± at time Tι
b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc as at

time T0, which allows us to prove that m is not too large.
We now construct the event B, which will roughly mean “the `± don’t behave well”.

We suppose without loss of generality that we work with T0 = T+
bNθc,bNxc and x > 0. For

ι̃ ∈ {+,−}, we define

Bι̃ = {∃ i ∈ Z with |i− bNxc| ≤ 2n(α+4)/5 and |`ι̃T0,i − `
ι̃
T0,y + (i− bNxc)/2| > n(α+5)/10}

with y = bNxc if ι̃ = + and y = bNxc+ 1 if ι̃ = −. To shorten the notation, we will write
in this proof

T ι̃ = Tι̃
b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc. (4.11)

We define

B′ι̃ = {∃ i ∈ Z with |i− b(N + n(α+9)/10)xc| ≤ 2n(α+4)/5

and |`ι̃T ι̃,i − `
ι̃
T ι̃,b(N+n(α+9)/10)xc + (i− b(N + n(α+9)/10)xc)/2| > n(α+5)/10}.

If x < 0, we would replace (i − bNxc)/2 by −(i − bNxc)/2 in Bι̃, and similarly in B′ι̃.
If we had x = 0, we would replace b(N + n(α+9)/10)xc by bn(α+9)/10c, in Bι̃ we would
replace (i− bNxc)/2 by |i/2|, and in B′ι̃ we would replace (i− b(N + n(α+9)/10)xc)/2 by
(|i| − bn(α+9)/10c)/2. Finally, we define B = B+ ∪ B− ∪ B′+ ∪ B′−.

We now prove that if Bc occurs, Tk has the desired property. We notice that since
Tk = Tι

m,i, we have m = `ιTk,i. We first prove the lower bound on m. We have m = `ιTk,i ≥
`ιT0,i

. Moreover, |i−bNxc| ≤ 2n(α+4)/5 and Bcι occurs, hence |`ιT0,i
−`ιT0,y

+(i−bNxc)/2| ≤
n(α+5)/10 with y = bNxc if ι = + and y = bNxc+1 if ι = −. Since T0 = T+

bNθc,bNxc, if ι = +

we have `+T0,bNxc = bNθc, hence `ιT0,i
≥ bNθc − n(α+5)/10 − n(α+4)/5. If ι = −, we have

|`−T0,bNxc+1−`
+
T0,bNxc| ≤ 1 and `+T0,bNxc = bNθc, thus `ιT0,i

≥ bNθc−n(α+5)/10−1−n(α+4)/5.

In both cases we get `ιT0,i
≥ bNθc − 2n(α+4)/5 when n is large enough, hence m ≥

bNθc − 2n(α+4)/5.
We now prove the upper bound on m. In order to do that, we notice that |b(N +

n(α+9)/10)xc − bNxc| ≤ 2n(α+4)/5 when n is large enough, thus since Bcι occurs,

`ιT0,b(N+n(α+9)/10)xc − `
ι
T0,y + (b(N + n(α+9)/10)xc − bNxc)/2| ≤ n(α+5)/10

with |`ιT0,y
− bNθc| ≤ 1. This implies

`ιT0,b(N+n(α+9)/10)xc − bNθc ≤ n
(α+5)/10 − (b(N + n(α+9)/10)xc − bNxc)/2 + 1 ≤ n(α+5)/10

when n is large enough, hence `ι
T0,b(N+n(α+9)/10)xc < b(N+n(α+9)/10)θc, which yields T0 ≤

Tι
b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc. Furthermore, between times T0 and Tk the random walk

stays at distance at most kεn+1 of bNxc, hence when n is large enough it does not reach
b(N + n(α+9)/10)xc, therefore Tk ≤ Tι

b(N+n(α+9)/10)θc,b(N+n(α+9)/10)xc = T ι (see (4.11)),

which yields m = `ιTk,i ≤ `
ι
T ι,i. Now, |i− bNxc| ≤ n(α+4)/5, thus |i− b(N + n(α+9)/10)xc| ≤

2n(α+4)/5 when n is large enough, thus since B′ι occurs, |`ιT ι,i − `ιT ι,b(N+n(α+9)/10)xc + (i−
b(N +n(α+9)/10)xc)/2| ≤ n(α+5)/10, so `ιT ι,i ≤ `ιT ι,b(N+n(α+9)/10)xc+n(α+5)/10 +n(α+4)/5. In

addition, by the definition of T ι we have `ι
T ι,b(N+n(α+9)/10)xc = b(N + n(α+9)/10)θc, thus

m ≤ `ιT ι,i ≤ b(N + n(α+9)/10)θc+ n(α+5)/10 + n(α+4)/5 ≤ bNθc+ 2n(α+4)/5.
We now prove the bound on P(B) with the help of Proposition 4.7. It is enough

to find c′ = c′(w) > 0 so that P(B−) ≤ e−2c′n((α−1)/4)∧(1/10)

when n is large enough, as
the probabilities P(B+),P(B′+),P(B′−) can be dealt with in the same way. Moreover, by

Proposition 4.7 we have P(BbNθc,bNxc,+0 ) ≤ C0e
−c0n(α−1)/4

when n is large enough, so it
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is enough to prove P(B− ∩ (BbNθc,bNxc,+0 )c) ≤ e−c̆0n1/10

for some constant c̆0 = c̆0(w) > 0

when n is large enough.
In order to do that, we set i ∈ Z so that |i − bNxc| ≤ 2n(α+4)/5. We will write

`−T0,i
− `−T0,bNxc + (i− bNxc)/2 as a sum of i.i.d. random variables as follows. We suppose

i < bNxc, then

`−T0,i
− `−T0,bNxc + (i− bNxc)/2 =

i+1∑
j=bNxc

(`−T0,j−1 − `
−
T0,j
− 1/2).

Now, we recall that x > 0 and nα ≤ N , so when n is large enough i ≥ 0, which yields that
for any j ∈ {i+ 1, . . . , bNxc}, `−T0,j

= `+T0,j−1 − 1, hence

`−T0,i
− `−T0,bNxc + (i− bNxc)/2 =

i+1∑
j=bNxc

(`−T0,j−1 − `
+
T0,j−1 + 1/2) =

i+1∑
j=bNxc

(∆T0,j−1 + 1/2).

Moreover, `−T0,bNxc+1 = `+T0,bNxc, thus `−T0,bNxc−`
−
T0,bNxc+1 = `−T0,bNxc−`

+
T0,bNxc = ∆T0,bNxc.

We deduce

`−T0,i
− `−T0,bNxc+1 + (i− bNxc)/2 = ∆T0,bNxc +

i+1∑
j=bNxc

(∆T0,j−1 + 1/2).

Now, if (BbNθc,bNxc,+0 )c occurs and n is large enough, ∆T0,j = ∆̄T0,j for any j ∈ {i, . . . , bNxc},
thus

`−T0,i
− `−T0,bNxc+1 + (i− bNxc)/2 = ∆̄T0,bNxc +

i+1∑
j=bNxc

(∆̄T0,j−1 + 1/2).

Therefore it is enough to show P(|∆̄T0,bNxc +
∑i+1
j=bNxc(∆̄T0,j−1 + 1/2)| > n(α+5)/10) ≤

e−2c̆0n
1/10

for some constant c̆0 = c̆0(w) > 0 when n is large enough. Now, by Propo-
sition 4.7 ∆̄T0,bNxc has law ρ− which has exponential tails, so there exists a constant

c̄0 = c̄0(w) > 0 so that P(|∆̄T0,bNxc| > n(α+5)/10/2) ≤ e−c̄0n(α+5)/10

when n is large enough.

Therefore it suffices to prove P(|
∑i+1
j=bNxc(∆̄T0,j−1 + 1/2)| > n(α+5)/10/2) ≤ e−n

1/10/3

when n is large enough. Furthermore, by Proposition 4.7 the ∆̄T0,j−1 are i.i.d. with law
ρ−, thus the ∆̄T0,j−1 + 1/2 are i.i.d. with law ρ0.

Consequently, we only have to prove that P(|
∑bNxc−i
j=1 ζj | > n(α+5)/10/2) ≤ e−n

1/10/3

when n is large enough, where (ζj)j∈N are i.i.d. with law ρ0. Moreover, ρ0 has exponential
tails, so E(esζ1) < +∞ when s > 0 is small enough. Since ρ0 is symmetric, when n is
large enough,

P

∣∣∣∣∣∣
bNxc−i∑
j=1

ζj

∣∣∣∣∣∣ > n(α+5)/10

2

 = 2P

bNxc−i∑
j=1

ζj >
n(α+5)/10

2

 =

2P

exp

n−(α+4)/10

bNxc−i∑
j=1

ζj

> exp(n1/10/2)

= 2e−n
1/10/2E

(
exp

(
n−(α+4)/10ζ1

))bNxc−i
.

(4.12)

We now study E(exp(n−(α+4)/10ζ1)). We have

exp(n−(α+4)/10ζ1) = 1 + n−(α+4)/10ζ1 +
1

2
n−(α+4)/5ζ2

1e
ζ′1
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with |ζ ′1| ≤ |n−(α+4)/10ζ1|, hence

E(exp(n−(α+4)/10ζ1)) = 1 + E

(
1

2
n−(α+4)/5ζ2

1e
ζ′1

)
≤ 1 +

1

2
n−(α+4)/5E(ζ2

1e
|n−(α+4)/10ζ1|).

Now, since ρ0 has exponential tails, there exists c̃0 = c̃0(w) > 0 and C̃0 = C̃0(w) < +∞
so that E(ζ2

1e
c̃0|ζ1|) ≤ C̃0. When n is large enough, E(ζ2

1e
|n−(α+4)/10ζ1|) ≤ E(ζ2

1e
c̃0|ζ1|) ≤ C̃0,

thus E(exp(n−(α+4)/10ζ1)) ≤ 1 + n−(α+4)/5C̃0/2 ≤ en
−(α+4)/5C̃0/2. From that and (4.12) we

obtain

P

∣∣∣∣∣∣
bNxc−i∑
j=1

ζj

∣∣∣∣∣∣ > n(α+5)/10/2

 = 2e−n
1/10/2e(bNxc−i)n−(α+4)/5C̃0/2

≤ 2e−n
1/10/2e2n(α+4)/5n−(α+4)/5C̃0/2 = 2e−n

1/10/2eC̃0 ≤ e−n
1/10/3

when n is large enough, which ends the proof.

Remark 4.9. It is possible to use the main result of [23] to craft an event B for which
the proof is much simpler, but such that Bc only ensures Nθ/2 ≤ m ≤ 5Nθ/2. This is not
enough for our purposes, since we will later use union bounds on events indexed by m,
the probability of each event of order e−c(lnn)2

.

We will need some other auxiliary variables. We recall that the Lm,±i , ζm,±,Bi , ζm,±,Ei

are defined in Definition 4.1, the Tι
m,i in (1.5) and the ∆̄Tιm,i,j

in Proposition 4.7. We
begin by constructing, for m ≥ Nθ/2, i ∈ Z, ι ∈ {+,−}, an equivalent of the processes

(L
Tιm,i,−
j )j∈Z and (L

Tιm,i,+

j )j∈Z “when the environment at time Tι
m,i is (∆̄Tιm,i,j

)j∈Z instead

of (∆Tιm,i,j
)j∈Z”. We denote m̄ = Tι

m,i and ī = XTιm,i
for short.

We define (L̄m̄,−j )j∈Z as follows. For j ≤ ī − bεnc + 1, L̄m̄,−j = 0. By Fact 4.2,

for any j ≥ ī − bεnc + 1 we have Lm̄,−j+1 = Lm̄,−j + ζm̄,−,Ej − ζm̄,−,Bj , and by (4.7), if

ī − bεnc + 1 ≤ j ≤ ī, ζm̄,−,Ej = η(Lm̄,−j + 1) + 1/2 with η(0) = −∆m̄,j , while if j > ī,

ζm̄,−,Ej = η(Lm̄,−j ) + 1/2 with η(0) = −∆m̄,j . We can define η̄ so that η̄(0) = −∆̄m̄,j , the

transitions of η̄ are independent from (∆̄m̄,j′)j′∈Z, and η̄ = η if (Bm,i,ι0 )c is satisfied, n
large enough and |j − ī| ≤ n(α−1)/4bεnc. We define L̄m̄,−j by induction by setting L̄m̄,−j+1 =

L̄m̄,−j + η̄(L̄m̄,−j + 1) + ∆̄m̄,j + 1 if ī− bεnc+ 1 ≤ j ≤ ī and L̄m̄,−j+1 = L̄m̄,−j + η̄(L̄m̄,−j ) + ∆̄m̄,j

if j > ī.
We define (L̄m̄,+j )j∈Z in the same way. L̄m̄,+j = 0 for j > ī + bεnc, L̄m̄,+

ī+bεnc = 1.

For any j < ī + bεnc, ζm̄,+,Ej = η(Lm̄,+j+1 ) + 1/2 with η(0) = ∆m̄,j , and we may define η̄

so that η̄(0) = ∆̄m̄,j , the transitions of η̄ are independent from (∆̄m̄,j)j∈Z, and η̄ = η

if (Bm,i,ι0 )c is satisfied, n large enough and |j − ī| ≤ n(α−1)/4bεnc. We then define
L̄m̄,+j = L̄m̄,+j+1 + η̄(L̄m̄,+j+1 )− ∆̄m̄,j + 1 if ī < j < ī+ bεnc and L̄m̄,+j = L̄m̄,+j+1 + η̄(L̄m̄,+j+1 )− ∆̄m̄,j

if j ≤ ī. When n is large enough, if (Bm,i,ι0 )c is satisfied, L̄m̄,±j = Lm̄,±j for any j ∈ Z with

|j − ī| ≤ n(α−1)/4bεnc.
Now, for any m ∈ N, we are going to construct random variables ζm,±,Ij , j ∈ Z,

independent from Fm such that “when L (more precisely, Lm,−j or Lm,+j+1 ) is not too small,

ζm,±,Ij = ζm,±,Ej , and the ζm,±,Ij , j ∈ Z are i.i.d. with law ρ0”, where ρ0 is defined in (4.10).

For m ≥ Nθ/2, i ∈ Z, ι ∈ {+,−}, we will also define random variables ζ̄m,±,Ij , j ∈ Z,

independent from (∆̄Tιm,i,j
)j∈Z and equal to the ζm,±,Ij when (Bm,i,ι0 )c is satisfied. The

superscript I stands for “independent”.
We begin by constructing the (ζm,−,Ij )j∈Z where m ∈ N. If m = Tι

m′,i for some

m′ ≥ Nθ/2, i ∈ Z, ι ∈ {+,−}, we construct the (ζ̄m,−,Ij )j∈Z at the same time. Let j ∈ Z.

EJP 29 (2024), paper 98.
Page 20/60

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1156
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for trajectory of self-repelling random walk with directed edges

If j ≤ Xm − bεnc, ζm,−,Ij = ζ̄m,−,Ij will be a random variable of law ρ0 independent from

everything else. If Xm−bεnc < j ≤ Xm, by (4.7) we know that ζm,−,Ej = η(Lm,−j +1)+1/2

with η(0) = −∆m,j , and (if m = Tι
m′,i) we remember the definitions of η̄ and L̄m,−j given

above. We denote T = inf{` ≥ 0 | η(`) = 0} and T̄ = inf{` ≥ 0 | η̄(`) = 0}. Let U be a
random variable uniform on [0, 1] independent from everything else. We can apply the
construction of Lemma 4.5 with η(T + b(lnn)2/2c) and U to construct a random variable
∆ of law ρ− and so that P(η(T + b(lnn)2/2c) 6= ∆) is minimal, and with η̄(T̄ + b(lnn)2/2c)
and U to construct a random variable ∆̄ of law ρ− and so that P(η̄(T̄ + b(lnn)2/2c) 6= ∆̄)

is minimal. If (Bm,i,ι0 )c is satisfied and n is large enough, we then have ∆̄ = ∆. Then,
if Lm,−j + 1 − T ≥ (lnn)2/2, we define ζm,−,Ij = η′(Lm,−j + 1 − T − b(lnn)2/2c) + 1/2,
where η′(0) = ∆ and η′(.) = η(T + b(lnn)2/2c + ·) when η(T + b(lnn)2/2c) = ∆. If
Lm,−j + 1 − T < (lnn)2/2, we set ζm,−,Ij = ζ̂, where ζ̂ is a random variable of law

ρ0 independent of everything else. Similarly, if L̄m,−j + 1 − T̄ ≥ (lnn)2/2, we define

ζ̄m,−,Ij = η̄′(L̄m,−j +1− T̄ −b(lnn)2/2c)+1/2, where η̄′(0) = ∆̄, η̄′(.) = η̄(T̄ +b(lnn)2/2c+ ·)
when η̄(T̄ + b(lnn)2/2c) = ∆̄, and η̄′ = η′ when (Bm,i,ι0 )c is satisfied and n large enough.
If L̄m,−j + 1− T̄ < (lnn)2/2, we set ζ̄m,−,Ij = ζ̂. If j > Xm, we use the same construction

with Lm,−j replacing Lm,−j + 1.

We use a similar construction for the ζm,+,Ij , j ∈ Z. For any j ∈ Z, ζm,+,Ej = η(Lm,+j+1 ) +

1/2 with η(0) = ∆m,j . We take similar T and ∆, as well as T̄ and ∆̄ when iι1 − bεnc ≤
j ≤ iι1 + bεnc. If Lm,+j+1 − T ≥ (lnn)2/2, we define ζm,+,Ij = η′(Lm,+j+1 − T − b(lnn)2/2c) +

1/2, where η′(0) = ∆ and η′(.) = η(T + b(lnn)2/2c + ·) when η(T + b(lnn)2/2c) = ∆.
If Lm,+j+1 − T < (lnn)2/2, we set ζm,+,Ij = ζ̂, where ζ̂ is a random variable of law ρ0

independent of everything else. In the same way, if L̄m,+j+1 − T̄ ≥ (lnn)2/2, we define

ζ̄m,+,Ij = η̄′(L̄m,+j+1 − T̄ − b(lnn)2/2c) + 1/2, where η̄′(0) = ∆̄, η̄′(.) = η̄(T̄ + b(lnn)2/2c+ ·)
when η̄(T̄ + b(lnn)2/2c) = ∆̄, and η̄′ = η′ when ∆̄m,j = ∆m,j . If L̄m,+j+1 − T̄ < (lnn)2/2, we

set ζ̄m,+,Ij = ζ̂.
Some properties of the random variables defined thus are stated in the following

proposition (the definition of Fm was given in (4.1)).

Proposition 4.10. For any m ∈ N, ι ∈ {+,−}, (ζm,ι,Ii )i∈Z are i.i.d. with law ρ0, indepen-
dent from Fm, and depend only on Fβιm and on a set of random variables independent

from everything else. Moreover, for any i ∈ Z, ζm,−,Ii is independent from ζm,−,Bj , ζm,−,Ej

for j < i, and ζm,+,Ii is independent from ζm,+,Bj , ζm,+,Ej for j > i. Furthermore, for any

m ≥ Nθ/2, i ∈ Z, ι ∈ {+,−}, for ι′ ∈ {+,−}, (ζ̄
Tιm,i,ι

′,I

j )j are i.i.d. with law ρ0, indepen-

dent from (∆̄Tιm,i,j
)j∈Z, for any iι1− bεnc ≤ j ≤ iι1 + bεnc, (ζ̄

Tιm,i,−,I
j′ )j′≥j is independent

from (L̄
Tιm,i,−,I
j′ )j′≤j and (ζ̄

Tιm,i,+,I

j′ )j′≤j is independent from (L̄
Tιm,i,+,I

j′ )j′>j . In addition, if

(Bm,i,ι0 )c is satisfied and n is large enough, ζ̄
Tιm,i,−,I
j = ζ

Tιm,i,−,I
j and ζ̄

Tιm,i,+,I

j = ζ
Tιm,i,+,I

j

for any iι1− bεnc ≤ j ≤ iι1 + bεnc.

Proof. We only prove the independence and distribution properties for ζm,−,I , as the
proof is the same for ζm,+,I , ζ̄T

ι
m,i,−,I and ζ̄T

ι
m,i,+,I and the other claims are clear from

the construction. If j ≤ Xm − bεnc, the result is clear. If Xm − bεnc < j ≤ Xm, we notice
that η(T + b(lnn)2/2c) is independent from T , Fm, ζm,−,Bj′ , ζm,−,Ej , ζm,−,Ij′ for j′ < j, so ∆

also is, as well as the transitions of η′. Consequently, η′(Lm,−j + 1 − T − b(lnn)2/2c) is

independent from T , Fm, ζm,−,Bj′ , ζm,−,Ej′ , ζm,−,Ij′ for j′ < j and has law ρ−. We deduce

that ζm,−,Ij is independent from Fm, ζm,−,Bj′ , ζm,−,Ej′ , ζm,−,Ij′ for j′ < j and has law ρ0. If
j > Xm, the proof is the same as for j ≤ Xm − bεnc.
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5 Bad events

In this section, we are going to prove that outside of “bad events” of small probability,
the random variables defined in Section 4 behave well. We remind the reader that ε > 0,
that the Lm,±i , ζm,±,Bi , ζm,±,Ei are defined in Definition 4.1, and the ζm,±,Ii just before
Proposition 4.10. For any m ∈ N, we define two sequences (Im,−(`))`∈N and (Im,+(`))`∈N
by Im,−(0) = Xm − bεnc, Im,−(`+ 1) = inf{Im,−(`) < i < Xm |Lm,−i < (lnn)3} for ` ∈ N
and Im,+(0) = Xm + bεnc, Im,+(` + 1) = sup{Xm < i < Im,+(`) |Lm,+i+1 < (lnn)3 + 1}
for ` ∈ N. We also denote `m,−max = max{` > 0 | Im,−(`) < +∞} and `m,+max = max{` >
0 | Im,+(`) > −∞}. We define the following events (we stress that they are different from
the events defined in Proposition 4.7 and its proof).

B−m,1 ={∃i ∈ {Xm−bnεc+1, . . . , Xm−b(lnn)8c},∀j ∈ {i, . . . , i+b(lnn)8c}, Lm,−j < (lnn)3}},

B+
m,1 ={∃i∈{Xm+b(lnn)8c+1, . . . , Xm+bnεc},∀j∈{i−b(lnn)8c, . . . , i}, Lm,+j <(lnn)3+1}},

B−m,2 = {|{Xm < i ≤ Xm + n(α−1)/4bεnc | 0 < Lm,−i < (lnn)3}| ≥ (lnn)8},

B+
m,2 = {|{Xm − n(α−1)/4bεnc ≤ i ≤ Xm | 0 < Lm,+i < (lnn)3}| ≥ (lnn)8},

B−m,3 = {∃i∈{Xm−bnεc+1, . . . , Xm+bnεc} such that Lm,−i ≥(lnn)2 and ζm,−,Ei 6=ζm,−,Ii },

B+
m,3 = {∃i∈{Xm−bnεc, . . . , Xm+bnεc−1} such that Lm,+i+1 ≥(lnn)2 and ζm,+,Ei 6=ζm,+,Ii },

B−m,4 = {|{Xm − bεnc < i < Xm | 0 ≤ Lm,−i < (lnn)3}| > (lnn)10
√
n},

B+
m,4 = {|{Xm < i < Xm + bεnc | 0 ≤ Lm,+i+1 < (lnn)3 + 1}| > (lnn)10

√
n},

B−m,5 = {∃ i ∈ {Xm − bnεc+ 1, . . . , Xm + bnεc} such that

|ζm,−,Bj | > (lnn)2, |ζm,−,Ej | > (lnn)2 or |ζm,−,Ij | > (lnn)2},

B+
m,5 = {∃ i ∈ {Xm − bnεc − 1, . . . , Xm + bnεc − 1} such that

|ζm,+,Bj | > (lnn)2, |ζm,+,Ej | > (lnn)2 or |ζm,+,Ij | > (lnn)2},

B−m,6 =

{
max

1≤`1≤`2≤`m,−max

∣∣∣∣∣
`2∑
`=`1

ζm,−,IIm,−(`)

∣∣∣∣∣>(lnn)7n1/4 or max
1≤`1≤`2≤`m,−max

∣∣∣∣∣
`2∑
`=`1

ζm,−,BIm,−(`)

∣∣∣∣∣>(lnn)7n1/4

}
,

B+
m,6 =

{
max

1≤`1≤`2≤`m,+max

∣∣∣∣∣
`2∑
`=`1

ζm,+,IIm,+(`)

∣∣∣∣∣>(lnn)7n1/4 or max
1≤`1≤`2≤`m,+max

∣∣∣∣∣
`2∑
`=`1

ζm,+,BIm,+(`)

∣∣∣∣∣>(lnn)7n1/4

}
.

Moreover, for any r ∈ {1, . . . , 6}, we set Br =
⋃

(B−Tιm,i,r ∪ B
+
Tιm,i,r

), where the union is

on bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc − n(α+4)/5 ≤ i ≤ bNxc + n(α+4)/5,
ι ∈ {+,−}. Finally, we set B0 =

⋃
Bm,i,ι0 (see Proposition 4.7 for the definition of the

Bm,i,ι0 ), where the union is on the same indexes as before. The goal of this section is to
prove that P(

⋃6
i=0Bi) is small (Proposition 5.8). To achieve it, we will deal with each

“bad event” separately.

Proposition 5.1. There exists a constant c1 = c1(w) > 0 such that when n is large
enough, P(Bc0 ∩ B1) ≤ e−c1(lnn)2

and P(Bc0 ∩ B2) ≤ e−c1(lnn)2

.

Proof. Let bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc − n(α+4)/5 ≤ i ≤ bNxc −
n(α+4)/5 and ι ∈ {+,−}. We are going to bound the probability of (Bm,i,ι0 )c ∩ B−Tιm,i,1 and

(Bm,i,ι0 )c ∩ B−Tιm,i,2 (the B+
Tιm,i,r

can be dealt with in the same way). We write ī = i ι 1 =

XTιm,i
and m̄ = Tι

m,i.
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By Fact 4.2, for any ī − bεnc < j1 ≤ j2, Lm̄,−j2
− Lm̄,−j1

=
∑j2−1
j=j1

(ζm̄,−,Ej − ζm̄,−,Bj ).

Instead of tackling this sum, we will consider a more amenable
∑j2−1
j=j1

Aj , where the
random variables Aj , j > ī − bεnc, are defined as follows. We fix j > ī − bεnc, and we
recall the ∆̄m̄,j defined in Proposition 4.7 as well as the L̄m̄,−j and η̄ introduced before
Proposition 4.10. If ī− bεnc < j ≤ ī, by Lemma 4.6 we can couple η̄ with a chain η̃ such
that η̃(0) = −∆̄m̄,j−1 and for all ` ≥ 0, η̃(`) ≤ η̄(`). We then setAj = η̃(L̄m̄,−j +1)+∆̄m̄,j+1,

which is at most ζm̄,−,Ej − ζm̄,−,Bj when (Bm,i,ι0 )c is satisfied and n is large enough. If

j > ī, we set Aj = η̄(L̄m̄,−j ∨ 1) + ∆̄m̄,j . For any i0 ∈ {̄i − bnεc + 1, . . . , ī − b(lnn)6c}, we

denote Ki0 = {∃j ∈ {i0 + 1, . . . , i0 + b(lnn)6c},
∑j−1
j′=i0

Aj′ ≥ (lnn)3}; for i0 ≥ ī + 1, we

denote Ki0 = {∃j ∈ {i0 + 1, . . . , i0 + b(lnn)6c},
∑j−1
j′=i0

Aj′ ≤ −(lnn)3}. Finally, for any

j ≥ ī− bnεc+ 1, we denote Gj = σ(Aj′ , ī− bnεc+ 1 ≤ j′ < j; L̄m̄,−j′ , ī− bnεc+ 1 ≤ j′ ≤ j).
We are going to prove the following.

Lemma 5.2. There exists a constant c̃1 = c̃1(w) > 0 such that when n is large enough,
for any i0 ∈ {̄i−bnεc+ 1, . . . , ī−b(lnn)6c} or i0 ≥ ī+ 1, we have P(Kci0 |Gi0) ≤ e−c̃1 almost
surely.

Let us show that Lemma 5.2 implies sufficient bounds on P((Bm,i,ι0 )c ∩ B−Tιm,i,1) and

P((Bm,i,ι0 )c ∩ B−Tιm,i,2).

We begin with P((Bm,i,ι0 )c ∩ B−Tιm,i,1). If (Bm,i,ι0 )c is satisfied, n is large enough and

there exists i0 ∈ {̄i−bnεc+ 1, . . . , ī−b(lnn)8c} such that for all j ∈ {i0, . . . , i0 + b(lnn)8c},
Lm̄,−j < (lnn)3, then for all ` ∈ {0, . . . , b(lnn)2c− 1}, for all j ∈ {i0 + `b(lnn)6c+ 1, . . . , i0 +

(`+1)b(lnn)6c} we have Lm̄,−j < Lm̄,−i0+`b(lnn)6c+(lnn)3, thus for all ` ∈ {0, . . . , b(lnn)2c−1},
Kci0+`b(lnn)6c is satisfied. We deduce that when n is large enough,

P((Bm,i,ι0 )c ∩ B−Tιm,i,1) ≤
ī−b(lnn)8c∑
i0=ī−bnεc+1

P

b(lnn)2c−1⋂
`=0

Kci0+`b(lnn)6c

 ≤ nεe−c̃1b(lnn)2c,

which is enough.
We now deal with P((Bm,i,ι0 )c ∩ B−Tιm,i,2). We define the following random variables

when possible: τ1 = inf{j > ī | 0 < L̄m̄,−j < (lnn)3}, and for ` ≥ 1, τi+1 = inf{j ≥
τ` + b(lnn)6c | 0 < L̄m̄,−j < (lnn)3}. If (Bm,i,ι0 )c ∩ B−Tιm,i,2 is satisfied and n is large enough,

τb(lnn)2c exists, τb(lnn)2c ≤ ī+n(α−1)/4bεnc−b(lnn)6c+1, and for any ` ∈ {1, . . . , b(lnn)2c−
1}, L̄m̄,−j > 0 for j ∈ {τ`, . . . , τ` + b(lnn)6c}, since if j > ī is such that L̄m̄,−j = 0, L̄m̄,−j = 0

for all j′ > j. In addition, if (Bm,i,ι0 )c is satisfied, n is large enough and j ≤ ī+n(α−1)/4bεnc,
when Lm̄,−j = L̄m̄,−j > 0 we have Aj = ζm̄,−,Ej −ζm̄,−,Bj . We deduce that if (Bm,i,ι0 )c∩B−Tιm,i,2
is satisfied, τb(lnn)2c exists, τb(lnn)2c ≤ ī + n(α−1)/4bεnc − b(lnn)6c + 1, and for any ` ∈
{1, . . . , b(lnn)2c−1}, Kcτ` occurs. This yields P((Bm,i,ι0 )c∩B−Tιm,i,2) ≤ e−c̃1(b(lnn)2c−1), which

is enough.
We now prove Lemma 5.2. To proceed, we will need the following claim:

Claim 5.3. Let i0 ∈ {̄i− bnεc+ 1, . . . , ī− b(lnn)6c} or i0 ≥ ī+ 1. For any j ∈ {i0, . . . , i0 +

b(lnn)6c − 1}, p ≥ 1, Aj ∈ Lp and E(Aj |Gj) = 0. Furthermore, there exist constants
c̄1 = c̄1(w) > 0, C̄1 = C̄1(w) < ∞ such that for any j ∈ {i0, . . . , i0 + b(lnn)6c − 1},
E(A2

j |Gj) ≥ c̄1 and E(|Aj |3|Gj) ≤ C̄1.

Proof of Claim 5.3. We suppose i0 ∈ {̄i−bnεc+1, . . . , ī−b(lnn)6c}; the case i0 ≥ ī+1 can
be dealt with in the same way. Let j ∈ {i0, . . . , i0 + b(lnn)6c−1}. Then Aj = η̃(L̄m̄,−j +1)+

∆̄m̄,j + 1 with η̃(0) = −∆̄m̄,j − 1. By Proposition 4.7, ∆̄m̄,j has the law ρ− defined in (4.8)
and is independent of Gj , so the chain η̃ is stationary and independent of Gj . Moreover,
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L̄m̄,−j is Gj-measurable, so conditionally to Gj , η̃(L̄m̄,−j + 1) has law ρ−. Therefore ∆̄m̄,j

and η̃(L̄m̄,−j + 1) have exponential tails, so Aj ∈ Lp for any p ≥ 1. In addition, if we write

Aj,1 = ∆̄m̄,j + 1
2 and Aj,2 = η̃(L̄m̄,−j + 1) + 1

2 for short, conditionally to Gj both Aj,1 and
Aj,2 have the law ρ0 defined in (4.10). This implies E(Aj |Gj) = E(Aj,1 + Aj,2|Gj) = 0.
Furthermore,

E(|Aj |3|Gj) ≤ E(|Aj,1|3|Gj) + 3E(|Aj,1|2|Aj,2||Gj) + 3E(|Aj,1||Aj,2|2|Gj) + E(|Aj,2|3|Gj)

≤ E(|Aj,1|3|Gj) + 3E(|Aj,1|4|Gj)1/2E(|Aj,2|2|Gj)1/2

+ 3E(|Aj,1|2|Gj)1/2E(|Aj,2|4|Gj)1/2 + E(|Aj,2|3|Gj)

by the Cauchy-Schwarz inequality. Since ρ0 has exponential tails, each of these expecta-
tions is bounded, thus E(|Aj |3|Gj) is at most a constant depending on w.

We now deal with the lower bound of E(A2
j |Gj). Since Aj is integer-valued,

E(A2
j |Gj) ≥ P(Aj 6= 0|Gj) ≥ P(η̃(L̄m̄,−j + 1) 6= 0|Gj , ∆̄m̄,j = −1)P(∆̄m̄,j = −1|Gj).

Furthermore, P(∆̄m̄,j = −1|Gj) = ρ−(−1). In addition, if ∆̄m̄,j = −1, η̃(0) = 0, so
by Lemma 4.4 there exists `0 ∈ N∗ such that for any ` ≥ `0, P(η̃(`) 6= 0|Gj , ∆̄m̄,j =

−1) ≥ 1
2ρ−(Z∗). Now, for any 1 ≤ ` < `0, there exists a constant c̄1,` > 0 such that

P(η̃(`) 6= 0|Gj , ∆̄m̄,j = −1) ≥ c̄1,`. We deduce

E(A2
j |Gj) ≥ ρ−(−1) min

(
1

2
ρ−(Z∗), min

1≤`<`0
c̄i,`

)
> 0,

which ends the proof of the claim.

Proof of Lemma 5.2. Let i0 ∈ {̄i − bnεc + 1, . . . , ī − b(lnn)6c} or i0 ≥ ī + 1. We denote
i′0 = i0 + b(lnn)6c − 1 for short. Claim 5.3 implies (

∑j−1
j′=i0

Aj′)i0≤j≤i′0+1 is a martingale
with respect to the filtration (Gj)j>ī−bnεc. We would like to use a central limit theorem

for martingales to control the law of
∑i′0
j′=i0

Aj′ , but in order to do that we would need∑i′0
j′=i0

A2
j′ to be close to a constant when n is large enough, and we do not control it well

enough. We will therefore define another martingale.
Thanks to Claim 5.3, for any j ∈ {i0, . . . , i′0}, we can define σj ≥ 0 by σ2

j = E(A2
j |Gj).

We set j0 = inf{j ∈ {i0, . . . , i′0} |
∑j
j′=i0

σ2
j′ ≥

c̄1(lnn)6

2 }, which exists since
∑i′0
j′=i0

σ2
j′ ≥

c̄1b(lnn)6c by Claim 5.3. We define κ ∈ [0, 1] by
∑j0−1
j=i0

σ2
j + κσ2

j0
= c̄1(lnn)6

2 . For any
j ∈ {i0, . . . , i′0}, we also define Āj = Aj1{j0>j} +

√
κAj1{j0=j} and σ̄j ≥ 0 by σ̄2

j =

E(Ā2
j |Gj) = σ2

j1{j0>j} + κσ2
j1{j0=j}, so that

∑i′0
j=i0

Āj =
∑j0−1
j=i0

Aj +
√
κAj0 . This implies

that for i0 ∈ {̄i − bnεc + 1, . . . , ī − b(lnn)6c}, if
∑i′0
j=i0

Āj ≥ (lnn)3 then Ki0 occurs, so

P(Kci0 |Gi0) ≤ P(
∑i′0
j=i0

Āj < (lnn)3|Gi0). Similarly, for i0 ≥ ī + 1 we have P(Kci0 |Gi0) ≤
P(
∑i′0
j=i0

Āj > −(lnn)3|Gi0). Consequently, to prove Lemma 5.2 we only have to find
a constant c̃1 = c̃1(w) > 0 such that when n is large enough, for any i0 ∈ {̄i − bnεc +

1, . . . , ī − b(lnn)6c} we have P(
∑i′0
j=i0

Āj < (lnn)3|Gi0) ≤ e−c̃1 almost surely (the case
i0 ≥ ī+ 1 can be dealt with in the same way).

Suppose by contradiction that it is not true. This implies that there exists a sequence
(N(k))k∈N tending to +∞ so that for each k ∈ N there exists the following (the quantities
will depend on k, but we will not include this dependence in the notation as that would
make it too heavy) bN(k)θc− 2n(α+4)/5 ≤ m ≤ bN(k)θc+ 2n(α+4)/5, bN(k)xc−n(α+4)/5 ≤
i ≤ bN(k)xc − n(α+4)/5, ι ∈ {+,−} and i0 ∈ {̄i − bnεc + 1, . . . , ī − b(lnn)6c} so that

P(
∑i′0
j=i0

Āj < (lnn)3|Gi0) >
1+c′1

2 with positive probability, where c′1 ∈ (0, 1) is the

probability that a random variable with law N (0, 1) is at most
√

2√
c̄1

.
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For any j ≥ ī − bnεc + 1, we denote Gj = ((Aj′)ī−bnεc+1≤j′<j , (L̄
m̄,−
j′ )ī−bnεc+1≤j′≤j).

Since Gi0 = σ((Aj)ī−bnεc+1≤j<i0 , (L̄
m̄,−
j )ī−bnεc+1≤j≤i0), since P(

∑i′0
j=i0

Āj < (lnn)3|Gi0) >
1+c′1

2 with positive probability, there exists ω ∈ Z2(i0−ī+bnεc)−1 such that P(Gi0 = ω) > 0

and P(
∑i′0
j=i0

Āj < (lnn)3|Gi0 = ω) >
1+c′1

2 . We want to apply a central limit theorem

for martingales to the process (
∑j−1
j′=i0

√
2√

c̄1(lnn)3 Āj′)i0≤j≤i′0+1 under the law P(·|Gi0 = ω).

We denote this law P′(.) for short, and write E′(·) for the expectation operator. We
consider the probability space (

∏
k∈N Ωk,

⊗
k∈N F ′k,

⊗
k∈NPk), where for any k ∈ N the

space (Ωk,F ′k,Pk) is a copy of the probability space where the Aj , j ≥ ī− bnεc+ 1, L̄m̄,−j ,
j ≥ ī− bnεc+ 1 corresponding to k live, with the probability measure P′ corresponding
to k. We denote P =

⊗
k∈NPk and E the corresponding expectation. For any k ∈ N,

we may consider the (Gj(k))i0(k)≤j≤i′0(k) and (Āj(k))i0(k)≤j≤i′0(k) defined as previously,
but on the space (Ωk,F ′k,Pk). Possibly through extracting a subsequence, we can
assume n(k) is non-decreasing in k. For any k ∈ N, ` ∈ {1, . . . , b(lnn(k))6c}, we define
G′k,` = (

⊗k
k′=0 Gi0(k′)+`−1(k′))⊗ (

⊗
k′>k{∅,Ωk′}). We then have G′k,` ⊂ G′k+1,`. We will use

a central limit theorem for martingales with (
∑i0(k)+j−1
j′=i0(k)

√
2√

c̄1(lnn(k))3 Āj′(k))0≤j≤b(lnn(k))6c.
To do that, let us prove its assumptions. We first notice that for any k ∈ N, for

any random variable V and any j ≥ i0 we have E′(V |Gj) = E(V |Gj). Indeed, for any
ω′ ∈ Z2(j−i0) so that P′(Gj = (ω, ω′)) > 0 we have

E′(V |Gj = (ω, ω′)) =
E′(V 1{Gj=(ω,ω′)})

P′(Gj = (ω, ω′))
=
E(V 1{Gj=(ω,ω′)})

P(Gi0 = ω)

P(Gi0 = ω)

P(Gj = (ω, ω′))

=
E(V 1{Gj=(ω,ω′)})

P(Gj = (ω, ω′))
= E(V |Gj = (ω, ω′)).

In addition, by Claim 5.3, for any j ∈ {i0, . . . , i′0} we have E(Aj |Gj) = 0, which im-
plies E(Āj |Gj) = 0, therefore E′(Āj |Gj) = 0. This implies E(Āj(k)|G′k,j−i0(k)+1) =

0, so (
√

2√
c̄1(lnn(k))3 Āi0(k)+`−1(k),Gk,`)k∈N,1≤`≤b(lnn(k))6c is a martingale difference array.

By Claim 5.3, for any k ∈ N, i0 ≤ j ≤ i′0, Aj is square-integrable with respect
to P, thus to P′, hence Āj also, therefore Āj(k) is square-integrable. Furthermore,∑b(lnn(k))6c
`=1 E((Āi0(k)+`−1(k))2|G′k,`) is the same as

∑i′0
i=i0

E′(Ā2
j |Gj) =

∑i′0
i=i0

E(Ā2
j |Gj) =

c̄1(lnn)6

2 by definition of j0 and κ, so
∑b(lnn(k))6c
`=1 E((

√
2√

c̄1(lnn)3 Āi0(k)+`−1(k))2|G′k,`) = 1. We
now prove the conditional Lindeberg condition. Let δ > 0, for any k ∈ N Claim 5.3 yields
E(|Āj |3|Gj) ≤ C̄1 for all j ∈ {i0, . . . , i′0}, therefore

i′0∑
i=i0

E′

( √
2√

c̄1(lnn)3
Āj

)2

1{|
√

2√
c̄1(lnn)3

Āj |>δ}

∣∣∣∣∣∣Gj


=

i′0∑
i=i0

E

( √
2√

c̄1(lnn)3
Āj

)2

1{|
√

2√
c̄1(lnn)3

Āj |>δ}

∣∣∣∣∣∣Gj


≤
i′0∑
i=i0

E

 1

δ

∣∣∣∣∣
√

2√
c̄1(lnn)3

Āj

∣∣∣∣∣
3
∣∣∣∣∣∣Gj
 =

1

δ

23/2

c̄
3/2
1 (lnn)9

i′0∑
i=i0

E(|Āj |3|Gj)

≤ 1

δ

23/2

c̄
3/2
1 (lnn)9

(i′0 − i0 + 1)C̄1 =
1

δ

23/2C̄1

c̄
3/2
1 (lnn)3

.

Thus
∑b(lnn(k))6c
`=1 E((

√
2√

c̄1(lnn)3 Āi0(k)+`−1(k))21{|
√

2√
c̄1(lnn)3

Āi0(k)+`−1(k)|>δ}|G
′
k,`) ≤ 1

δ
23/2C̄1

c̄
3/2
1 (lnn)3

,

hence it converges to 0 in probability, which is the conditional Lindeberg condition.
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Consequently, by the central limit theorem for martingales found as Corollary 3.1 of

[6],
∑b(lnn(k))6c
`=1

√
2√

c̄1(lnn)3 Āi0(k)+`−1(k) converges in distribution to N (0, 1). This implies

that when k is large enough, P(
∑b(lnn(k))6c
`=1

√
2√

c̄1(lnn)3 Āi0(k)+`−1(k) <
√

2√
c̄1

) ≤ 1+c′1
2 , hence

P′(
∑i′0
j=i0

Āj < (lnn)3) ≤ 1+c′1
2 . However, that contradicts the fact that P(

∑i′0
j=i0

Āj <

(lnn)3|Gi0 = ω) >
1+c′1

2 , hence our assumption was wrong, which ends the proof of the
lemma.

Lemma 5.4. There exists a constant c3 = c3(w) > 0 such that when n is large enough,
P(Bc0 ∩ B3) ≤ e−c3(lnn)2

.

Proof. Let bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc − n(α+4)/5 ≤ i ≤ bNxc +

n(α+4)/5, ι ∈ {+,−}. We denote m̄ = Tι
m,i and ī = XTιm,i

. It is enough to find constants

C̃3 = C̃3(w) < +∞ and c̃3 = c̃3(w) > 0 such that when n is large enough, for any j ∈
{̄i−bεnc+1, . . . , ī+ bεnc}, P((Bm,i,ι0 )c∩{Lm̄,−j ≥ (lnn)2, ζm̄,−,Ej 6= ζm̄,−,Ij }) ≤ C̃3e

−c̃3(lnn)2

and for any j ∈ {̄i − bεnc, . . . , ī + bεnc − 1}, P((Bm,i,ι0 )c ∩ {Lm̄,+j+1 ≥ (lnn)2, ζm̄,+,Ej 6=
ζm̄,+,Ij }) ≤ C̃3e

−c̃3(lnn)2

. We will write the proof for the ζm̄,−,Ej with j ∈ {̄i−bεnc+1, . . . , ī};
the other cases can be dealt with in the same way.

We use the notation of the construction of the ζm̄,−,Ij . With this notation, ζm̄,−,Ej can be

different from ζm̄,−,Ij only if η(T +b(lnn)2/2c) 6= ∆ or Lm̄,−i +1−T < (lnn)2/2. This yields

that if Lm̄,−j ≥ (lnn)2, ζm̄,−,Ej can be different from ζm̄,−,Ij only if η(T + b(lnn)2/2c) 6= ∆

or T > (lnn)2/2 + 1. Therefore it is enough to bound P(η(T + b(lnn)2/2c) 6= ∆) and
P((Bm,i,ι0 )c ∩ {T > (lnn)2/2 + 1}). ∆ was chosen so to have P(η(T + b(lnn)2/2c) 6=
∆) minimal, so by Lemma 4.4, P(η(T + b(lnn)2/2c) 6= ∆) ≤ C̄e−c̄b(lnn)2/2c, which is
enough. It remains to bound P((Bm,i,ι0 )c ∩ {T > (lnn)2/2 + 1}). In order to bound
P((Bm,i,ι0 )c ∩ {T > (lnn)2/2 + 1}), we consider the chain ξ so that η corresponds to
the η− of ξ (see (4.4), (4.5), (4.6)). We notice ξ(0) = η(0) = −∆m̄,j . We denote T ′ =

inf{` > 0 | ξ(`− 1) = 1, ξ(`) = 0}; we then have T ≤ T ′, so it is enough to find constants
C̄3 = C̄3(w) < +∞ and c̄3 = c̄3(w) > 0 such that when n is large enough, P((Bm,i,ι0 )c ∩
{T ′ > (lnn)2/2 + 1}) ≤ C̄3e

−c̄3(lnn)2

.
In order to do that, we will notice that if we denote iw = min{i′ ∈ N∗ |w(i′) 6=

w(−i′)} − 1, then on {−iw, . . . , iw} the chain ξ behaves like a simple random walk, while
outside {−iw, . . . , iw} the chain ξ is biased towards 0. We consider the successive times
at which ξ is at −iw or iw: E0 = inf{` ≥ 0 | ξ(`) = iw or −iw}, and for any ` > 1,
E` = {`′ > E`−1 | ξ(`′) = iw or −iw}. After each of these times, ξ may try to go to 1 and
then to 0. Therefore, if T ′ is large, one of the following happens: ξ did not reach {−iw, iw}
quickly enough at the beginning to have spare time to make a lot of tries, or it did not
come back to {−iw, iw} many times afterwards to make other tries, or there were many
tries but they all failed. Let us formalize this. We denote pw = w(−iw−1)

w(iw+1)+w(−iw−1) ∈ (0, 1/2).

We will also need a constant c̄3 = c̄3(w) > 0 that we will define later. We set A1 =

{|ξ(0)| > 1−2pw
2 b(lnn)2/4c}, A2 = {E0 > (lnn)2/4}, A3 = {Ebc̄3(lnn)2c − E0 > (lnn)2/4}

and A4 = {T ′ > Ebc̄3(lnn)2c}. We have {T ′ > (lnn)2/2+1} ⊂ A2∪A3∪A4, hence we have

P((Bm,i,ι0 )c∩{T ′ > (lnn)2/2+1}) ≤ P((Bm,i,ι0 )c∩A1)+P(Ac1∩A2)+P(A3)+P(A4). (5.1)

Each of these four terms admits an exponential bound which is rather easy to prove, so
we do not give the proof here, but it can be found in the appendix of the arXiv version of
this paper [12].
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Proposition 5.5. There exists a constant c4 = c4(w, ε) > 0 such that when n is large
enough, P(Bc0 ∩ Bc1 ∩ Bc3 ∩ B4) ≤ e−c4(lnn)2

.

The proof of Proposition 5.5 uses rather classical techniques, therefore we include
only a sketch here (the full proof can be found in the appendix of the arXiv version of the
paper [12]).

Proof sketch of Proposition 5.5. Let bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc −
n(α+4)/5 ≤ i ≤ bNxc + n(α+4)/5, ι ∈ {+,−}. We denote m̄ = Tι

m,i. We give the sketch
only for the − case, as the argument for the + case is the same. Since (B−m̄,1)c occurs,

each “excursion of Lm̄,− below (lnn)3” has length at most (lnn)8, hence to have B−m̄,4
we need at least (lnn)2

√
n “excursions of Lm̄,− below (lnn)3”, hence (lnn)2

√
n − 1

“excursions of Lm̄,− above (lnn)3”. On (B−m̄,3)c, when Lm̄,−j ≥ (lnn)3 we have by Fact 4.2

that Lm̄,−j+1 − L
m̄,−
j = ζm̄,−,Ej − ζm̄,−,Bj = ζm̄,−,Ij − ζm̄,−,Bj , hence Lm̄,−j is roughly an i.i.d.

random walk. Therefore each “excursion of Lm̄,− above (lnn)3” has probability roughly
1√
n

to have length at least n conditional on the past “excursions”, thus to be the last
“excursion” we see as we only consider an interval of size εn. Therefore the probability
of seeing (lnn)2

√
n− 1 “excursions” has the appropriate bound.

Lemma 5.6. There exists a constant c5 = c5(w) > 0 such that when n is large enough,
P(Bc0 ∩ B5) ≤ e−c5(lnn)2

.

Proof. Let bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc − n(α+4)/5 ≤ i ≤ bNxc +

n(α+4)/5, ι ∈ {+,−}. We denote m̄ = Tι
m,i and ī = XTιm,i

. It is enough to find constants

C̃5 = C̃5(w) < +∞ and c̃5 = c̃5(w) > 0 such that when n is large enough, P((Bm,i,ι0 )c ∩
{|ζ| > (lnn)2}) ≤ C̃5e

−c̃5(lnn)2

for ζ ∈ {ζm̄,−,Bj , ζm̄,−,Ej , ζm̄,−,Ij | j ∈ {̄i − bεnc + 1, . . . , ī +

bεnc}} ∪ {ζm̄,+,Bj , ζm̄,+,Ej , ζm̄,+,Ij | j ∈ {̄i − bεnc, . . . , ī + bεnc − 1}}. The ζm̄,±,Ij are easy
to handle, since by Proposition 4.10 they have the law ρ0 defined in (4.10), which has
exponential tails. The ζm̄,±,Bj also are easy to deal with. Indeed, by Proposition 4.7 and

Definition 4.1, if (Bm,i,ι0 )c occurs, ζm̄,±,Bj or ζm̄,±,Bj ∓1 is equal to a random variable of law

ρ0, and ρ0 has exponential tails. We now consider ζm̄,−,Ej with j ∈ {̄i−bεnc+1, . . . , ī+bεnc}
(the ζm̄,+,Ej can be dealt with in the same way). Thanks to (4.7), ζm̄,−,Ej = η(Lm̄,−j +1)+1/2

or η(Lm̄,−j ) + 1/2 (depending on j) with η(0) = −∆m̄,j . Recalling the definitions before

Proposition 4.10, if (Bm,i,ι0 )c occurs and n is large enough, we have ζm̄,−,Ej = η̄(L̄m̄,−j +

1) + 1/2 or η̄(L̄m̄,−j ) + 1/2 depending on j. Remembering Proposition 4.7, if j is such

that ∆̄m̄,j has law ρ+, −∆̄m̄,j has law ρ−, so η̄(L̄m̄,−j + 1) + 1/2 and η̄(L̄m̄,−j ) + 1/2 have
law ρ0, which is enough. Now, if j is such that ∆̄m̄,j has law ρ−, −∆̄m̄,j − 1 has law
ρ−. By Lemma 4.6, we can couple η̄ with a process η̄′ so that η̄′(0) = −∆̄m̄,j − 1 and
η̄(`)− 1 ≤ η̄′(`) ≤ η̄(`) for any ` ∈ N. Then η̄′(L̄m̄,−j ) and η̄′(L̄m̄,−j + 1) have law ρ−, which
has exponential tails, hence the result.

Lemma 5.7. There exists a constant c6 > 0 such that when n is large enough, P(Bc0 ∩
Bc4 ∩ B6) ≤ e−c6(lnn)2

.

Proof. Let bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5, bNxc − n(α+4)/5 ≤ i ≤ bNxc +

n(α+4)/5, ι ∈ {+,−}. It is enough to find constants C̃6 = C̃6(w) < +∞ and c̃6 > 0

such that when n is large enough P((Bm,i,ι0 )c ∩ (B−Tιm,i,4)c ∩ B−Tιm,i,6) ≤ C̃6e
−c̃6(lnn)2

and

P((Bm,i,ι0 )c∩(B+
Tιm,i,4

)c∩B+
Tιm,i,6

) ≤ C̃6e
−c̃6(lnn)2

. Let us do it for B−Tιm,i,6; the case B+
Tιm,i,6

is

similar. We denote m̄ = Tι
m,i and ī = XTιm,i

. We introduce a sequence (Īm̄,−(`))`∈N “like

(Im̄,−(`))`∈N, but for L̄m̄,−” (the L̄m̄,− were defined before Proposition 4.10): Īm̄,−(0) =

ī−bεnc, and for any ` ∈ N, Īm̄,−(`+ 1) = inf{Īm̄,−(`) < j < ī | L̄m̄,−j < (lnn)3}. If (Bm,i,ι0 )c
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occurs and n is large enough, Īm̄,−(`) = Im̄,−(`) for any ` ∈ N, hence for ` ≤ `m̄,−max ,
ζm̄,−,BIm̄,−(`) = −∆̄m̄,Īm̄,−(`) − 1/2 and ζm̄,−,IIm̄,−(`) = ζ̄m̄,−,I

Īm̄,−(`)
(the ζ̄m̄,−,Ij were also defined before

Proposition 4.10). By abuse of notation, the −∆̄m̄,Īm̄,−(`) − 1/2 and ζ̄m̄,−,I
Īm̄,−(`)

for ` > `m̄,−max

will be i.i.d. random variables with law ρ0 (defined in (4.10)) independent from everything
else. We notice that if (B−m̄,4)c occurs, `m̄,−max ≤ (lnn)10

√
n. Consequently, when n is large

enough,

P((Bm,i,ι0 )c ∩ (B−Tιm,i,4)c ∩ B−Tιm,i,6)

≤ P

({
max

1≤`1≤`2≤(lnn)10
√
n

∣∣∣∣∣
`2∑
`=`1

ζ̄m̄,−,I
Īm̄,−(`)

∣∣∣∣∣ > (lnn)7n1/4 or

max
1≤`1≤`2≤(lnn)10

√
n

∣∣∣∣∣
`2∑
`=`1

(−∆̄m̄,Īm̄,−(`) − 1/2)

∣∣∣∣∣ > (lnn)7n1/4

})
.

Moreover, thanks to Proposition 4.10, for any ` ≥ 1, ζ̄m̄,−,I
Īm̄,−(`)

has law ρ0 and is inde-

pendent from (ζ̄m̄,−,I
Īm̄,−(`′)

)1≤`′<`. In addition, thanks to Proposition 4.7, for any ` ≥ 1,

−∆̄m̄,Īm̄,−(`) − 1/2 has law ρ0 and is independent from (−∆̄m̄,Īm̄,−(`′) − 1/2)1≤`′<`. Con-

sequently, it is enough to find constants C̃ ′6 = C̃ ′6(w) < +∞ and c̃6 > 0 such that
when n is large enough, if (ζ`)`∈N is a sequence of i.i.d. random variables with law ρ0,
P(max1≤`1≤`2≤(lnn)10

√
n |
∑`2
`=`1

ζ`| > (lnn)7n1/4) ≤ C̃ ′6e−c̃6(lnn)2

.

Let 1 ≤ `1 ≤ `2 ≤ (lnn)10
√
n, we will study P(|

∑`2
`=`1

ζ`| > (lnn)7n1/4). Since ρ0 is
symmetric with respect to 0 and by the Markov inequality,

P

(∣∣∣∣∣
`2∑
`=`1

ζ`

∣∣∣∣∣ > (lnn)7n1/4

)
≤ 2P

(
`2∑
`=`1

ζ` > (lnn)7n1/4

)

= 2P

(
exp

(
1

(lnn)5n1/4

`2∑
`=`1

ζ`

)
> exp

(
(lnn)2

))

≤ 2e−(lnn)2

E

(
exp

(
1

(lnn)5n1/4

`2∑
`=`1

ζ`

))
= 2e−(lnn)2

`2∏
`=`1

E

(
exp

(
1

(lnn)5n1/4
ζ`

))
,

(5.2)

so we have to study E(exp( 1
(lnn)5n1/4 ζ)) where ζ has law ρ0. Now, we can write that

exp( 1
(lnn)5n1/4 ζ) = 1 + ζ

(lnn)5n1/4 + ζ2

2(lnn)10
√
n
eζ
′
, where |ζ ′| ≤ | ζ

(lnn)5n1/4 |, hence

E

(
exp

(
1

(lnn)5n1/4
ζ

))
= 1 + E

(
ζ2

2(lnn)10
√
n
eζ
′
)

≤ 1 +
1

2(lnn)10
√
n
E

(
ζ2 exp

(∣∣∣∣ ζ

(lnn)5n1/4

∣∣∣∣)) .
Furthermore, ρ0 has exponential tails, so there exist constants c̄6 = c̄6(w) > 0 and
C̄6 = C̄6(w) < +∞ such that E(ζ2ec̄6|ζ|) ≤ C̄6. When n is large enough, | ζ

(lnn)5n1/4 | ≤ c̄6|ζ|,
so E(exp( 1

(lnn)5n1/4 ζ)) ≤ 1 + C̄6

2(lnn)10
√
n
≤ exp( C̄6

2(lnn)10
√
n

). By (5.2), we deduce that when

n is large enough, P(|
∑`2
`=`1

ζ`| > (lnn)7n1/4) ≤ 2eC̄6/2e−(lnn)2

, which suffices.

The results of this section can be summed up by the following proposition.

Proposition 5.8. There exists a constant c = c(w, ε) > 0 such that when n is large
enough, P(

⋃6
r=0 Br) ≤ e−c(lnn)2

.
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Proof. We can write

P

(
6⋃
r=0

Br

)
≤ P(B0) + P(Bc0 ∩ B1) + P(Bc0 ∩ B2) + P(Bc0 ∩ B3)

+ P(Bc0 ∩ Bc1 ∩ Bc3 ∩ B4) + P(Bc0 ∩ B5) + P(Bc0 ∩ Bc4 ∩ B6).

Proposition 4.7 implies that when n is large enough, P(B0) ≤ e−c0n
(α−1)/4/2. By Propo-

sition 5.1, P(Bc0 ∩ B1),P(Bc0 ∩ B2) ≤ e−c1(lnn)2

when n is large enough. By Lemma 5.4,
P(Bc0∩B3) ≤ e−c3(lnn)2

when n is large enough. By Proposition 5.5, P(Bc0∩Bc1∩Bc3∩B4) ≤
e−c4(lnn)2

when n is large enough. By Lemma 5.6, P(Bc0 ∩ B5) ≤ e−c5(lnn)2

when n is
large enough. By Lemma 5.7, P(Bc0 ∩ Bc4 ∩ B6) ≤ e−c6(lnn)2

when n is large enough. We
deduce that if c = 1

2 min(c1, c3, c4, c5, c6), then P(
⋃6
r=0 Br) ≤ e−c(lnn)2

when n is large
enough.

6 A discrete reflected random walk

We recall that ε > 0, that the ζm,±,Bj , ζm,±,Ej were defined in Definition 4.1 and the

ζm,±,Ij before Proposition 4.10. Our goal in this section is to prove that
∑
ζm,−,Ej (with

a corresponding statement for
∑
ζm,+,Ej ) behaves roughly as a “random walk reflected

on
∑
ζm,−,Bj ”. In order to do that, we will introduce a discrete process Sm,−,I that is

roughly “the random walk
∑
ζm,−,Ij reflected on

∑
ζm,−,Bj ” (Definition 6.3), and prove

that if the bad events B−m,1, . . . ,B
−
m,6 defined at the beginning of Section 5 do not occur,

then Sm,−,I is very close to
∑
ζm,−,Ej (Proposition 6.5). When

∑
ζm,−,Ej is far above∑

ζm,−,Bj , it will evolve similarly to Sm,−,I , thus the hard part will be to deal with what

happens near
∑
ζm,−,Bj . We begin by recalling the definition of the reflected Brownian

motion (the definition of a discrete-time reflected random walk is similar).

Definition 6.1. Let a < b be real numbers, f : [a, b] 7→ R a continuous function, and
(Wt)t∈[a,b] a Brownian motion so that Wa ≥ f(a). The reflection of W on f is the process
W ′ defined as follows. If Wa = f(a), for all t ∈ [a, b] we set W ′t = Wt+supa≤s≤t(f(s)−Ws).
If Wa > f(a), if t0 denotes b∧ inf{t ∈ [a, b] |Wt = f(t)}, for t ∈ [a, t0] we set W ′t = Wt, and
for t ∈ [t0, b] we set W ′t = Wt + supt0≤s≤t(f(s)−Ws). If f is random, a Brownian motion
reflected on f without further precision will be the reflection on f of a Brownian motion
independent of f .

We now introduce the following notation.

Definition 6.2. For any m ∈ N, we will define processes denoted by (Sm,−,Bi )i>Xm−bεnc,

(Sm,−,Ei )i>Xm−bεnc, (Sm,+,Bi )i≤Xm+bεnc, (Sm,+,Ei )i≤Xm+bεnc so that for Ξ = B or E,

Sm,−,ΞXm−bεnc+1 = 0 and ∀ i ≥ Xm − bεnc+ 1, Sm,−,Ξi+1 = Sm,−,Ξi + ζm,−,Ξi

Sm,+,ΞXm+bεnc = 0 and ∀ i ≤ Xm + bεnc − 1, Sm,+,Ξi = Sm,+,Ξi+1 + ζm,+,Ξi .

We then have Lm,−i = Sm,−,Ei −Sm,−,Bi for i > Xm−bεnc and Lm,+i = Sm,+,Ei −Sm,+,Bi +1

for i ≤ Xm + bεnc.

Definition 6.3. For any m ∈ N, we define the processes (Sm,−,Ii )Xm−bεnc<i≤Xm and
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(Sm,+,Ii )Xm<i≤Xm+bεnc by

Sm,−,IXm−bεnc+1 = 0 and ∀ i ∈ {Xm − bεnc+ 1, . . . , Xm − 1},

Sm,−,Ii+1 =

{
Sm,−,Ii + ζm,−,Ii if Sm,−,Ii + ζm,−,Ii ≥ Sm,−,Bi+1 ,

Sm,−,Bi+1 otherwise,

Sm,+,IXm+bεnc = 0 and ∀ i ∈ {Xm + 1, . . . , Xm + bεnc − 1},

Sm,+,Ii =

{
Sm,+,Ii+1 + ζm,+,Ii if Sm,+,Ii+1 + ζm,+,Ii ≥ Sm,+,Bi ,

Sm,+,Bi otherwise.

The following lemma shows that “Sm,±,I is the random walk
∑
ζm,±,Ij reflected on∑

ζm,±,Bj ”.

Lemma 6.4. For any m ∈ N, we have that for all i ∈ {Xm − bεnc+ 1, . . . , Xm},

Sm,−,Ii =

i−1∑
j=Xm−bεnc+1

ζm,−,Ij + max
Xm−bεnc+1≤j≤i

Sm,−,Bj −
j−1∑

j′=Xm−bεnc+1

ζm,−,Ij′

 ,

and for all i ∈ {Xm + 1, . . . , Xm + bεnc},

Sm,+,Ii =

Xm+bεnc−1∑
j=i

ζm,+,Ij + max
i≤j≤Xm+bεnc

Sm,+,Bj −
Xm+bεnc−1∑

j′=j

ζm,+,Ij′

 .

Proof. Let m ∈ N. We will write the proof for Sm,−,I ; the same argument also applies
to Sm,+,I . To shorten the notation, we will drop the exponents m,−, and write i1 =

Xm − bεnc+ 1, i2 = Xm. We thus want to prove that for each i ∈ {i1, . . . , i2} we have

SIi =

i−1∑
j=i1

ζIj + max
i1≤j≤i

SBj − j−1∑
j′=i1

ζIj′

 .

We will prove it by induction on i. For i = i1, this comes from the definition of the
processes. Now let i ∈ {i1, . . . , i2−1} so that SIi =

∑i−1
j=i1

ζIj + maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′).
There are two possibilities.

The first possibility is SIi + ζIi ≥ SBi+1. In this case, SIi+1 = SIi + ζIi . Moreover, we have∑i−1
j=i1

ζIj + maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′) + ζIi ≥ SBi+1, hence maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′) ≥
SBi+1 −

∑i
j=i1

ζIj , thus maxi1≤j≤i+1(SBj −
∑j−1
j′=i1

ζIj′) = maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′), so∑i
j=i1

ζIj + maxi1≤j≤i+1(SBj −
∑j−1
j′=i1

ζIj′) =
∑i−1
j=i1

ζIj + maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′) + ζIi =

SIi + ζIi = SIi+1, which is what we want.
The other possibility is SIi + ζIi < SBi+1. In this case, SIi+1 = SBi+1. Furthermore, we

have
∑i−1
j=i1

ζIj + maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′) + ζIi < SBi+1, so maxi1≤j≤i(S
B
j −

∑j−1
j′=i1

ζIj′) <

SBi+1 −
∑i
j=i1

ζIj , hence maxi1≤j≤i+1(SBj −
∑j−1
j′=i1

ζIj′) = SBi+1 −
∑i
j=i1

ζIj . We deduce∑i
j=i1

ζIj + maxi1≤j≤i+1(SBj −
∑j−1
j′=i1

ζIj′) =
∑i
j=i1

ζIj + SBi+1 −
∑i
j=i1

ζIj = SBi+1 = SIi+1,
which is the desired result.

The following proposition is the main result of the section: if the bad events do not
occur, Sm,±,I is close to Sm,±,E .

Proposition 6.5. When n is large enough, for any m ∈ N, if
⋂6
r=1(B−m,r)c occurs then

for all i ∈ {Xm − bεnc + 1, . . . , Xm}, Sm,−,Ii − (lnn)8n1/4 ≤ Sm,−,Ei ≤ Sm,−,Ii + d(lnn)3e,
and if

⋂6
r=1(B+

m,r)
c occurs then for all i ∈ {Xm+ 1, . . . , Xm+ bεnc}, Sm,+,Ii − (lnn)8n1/4 ≤

Sm,+,Ei ≤ Sm,+,Ii + d(lnn)3e.
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Proof. Let m ∈ N. We will write the proof for Sm,−,E; the same argument also applies
to Sm,+,E . In order to lighten the notation, we will drop the exponents m,−, and write
i1 = Xm − bεnc+ 1, i2 = Xm.

The idea of the proof is that when SEi ≥ SBi +(lnn)3, then Li ≥ (lnn)3 by Definition 6.2,
thus since B−m,3 holds we have ζEi = ζIi , therefore SEi+1 = SEi + ζEi = SEi + ζIi . Now, if
SIi is not too close to SBi we also have SIi+1 = SIi + ζIi , so SE and SI evolve in the same
way. Consequently, the difference between SE and SI comes only from the i such that
Li < (lnn)3, and the fact the bad events do not occur will imply the difference thus
accrued is small. In order to make this argument work, we need to show that when
Li ≥ (lnn)3, SIi is not too close to SBi . However, it may not actually be the case for all
i. To solve this problem, we will actually use the aforementioned argument with some
processes S′ and S′′, which will respectively be close to SE and SI .

We begin by proving that SE is close to the auxiliary process S′ defined for i ∈
{i1, . . . , i2} by S′i = max(SEi , S

B
i + d(lnn)3e). For the i such that S′i = SEi , it is obvious.

If i is such that S′i = SBi + d(lnn)3e, then we have SEi ≤ SBi + d(lnn)3e. Moreover,
by Definition 6.2 SEi − SBi = Li ≥ 0, so SBi ≤ SEi ≤ SBi + d(lnn)3e, which means
S′i − d(lnn)3e ≤ SEi ≤ S′i. We deduce

∀ i ∈ {i1, . . . , i2}, S′i − d(lnn)3e ≤ SEi ≤ S′i. (6.1)

We now prove that SI is close to an auxiliary process S′′ which will be “the random
walk

∑
ζIi reflected on SB + d(lnn)3e”. More precisely, S′′i is defined for i ∈ {i1, . . . , i2}

as follows: S′′i1 = d(lnn)3e, and for any i ∈ {i1, . . . , i2 − 1},

S′′i+1 =

{
S′′i + ζIi if S′′i + ζIi ≥ SBi+1 + d(lnn)3e,
SBi+1 + d(lnn)3e otherwise.

Since SI is “the random walk
∑
ζIi reflected on SB” and S′′ is “the random walk

∑
ζIi

reflected on SB + d(lnn)3e”, we can expect SI and S′′ to be close. We are going to
prove by induction on i ∈ {i1, . . . , i2} that SIi ≤ S′′i ≤ SIi + d(lnn)3e. It is true for
i = i1 by the definition of the processes. We now suppose it is true for some i ∈
{i1, . . . , i2−1} and prove it for i+ 1. If SIi + ζIi ≥ SBi+1 and S′′i + ζIi ≥ SBi+1 + d(lnn)3e, then
SIi+1 − S′′i+1 = (SIi + ζIi ) − (S′′i + ζIi ) = SIi − S′′i , which is enough. If SIi + ζIi ≥ SBi+1 and
S′′i + ζIi < SBi+1 + d(lnn)3e, then SIi+1 = SIi + ζIi ≤ S′′i + ζIi < SBi+1 + d(lnn)3e = S′′i+1, thus
SIi+1 ≤ S′′i+1, and S′′i+1 = SBi+1 + d(lnn)3e ≤ SIi + ζIi + d(lnn)3e = SIi+1 + d(lnn)3e, which
is enough. If SIi + ζIi < SBi+1 and S′′i + ζIi ≥ SBi+1 + d(lnn)3e, then S′′i − SIi > d(lnn)3e, so
this case is impossible. Finally, if SIi + ζIi < SBi+1 and S′′i + ζIi < SBi+1 + d(lnn)3e, then
SIi+1 = SBi+1 and S′′i+1 = SBi+1 + d(lnn)3e, which is enough. We deduce that

∀ i ∈ {i1, . . . , i2}, SIi ≤ S′′i ≤ SIi + d(lnn)3e. (6.2)

We are now able to show that the only difference between S′ and S′′ comes from
the i such that Li < (lnn)3. We denote `(i1) = 0, and for any i ∈ {i1 + 1, . . . , i2},
`(i) = |{j ∈ {i1, . . . , i − 1} |Lj < (lnn)3}|. We are going to prove the following by
induction on i ∈ {i1, . . . , i2}:

S′i ≤ S′′i ≤ S′i +

 max
1≤`1≤`(i)

`(i)∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
+

, (6.3)

where the maximum is 0 if `(i) = 0. For i = i1, we have S′i1 = S′′i1 = d(lnn)3e, so (6.3)
holds. Now, let i ∈ {i1, . . . , i2 − 1} and suppose (6.3) holds for i. We will prove that it
holds also for i+ 1.

EJP 29 (2024), paper 98.
Page 31/60

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1156
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Limit theorems for trajectory of self-repelling random walk with directed edges

We first consider the case Li ≥ (lnn)3.
In this case, `(i+ 1) = `(i), so it is enough to prove 0 ≤ S′′i+1 − S′i+1 ≤ S′′i − S′i. We notice
first that since Li ≥ (lnn)3, SEi −SBi = Li ≥ d(lnn)3e, so SEi ≥ SBi + d(lnn)3e, so S′i = SEi .
We also notice that since Li ≥ (lnn)2 and (B−m,3)c occurs, ζEi = ζIi .
We begin by assuming Li+1 ≥ (lnn)3. Then SEi+1 − SBi+1 ≥ d(lnn)3e, so S′i+1 = SEi+1.
This implies S′i+1 = SEi + ζEi = S′i + ζIi . Moreover, S′′i + ζIi ≥ S′i + ζIi = S′i+1 = SEi+1 ≥
SBi+1 + d(lnn)3e, so S′′i+1 = S′′i + ζIi . This yields S′′i+1 − S′i+1 = S′′i − S′i, which is enough.
We now assume Li+1 < (lnn)3. Then SEi+1−SBi+1 < d(lnn)3e, so S′i+1 = SBi+1 + d(lnn)3e. If
S′′i + ζIi < SBi+1 + d(lnn)3e, S′′i+1 = SBi+1 + d(lnn)3e, so S′′i+1−S′i+1 = 0, which is enough. If
S′′i + ζIi ≥ SBi+1 + d(lnn)3e, S′′i+1 = S′′i + ζIi . Furthermore, S′i+1 ≥ SEi+1 = SEi + ζEi = S′i+ ζIi .
We deduce S′′i+1 − S′i+1 ≤ S′′i + ζIi − (S′i + ζIi ) = S′′i − S′i. In addition, S′′i+1 = S′′i + ζIi ≥
SBi+1 + d(lnn)3e = S′i+1, so S′′i+1 − S′i+1 ≥ 0, which is enough. Consequently, (6.3) holds
for i+ 1 in the case Li ≥ (lnn)3.

We now consider the case Li < (lnn)3.
We first show that S′′i+1 ≥ S′i+1. If Li+1 < (lnn)3, SEi+1 < SBi+1 + d(lnn)3e so S′i+1 =

SBi+1 + d(lnn)3e ≤ S′′i+1. If Li+1 ≥ (lnn)3, we notice that Li+1 = Li + ζEi − ζBi by Fact 4.2.
Moreover, since (B−m,5)c occurs, we have |ζEi |, |ζBi | ≤ (lnn)2, so Li ≥ (lnn)3 − 2(lnn)2 ≥
(lnn)2 when n is large enough. Thus, since (B−m,3)c occurs, ζEi = ζIi . We deduce
SBi+1 + d(lnn)3e ≤ SEi+1 = SEi + ζIi ≤ S′i + ζIi ≤ S′′i + ζIi , so S′′i+1 = S′′i + ζIi . Furthermore,
since SEi+1 ≥ SBi+1 + d(lnn)3e, S′i+1 = SEi+1 ≤ S′′i+1. Therefore S′i+1 ≤ S′′i+1 in all cases.
We now show that we have

S′′i+1−S′i+1 ≤

 max
1≤`1≤`(i+1)

`(i+1)∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
+

=

 max
1≤`1≤`(i)+1

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
+

since `(i+ 1) = `(i) + 1. If S′′i + ζIi < SBi+1 + d(lnn)3e, S′′i+1 = SBi+1 + d(lnn)3e ≤ S′i+1, so
S′′i+1 − S′i+1 ≤ 0, which is enough. Hence we consider the case S′′i + ζIi ≥ SBi+1 + d(lnn)3e.
We have S′i+1 ≥ SBi+1 + d(lnn)3e, so S′′i+1 − S′i+1 ≤ S′′i + ζIi − SBi+1 − d(lnn)3e = S′′i + ζIi −
SBi − d(lnn)3e − ζBi . Furthermore, since Li < (lnn)3, S′i = SBi + d(lnn)3e, so we get
S′′i+1 − S′i+1 ≤ S′′i − S′i + ζIi − ζBi . In addition, I(`(i+ 1)) = I(`(i) + 1) = i, thus we have

S′′i+1 − S′i+1 ≤ S′′i − S′i + ζII(`(i)+1) − ζ
B
I(`(i)+1). (6.4)

We first assume max1≤`1≤`(i)
∑`(i)
`2=`1

(ζII(`2) − ζ
B
I(`2)) ≥ 0. Then

max
1≤`1≤`(i)

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
≥ ζII(`(i)+1) − ζ

B
I(`(i)+1),

so we have

max
1≤`1≤`(i)+1

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
= max

1≤`1≤`(i)

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
.

Therefore, by (6.3) and (6.4), we obtain S′′i+1−S′i+1 ≤ max1≤`1≤`(i)+1

∑`(i)+1
`2=`1

(ζII(`2)−ζ
B
I(`2)),

which is enough.
We now assume that max1≤`1≤`(i)

∑`(i)
`2=`1

(ζII(`2)−ζ
B
I(`2)) ≤ 0. Then (6.3) yields S′′i −S′i ≤ 0,

so by (6.4) S′′i+1 − S′i+1 ≤ ζII(`(i)+1) − ζ
B
I(`(i)+1). In addition,

max
1≤`1≤`(i)

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
≤ ζII(`(i)+1) − ζ

B
I(`(i)+1),
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so

max
1≤`1≤`(i)+1

`(i)+1∑
`2=`1

(
ζII(`2) − ζ

B
I(`2)

)
= ζII(`(i)+1) − ζ

B
I(`(i)+1).

We deduce S′′i+1 − S′i+1 ≤ max1≤`1≤`(i)+1

∑`(i)+1
`2=`1

(ζII(`2) − ζ
B
I(`2)), which is enough.

Consequently, (6.3) holds for i+ 1 in the case Li < (lnn)3.
We deduce that (6.3) holds for any i ∈ {i1, . . . , i2}. Moreover, for any i ∈ {i1, . . . , i2},

since (B−m,6)c occurs, we have max
1≤`1≤`(i)

`(i)∑
`2=`1

(ζII(`2) − ζ
B
I(`2))


+

≤

∣∣∣∣∣∣ max
1≤`1≤`(i)

`(i)∑
`2=`1

(ζII(`2) − ζ
B
I(`2))

∣∣∣∣∣∣
≤ max

1≤`1≤`(i)

∣∣∣∣∣∣
`(i)∑
`2=`1

ζII(`2)

∣∣∣∣∣∣+ max
1≤`1≤`(i)

∣∣∣∣∣∣
`(i)∑
`2=`1

ζBI(`2)

∣∣∣∣∣∣
≤ max

1≤`1≤`2≤`max

∣∣∣∣∣
`2∑
`=`1

ζII(`)

∣∣∣∣∣+ max
1≤`1≤`2≤`max

∣∣∣∣∣
`2∑
`=`1

ζBI(`)

∣∣∣∣∣ ≤ 2(lnn)7n1/4,

therefore S′i ≤ S′′i ≤ S′i + 2(lnn)7n1/4. From this, (6.1) and (6.2), we deduce that for any
i ∈ {i1, . . . , i2}, SIi − 2(lnn)7n1/4 − d(lnn)3e ≤ SEi ≤ SIi + d(lnn)3e, so when n is large
enough, SIi − (lnn)8n1/4 ≤ SEi ≤ SIi + d(lnn)3e, which ends the proof.

7 Lower bounds on the TK − T0

We recall the stopping times Tk defined in (4.2), as well as the “bad events” B
defined in Proposition 4.8 and B0, . . . ,B6 defined at the beginning of Section 5. The
goal of the current section is to prove that if the bad events do not happen, then for
any K ∈ N, TK − T0 is at least of order Kn3/2: there exists a constant δ > 0 so that
P(TK − T0 < δKn3/2,Bc ∩

⋂6
r=0 Bcr) ≤

1
2K

(Proposition 7.7). We stress that we will not
try to prove that each Tk+1 − Tk, k ∈ {0, . . . ,K − 1} is large, since it is very possible
that for some k the configuration at time Tk is bad enough to prevent it. However, a
combinatorial argument will allow us to prove that a constant proportion of the k satisfy
that Tk+1 − Tk is large, which will be enough. This is one of the hardest parts of the
work, and the most novel one. Let us give some ideas of the proof.

Remember that ε > 0, that the β±k were defined in (4.3) and the ζm,±,Bi , ζm,±,Ei , Lm,±i

in Definition 4.1. For any k ∈ {0, . . . ,K−1}, if (say) XTk+1
= XTk−bεnc, then Tk+1−Tk =

β−Tk −Tk ≥
∑i2
i=i1

LTk,−i+1 for any {i1, . . . , i2} ⊂ {XTk+1
+1, . . . , XTk}. Now, if i ∈ {i1, . . . , i2},

Fact 4.2 yields LTk,−i+1 = LTk,−i1
+
∑i
j=i1

(ζTk,−,Ej − ζTk,−,Bj ), and LTk,−i1
≥ 0, thus LTk,−i+1 ≥∑i

j=i1
(ζTk,−,Ej − ζTk,−,Bj ), so we obtain Tk+1 − Tk ≥

∑i2
i=i1

∑i
j=i1

(ζTk,−,Ej − ζTk,−,Bj ) =∑i2
i=i1

∑i
j=i1

ζTk,−,Ej −
∑i2
i=i1

∑i
j=i1

ζTk,−,Bj . Therefore, if for some constant δ > 0 we have

that
∑i2
i=i1

∑i
j=i1

ζTk,−,Ej ≥ δn3/2 and
∑i2
i=i1

∑i
j=i1

ζTk,−,Bj ≤ −δn3/2, then it guarantees

Tk+1 − Tk ≥ 2δn3/2. If this is true for a positive fraction of the k ∈ {0, . . . ,K − 1}, then
TK − T0 will be of order Kn3/2.

The
∑i2
i=i1

∑i
j=i1

ζTk,−,Ej will be rather easy to control if we remember the ζm,−,Ii

constructed just before Proposition 4.10 and the Sm,−,B, Sm,−,E , Sm,−,I defined in
Definitions 6.2 and 6.3. Indeed, Proposition 6.5 indicates that

∑i2
i=i1

∑i
j=i1

ζTk,−,Ej =∑i2
i=i1

(STk,−,Ei − STk,−,Ei1−1 ) will be close to
∑i2
i=i1

(STk,−,Ii − STk,−,Ii1−1 ). Now, STk,−,I is

“the random walk
∑
ζTk,−,Ij reflected on STk,−,B”, hence

∑i2
i=i1

(STk,−,Ii − STk,−,Ii1−1 ) ≥∑i2
i=i1

∑i
j=i1

ζTk,−,Ij , so it is enough to prove that we have
∑i2
i=i1

∑i
j=i1

ζTk,−,Ij ≥ δn3/2.
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Since by Proposition 4.10 the ζTk,−,Ij are i.i.d. with the law ρ0 defined in (4.10),∑i2
i=i1

∑i
j=i1

ζTk,−,Ij is basically the integral of the i.i.d. random walk
∑i
j=i1

ζTk,−,Ij on
the interval {i1, . . . , i2}, so if i2 − i1 is of order n, there is a positive probability to have∑i
j=i1

ζTk,−,Ij of order
√
n, hence to have

∑i2
i=i1

∑i
j=i1

ζTk,−,Ij ≥ δn3/2.

However, we also have to control the
∑i2
i=i1

∑i
j=i1

ζTk,−,Bj , which depend on the
∆Tk,j (defined in (1.2)), and this is harder. If XTk−1

= XTk − bεnc = XTk+1
(i.e. the

mesoscopic process (XTk′ )k′∈N is doing a U-turn), then for j ∈ {XTk+1
+ 1, . . . , XTk} we

have ζTk,−,Bj = ζ
Tk−1,+,E
j , which we can then deal with in the same way as the ζTk,−,Ej .

However, if the mesoscopic process is not doing a U-turn, the state of the ∆Tk,j will
depend on the previous history of the process. To keep track of it, we will use an
algorithm to associate to each time k ∈ {0, . . . ,K} a configurations of states of the edges
of Z. The edges (z, z + 1) will be in any of the four following states:

• Clean. This is the case in which (Xm)m∈N did not visit any j ∈ {XT0 + bεncz +

1, . . . , XT0
+ bεnc(z + 1) − 1} since time T0, so the corresponding ∆j are still the

∆T0,j , which we can control by Proposition 4.7.

• Usable. This is the case in which there was some k′ so that XTk′−1
= XT0

+

bεnc(z + 1), XTk′ = XT0
+ bεncz and XTk′+1

= XT0
+ bεnc(z − 1) (or symmetrically

XTk′−1
= XT0

+ bεncz, XTk′ = XT0
+ bεnc(z + 1), XTk′+1

= XT0
+ bεnc(z + 2)), and

(Xm)m∈N did not visit {XT0
+ bεncz, . . . ,XT0

+ bεnc(z + 1)} since. At time Tk′ , the

∆j for j ∈ {XT0
+ bεncz, . . . ,XT0

+ bεnc(z + 1)} correspond to the ζ
Tk′−1,−,E
j , and

between times Tk′ and Tk′+1 the process (Xm)m∈N visited some such j, but not all,
so at time Tk′+1 the ∆j of the sites such visited correspond to the ζ

Tk′ ,−,E
j , while

the ∆j of the sites not visited still correspond to the ζ
Tk′−1,−,E
j . Consequently, the

∆j may correspond to the ζ
Tk′ ,−,E
j or the ζ

Tk′−1,−,E
j , which we will be able to control

since there are only two possibilities.

• Usable-clean. This is the case in which “the mesoscopic process made a U-turn
just at the left of z or at the right of z + 1, but never approached z or z + 1

otherwise”: there was some k′ so that XTk′+1
= XTk′−1

= XT0 + bεnc(z − 1) and
XTk′ = XT0 + bεncz (or symmetrically XTk′+1

= XTk′−1
= XT0 + bεnc(z + 2), XTk′ =

XT0 + bεnc(z + 1)), but none of the other XTk′′ was XT0 + bεncz or XT0 + bεnc(z +

1). In this case, since time T0, the process (Xm)m∈N could only visit {XT0 +

bεncz, . . . , XT0 + bεnc(z + 1)} between times Tk′ and Tk′+1, and did not visit all the
sites. The ∆j of the sites that were visited correspond to the ζ

Tk′ ,−,E
j , and the

∆j of the sites that were not visited are still the ∆T0,j . There are still only two
possibilities that we can control.

• Dirty. This covers all the other cases, in which we will not be able to control
the ∆j .

Consequently, if the edge (z, z + 1) is clean, usable or usable-clean at the step corre-
sponding to Tk, the ∆Tk,j on {XT0

+ bεncz, . . . ,XT0
+ bεnc(z + 1)} can be controlled,

hence the ζTk,−,Bj can. We will show that whatever the path of the mesoscopic process
(XTk′ )0≤k′≤K , a positive fraction of the edges it crosses will be clean, usable or usable-
clean at the time of crossing, so a positive fraction of the steps will give us a lower bound
Tk′ − Tk′−1 ≥ 2δn3/2, which is enough to prove TK − T0 is of order Kn3/2.

In order to write the rigorous proof, we will need some notation for the “trajectory”
of the mesoscopic process (XTk)k∈N. Let K ∈ N∗. A path of length K is a sequence
γ = (z0, z1, . . . , zK) with z0 = 0, zk ∈ Z and |zk − zk−1| = 1 for any k ∈ {1, . . . ,K}. We say
that X follows γ when XTk = XT0

+ bεnczk for all k ∈ {0, . . . ,K}.
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Some of the ζTk,±,Bi we need to control will depend on the ∆T0,i, but their exact
definition depends on if we want to work with ζTk,−,Bi or ζTk,+,Bi , which depends on the
path of the mesoscopic process. Moreover, it is more practical to work with the ∆̄T0,i

defined in Proposition 4.7, as this proposition gives us their law. Consequently, for any
k ∈ {0, . . . ,K − 1} we define (ζ̂γ,ki )i∈Z thus:

• if zk+1 = zk − 1,

ζ̂γ,ki =

{
−∆̄T0,i − 1/2 if i ≤ XT0

+ bεnczk,
−∆̄T0,i + 1/2 if i > XT0

+ bεnczk;

• if zk+1 = zk + 1,

ζ̂γ,ki =

{
∆̄T0,i + 1/2 if i ≤ XT0 + bεnczk,
∆̄T0,i − 1/2 if i > XT0

+ bεnczk.

Since we may use the ζ̂γ,ki instead of the ζTk,±,Bi , we will need to replace the ζTk,±,Ii

by random variables that are independent from the ζ̂γ,ki , hence from the ∆̄T0,i. We had
a construction in Proposition 4.10 that gave appropriate replacements for the ζT0,±,I

i ,
but not for the ζTk,±,Ii with k > 0. Finding good replacements for the ζTk,±,Ii for all

k ∈ N is the goal of the following proposition (we recall that BbNθc,bNxc,±0 was defined in
Proposition 4.7).

Proposition 7.1. For any k ∈ {0, . . . ,K − 1}, we can define random variables (ζγ,ki )i∈Z
with the following properties. The ζγ,ki , i ∈ Z are i.i.d. with law ρ0 and (ζγ,ki )i∈Z is

independent from (∆̄T0,i)i∈Z and (ζγ,k
′

i )i∈Z, k′ < k. In addition, if n is large enough,

X follows γ and (BbNθc,bNxc,±0 )c occurs, then for any k ∈ {0, . . . ,K − 1}, (ζγ,ki )i∈Z =

(ζTk,ι,Ii )i∈Z, where ι = + if zk+1 = zk + 1 and ι = − if zk+1 = zk − 1.

Proof. We can define a process (X̃m)m≥T0 which is “like (Xm)m≥T0 , but such that the
environment at time T0 is (∆̄T0,i)i∈Z”. It is defined so that X̃T0 = XT0 , (∆̃T0,i)i∈Z =

(∆̄T0,i)i∈Z, for all m ≥ T0,

P(X̃m+1 = X̃m + 1) = 1− P(X̃m+1 = X̃m − 1) =
w(∆̃m,X̃m

)

w(∆̃m,X̃m
) + w(−∆̃m,X̃m

)
,

∆̃m+1,X̃m
=

{
∆̃m,X̃m

− 1 if X̃m+1 = X̃m + 1

∆̃m,X̃m
+ 1 if X̃m+1 = X̃m − 1

and ∆̃m+1,i = ∆̃m,i for all i 6= X̃m,

the transitions of (X̃m)m≥T0 are independent from (∆̄T0,i)i∈Z, and for any k ∈ N, if n is

large enough and (BbNθc,bNxc,±0 )c occurs then (X̃m)T0≤m≤Tk = (Xm)T0≤m≤Tk . Moreover,
we define the following stopping times: T γ0 = T0 and for k ∈ {1, . . . ,K}, T γk = inf{m ≥
T γk−1 | X̃m = X̃T0

+ bεnczk}. If X follows γ, (BbNθc,bNxc,±0 )c occurs and n is large enough,

then T γk = Tk for all k ∈ {0, . . . ,K}. The (ζγ,ki )i∈Z will then be defined for the process

(X̃m)m≥T0 as the (ζ
Tγk ,ι,I
i )i∈Z are defined for the process (Xm)m≥T0 , where ι = + if zk+1 =

zk + 1 and ι = − if zk+1 = zk − 1, with the construction given before Proposition 4.10.

In order to lower bound the
∑i2
i=i1

∑i
j=i1

ζTk,−,Ej and the
∑i2
i=i1

∑i
j=i1

ζTk,−,Bj (as well
as the symmetric quantities when XTk+1

= XTk + bεnc), we will need to lower bound

the
∑i2
i=i1

∑i
j=i1

ζγ,kj , the
∑i2
i=i1

∑i
j=i1

ζ̂γ,kj and the
∑i2
i=i1

∑i
j=i1
−ζ̂γ,kj (as well as the

symmetric quantities). We introduce the necessary notation to do that. We denote
r2 = E(ζ2) where ζ has law ρ0. We set

0 < ε̃ < min

(
ε

8
,

1

21561 ln 2
ε,−

ln( 31
32 )

2961 ln 2
ε,
− ln(1− 2−10)

240 ln 2
ε

)
. (7.1)
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For any path γ of length K, for any k ∈ {0, . . . ,K − 1}, for any interval I = {i1, . . . , i2} of
Z with i2 − i1 = dε̃ne − 1, we define the following events:

W←γ,k,I =


i2∑
i=i1

i∑
j=i1

ζγ,kj ≥ r2

6
(ε̃n)3/2

 ,W→γ,k,I =


i2∑
i=i1

i2∑
j=i

ζγ,kj ≥ r2

6
(ε̃n)3/2

 ,

W+,←
γ,k,I =


i2∑
i=i1

i∑
j=i1

ζ̂γ,kj ≥ r2

6
(ε̃n)3/2

 ,W−,←γ,k,I =


i2∑
i=i1

i∑
j=i1

−ζ̂γ,kj ≥ r2

6
(ε̃n)3/2

 ,

W+,→
γ,k,I =


i2∑
i=i1

i2∑
j=i

ζ̂γ,kj ≥ r2

6
(ε̃n)3/2

 ,W−,→γ,k,I =


i2∑
i=i1

i2∑
j=i

−ζ̂γ,kj ≥ r2

6
(ε̃n)3/2

 .

Lemma 7.2. When n is large enough, for any K ∈ N∗, for any path γ of length K, for any
k ∈ {0, . . . ,K−1}, for any interval I = {i1, . . . , i2} of Z with i2−i1 = dε̃ne−1, P(W←γ,k,I) ≥
1
32 and P(W→γ,k,I) ≥ 1

32 . Moreover, if zk ≤ 0 and I ⊂ (−∞, XT0 +bεnczk−1], or if zk ≥ 0 and

I ⊂ [XT0
+bεnczk+1,+∞), then we have P(W+,←

γ,k,I),P(W−,←γ,k,I),P(W+,→
γ,k,I),P(W−,→γ,k,I) >

1
32 .

Proof. The ζγ,ki , i ∈ I are i.i.d. with law ρ0. Furthermore, if zk ≤ 0 and I ⊂ (−∞, XT0
+

bεnczk − 1], or if zk ≥ 0 and I ⊂ [XT0
+ bεnczk + 1,+∞), by Proposition 4.7 the ζ̂γ,ki ,

i ∈ I are i.i.d. with law ρ0. Therefore it is enough to show that when n is large enough,
if ζi, i ∈ {1, . . . , dε̃ne} are i.i.d. with law ρ0 and we denote S =

∑dε̃ne
i=1

∑dε̃ne
j=i ζj , then

P(S ≥ r2
6 (ε̃n)3/2) ≥ 1

32 . S is symmetric, so P(S ≥ r2
6 (ε̃n)3/2) = 1

2P(|S| ≥ r2
6 (ε̃n)3/2) =

1
2P(S2 ≥ r2

6 (ε̃n)3), thus it is enough to show P(S2 ≥ r2
6 (ε̃n)3) ≥ 1

16 . In order to do that,

we notice that S =
∑dε̃ne
i=1 iζi and ρ0 has expectation 0, hence E(S2) =

∑dε̃ne
i=1 i2r2 =

dε̃ne(dε̃ne+1)(2dε̃ne+1)
6 r2 ≥ r2

3 (ε̃n)3/2 and

E(S4) = 3

dε̃ne∑
i=1

dε̃ne∑
j=1

i2j2r2
2 +

dε̃ne∑
i=1

i4(E(ζ4)− 3r2
2)

= 3

(
dε̃ne(dε̃ne+ 1)(2dε̃ne+ 1)

6

)2

r2
2 +

6dε̃ne5 + 15dε̃ne4 + 10dε̃ne3 − dε̃ne
30

(E(ζ4)− 3r2
2)

is smaller than 4E(S2)2 when n is large enough. We deduce P(S2 ≥ r2
6 (ε̃n)3) ≥ P(S2 ≥

E(S2)
2 ), hence by the Paley-Zygmund inequality, P(S2 ≥ r2

6 (ε̃n)3) ≥ 1
4
E(S2)2

E(S4) ≥
1
16 .

We are now in position to write down the algorithm mentioned at the beginning of
the section, which for each time k ∈ {0, . . . ,K} yields a configuration of states of the
edges of Z in which the edges can be clean, usable, usable-clean or dirty depending on
the control we have on them. Let K ∈ N∗. For any path γ = (z0, z1, . . . , zK) of length K,
at the same time as the configurations of states of the edges, we will define a sequence
of random variables (Θγ

k)0≤k≤K−1 so that for any k ∈ {0, . . . ,K− 1}, Θγ
k ∈ {0, 1, ∗}. As we

will show later in Proposition 7.3, they will be defined so that that if X follows γ, Θγ
k = 1

(as well as an additional condition) and B ∩ (
⋂6
r=1 Bc0) occurs, then Tk − Tk−1 ≥ r2

6 (ε̃n)3/2.
For any edge (z, z+ 1) of Z, we denote I(z, z+ 1) the collection of intervals composed

of the {XT0 + bεncz + dε̃ne(m− 1) + 1, . . . , XT0 + bεncz + dε̃nem} for m ∈ {1, . . . , 2b ε4ε̃c}.
We also denote respectively Il(z, z + 1) and Ir(z, z + 1) the collections of the {XT0 +

bεncz + dε̃ne(m − 1) + 1, . . . , XT0 + bεncz + dε̃nem} respectively for m ∈ {1, . . . , b ε4ε̃c}
and m ∈ {b ε4ε̃c + 1, . . . , 2b ε4ε̃c}. When n is large enough, the intervals of I(z, z + 1) are
contained in {XT0

+ bεncz + 1, . . . , XT0
+ bεnc(z + 1)− 1}.

We now define the (Θγ
k)0≤k≤K−1 as follows. For any k ∈ {0, . . . ,K − 1}, we say the

k-th step of γ is the passage from zk to zk+1. We will decompose the path in stages of
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one or two steps at the end of which we update the states of the edges of Z. At time
k = 0, all the edges of Z are clean. Let k = 0 or let k ∈ {1, . . . ,K − 2} and suppose the
last step of a stage of γ is the step k − 1. We suppose zk+1 = zk + 1 (if zk+1 = zk − 1, the
definition is similar, with all the arrows reversed in the events and r, l exchanged). We
define the next stage as follows, depending on the state of the edges at time k.

Case (zk, zk+1) clean.
In this case, the stage will encompass only step k. We then define Θγ

k as the indicator of⋃
I∈I(zk,zk+1)(W→γ,k,I ∩W

−,→
γ,k,I), we say Θγ

k is of type C, and the edges (zk, zk+1), (zk, zk− 1)

become dirty at time k + 1.

Case (zk, zk+1) dirty.
In this case, the stage will encompass steps k and k+ 1, and there will be different cases.
If zk+2 = zk, we set Θγ

k = ∗ and Θγ
k+1 as the indicator of

⋃
I∈I(zk,zk+1)(W←γ,k,I ∩W←γ,k+1,I).

We also say Θγ
k+1 is of type D. After the stage, at time k + 2, (zk, zk+1) and its two

neighboring edges become dirty.
We now assume zk+2 6= zk, i.e. zk+2 = zk+1 + 1. Then there will be different cases
depending on the state of (zk+1, zk+2) at time k.
Case (zk+1, zk+2) dirty. Then we set Θγ

k = ∗, and Θγ
k+1 as the indicator of {|{I ∈

Il(zk, zk+1)|W←γ,k,I}| ≥ ε
29ε̃}∩ {|{I ∈ Ir(zk, zk+1)|W←γ,k+1,I}| ≥ ε

29ε̃}. We then say that Θγ
k+1

is of type A’. At time k+ 2, the edges (zk − 1, zk) and (zk+1, zk+2) become dirty. Moreover,
if Θγ

k+1 = 1, we say the stage is a stage with wait and the edge (zk, zk+1) becomes usable
at time k + 2. If, in addition to having Θγ

k+1 = 1, we also have that (zk, zk − 1) was dirty
at time k, we say the stage is dirty.
Case (zk+1, zk+2) clean. Then we set Θγ

k+1 as the indicator of
⋃
I∈I(zk+1,zk+2)(W→γ,k+1,I ∩

W−,→γ,k+1,I) and we say Θγ
k+1 is of type C. (zk+1, zk+2) then becomes dirty at time k + 2.

If (zk − 1, zk) is not clean at time k, it becomes dirty at time k + 2 and we set Θγ
k = ∗.

If (zk − 1, zk) is clean at time k, then we set Θγ
k as the indicator of {|{I ∈ Il(zk −

1, zk)|W+,←
γ,k,I}| ≥

ε
29ε̃} ∩ {|{I ∈ Ir(zk − 1, zk)|W←γ,k,I}| ≥ ε

29ε̃} and we say Θγ
k is of type B’. If

Θγ
k = 1 then (zk − 1, zk) becomes usable-clean at time k + 2, otherwise it becomes dirty.

Case (zk+1, zk+2) usable (respectively usable-clean). In this case, there exists k′ ≤ k so
that (zk+1, zk+2) became usable (respectively usable-clean) at time k′, and we consider
the largest such k′. We then have Θγ

k′−1 = 1 (respectively Θγ
k′−2 = 1), so the sets

Er = {I ∈ Ir(zk+1, zk+2)|W→γ,k′−2,I} and El = {I ∈ Il(zk+1, zk+2)|W→γ,k′−1,I} (respectively

Er = {I ∈ Ir(zk+1, zk+2)|W+,→
γ,k′−2,I} and El = {I ∈ Il(zk+1, zk+2)|W→γ,k′−2,I}) have at least

ε
29ε̃ elements. We then define Θγ

k+1 as the indicator of (
⋃
I∈ElW

→
γ,k+1,I)∩ (

⋃
I∈ErW

→
γ,k+1,I)

and say Θγ
k+1 is of type A (respectively of type B ). Both (zk, zk+1) and (zk+1, zk+2) become

dirty at time k + 2. Moreover, if (zk − 1, zk) is not clean at time k, it becomes dirty and
we set Θγ

k = ∗. If (zk − 1, zk) is clean at time k, then we set Θγ
k as the indicator of

{|{I ∈ Il(zk − 1, zk)|W+,←
γ,k,I}| ≥

ε
29ε̃} ∩ {|{I ∈ Ir(zk − 1, zk)|W←γ,k,I}| ≥ ε

29ε̃} and we say Θγ
k

is of type B’. If Θγ
k = 1 then (zk − 1, zk) becomes usable-clean at time k + 2, otherwise it

becomes dirty.

Case (zk, zk+1) usable (respectively usable-clean).
In this case, the stage will encompass only step k. Moreover, there exists k′ ≤ k such
that (zk, zk+1) became usable (respectively usable-clean) at time k′, and we consider
the largest such k′. We then have Θγ

k′−1 = 1 (respectively Θγ
k′−2 = 1), so the sets

Er = {I ∈ Ir(zk, zk+1)|W→γ,k′−2,I} and El = {I ∈ Il(zk, zk+1)|W→γ,k′−1,I} (respectively

Er = {I ∈ Ir(zk, zk+1)|W+,→
γ,k′−2,I} and El = {I ∈ Il(zk, zk+1)|W→γ,k′−2,I}) have at least ε

29ε̃

elements. We then define Θγ
k as the indicator of (

⋃
I∈ElW

→
γ,k,I) ∩ (

⋃
I∈ErW

→
γ,k,I) and say

Θγ
k is of type A (respectively of type B). Both (zk, zk+1) and (zk, zk − 1) become dirty at

time k + 1.

If this algorithm does not yield a value for Θγ
K−1, we set Θγ

K−1 = ∗.
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Proposition 7.3. For any K ∈ N∗, for any path γ of length K, if X follows γ, Bc ∩
(
⋂6
r=0 Bcr) occurs and n is large enough, then for any k ∈ {0, . . . ,K − 1}, if Θγ

k is of type
A, B, C or D and Θγ

k = 1 then Tk+1 − Tk ≥ r2
6 (ε̃n)3/2.

Proof. Let us assume that X follows γ, Bc ∩ (
⋂6
r=0 Bcr) occurs and n is large enough. We

notice that since
⋂6
r=0 Bcr occurs, (BbNθc,bNxc,±0 )c occurs. In particular, by Proposition 4.7,

for any bNxc − n(α−1)/4bεnc − 1 ≤ i ≤ bNxc + n(α−1)/4bεnc + 1, hence for any k ∈
{0, . . . ,K− 1} and i ∈ {XT0

+ bεnc(zk− 1), . . . , XT0
+ bεnc(zk + 1)}, we have ∆̄T0,i = ∆T0,i.

Furthermore, by Proposition 4.8, since Bc occurs, for any k ∈ {0, . . . ,K − 1} we have
Tk = T+

m,i or T−m,i for some integers bNθc − 2n(α+4)/5 ≤ m ≤ bNθc + 2n(α+4)/5 and

i ∈ [bNxc−n(α+4)/5, bNxc+n(α+4)/5]. Therefore, since
⋂6
r=0 Bcr occurs,

⋂6
r=1(B−Tk,r)

c and⋂6
r=1(B+

Tk,r
)c occur. Set k ∈ {0, . . . ,K − 1} and suppose Θγ

k = 1. We will deal with the
possible types of Θγ

k separately.
Case Θγ

k of type A.
We suppose zk+1 = zk + 1, the other case can be dealt with in the same way. In

this case, the edge (zk, zk+1) was usable at time k. We denote k′ the biggest integer
below k such that (zk, zk + 1) became usable at time k′. Then the path γ did not cross
(zk, zk + 1) between times k′ − 1 and k, and was always strictly below zk between these
times. Moreover, for any k′′ ∈ N, m ∈ {Tk′′ , . . . , Tk′′+1}, by definition of Tk′′+1 we have
Xm ∈ {XTk′′ − bεnc, . . . , XTk′′ + bεnc}. Since X follows γ, this implies that for any
m ∈ {Tk′ , . . . , Tk − 1}, Xm < XT0

+ bεnczk, so for any i ≥ XT0
+ bεnczk, ∆Tk,i = ∆Tk′ ,i.

There will be two different cases (we recall the notation El, Er introduced when defining
the Θγ

k of type A).

We first assume L
Tk′−1,−
XT0

+bεnczk+b ε4ε̃ c+1 = 0.

We notice that since Θγ
k = 1, there exists I = {i1, . . . , i2} ∈ Er such that W→γ,k,I oc-

curs. Since I ∈ Er, W→γ,k′−2,I also occurs. This yields
∑i2
i=i1

∑i2
j=i ζ

γ,k
j ≥ r2

6 (ε̃n)3/2 and∑i2
i=i1

∑i2
j=i ζ

γ,k′−2
j ≥ r2

6 (ε̃n)3/2. Now, since (BbNθc,bNxc,±0 )c occurs, n is large enough and

X follows γ, by the definition of the ζγ,ki we get that for any j ∈ I, ζγ,kj = ζTk,+,Ij and

ζγ,k
′−2

j = ζ
Tk′−2,−,I
j . We deduce

i2∑
i=i1

i2∑
j=i

ζTk,+,Ij ≥ r2

6
(ε̃n)3/2 and

i2∑
i=i1

i2∑
j=i

ζ
Tk′−2,−,I
j ≥ r2

6
(ε̃n)3/2.

In addition, by the definition of STk,+,Ii , for any i ∈ {i1, . . . , i2}, STk,+,Ii − STk,+,Ii2+1 ≥∑i2
j=i ζ

Tk,+,I
j . Moreover, since

⋂6
r=1(B+

Tk,r
)c occurs, Proposition 6.5 yields STk,+,Ei ≥

STk,+,Ii − (lnn)8n1/4 and STk,+,Ei2+1 ≤ STk,+,Ii2+1 + d(lnn)3e, so

STk,+,Ei − STk,+,Ei2+1 ≥ STk,+,Ii − STk,+,Ii2+1 − (lnn)8n1/4 − d(lnn)3e

≥
i2∑
j=i

ζTk,+,Ij − (lnn)8n1/4 − d(lnn)3e,

which implies
∑i2
i=i1

(STk,+,Ei −STk,+,Ei2+1 ) ≥ r2
12 (ε̃n)3/2, that is

∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2.

By the same arguments, we have
∑i2
i=i1

(S
Tk′−2,−,E
i2+1 − S

Tk′−2,−,E
i ) ≥ r2

12 (ε̃n)3/2, that is∑i2
i=i1

∑i2
j=i ζ

Tk′−2,−,E
j ≥ r2

12 (ε̃n)3/2.

Now, for any j ∈ I, ζ
Tk′−2,−,E
j = −∆m̄,j +1/2 where m̄ = β−Tk′−2

= Tk′−1 since X follows γ,

so ζ
Tk′−2,−,E
j = −∆Tk′−1,j + 1/2. Furthermore, since L

Tk′−1,−
XT0

+bεnczk+b ε4ε̃ c+1 = 0, for any m̄ ∈
{Tk′−1, . . . , Tk′} we have Xm̄ ≤ XT0

+bεnczk+b ε4ε̃c so if j ∈ I we have ∆Tk′−1,j = ∆Tk′ ,j =
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∆Tk,j . We deduce that for any j ∈ I, we have ζ
Tk′−2,−,E
j = −∆Tk,j + 1/2 = −ζTk,+,Bj .

Therefore
∑i2
i=i1

∑i2
j=i ζ

Tk′−2,−,E
j ≥ r2

12 (ε̃n)3/2 becomes
∑i2
i=i1

∑i2
j=i−ζ

Tk,+,B
j ≥ r2

12 (ε̃n)3/2.

Since
∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2, we get
∑i2
i=i1

∑i2
j=i(ζ

Tk,+,E
j − ζTk,+,Bj ) ≥ r2

6 (ε̃n)3/2.

By Fact 4.2, this yields
∑i2
i=i1

(LTk,+i − LTk,+i2+1 ) ≥ r2
6 (ε̃n)3/2. Now, LTk,+i2+1 ≥ 0, hence∑i2

i=i1
LTk,+i ≥ r2

6 (ε̃n)3/2. This implies β+
Tk
− Tk ≥ r2

6 (ε̃n)3/2, thus Tk+1 − Tk ≥ r2
6 (ε̃n)3/2.

We now assume L
Tk′−1,−
XT0

+bεnczk+b ε4ε̃ c+1 6= 0.

Since Θγ
k = 1, there exists I = {i1, . . . , i2} ∈ El such that W→γ,k,I occurs. Since I ∈ El,

W→γ,k′−1,I also occurs. This yields
∑i2
i=i1

∑i2
j=i ζ

γ,k
j ≥ r2

6 (ε̃n)3/2 and
∑i2
i=i1

∑i2
j=i ζ

γ,k′−1
j ≥

r2
6 (ε̃n)3/2. Since (BbNθc,bNxc,±0 )c occurs, n is large enough and X follows γ, for any j ∈ I

we have ζγ,kj = ζTk,+,Ij and ζγ,k
′−1

j = ζ
Tk′−1,−,I
j , hence

∑i2
i=i1

∑i2
j=i ζ

Tk,+,I
j ≥ r2

6 (ε̃n)3/2 and∑i2
i=i1

∑i2
j=i ζ

Tk′−1,−,I
j ≥ r2

6 (ε̃n)3/2. From
∑i2
i=i1

∑i2
j=i ζ

Tk,+,I
j ≥ r2

6 (ε̃n)3/2 we can deduce∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2 by the same arguments as before. However, we cannot

do the same with
∑i2
i=i1

∑i2
j=i ζ

Tk′−1,−,I
j , as that would require Proposition 6.5, that relies

on j ∈ {XTk′−1
−bεnc+1, . . . , XTk′−1

}, which is not the case for i ∈ I. However, (B−Tk′−1,3
)c

occurs, so for each j ∈ I such that L
Tk′−1,−
j ≥ (lnn)2, we have ζ

Tk′−1,−,I
j = ζ

Tk′−1,−,E
j .

Furthermore, L
Tk′−1,−
XT0

+bεnczk+b ε4ε̃ c+1 6= 0, hence the random walk X went from XT0 + bεnczk
to XT0

+ bεnczk + b ε4ε̃c+ 1 between times Tk′−1 and Tk′ , which implies L
Tk′−1,−
j > 0 for

each j ∈ I. In addition, (B−Tk′−1,2
)c occurs, thus |{j ∈ I | 0 < L

Tk′−1,−
j < (lnn)2}| < (lnn)8,

so |{j ∈ I |LTk′−1,−
j < (lnn)2}| < (lnn)8. Finally, (B−Tk′−1,5

)c occurs, hence for any j ∈ I

we have |ζTk′−1,−,E
j |, |ζTk′−1,−,I

j | ≤ (lnn)2. We deduce

i2∑
i=i1

i2∑
j=i

ζ
Tk′−1,−,E
j ≥

i2∑
i=i1

i2∑
j=i

ζ
Tk′−1,−,I
j −2dε̃ne(lnn)10≥ r2

6
(ε̃n)3/2−2dε̃ne(lnn)10≥ r2

12
(ε̃n)3/2

when n is large enough. Now, for any j ∈ I, ζ
Tk′−1,−,E
j = −∆m̄,j + 1/2 with m̄ =

β−Tk′−1
= Tk′ , hence ζ

Tk′−1,−,E
j = −∆Tk′ ,j + 1/2 = −∆Tk,j + 1/2 = −ζTk,+,Bj . This yields∑i2

i=i1

∑i2
j=i−ζ

Tk,+,B
j ≥ r2

12 (ε̃n)3/2. Since we also proved
∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2,
we can end the proof as in the previous case.

Case Θγ
k of type B.

We suppose zk+1 = zk + 1, the other case can be dealt with in the same way. In
this case, (zk, zk+1) was usable-clean at time k. We denote k′ the (only) integer below
k such that (zk, zk+1) became usable-clean at time k′. Then the path γ remained below
zk up to time k, and the only time before k at which the path reached zk is time k′ − 2.
Since X follows γ, this implies that for any i ∈ {XT0 + bεnczk, . . . , XT0 + bεnc(zk + 1)},
∆Tk′−2,i = ∆T0,i, and ∆Tk,i = ∆Tk′−1,i. If L

Tk′−2,−
XT0

+bεnczk+b ε4ε̃ c+1 6= 0, we can prove our result

using the same method as in the similar case when Θγ
k of type A, replacing Tk′−1 by

Tk′−2. We now deal with the case L
Tk′−2,−
XT0

+bεnczk+b ε4ε̃ c+1 = 0. Since Θγ
k = 1, there exists

I = {i1, . . . , i2} ∈ Er such that W→γ,k,I occurs. Since I ∈ Er, W+,→
γ,k′−2,I also occurs. This

yields
∑i2
i=i1

∑i2
j=i ζ

γ,k
j ≥ r2

6 (ε̃n)3/2 and
∑i2
i=i1

∑i2
j=i ζ̂

γ,k′−2
j ≥ r2

6 (ε̃n)3/2. From the first

inequality we can deduce
∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2 as in the case Θγ
k of type A.

Now, by the definition of the ζ̂γ,k
′−2

j , for any j ∈ I we have ζ̂γ,k
′−2

j = −∆̄T0,j + 1/2 =

−∆T0,j + 1/2, thus ζ̂γ,k
′−2

j = −∆Tk′−2,j + 1/2. Now, since L
Tk′−2,−
XT0

+bεnczk+b ε4ε̃ c+1 = 0, X

did not visit j between times Tk′−2 and Tk′−1, hence ∆Tk′−2,j = ∆Tk′−1,j = ∆Tk,j , so
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ζ̂γ,k
′−2

j = −∆Tk,j + 1/2 = −ζTk,+,Bj . Therefore
∑i2
i=i1

∑i2
j=i ζ̂

γ,k′−2
j ≥ r2

6 (ε̃n)3/2 yields∑i2
i=i1

∑i2
j=i−ζ

Tk,+,B
j ≥ r2

6 (ε̃n)3/2. We can now conclude as in the case Θγ
k of type A.

Case Θγ
k of type C.

We suppose zk+1 = zk + 1, the other case can be dealt with in the same way.
Since Θγ

k = 1, there exists I ∈ I(zk, zk+1) such that W→γ,k,I ∩ W
−,→
γ,k,I , which yields∑i2

i=i1

∑i2
j=i ζ

γ,k
j ≥ r2

6 (ε̃n)3/2 and
∑i2
i=i1

∑i2
j=i−ζ̂

γ,k
j ≥ r2

6 (ε̃n)3/2. Since X follows γ,

(BbNθc,bNxc,±0 )c occurs and n is large enough, for any j ∈ I we have ζγ,kj = ζTk,+,Ij ,

so
∑i2
i=i1

∑i2
j=i ζ

Tk,+,I
j ≥ r2

6 (ε̃n)3/2. We can now use the same arguments as in the case

Θγ
k of type A to deduce

∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2. Moreover, for any j ∈ I we have

ζ̂γ,kj = ∆̄T0,j − 1/2 = ∆T0,j − 1/2. In addition, since Θγ
k is of type C, (zk, zk+1) was clean

at time k, hence the path γ stayed strictly below zk until time k, thus ∆T0,j = ∆Tk,j ,
hence ζ̂γ,kj = ∆Tk,j − 1/2 = ζTk,+,Bj . Consequently,

∑i2
i=i1

∑i2
j=i−ζ̂

γ,k
j ≥ r2

6 (ε̃n)3/2 implies∑i2
i=i1

∑i2
j=i−ζ

Tk,+,B
j ≥ r2

6 (ε̃n)3/2. We can now end the proof as in the case Θγ
k of type A.

Case Θγ
k of type D.

We suppose zk+1 = zk + 1, the other case can be dealt with in the same way. Then
since Θγ

k = 1, there exists I ∈ I(zk, zk+1) such that W→γ,k−1,I ∩ W→γ,k,I occurs. This

yields
∑i2
i=i1

∑i2
j=i ζ

γ,k−1
j ≥ r2

6 (ε̃n)3/2 and
∑i2
i=i1

∑i2
j=i ζ

γ,k
j ≥ r2

6 (ε̃n)3/2. Since X follows

γ, (BbNθc,bNxc,±0 )c occurs and n is large enough, for any j ∈ I we have ζγ,k−1
j = ζ

Tk−1,−,I
j

and ζγ,kj = ζTk,+,Ij , so we get
∑i2
i=i1

∑i2
j=i ζ

Tk−1,−,I
j ≥ r2

6 (ε̃n)3/2 and
∑i2
i=i1

∑i2
j=i ζ

Tk,+,I
j ≥

r2
6 (ε̃n)3/2. From the second inequality we can deduce that

∑i2
i=i1

∑i2
j=i ζ

Tk,+,E
j ≥ r2

12 (ε̃n)3/2

by the same arguments as in the case Θγ
k of type A; we can also apply them to the first

inequality to obtain
∑i2
i=i1

∑i2
j=i ζ

Tk−1,−,E
j ≥ r2

12 (ε̃n)3/2. Now, for any j ∈ I, ζTk−1,−,E
j =

−∆m̄,j+1/2 with m̄ = β−Tk−1
= Tk, hence ζ

Tk−1,−,E
j = −∆Tk,j+1/2 = −ζTk,+,Bj . Therefore

we have
∑i2
i=i1

∑i2
j=i−ζ

Tk,+,B
j ≥ r2

12 (ε̃n)3/2. We can now conclude as in the case Θγ
k of

type A.

In light of Proposition 7.3, we want to prove that for any K ∈ N∗, for any path γ of
length K, the probability that there are not enough k ∈ {0, . . . ,K − 1} so that Θγ

k is of
type A, B, C or D and Θγ

k = 1 is very weak. A sequence of {0, 1, ∗}K that is a possible
value of (Θγ

k)0≤k≤K−1 will be called an admissible sequence for γ. Since the states of
the edges of Z at time k depend only on the path and of the Θγ

k′ , k
′ < k, and since the

states of the edges at time k determine whether Θγ
k = ∗, we have the following lemma.

Lemma 7.4. For any K ∈ N∗, there are at most 2K admissible sequences for any given
path of length K.

For any K ∈ N∗, for any path γ of length K, we call A(γ) the set of admissible
sequences for γ. We also call A′(γ) the set of bad admissible sequences, that is the
(tk)0≤k≤K−1 ∈ A(γ) such that |{k ∈ {0, . . . ,K − 1}|tk = 0}| ≥ K/20. All admissible
sequences that are not bad will contain enough k ∈ {0, . . . ,K − 1} so that Θγ

k is of type
A, B, C or D and Θγ

k = 1, as established by the following lemma.

Lemma 7.5. For any K ∈ N∗, for any path γ of length K, if (Θγ
k)0≤k≤K−1 is not bad, we

have |{k ∈ {0, . . . ,K − 1}|Θγ
k is of type A, B, C or D and Θγ

k = 1}| ≥ K/20.

Proof. We notice that at each stage of the path without wait (the notion of a stage with
wait was defined in the algorithm), we get either a Θγ

k which is 0 or a Θγ
k of type A, B,

C or D. Since (Θγ
k)0≤k≤K−1 is not bad, |{k ∈ {0, . . . ,K − 1}|Θγ

k = 0}| < K/20, so if there
are at least K/10 stages without wait, |{k ∈ {0, . . . ,K − 1}|Θγ

k is of type A, B, C or D and
Θγ
k = 1}| ≥ K/20. Therefore it is enough to prove that there are at least K/10 stages

without wait.
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If there are at least K/10 stages with wait that are not dirty, we notice that each of
these stages has to follow a stage without wait, so there are at least K/10 stages without
wait.

If there are less than K/10 stages with wait that are not dirty, we call Kd the number
of dirty stages with wait, Knd the number of stages with wait that are not dirty, and Kww

the number of stages without wait. There are at least K/2 stages in the path (since all the
edges are initially clean, the first stage is one-step long), hence Kd +Knd +Kww ≥ K/2.
By assumption, Knd ≤ K/10, hence Kd +Kww ≥ K/2−Knd ≥ K/2−K/10 = 2K/5. Now,
for each stage without wait, the number of dirty edges of Z increases by at most 3, for
each dirty stage with wait, the number of dirty edges of Z decreases by 1, and for each
stage with wait that is not dirty, the number of dirty edges of Z does not change. We
deduce that Kd ≤ 3Kww, so Kd +Kww ≥ 2K/5 implies 4Kww ≥ 2K/5, thus Kww ≥ K/10,
which means there are at least K/10 stages without wait, which ends the proof.

It now remains to prove that the probability of a bad admissible sequence to occur is
very small, which is the following proposition.

Proposition 7.6. When n is large enough, for any K ∈ N∗, for any path γ of length K,
for any (tk)0≤k≤K−1 ∈ A′(γ), we have P(∀ k ∈ {0, . . . ,K − 1},Θγ

k = tk) ≤ 1/8K .

Proof. If we know that Θγ
k = tk for 0 ≤ k ≤ K − 1, it determines the type of the Θγ

k ,
k ∈ {0, . . . ,K− 1}; if under these conditions Θγ

k is of a given type, we will say that tk is of
this type. For any k ∈ {0, . . . ,K−1}, we denote Pγk the event {∀k′ ∈ {0, . . . , k},Θγ

k′ = tk′}.
Since (tk)0≤k≤K−1 ∈ A′(γ), there are at least K/20 integers k ∈ {0, . . . ,K − 1} such
that tk = 0. Consequently, it is enough to prove that for any k ∈ {0, . . . ,K − 1}, if tk
is of type A, B, B’ or C then P(Θγ

k = 0|Pγk−1) ≤ 2−60 and if tk is of type A’ or D then
P(Θγ

k = 0|Pγk−2) ≤ 2−60 (where Pγ−1 denotes the whole universe). Let k ∈ {0, . . . ,K − 1}.
Case tk of type A’.
We suppose zk+1 = zk + 1; the other case can be dealt with in the same way. In

this case, knowing γ and Θγ
k′ = tk′ , k′ ≤ k − 2 is enough to know Θγ

k is of type A’, so
P(Θγ

k = 0|Pγk−2) = P({|{I ∈ Il(zk−1, zk)|W←γ,k−1,I}| < ε
29ε̃} ∪ {|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| <

ε
29ε̃}|P

γ
k−2). Moreover, Pγk−2 depends only on the ζγ,k

′

i , ζ̂γ,k
′

i with k′ ≤ k − 2, i ∈ Z, hence

on the ζγ,k
′

i , ∆̄T0,i with k′ ≤ k − 2, i ∈ Z. In addition, the W←γ,k−1,I , W←γ,k,I depend only

on the ζγ,ki , ζγ,k−1
i , i ∈ Z, which are by construction independent from the ζγ,k

′

i , ∆̄T0,i

with k′ ≤ k − 2, i ∈ Z, hence from Pγk−2. We deduce that P(Θγ
k = 0|Pγk−2) = P({|{I ∈

Il(zk−1, zk)|W←γ,k−1,I}| < ε
29ε̃}∪{|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| < ε

29ε̃}). Therefore it is enough
to prove P(|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| < ε

29ε̃ ) ≤ 2−61 (as P(|{I ∈ Il(zk−1, zk)|W←γ,k−1,I}| <
ε

29ε̃ ) can be dealt with in the same way). Moreover, we can write

P
(
|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| <

ε

29ε̃

)
= P

 ∑
I∈Ir(zk−1,zk)

1W←γ,k,I <
ε

29ε̃

 ,

the fact that the I ∈ Ir(zk−1, zk) are disjoint implies the 1W←γ,k,I are independent, and we

have E(1W←γ,k,I ) ≥
1
32 by Lemma 7.2, therefore by the Hoeffding inequality,

P
(
|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| <

ε

29ε̃

)
≤ P

 ∑
I∈Ir(zk−1,zk)

1W←γ,k,I − E

 ∑
I∈Ir(zk−1,zk)

1W←γ,k,I

 <
ε

29ε̃
− 1

32

⌊ ε
4ε̃

⌋
≤ exp

(
−

2( 1
32b

ε
4ε̃c −

ε
29ε̃ )2

b ε4ε̃c

)
.
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Since ε̃ ≤ ε
8 , b ε4ε̃c ≥

ε
8ε̃ , so 1

32b
ε
4ε̃c −

ε
29ε̃ ≥

1
32

ε
8ε̃ −

ε
29ε̃ = ε

29ε̃ . This implies

P
(
|{I ∈ Ir(zk−1, zk)|W←γ,k,I}| <

ε

29ε̃

)
≤ exp

(
−

2( ε
29ε̃ )2

b ε4ε̃c

)
≤ exp

(
−2
( ε

29ε̃

)2 4ε̃

ε

)
= exp

(
− ε

215ε̃

)
≤ 2−61

since ε̃ ≤ 1
21561 ln 2ε. This ends the proof for this case.

Case tk of type B’.
We suppose zk+1 = zk + 1; the other case can be dealt with in the same way. In this

case, knowing γ and Θγ
k′ = tk′ , k′ ≤ k − 1 is enough to know Θγ

k is of type B’, hence
P(Θγ

k = 0|Pγk−1) = P({|{I ∈ Il(zk − 1, zk)|W+,←
γ,k,I}| <

ε
29ε̃}∪ {|{I ∈ Ir(zk − 1, zk)|W←γ,k,I}| <

ε
29ε̃}|P

γ
k−1). Furthermore, since tk is of type B’, (zk−1, zk) is clean at time k, which means

the path γ “never used edge (zk − 1, zk) before time k”, hence when n is large enough,

Pγk−1 depends only on ζγ,k
′

i , ∆̄T0,i with k′ ≤ k − 1, i 6∈ {XT0 + bεnc(zk − 1), . . . , XT0 +

bεnczk}, while the W+,←
γ,k,I ,W←γ,k,I considered here depend only on the ζγ,ki , ∆̄T0,i with

i ∈ {XT0
+ bεnc(zk − 1), . . . , XT0

+ bεnczk}, which are independent from the former, thus
from Pγk−1. This yields P(Θγ

k = 0|Pγk−1) = P({|{I ∈ Il(zk − 1, zk)|W+,←
γ,k,I}| <

ε
29ε̃} ∪ {|{I ∈

Ir(zk−1, zk)|W←γ,k,I}| < ε
29ε̃}), so it is enough to prove that P(|{I ∈ Il(zk−1, zk)|W+,←

γ,k,I}| <
ε

29ε̃ ) ≤ 2−61 and P(|{I ∈ Ir(zk − 1, zk)|W←γ,k,I}| < ε
29ε̃ ) ≤ 2−61. This can be done in the

same way as for the case tk of type A’, noticing that since (zk − 1, zk) is clean at time k,
the path γ did not cross the edge (zk − 1, zk) before time k, thus zk ≤ 0 and the intervals
I we consider are contained in (−∞, XT0

+ bεnczk − 1], so we can use Lemma 7.2.
Case tk of type A.
We suppose zk+1 = zk + 1; the other case can be dealt with in the same way. We will

use the notation k′, Er and El introduced when describing the Θγ
k of type A. Knowing γ

and Θγ
k′′ = tk′′ , k′′ ≤ k − 1 is enough to know Θγ

k is of type A and to determine k′, hence
P(Θγ

k = 0|Pγk−1) = P((
⋂
I∈El(W

→
γ,k,I)

c)∪ (
⋂
I∈Er (W

→
γ,k,I)

c)|Pγk−1). Therefore it is enough to
prove P(

⋂
I∈El(W

→
γ,k,I)

c|Pγk−1) ≤ 2−61, as P(
⋂
I∈Er (W

→
γ,k,I)

c|Pγk−1) ≤ 2−61 can be proven
in the same way. If Pγk−1 occurs, |El| ≥ ε

29ε̃ , so

P

( ⋂
I∈El

(W→γ,k,I)c
∣∣∣∣∣Pγk−1

)
=

∑
E⊂Il(zk,zk+1),|E|≥ ε

29ε̃

P

( ⋂
I∈El

(W→γ,k,I)c, El = E

∣∣∣∣∣Pγk−1

)
. (7.2)

Now, for any E ⊂ Il(zk, zk+1) with |E| ≥ ε
29ε̃ , we have P(

⋂
I∈El(W

→
γ,k,I)

c, El = E|Pγk−1) =

P(
⋂
I∈E(W→γ,k,I)c, El = E|Pγk−1). Moreover, Pγk−1 and {El = E} depend only on the

ζγ,k
′′

i , ∆̄T0,i with k′′ ≤ k − 1, i ∈ Z, while the W→γ,k,I depend on the ζγ,ki , i ∈ Z,
which are independent from the former. This implies P(

⋂
I∈E(W→γ,k,I)c, El = E|Pγk−1) =

P(
⋂
I∈E(W→γ,k,I)c)P(El = E|Pγk−1), hence equation (7.2) becomes

P

( ⋂
I∈El

(W→γ,k,I)c
∣∣∣∣∣Pγk−1

)
=

∑
E⊂Il(zk,zk+1),|E|≥ ε

29ε̃

P

(⋂
I∈E

(W→γ,k,I)c
)
P(El = E|Pγk−1),

so it is enough to prove that for any E ⊂ Il(zk, zk+1) with |E| ≥ ε
29ε̃ , P(

⋂
I∈E(W→γ,k,I)c) ≤

2−61. Now let E be such a set, then the I ∈ E are disjoint hence the W→γ,k,I are

independent, thus P(
⋂
I∈E(W→γ,k,I)c) =

∏
I∈E P((W→γ,k,I)c) ≤ ( 31

32 )
ε

29ε̃ by Lemma 7.2 and

|E| ≥ ε
29ε̃ . Since ε̃ ≤ − ln( 31

32 )

2961 ln 2ε, we indeed obtain P(
⋂
I∈E(W→γ,k,I)c) ≤ 2−61.

Case tk of type B.
This case can be dealt with using the same arguments as for the case tk of type A.
Case tk of type C.
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We suppose zk+1 = zk + 1; the other case can be dealt with in the same way. In this
case, knowing γ and Θγ

k′ = tk′ , k′ ≤ k − 1 is enough to know Θγ
k is of type C, hence

P(Θγ
k = 0|Pγk−1) = P(

⋂
I∈I(zk,zk+1)((W→γ,k,I)c ∪ (W−,→γ,k,I)

c)|Pγk−1). Furthermore, since tk
is of type C, (zk, zk+1) is clean at time k, which means the path γ “never used edge

(zk, zk+1) before time k”, hence when n is large enough, Pγk−1 depends only on ζγ,k
′

i ,

∆̄T0,i with k′ ≤ k − 1, i 6∈ {XT0
+ bεnczk, . . . , XT0

+ bεnczk+1}, while the W→γ,k,I ,W
−,→
γ,k,I

we consider depend only on ζγ,ki , ∆̄T0,i with i ∈ {XT0
+ bεnczk, . . . , XT0

+ bεnczk+1},
which are independent from the former thus from Pγk−1. This implies P(Θγ

k = 0|Pγk−1) =

P(
⋂
I∈I(zk,zk+1)((W→γ,k,I)c ∪ (W−,→γ,k,I)

c)). In addition, the I ∈ I(zk, zk+1) are disjoint hence

the (W→γ,k,I)c∪(W−,→γ,k,I)
c are independent, so P(Θγ

k = 0|Pγk−1) =
∏
I∈I(zk,zk+1)P((W→γ,k,I)c∪

(W−,→γ,k,I)
c). Now, let I ∈ I(zk, zk+1), we have P((W→γ,k,I)c ∪ (W−,→γ,k,I)

c) = 1 − P(W→γ,k,I ∩
W−,→γ,k,I) = 1 − P(W→γ,k,I)P(W−,→γ,k,I) as W→γ,k,I is independent from W−,→γ,k,I (they depend

respectively on ζγ,ki and ∆̄T0,i). Furthermore, (zk, zk+1) is clean at time k, thus the
path γ never crossed edge (zk, zk+1) before time k, hence zk ≥ 0, and we have I ⊂
[XT0 + bεnczk + 1,+∞), so we can apply Lemma 7.2 toW−,→γ,k,I , as well as toW→γ,k,I , which

yields P((W→γ,k,I)c ∪ (W−,→γ,k,I)
c) = 1 − P(W→γ,k,I)P(W−,→γ,k,I) ≤ 1 − ( 1

32 )2 = 1 − 2−10. We

deduce P(Θγ
k = 0|Pγk−1) ≤ (1− 2−10)2b ε4ε̃ c ≤ (1− 2−10)

ε
4ε̃ ≤ 2−60 since ε̃ ≤ − ln(1−2−10)

240 ln 2 ε.

Case tk of type D.

We assume zk+1 = zk + 1; the other case can be dealt with in the same way (beware:
the definition of type D was detailed for zk+1 = zk − 1). In this case, knowing γ and
Θγ
k′ = tk′ , k′ ≤ k − 2 is enough to know Θγ

k is of type D, hence P(Θγ
k = 0|Pγk−2) =

P(
⋂
I∈I(zk+1,zk)((W→γ,k−1,I)

c ∪ (W→γ,k,I)c)|P
γ
k−2). Moreover, Pγk−2 depends only on the ζγ,k

′

i ,

∆̄T0,i with k′ ≤ k − 2, i ∈ Z, while the W→γ,k−1,I , W→γ,k,I depend only on the ζγ,k−1
i , ζγ,ki

with i ∈ Z, which are independent from the former, hence from Pγk−2. We deduce
P(Θγ

k = 0|Pγk−2) = P(
⋂
I∈I(zk+1,zk)((W→γ,k−1,I)

c ∪ (W→γ,k,I)c)), which can be bounded by
the same arguments as in the case tk of type C.

We are now able to conclude. Proposition 7.3 and Lemma 7.5 allow to deduce that for
any K ∈ N∗, when n is large enough, if TK − T0 <

K
20
r2
6 (ε̃n)3/2 and Bc ∩ (

⋂6
r=0 Bcr) occurs,

there exists a path γ of length K so that (Θk)0≤k≤K−1 ∈ A′(γ). In addition, there are 2K

possible paths of length K, therefore Lemma 7.4 and Proposition 7.6 yield the following.

Proposition 7.7. For any K ∈ N∗, for n large enough,

P

(
TK − T0 < K

r2

120
(ε̃n)3/2,Bc ∩

6⋂
r=0

Bcr

)
≤ 1

2K
.

8 The limit process of the environments

In Section 9, we will need to prove the joint convergence in distribution of the position
of our random walk at times T0, . . . , TK and of “environment” processes depending on
the ∆Tk,j , k ∈ {0, . . . ,K} (see Definition 9.3). In order to show this convergence, we
will need some results on the limit process, the “limit process of the environments”. We
believe said limit process to be of independent interest. In Section 8.1, we will prove
some results on Brownian motions reflected on and absorbed by general barriers (we
recall the Definition 6.1 of the reflected Brownian motion), which are interesting in their
own right and which we will need to apply to the limit process of the environments. In
Section 8.2, we give the definition of the limit process of the environnements and prove
that the results of Section 8.1 can actually be applied to it.
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8.1 Brownian motion results

Let us set some notation. The Brownian motions in the subsection will all have
the same variance, which can be any positive real. Our barrier will be a continuous
function f : [−1, 1] 7→ R. We suppose for notational convenience (and with no loss of
generality) that f(0) = 0. We consider a process (W̃−t )t∈[−1,1] which is a Brownian motion

(W−t )t∈[−1,1] reflected on f above f on [−1, 0], starting with W̃−−1 = f(−1), and absorbed

by the barrier f on [0, 1]. We denote σ− = inf{t ≥ 0 | W̃−t = f(t)} the absorption time,
and p− = P(σ− < 1) the probability of absorption. Similarly, we consider a process
(W̃+

t )t∈[−1,1] which is a Brownian motion starting with W̃+
1 = f(1), reflected on f above

f on [0, 1], and absorbed by f on [−1, 0]. We denote σ+ = sup{t ≤ 0 | W̃+
t = f(t)} the

absorption time, and p+ = P(σ+ > −1) the probability of absorption. We want to
understand when we have p− + p+ = 1.

Proposition 8.1. We always have p− + p+ ≥ 1. Moreover, we define a random variable
Z as follows: let W̄− and W̄+ be two independent Brownian motions on [0, 1] with
W̄−0 = W̄+

0 = 0, we set Z = sup0≤t≤1(W̄−t + f(−t)) + inf0≤t≤1(W̄+
t − f(t)). Then we have

p− + p+ = 1 if and only if P(Z = 0) = 0.

Proof. By definition, for any t ∈ [−1, 0] we have W̃−t = W−t + sup−1≤s≤t(f(s) −W−s ) =

sup−1≤s≤t(f(s) + W−t −W−s ), and for t ∈ [0, σ ∧ 1] we have W̃−t = W̃−0 + (W−t −W−0 ).

Therefore we have P(σ− = 1) ≤ P(W̃−0 + (W−1 −W
−
0 ) = f(1)), while (W−t −W−0 )t∈[0,1]

is a Brownian motion independent from W̃−0 , hence P(σ− = 1) = 0. This implies
p− = P(σ− ≤ 1). In addition, σ− ≤ 1 when inf0≤t≤1(W̃−t − f(t)) ≤ 0, thus when
inf0≤t≤1(W̃−0 +(W−t −W−0 )−f(t)) ≤ 0, that is W̃−0 +inf0≤t≤1((W−t −W−0 )−f(t)) ≤ 0 which
can be written as sup−1≤t≤0(f(t) +W−0 −W

−
t ) + inf0≤t≤1((W−t −W−0 )− f(t)) ≤ 0. This

implies p− = P(sup−1≤t≤0(f(t)+W−0 −W
−
t )+inf0≤t≤1((W−t −W−0 )−f(t)) ≤ 0) = P(Z ≤ 0).

Now, p+ corresponds to the p− associated to the function f̄ : [−1, 1] 7→ R defined by
f̄(t) = f(−t) for any s ∈ [−1, 1]. This yields

p+ = P

(
sup

0≤t≤1
(W̄−t + f̄(−t)) + inf

0≤t≤1
(W̄+

t − f̄(t)) ≤ 0

)
= P

(
sup

0≤t≤1
(W̄−t + f(t)) + inf

0≤t≤1
(W̄+

t − f(−t)) ≤ 0

)
= P

(
inf

0≤t≤1
(−W̄−t − f(t)) + sup

0≤t≤1
(−W̄+

t + f(−t)) ≥ 0

)
,

but inf0≤t≤1(−W̄−t − f(t)) + sup0≤t≤1(−W̄+
t + f(−t)) ≥ 0 has the same law as Z, so

p+ = P(Z ≥ 0). Since we also have p− = P(Z ≤ 0), we always have p− + p+ ≥ 1, and we
have p− + p+ = 1 if and only if P(Z = 0) = 0.

In order to get both a more practical condition for having p− + p+ = 1 than the one in
Proposition 8.1 and auxiliary results that will be useful in Section 9, we need to introduce
some stopping times. Let (Wt)t∈[0,1] a Brownian motion, and g : [0, 1] 7→ R a continuous
function. For any δ ∈ R, we define σ(δ) = inf{t ∈ [0, 1] |Wt ≤ g(t) + δ}, the inf being
infinite when the set is empty.

Lemma 8.2. For any continuous function g : [0, 1] 7→ R (possibly random) so that
g(0) < W0 almost surely, we have that σ(δ) converges in probability to σ(0) as δ tends
to 0.

Proof. We first suppose g and W0 are deterministic and g(0) < W0. It is enough to prove
that for any a > 0, P(|σ(δ)− σ(0)| > a) tends to 0 when δ tends to 0. We will treat δ > 0,
the negative case is handled similarly. For any a > 0, for any δ > 0, we notice that
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σ(0) ≥ σ(δ), so if |σ(δ) − σ(0)| > a then σ(0) − σ(δ) > a, so there exists a non-negative
integer i ≤ b1/ac+ 1 so that σ(δ) ≤ ia and σ(0) > ia. We deduce

P(|σ(δ)− σ(0)| > a) ≤
(⌊

1

a

⌋
+ 2

)
max
t∈[0,1]

P(σ(δ) ≤ t, σ(0) > t). (8.1)

We thus need to study the P(σ(δ) ≤ t, σ(0) > t). For any δ > 0, we consider a Brownian
motion (W δ

t )t∈[0,1] starting from W0 + δ, independent from (Wt)t∈[0,1] until they meet,
and then coalescing with (Wt)t∈[0,1]. We also denote σ′(δ) = inf{t ∈ [0, 1] |W δ

t ≤ g(t) + δ}.
Since δ > 0, we have W δ

t ≥ Wt for any t ∈ [0, 1], thus we have σ(δ) ≤ σ′(δ). Moreover,
σ′(δ) has the same law as σ(0). We deduce that for t ∈ [0, 1], denoting T δ the time of
coalescence of (Wt)t∈[0,1] and (W δ

t )t∈[0,1],

P(σ(δ) ≤ t, σ(0) > t) = P(σ(δ) ≤ t)− P(σ(0) ≤ t)
= P(σ(δ) ≤ t)− P(σ′(δ) ≤ t) = P(σ(δ) ≤ t, σ′(δ) > t) ≤ P(T δ > σ(δ)).

From this and (8.1) we deduce P(|σ(δ) − σ(0)| > a) ≤ (b 1
ac + 2)P(T δ > σ(δ)), so it

is enough to prove P(T δ > σ(δ)) tends to 0 when δ tends to 0. To do that, we denote
δ0 = W0−g(0)

2 > 0. When δ ≤ δ0 we have σ(δ) ≥ σ(δ0) henceP(T δ > σ(δ)) ≤ P(T δ > σ(δ0)).
Now, σ(δ0) > 0 and T δ converges in probability to 0 when δ tends to 0, therefore
limδ→0P(T δ > σ(δ0)) = 0, which ends the proof when g and W0 are deterministic. If g
and W0 are random, we notice that for any a > 0, P(|σ(δ) − σ(0)| > a) = E(P(|σ(δ) −
σ(0)| > a | g,W0)), and that for any value of g and W0 so that g(0) < W0, we have
limδ→0P(|σ(δ) − σ(0)| > a | g,W0) = 0, hence P(|σ(δ) − σ(0)| > a | g,W0) converges
almost surely to 0 when δ tends to 0, therefore limδ→0P(|σ(δ)− σ(0)| > a) = 0.

Lemma 8.2 allows us to prove the following condition, more practical than the one in
Proposition 8.1.

Proposition 8.3. If P(W̃−0 > f(0)) = 1, then p− + p+ = 1.

Proof. Let us assume P(W̃−0 > f(0)) = 1. We recall that by Proposition 8.1, prov-
ing P(Z = 0) = 0 is enough to prove p− + p+ = 1. Now, by definition W̃−0 =

W−0 + sup−1≤t≤0(f(t)−W−t ) = sup−1≤t≤0(f(t)−W−t +W−0 ) which has the same law as
sup0≤t≤1(W̄−t + f(−t)), so

P(Z = 0) = P

(
W̃−0 + inf

0≤t≤1
(W̄+

t − f(t)) = 0

)
= P

(
inf

0≤t≤1
(W̃−0 + W̄+

t − f(t)) = 0

)
.

We use the notation of Lemma 8.2 with the process (W̃−0 +W̄+
t )t∈[0,1] replacing (Wt)t∈[0,1]

and the restriction of f to [0, 1] replacing g. We then have P(Z = 0) ≤ P(σ(0) < +∞,∀ δ <
0, σ(δ) = +∞). Now, since W̃−0 + W̄+

0 = W̃−0 and P(W̃−0 > f(0)) = 1, Lemma 8.2 implies
σ(δ) converges in probability to σ(0) when δ tends to 0, hence P(σ(0) < +∞,∀ δ <
0, σ(δ) = +∞) = 0, therefore P(Z = 0) = 0, which ends the proof.

We are going to establish another criterion for having p− + p+ = 1, which will
not be used in this paper but has independent interest. Proposition 8.1 stated that
p− + p+ = 1 if and only if P(Z = 0) = 0, and we saw in the proof of Proposition 8.3 that
P(Z = 0) = P(inf0≤t≤1(W̃−0 + W̄+

t − f(t)) = 0), and that this was 0 if P(W̃−0 > f(0)) = 1.
Therefore p− + p+ > 1 if and only if P(W̃−0 = f(0)) > 0 and with strictly positive
probability a Brownian motion (Wt)t∈[0,1] starting at 0 satisfies Wt ≥ f(t) for 0 ≤ t ≤ 1.
Now, recall that a function f : [0, 1] 7→ R with f(0) = 0 is called a lower function if
P(∀ 0 ≤ t ≤ 1,Wt ≥ f(t)) > 0. So for example, if 0 < ε < 2 and W is a standard

Brownian motion, a continuous function equivalent to −
√

(2 + ε)t ln(ln( 1
t )) around 0
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is a lower function (indeed, the Law of the Iterated Logarithm implies there exists

δ > 0 so that P(∀ 0 ≤ t ≤ δ,Wt ≥
√

1
1+εf(t)) > 0, and the Forgery Theorem (Theorem

38 of [5]) implies P
(
∀ δ ≤ t ≤ 1,Wt −Wδ ≥ f(t)− f(δ)−

(√
1

1+ε − 1
)
f(δ)

)
> 0), but a

function equivalent to −
√

(2− ε)t ln(ln( 1
t )) is not (for refinement see [3]). Furthermore,

P(W̃−0 = f(0)) > 0 if and only if P(sup−1≤t≤0(f(t) −W−t + W−0 ) = 0) > 0, which is the
case if and only if the function : t 7→ −f(−t) is a lower function. We deduce the following
criterion.

Proposition 8.4. p− + p+ > 1 if and only if the functions f1, f2 : [0, 1] 7→ R defined by
f1(t) = f(t) and f2(t) = −f(−t) for t ∈ [0, 1] are both lower functions.

8.2 The limit process of the environments

In this section, the variance of all Brownian motions will be the variance of the
law ρ0 defined in (4.10). Moreover, we have as usual ε > 0. The limit process of the
environments will be the following.

Definition 8.5. W 0 will be a two-sided Brownian motion with W 0
0 = 0. We denote Z̆0 = 0.

Let k ∈ N, and suppose that W k′ , Z̆k′ are defined for any k′ ∈ {0, . . . , k}, we construct
W k+1 as follows.

We consider a continuous process (V k,−t )t∈[−ε,ε] defined as follows: V k,−−ε = W k
−ε,

(V k,−t )t∈[−ε,0] is a Brownian motion above W k reflected on W k, and (V k,−t )t∈[0,ε] is a

Brownian motion absorbed by W k. Let σk,− = inf{t ≥ 0 |V k,−t = W k
t } be the absorption

time, and pk,− = P(σk,− < ε|W k) the probability of absorption. Similarly, let (V k,+t )t∈[−ε,ε]

so that V k,+ε = W k
ε , (V k,+ε−t )t∈[0,ε] is a Brownian motion reflected on (W k

ε−t)t∈[0,ε] above

(W k
ε−t)t∈[0,ε] and (V k,+−t )t∈[0,ε] is a Brownian motion absorbed by (W k

−t)t∈[0,ε], let σk,+ =

sup{t ≤ 0 |V k,+t = W k
t } be the absorption time, and set pk,+ = P(σk,+ > −ε|W k).

Then, independently from the W k′ , k′ ∈ {0, . . . , k}, we set Z̆k+1 = Z̆k − 1 with
probability pk,− and Z̆k+1 = Z̆k + 1 with probability 1− pk,−.

• If Z̆k+1 = Z̆k − 1, W k+1 is defined as follows. For t ∈ (−∞, 0] ∪ [2ε,+∞), we
set W k+1

t = W k
t−ε − W k

−ε. Moreover, we define a process (W̄ k,−
t )t∈[−ε,ε] thus:

W̄ k,−
−ε = W k

−ε, (W̄ k,−
t )t∈[−ε,0] is a Brownian motion above W k reflected on W k, and

(W̄ k,−
t )t∈[0,ε] is a Brownian motion absorbed byW k, but (W̄ k,−

t )t∈[−ε,ε] is conditioned

to coalesce with Wk before time ε. Then for any t ∈ [0, 2ε], we set W k+1
t =

W̄ k,−
t−ε −W k

−ε. In addition, we set T̆k+1 = 2
∫ ε
−ε(W̄

k,−
t −W k

t )dt.

• If Z̆k+1 = Z̆k + 1, the definition is similar. If t ∈ (−∞,−2ε] ∪ [0,+∞), we set
W k+1
t = W k

t+ε −W k
ε . We also define a process (W̄ k,+

t )t∈[−ε,ε] so that W̄ k,+
ε = W k

ε ,

(W̄ k,+
ε−t )t∈[0,ε] is a Brownian motion above (W k

ε−t)t∈[0,ε] reflected on (W k
ε−t)t∈[0,ε],

and (W̄ k,+
−t )t∈[0,ε] is a Brownian motion absorbed by (W k

−t)t∈[0,ε], conditioned to

coalesce. Then for t ∈ [−2ε, 0], we set W k+1
t = W̄ k,+

t+ε −W k
ε . In addition, we set

T̆k+1 = 2
∫ ε
−ε(W̄

k,+
t −W k

t )dt.

Remark 8.6. V k,− corresponds roughly to the limit of 1√
n

∑
ζTk,−,Ei , and W k to the limit

of 1√
n

∑
ζTk,−,Bi (see Definition 4.1). (Z̆k)k∈N is the “mesoscopic walk embedded in the

limit process of Y N” (see (1.6) and below).

The limit process of the environments satisfies the following property, which is not
hard to obtain so we omit the proof here, but it can be found in the appendix of the arXiv
version of this paper [12].

Lemma 8.7. For any k ∈ N∗, the random variables T̆k and
∑k
k′=1 T̆k′ have no atoms.
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We want to apply the results of Section 8.1 to the limit process of the environments.
However, to use them, we need the Brownian motion (W̃− in Proposition 8.3 or W in
Lemma 8.2) to be strictly above the barrier (f in Proposition 8.3 or g in Lemma 8.2) at 0.
Hence we have to prove such a result for the processes defined in Definition 8.5, which
is the following.

Proposition 8.8. For any k ∈ N, we have P(V k,−0 > W k
0 ) = 1 and P(V k,+0 > W k

0 ) = 1.

The rest of this section is devoted to the proof of Proposition 8.8. The idea is to prove
that the law of W k in some small interval [−ε̄, ε̄] around 0 is “close” to that of a Brownian
motion, or of a Brownian motion reflected on a Brownian motion. Indeed, we can prove
that a Brownian motion like V k,± reflected on such a process is almost surely strictly
above it at time 0 (Lemma 8.11).

We need to define some notation. For any ε̄ > 0, let (Wt)t∈[−ε̄,ε̄] a two-sided Brow-
nian motion with W0 = 0. We denote its law µε̄. We will also denote µ−,ε̄ the law of
(W ′t )t∈[−ε̄,ε̄] so that “at the left of 0, W ′ is a Brownian motion, and at the right of 0, W ′

is a Brownian motion reflected on W”; more rigorously, (W ′t )t∈[−ε̄,0] = (Wt)t∈[−ε̄,0] and
(W ′t )t∈[0,ε̄] is a Brownian motion reflected on (Wt)t∈[0,ε̄] above (Wt)t∈[0,ε̄] so that W ′0 = 0.
Similarly, we will denote µ+,ε̄ the law of (W ′t )t∈[−ε̄,ε̄] so that “at the right of 0, W ′ is a
Brownian motion, and at the left of 0, W ′ is a Brownian motion reflected on W”, that
is (W ′t )t∈[0,ε̄] = (Wt)t∈[0,ε̄] and (W ′−t)t∈[0,ε̄] is a Brownian motion reflected on (W−t)t∈[0,ε̄]

above (W−t)t∈[0,ε̄] so that W ′0 = 0. Finally, for any k ∈ N, we denote by µkz,ε̄ “the law of
W k in a window of size 2ε̄ around zε”, that is the law of (W k

zε+t −W k
zε)t∈[−ε̄,ε̄].

Now, for any ε̄ > 0, we denote Fε̄ the set of real non-negative bounded functions
defined on the space of continuous functions : [−ε̄, ε̄] 7→ R. If µ is the law of a continuous
stochastic process (Wt)t∈[−ε̄,ε̄] and f ∈ Fε̄, we denote by µ(f) or µ(f((Wt)t∈[−ε̄,ε̄])) the ex-
pectation of f((Wt)t∈[−ε̄,ε̄]) under the law µ. For any f ∈ Fε̄, for any process (Wt)t∈[−ε̄,ε̄],

we denote f((Wt)t∈[−ε̄,ε̄]) = f̃((Wt)t∈[−ε̄,0], (Wt)t∈[0,ε̄]). We then have the following propo-
sition, which indicates that for any k ∈ N, the law of W k is “close” to an appropriate
law.

Proposition 8.9. For any z ∈ Z, ε̄ > 0 we have µ0
z,ε̄ = µε̄, and for all k ∈ N∗, for

all δ > 0, there exists ε̄ > 0 so that, for any f ∈ Fε̄, for any z ∈ Z \ {0} we have
µkz,ε̄(f) ≤ 2kµε̄(f) + δ‖f‖∞, and µk0,ε̄(f) ≤ 2k−1(µ−,ε̄(f) + µ+,ε̄(f)) + δ‖f‖∞.

The following lemma indicates that if the law of W k around time 0 is close to an
appropriate law, we have the desired property P(V k,±0 > W k

0 ) = 1. Lemma 8.10 together
with Proposition 8.9 prove Proposition 8.8, and Lemma 8.10 is also used in the proof of
Proposition 8.9.

Lemma 8.10. If for any ε̄ > 0 we have µ0
0,ε̄ = µε̄, then P(V 0,−

0 > W 0
0 ) = 1 and P(V 0,+

0 >

W 0
0 ) = 1. Moreover, for any k ∈ N∗, if for any δ > 0 there exists ε̄ > 0 so that for any

f ∈ Fε̄ we have µk0,ε̄(f) ≤ 2k−1(µ−,ε̄(f) + µ+,ε̄(f)) + δ‖f‖∞, then P(V k,−0 > W k
0 ) = 1 and

P(V k,+0 > W k
0 ) = 1.

In order to prove Lemma 8.10, we need to show that a Brownian motion reflected on
a process with law µε̄, µ−,ε̄ or µ+,ε̄ will almost surely be strictly above it at time 0, which
is the following lemma.

Lemma 8.11. For any ε̄ > 0, we denote by (Wt)t∈[−ε̄,ε̄] a process with law µε̄, µ−,ε̄ or µ+,ε̄,
and by (W ′t )t∈[−ε̄,ε̄] a Brownian motion reflected on (Wt)t∈[−ε̄,ε̄] such that W ′−ε̄ ≥ W−ε̄.
Then for any δ > 0, there exists 0 < ε̄′ ≤ ε̄ so that P(∀ t ∈ [−ε̄′, ε̄′],W ′t > Wt) ≥ 1− δ.

Proof. We begin by introducing some notation. We denote by (W ′′t )t∈[−ε̄,ε̄] the Brownian
motion so that (W ′t )t∈[−ε̄,ε̄] is the reflection of (W ′′t )t∈[−ε̄,ε̄] on (Wt)t∈[−ε̄,ε̄]. We notice that

if (W̃t)t∈[0,1] is a Brownian motion with W̃0 = 0, there exists some finite M > 0 so that
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P(max0≤t≤1 |W̃t| ≤M/3) > 0. We denote i0 = d− ln(ε̄)
2 ln 2 e (then 2−2i0 ≤ ε̄). It will be enough

to prove that

P(∃ i ≥ i0 so that ∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM and W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i) = 1.

(8.2)
Indeed, then there almost surely exists i ≥ i0 so that ∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM

and W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i. Then (W ′t )t∈[−2−2i,0] is above the Brownian motion
(W ′′t −W ′′−2−2i +W−2−2i)t∈[−2−2i,0] reflected on (Wt)t∈[−2−2i,0], itself above the Brownian
motion (W ′′t −W ′′−2−2i + W−2−2i)t∈[−2−2i,0]. Therefore W ′0 ≥ W ′′0 −W ′′−2−2i + W−2−2i ≥
(2M + 1)2−i −M2−i = (M + 1)2−i ≥W0 + 2−i > W0. We deduce P(W ′0 > W0) = 1. Now
let δ > 0. Since P(W ′0 = W0) = 0, there exists δ1 > 0 so that P(W ′0 −W0 < δ1) ≤ δ/2.
Furthermore, the processes (Wt)t∈[−ε̄,ε̄] and (W ′t )t∈[−ε̄,ε̄] are continuous, hence there
exists 0 < ε̄′ < ε̄ so that P(∀ t ∈ [−ε̄′, ε̄′], |(W ′t −Wt)− (W ′0 −W0)| ≤ δ1/2) ≥ 1− δ/2. We
then have P(∀ t ∈ [−ε̄′, ε̄′],W ′t > Wt) ≥ 1− δ, which is Lemma 8.11.

Consequently, we only have to prove (8.2). We will prove

P(|{i ∈ N | i ≥ i0,∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM,W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i}| = +∞) = 1.

By Blumenthal 0-1 law, this event has probability 0 or 1, so it is enough to prove that it
has positive probability. Now,

P(|{i ∈ N | i ≥ i0,∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM,W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i}| = +∞)

= P

⋂
i≥i0

⋃
j≥i

{∀ t ∈ [−2−2j , 0], |Wt| ≤ 2−jM,W ′′0 −W ′′−2−2j ≥ (2M + 1)2−j}


= lim
i→+∞

P

⋃
j≥i

{∀ t ∈ [−2−2j , 0], |Wt| ≤ 2−jM,W ′′0 −W ′′−2−2j ≥ (2M + 1)2−j}


≥ lim inf

i→+∞
P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM,W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i).

Consequently, it is enough to find a positive lower bound for the latter term. In addition,
W and W ′′ are independent, hence

P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM,W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i)

= P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM)P(W ′′0 −W ′′−2−2i ≥ (2M + 1)2−i).

Moreover, by scaling invariance of the Brownian motion, P(W ′′0 − W ′′−2−2i ≥ (2M +

1)2−i) = P(W ′′0 −W ′′−1 ≥ 2M + 1), which is positive and independent on i. Therefore
we only have to find a positive lower bound for the P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM). If
(Wt)t∈[−ε̄,ε̄] has law µε̄ or µ−,ε̄, (W−t)t∈[0,ε̄] is a Brownian motion, so by scaling invariance,

P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM) = P(max0≤t≤1 |W̃t| ≤ M) > 0, which is enough. If
(Wt)t∈[−ε̄,ε̄] has law µ+,ε̄, we may say (W−t)t∈[0,ε̄] is a Brownian motion (W 1

−t)t∈[0,ε̄] with
W 1

0 = 0 reflected on an independent Brownian motion (W 2
−t)t∈[0,ε̄] with W 2

0 = 0. As
before, P(∀ t ∈ [−2−2i, 0], |W 1

t | ≤ 2−iM/3) = P(∀ t ∈ [−2−2i, 0], |W 2
t | ≤ 2−iM/3) =

P(max0≤t≤1 |W̃t| ≤ M/3) > 0, thus P(∀ t ∈ [−2−2i, 0], |W 1
t |, |W 2

t | ≤ 2−iM/3) is constant
and positive. Now, if for all t ∈ [−2−2i, 0] we have |W 1

t |, |W 2
t | ≤ 2−iM/3, then for all

t ∈ [−2−2i, 0] we have Wt = W 1
t + supt≤s≤0(W 2

s −W 1
s ), hence |Wt| ≤ 2−iM . This implies

that P(∀ t ∈ [−2−2i, 0], |Wt| ≤ 2−iM) is bounded from below by a positive constant, which
ends the proof of Lemma 8.11.

We are now in position to prove Proposition 8.9 and Lemma 8.10.
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Proof of Lemma 8.10. We only spell out the proof for k ∈ N∗ and P(V k,+0 > W k
0 ) = 1, as

the other cases can be dealt with in the same way. We are going to prove that for any δ > 0

we have P(V k,+0 = W k
0 ) ≤ δ, which is enough. Let δ > 0. We recall that (V k,+−t )t∈[−ε,ε] is a

Brownian motion reflected and absorbed by (W k
−t)t∈[−ε,ε] (see Definition 8.5). We may

consider that it was constructed as the reflection and absorption of the Brownian motion
(V̇ k,+−t )t∈[−ε,ε]. Let ε̄ ∈ (0, ε), and let us denote by (V k,+,ε̄t )t∈[−ε̄,ε̄] the process defined

so that (V k,+,ε̄−t )t∈[−ε̄,ε̄] is the Brownian motion (V̇ k,+−t − V̇
k,+
ε̄ + W k

ε̄ )t∈[−ε̄,ε̄] reflected on

(W k
−t)t∈[−ε̄,ε̄] and above it. It is “the same Brownian motion as (V k,+t )t∈[−ε̄,ε̄], but starting

from a lower point (and without absorption)”, so if V k,+,ε̄0 > W k
0 then V k,+0 > W k

0 . We
deduce P(V k,+0 = W k

0 ) ≤ P(V k,+,ε̄0 = W k
0 ). We now introduce some temporary notation:

for any measure µ defined on the space of continuous processes on [−ε̄, ε̄], (Wt)t∈[−ε̄,ε̄] will
be a process of law µ, and (W ′t )t∈[−ε̄,ε̄] will be defined so that W ′ε̄ = Wε̄ and (W ′−t)t∈[−ε̄,ε̄]
is a Brownian motion reflected on (W−t)t∈[−ε̄,ε̄] above it. We then have

P(V k,+0 = W k
0 ) ≤ E(P(V k,+,ε̄0 = W k

0 |(W k
t )t∈[−ε̄,ε̄])) = µk0,ε̄(P(W ′0 = W0|W )).

We now choose ε̄ so that for any f ∈ Fε̄ we have µk0,ε̄(f) ≤ 2k−1(µ−,ε̄(f) + µ+,ε̄(f)) +

(δ/2)‖f‖∞ (we can choose ε̄ < ε since it is easy to see that if the property holds for ε̄ it
also holds for all smaller ε̄). We then have

P(V k,+0 = W k
0 ) ≤ 2k−1(µ−,ε̄(P(W ′0 = W0|W )) + µ+,ε̄(P(W ′0 = W0|W ))) + δ/2.

This implies that for any ε̄′ ∈ (0, ε̄), we have that P(V k,+0 = W k
0 ) is smaller than

2k−1(µ−,ε̄(P(∃ t ∈ [−ε̄′, ε̄′],W ′t = Wt|W )) + µ+,ε̄(P(∃ t ∈ [−ε̄′, ε̄′],W ′t = Wt|W ))) + δ/2.

Now, by Lemma 8.11, noticing that if (Wt)t∈[−ε̄,ε̄] has law µ±,ε̄ then (W−t)t∈[−ε̄,ε̄] has law
µ∓,ε̄, there exists 0 < ε̄′ ≤ ε̄ so that µ−,ε̄(P(∃t ∈ [−ε̄′, ε̄′],W ′t ≤ Wt|W )) ≤ δ/2k+1 and
µ+,ε̄(P(∃t ∈ [−ε̄′, ε̄′],W ′t ≤Wt|W )) ≤ δ/2k+1. This implies P(V k,+0 = W k

0 ) ≤ 2k−1(δ/2k+1+

δ/2k+1) + δ/2 = δ, which ends the proof.

Proof of Proposition 8.9. In order to shorten the notation in this proof, for any k ∈ N,
any z ∈ Z and any real numbers a < a′, we will denote the process (W k

zε+t −W k
zε)t∈[a,a′]

by W k,z
[a,a′]. We will prove Proposition 8.9 by induction on k. Here is a rough sketch of the

proof. The idea is that if the statement of the proposition is true for k and if, say, Z̆k+1 =

Z̆k + 1, then for any z 6∈ {0, 1, 2}, W k+1,z
[−ε̄,ε̄] is W k,z+1

[−ε̄,ε̄] which we control by the induction

hypothesis. Moreover, for z = −2, we notice that W̄ k,+ is conditioned to coalesce with
W k before time −ε, so if we choose ε̄ small enough, with high probability W̄ k,+ coalesces
with W k before time −ε+ ε̄, thus W k+1,−2

[−ε̄,ε̄] = W k,−1
[−ε̄,ε̄] which we control by the induction

hypothesis. Furthermore, for z = −1, W k+1,−1
[−ε̄,ε̄] is (W̄ k,+

t − W̄ k,+
0 )t∈[−ε̄,ε̄]. Now, by the

induction hypothesis, W k,0
[−ε̄,ε̄] has a “good” law, hence Lemma 8.10 implies that W̄ k,+

is strictly above W k at 0 thus around 0, hence W̄ k,+ behaves like an unconstrained
Brownian motion around 0, so W k+1,−1

[−ε̄,ε̄] has the right law. Finally, for z = 0, we notice

that W k+1,0
[−ε̄,ε̄] is W k,1

[0,ε̄] at the right of 0 and a Brownian motion reflected on W k,1
[−ε̄,0] at the

right of 0, and by the induction hypothesis W k,1
[0,ε̄] has a law close to that of a Brownian

motion, so the law of W k+1,0
[−ε̄,ε̄] is close to µ+,ε̄.

We now begin the induction. For k = 0, Definition 8.5 yields that W 0 is a two-sided
Brownian motion, which implies that for any z ∈ Z, ε̄ > 0 we have µ0

z,ε̄ = µε̄. Now let
k ∈ N and suppose the statement of Proposition 8.9 for k holds. Let δ > 0 and z ∈ Z. We
first notice that by the induction hypothesis and Lemma 8.10 we have P(V k,−0 > W k

0 ) = 1,
so P(V k,−0 > W k

0 |W k) = 1 almost surely, hence by Proposition 8.3 we have pk,−+pk,+ = 1
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almost surely. As explained above, we will use different arguments depending on the
value of z.

Case z 6∈ {−2,−1, 0, 1, 2}.
By Definition 8.5, given W k, with probability pk,− we have (W k+1

zε+t −W k+1
zε )t∈[−ε,ε] =

(W k
(z−1)ε+t−W

k
(z−1)ε)t∈[−ε,ε] and with probability 1−pk,− we have (W k+1

zε+t−W k+1
zε )t∈[−ε,ε] =

(W k
(z+1)ε+t−W

k
(z+1)ε)t∈[−ε,ε]. Hence for any 0 < ε̄ < ε, f ∈ Fε̄, we haveE(f(W k+1,z

[−ε̄,ε̄] )|W k) =

pk,−f(W k,z−1
[−ε̄,ε̄] ) + (1 − pk,−)f(W k,z+1

[−ε̄,ε̄] ), so E(f(W k+1,z
[−ε̄,ε̄] )) ≤ E(f(W k,z−1

[−ε̄,ε̄] )) + E(f(W k,z+1
[−ε̄,ε̄] )),

that is µk+1
z,ε̄ (f) ≤ µkz−1,ε̄(f)+µkz+1,ε̄(f). Now, we notice z−1, z+1 6= 0, so by the induction

hypothesis, there exists some ε̄1 > 0 (which does not depend on z) so that for any g ∈ Fε̄1
we have µkz−1,ε̄1(g) ≤ 2kµε̄1(g) + (δ/2)‖g‖∞ and µkz+1,ε̄1(g) ≤ 2kµε̄1(g) + (δ/2)‖g‖∞. We

deduce that if ε̄ ≤ ε̄1, we have µk+1
z,ε̄ (f) ≤ 2k+1µε̄(f) + δ‖f‖∞.

Case z = ±2.
We only treat the case z = −2, as the case z = 2 is similar. Given W k, with probability

pk,− we have W k+1,−2
[−ε,ε] = W k,−3

[−ε,ε] and with probability 1− pk,− we have W k+1,−2
[−ε,0] = W k,−1

[−ε,0]

and W k+1,−2
[0,ε] = (W̄ k,+

t−ε −W k
−ε)t∈[0,ε]. Consequently, if 0 < ε̄ < ε and f ∈ Fε̄, we have

E(f(W k+1,−2
[−ε̄,ε̄] )|W k) = pk,−f(W k,−3

[−ε̄,ε̄]) + (1− pk,−)E(f̃(W k,−1
[−ε̄,0], (W̄

k,+
t−ε −W k

−ε)t∈[0,ε̄])|W k).

(8.3)
Now, given W k, by definition W̄ k,+ has the law of V k,+ conditioned to coalesce with W k

before time −ε, an event denoted by {σk,+ > −ε} and satisfying P(σk,+ > −ε|W k) =

pk,+ = 1− pk,−. This implies

E(f̃(W k,−1
[−ε̄,0], (W̄

k,+
t−ε −W k

−ε)t∈[0,ε̄])|W k)

=
1

1− pk,−
E(f̃(W k,−1

[−ε̄,0], (V
k,+
t−ε −W k

−ε)t∈[0,ε̄])1{σk,+>−ε}|W
k),

therefore (8.3) implies

E(f(W k+1,−2
[−ε̄,ε̄] )|W k) ≤ f(W k,−3

[−ε̄,ε̄]) + E(f̃(W k,−1
[−ε̄,0], (V

k,+
t−ε −W k

−ε)t∈[0,ε̄])1{σk,+>−ε}|W
k),

hence E(f(W k+1,−2
[−ε̄,ε̄] )) ≤ E(f(W k,−3

[−ε̄,ε̄]))+E(f̃(W k,−1
[−ε̄,0], (V

k,+
t−ε −W k

−ε)t∈[0,ε̄])1{σk,+>−ε}). We

now choose ε̄′2 > 0 so that P(σk,+ ∈ (−ε,−ε + ε̄′2]) ≤ δ/3, and assume ε̄ ≤ ε̄′2. We then
have

E(f(W k+1,−2
[−ε̄,ε̄] ))≤E(f(W k,−3

[−ε̄,ε̄]))+E(f̃(W k,−1
[−ε̄,0],(V

k,+
t−ε −W k

−ε)t∈[0,ε̄])1{σk,+>−ε+ε̄′2})+(δ/3)‖f‖∞

= E(f(W k,−3
[−ε̄,ε̄])) + E(f̃(W k,−1

[−ε̄,0], (W
k
t−ε −W k

−ε)t∈[0,ε̄])1{σk,+>−ε+ε̄′2}) + (δ/3)‖f‖∞

since for t ≤ σk,+ we have V k,+t = W k
t . We deduce E(f(W k+1,−2

[−ε̄,ε̄] )) ≤ E(f(W k,−3
[−ε̄,ε̄])) +

E(f(W k,−1
[−ε̄,ε̄])) + (δ/3)‖f‖∞. Now, by the induction hypothesis, there exists ε̄′′2 > 0 so that

for any g ∈ Fε̄′′2 we have µk−3,ε̄′′2
(g) ≤ 2kµε̄′′2 (g) + (δ/3)‖g‖∞ and µk−1,ε̄′′2

(g) ≤ 2kµε̄′′2 (g) +

(δ/3)‖g‖∞. Thus, setting ε̄2 = min(ε̄′2, ε̄
′′
2) > 0, if we have ε̄ ≤ ε̄2, then E(f(W k+1,−2

[−ε̄,ε̄] )) ≤
2kµε̄(f) + (δ/3)‖f‖∞ + 2kµε̄(f) + (δ/3)‖f‖∞ + (δ/3)‖f‖∞, that is µk+1

−2,ε̄(f) ≤ 2k+1µε̄(f) +

δ‖f‖∞.
Case z = ±1.
We only treat the case z = −1, as the case z = 1 is similar. Given W k, with

probability pk,− we have W k+1,−1
[−ε,ε] = W k,−2

[−ε,ε] and with probability 1 − pk,− we have

W k+1,−1
[−ε,ε] = (W̄ k,+

t − W̄ k,+
0 )t∈[−ε,ε]. Therefore, if 0 < ε̄ < ε and f ∈ Fε̄, we have

E(f(W k+1,−1
[−ε̄,ε̄] )|W k) = pk,−f(W k,−2

[−ε̄,ε̄]) + (1− pk,−)E(f((W̄ k,+
t − W̄ k,+

0 )t∈[−ε̄,ε̄])|W k). (8.4)
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Now, given W k, by definition W̄ k,+ has the law of V k,+ conditioned to coalesce with W k

before time −ε, an event denoted by {σk,+ > −ε} and satisfying P(σk,+ > −ε|W k) =

pk,+ = 1− pk,−. This yields

E(f((W̄ k,+
t − W̄ k,+

0 )t∈[−ε̄,ε̄])|W k) =
1

1− pk,−
E(f((V k,+t − V k,+0 )t∈[−ε̄,ε̄])1{σk,+>−ε}|W

k)

≤ 1

1− pk,−
E(f((V k,+t − V k,+0 )t∈[−ε̄,ε̄])|W k).

Hence (8.4) implies E(f(W k+1,−1
[−ε̄,ε̄] )|W k) ≤ f(W k,−2

[−ε̄,ε̄]) + E(f((V k,+t − V k,+0 )t∈[−ε̄,ε̄])|W k),

thus we have E(f(W k+1,−1
[−ε̄,ε̄] )) ≤ E(f(W k,−2

[−ε̄,ε̄]))+E(f((V k,+t −V k,+0 )t∈[−ε̄,ε̄])). Now, we recall

(V k,+−t )t∈[−ε,ε] is a Brownian motion reflected and absorbed by (W k
−t)t∈[−ε,ε]; let us say it

was constructed as the reflection and absorption of the Brownian motion (V̇ k,+−t )t∈[−ε,ε].

For any 0 < ε̄′ < ε, we denote Sε̄′ = {∀t ∈ [−ε̄′, ε̄′], V k,+t > W k
t }. If ε̄ ≤ ε̄′, we then have

E(f(W k+1,−1
[−ε̄,ε̄] )) ≤ E(f(W k,−2

[−ε̄,ε̄])) +E(f((V̇ k,+t − V̇ k,+0 )t∈[−ε̄,ε̄])1Sε̄′ ) + ‖f‖∞P((Sε̄′)c), hence

E(f(W k+1,−1
[−ε̄,ε̄] )) ≤ E(f(W k,−2

[−ε̄,ε̄])) + E(f((V̇ k,+t − V̇ k,+0 )t∈[−ε̄,ε̄])) + ‖f‖∞P((Sε̄′)c). (8.5)

We now need to deal withP((Sε̄′)c). Let ε̄′′ ∈ (ε̄′, ε), and let us denote (V k,+,ε̄
′′

t )t∈[−ε̄′′,ε̄′′]

the process defined so that (V k,+,ε̄
′′

−t )t∈[−ε̄′′,ε̄′′] is the Brownian motion (V̇ k,+−t − V̇
k,+
ε̄′′ +

W k
ε̄′′)t∈[−ε̄′′,ε̄′′] reflected on (W k

−t)t∈[−ε̄′′,ε̄′′] and above it. It is “the same Brownian mo-

tion as (V k,+t )t∈[−ε̄′′,ε̄′′], but starting from a lower point (and without absorption)”, so

if {∀t ∈ [−ε̄′, ε̄′], V k,+,ε̄
′′

t > W k
t } occurs, then {∀t ∈ [−ε̄′, ε̄′], V k,+t > W k

t } occurs. This

implies P((Sε̄′)c) ≤ P(∃t ∈ [−ε̄′, ε̄′], V k,+,ε̄
′′

t ≤ W k
t ). We now introduce a temporary no-

tation. For any measure µ on continuous processes defined on [−ε̄′′, ε̄′′], (Wt)t∈[−ε̄′′,ε̄′′]
will be a process with law µ, and (W ′−t)t∈[−ε̄′′,ε̄′′] will be a Brownian motion reflected on
(W−t)t∈[−ε̄′′,ε̄′′] and above it with W ′ε̄′′ = Wε̄′′ . We then have

P((Sε̄′)c) ≤ E(P(∃ t ∈ [−ε̄′, ε̄′], V k,+,ε̄
′′

t ≤W k
t |W

k,0
[−ε̄′′,ε̄′′]))

= µk0,ε̄′′(P(∃ t ∈ [−ε̄′, ε̄′],W ′t ≤Wt|(Wt)t∈[−ε̄′′,ε̄′′])).

Now, by the induction hypothesis, there exists ε̄′3 ∈ (0, ε) so that for any g ∈ Fε̄′3 , for
any z ∈ Z \ {0} we have µkz,ε̄′3

(g) ≤ 2kµε̄′3(g) + (δ/3)‖g‖∞ and µk0,ε̄′3
(g) ≤ 2k−1(µ−,ε̄′3(g) +

µ+,ε̄′3
(g)) + (δ/3)‖g‖∞ (if k = 0, we instead have µk0,ε̄′3

(g) = µε̄′3(g), but the argument will

work in the same way). We then choose ε̄′′ = ε̄′3 and assume ε̄′ ≤ ε̄′3. Then we have

P((Sε̄′)c) ≤ 2k−1(µ−,ε̄′3(P(∃ t ∈ [−ε̄′, ε̄′],W ′t ≤Wt|(Wt)t∈[−ε̄′3,ε̄′3]))

+ µ+,ε̄′3
(P(∃ t ∈ [−ε̄′, ε̄′],W ′t ≤Wt|(Wt)t∈[−ε̄′3,ε̄′3]))) + δ/3.

Now, by Lemma 8.11, noticing that if (Wt)t∈[−ε̄′3,ε̄′3] has law µ±,ε̄′3 then (W−t)t∈[−ε̄′3,ε̄′3] has
law µ∓,ε̄′3 , there exists 0 < ε̄3 ≤ ε̄′3 so that

µ−,ε̄′3(P(∃ t ∈ [−ε̄3, ε̄3],W ′t ≤Wt|(Wt)t∈[−ε̄′3,ε̄′3])) ≤ δ/(3 · 2k),

µ+,ε̄′3
(P(∃ t ∈ [−ε̄3, ε̄3],W ′t ≤Wt|(Wt)t∈[−ε̄′3,ε̄′3])) ≤ δ/(3 · 2k).

This implies P((Sε̄3)c) ≤ 2k−1(δ/(3 · 2k) + δ/(3 · 2k)) + δ/3 = 2δ/3.
This and (8.5) imply that if ε̄ ≤ ε̄3 we have

E(f(W k+1,−1
[−ε̄,ε̄] )) ≤ E(f(W k,−2

[−ε̄,ε̄])) + E(f((V̇ k,+t − V̇ k,+0 )t∈[−ε̄,ε̄])) + (2δ/3)‖f‖∞,
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which means µk+1
−1,ε̄(f) ≤ µk−2,ε̄(f) +µε̄(f) + (2δ/3)‖f‖∞. Now, since ε̄ ≤ ε̄3 we have ε̄ ≤ ε̄′3

hence µk−2,ε̄(f) ≤ 2kµε̄(f) + (δ/3)‖f‖∞. We deduce that if ε̄ ≤ ε̄3, we have µk+1
−1,ε̄(f) ≤

2kµε̄(f) + (δ/3)‖f‖∞ + µε̄(f) + (2δ/3)‖f‖∞, hence µk+1
−1,ε̄(f) ≤ 2k+1µε̄(f) + δ‖f‖∞.

Case z = 0.
Let 0 < ε̄ < ε, f ∈ Fε̄. Definition 6.2 indicates that given W k, with probability pk,−

we have W k+1,0
[−ε,0] = W k,−1

[−ε,0] and W k+1,0
[0,ε] = (W̄ k,−

t−ε −W k
−ε)[0,ε], and with probability 1− pk,−

we have W k+1,0
[−ε,0] = (W̄ k,+

t+ε −W k
ε )[−ε,0] and W k+1,0

[0,ε] = W k,1
[0,ε]. Consequently,

E(f(W k+1,0
[−ε̄,ε̄] )|W k) =pk,−E(f̃(W k,−1

[−ε̄,0], (W̄
k,−
t−ε −W k

−ε)[0,ε̄])|W k)

+ (1− pk,−)E(f̃((W̄ k,+
t+ε −W k

ε )[−ε̄,0],W
k,1
[0,ε̄])|W

k).
(8.6)

Now, given W k, by definition W̄ k,− has the law of V k,− conditioned to coalesce with W k

before time ε, an event denoted by {σk,− < ε} and satisfying P(σk,− < ε|W k) = pk,−, so
we have

E(f̃(W k,−1
[−ε̄,0], (W̄

k,−
t−ε −W k

−ε)[0,ε̄])|W k) =
1

pk,−
E(f̃(W k,−1

[−ε̄,0], (V
k,−
t−ε −W k

−ε)[0,ε̄])1{σk,−<ε}|W
k).

Similarly,

E(f̃((W̄ k,+
t+ε −W k

ε )[−ε̄,0],W
k,1
[0,ε̄])|W

k) =
1

pk,+
E(f̃((V k,+t+ε −W k

ε )[−ε̄,0],W
k,1
[0,ε̄])1{σk,+>−ε}|W

k).

Furthermore, pk,− + pk,+ = 1, so (8.6) implies

E(f̃(W k+1,0
[−ε̄,0] ,W

k+1,0
[0,ε̄] )|W k) =E(f̃(W k,−1

[−ε̄,0], (V
k,−
t−ε −W k

−ε)[0,ε̄])1{σk,−<ε}|W
k)

+ E(f̃((V k,+t+ε −W k
ε )[−ε̄,0],W

k,1
[0,ε̄])1{σk,+>−ε}|W

k)

so

E(f̃(W k+1,0
[−ε̄,0] ,W

k+1,0
[0,ε̄] )) ≤ E(f̃(W k,−1

[−ε̄,0], (V
k,−
t−ε −W k

−ε)[0,ε̄]))+E(f̃((V k,+t+ε −W k
ε )[−ε̄,0],W

k,1
[0,ε̄])).

(8.7)
Let us deal with E(f̃(W k,−1

[−ε̄,0], (V
k,−
t−ε − W k

−ε)[0,ε̄])). In order to do that, we introduce

temporary notation. For any measure µ on continuous processes defined on [−ε̄, ε̄],
(Wt)t∈[−ε̄,ε̄] will be a process with law µ, and (W ′t )t∈[0,ε̄] will be defined thus: W ′0 = W0

and (W ′t )t∈[0,ε̄] is a Brownian motion reflected on (Wt)t∈[0,ε̄] and above it. We then have

E(f̃(W k,−1
[−ε̄,0], (V

k,−
t−ε −W k

−ε)[0,ε̄])) = E(E(f̃(W k,−1
[−ε̄,0], (V

k,−
t−ε −W k

−ε)[0,ε̄])|W k,−1
[−ε̄,ε̄]))

= µk−1,ε̄(E(f̃(W[−ε̄,0], (W
′
t −W ′0)[0,ε̄])|W )).

Now, by the induction hypothesis there exists some ε̄4 > 0 so that for any g ∈ Fε̄4 we
have µk−1,ε̄4(g) ≤ 2kµε̄4(g) + (δ/2)‖g‖∞, therefore if ε̄ ≤ ε̄4, we have

E(f̃(W k,−1
[−ε̄,0], (V

k,−
t−ε −W k

−ε)[0,ε̄])) ≤ 2kµε̄(E(f̃(W[−ε̄,0], (W
′
t −W ′0)[0,ε̄])|W )) + (δ/2)‖f̃‖∞

= 2kµ−,ε̄(f) + (δ/2)‖f‖∞.

Similarly, if ε̄ ≤ ε̄4, we have

E(f̃((V k,+t+ε −W k
ε )[−ε̄,0],W

k,1
[0,ε̄])) ≤ 2kµ+,ε̄(f) + (δ/2)‖f‖∞.

Consequently, (8.7) implies that if ε̄ ≤ ε̄4, we have

E(f̃(W k+1,0
[−ε̄,0] ,W

k+1,0
[0,ε̄] )) ≤ 2kµ−,ε̄(f) + (δ/2)‖f‖∞ + 2kµ+,ε̄(f) + (δ/2)‖f‖∞,

that is µk+1
0,ε̄ (f) ≤ 2kµ−,ε̄(f) + 2kµ+,ε̄(f) + δ‖f‖∞.

To conclude, if we set ε̄ = min(ε̄1, ε̄2, ε̄3, ε̄4, ε/2) > 0, for any f ∈ Fε̄, for any z ∈ Z\{0}
we have µk+1

z,ε̄ (f) ≤ 2k+1µε̄(f) + δ‖f‖∞, and µk+1
0,ε̄ (f) ≤ 2kµ−,ε̄(f) + 2kµ+,ε̄(f) + δ‖f‖∞,

which ends the proof of Proposition 8.9.
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9 Convergence of the mesoscopic quantities

In order to prove the main results of this work, Theorem 1.2 and Proposition 1.1, we
need to prove the convergence of the “mesoscopic” quantities, that is the 1

n (XTk+1
−XTk)

and 1
n3/2 (Tk+1 − Tk) (we remind the reader that the Tk are defined in (4.2)). For ε > 0,

for any k ∈ N, we recall the following definition already given at the beginning of
Section 3:

ZNk =
1

bεnc
(XTk −XT0

). (9.1)

Then (ZNk )k∈N is a nearest-neighbor random walk on Z. The result we will need to prove
Theorem 1.2 is the following.

Proposition 9.1. For any ε > 0, K ∈ N∗, the random variable (ZN1 , . . . , Z
N
K ,

1
n3/2 (T1 −

T0), 1
n3/2 (T2−T1), . . . , 1

n3/2 (TK−TK−1)) converges in distribution to (Z̆1, . . . , Z̆K , T̆1, . . . , T̆K)

(defined as in Definition 8.5) when N tends to +∞. Moreover, the T̆k and
∑k
k′=1 T̆k′ ,

k ∈ {1, . . . ,K}, have no atoms.

To prove Proposition 1.1, we need a weaker but analogous result. If ψ : N 7→ N is
so that ψ(N) tends to +∞ when N tends to +∞, if θ > 1

2
√

2
, T ′0 = T−bψ(N)θc,0 (defined

in (1.5)), and T ′1 = inf{m ≥ T ′0 | |Xm −XT ′0
| = bθψ(N)/2c}, we have the following, which

will be proven at the end of the section.

Lemma 9.2. 1
ψ(N)3/2 (XT ′1

−XT ′0
) converges in distribution when N tends to +∞.

In order to prove Proposition 9.1, we notice that for k ∈ {0, . . . ,K − 1}, we have
ZNk+1 = ZNk − 1 if and only if (XTk+m)m∈N reaches XTk − bεnc before XTk + bεnc, which

means LTk,−XTk+bεnc = 0 (see Definition 4.1). In addition, in this case one can check that

Tk+1 − Tk = bεnc+ 2
∑
i∈Z L

Tk,−
i . We thus wish to study LTk,−i . Moreover, remembering

Definition 6.2, for i > XTk − bεnc, we have LTk,−i = STk,−,Ei − STk,−,Bi , and it so happens
that (STk,−,Ei )i is close to a random walk reflected on (STk,−,Bi )i when i ∈ {XTk − bεnc+

1, . . . , XTk} and absorbed by (STk,−,Bi )i when i ≥ XTk . Therefore, we are going to
study the limit of the processes (STk,−,Bi )i, which can be considered as “environments”
in which the (STk,−,Ei )i evolve. In order to have more practical notation, the precise
environment process we will study is the following (we recall the definition of the ∆m,i

in (1.2)).

Definition 9.3. For any k ∈ N, the environment process at time Tk, (ENk,i)i∈Z, is defined

by ENk,i =
∑XTk
j=XTk+i(∆Tk,j + 1/2) for i ≤ 0 and ENk,i =

∑XTk+i−1

j=XTk+1(−∆Tk,j + 1/2) for i ≥ 1.

For any family of real-valued discrete processes (HN
i )i∈Z, any real numbers a < b, we

will write “(HN
nt)t∈[a,b]” as a shorthand for “the linear interpolation of (HN

bntc)t∈[a,b]”. For

any k ∈ N, 1
n3/2 (Tk+1−Tk) can be written as as a function of ZNk , ZNk+1, ( 1√

n
ENk,nt)t∈[−2ε,2ε]

and ( 1√
n
ENk+1,nt)t∈[−2ε,2ε]. Consequently, it will be enough to prove that the quantity

(ZN1 , . . . , Z
N
k , (

1√
n
EN0,nt)t∈[−a,a], . . . , (

1√
n
ENk,nt)t∈[−a,a]) converges in distribution when N

tends to +∞ to prove Proposition 9.1. This is the following proposition.

Proposition 9.4. For any k ∈ N, for any a > 0, we have that the random vari-
able (ZN1 , . . . , Z

N
k , (

1√
n
EN0,nt)t∈[−a,a], . . . , (

1√
n
ENk,nt)t∈[−a,a]) converges in distribution to

the quantity (Z̆1, . . . , Z̆k, (W
0
t )t∈[−a,a], . . . , (W

k
t )t∈[−a,a]) when N tends to +∞.

We first prove Proposition 9.1 given Proposition 9.4.

Proof of Proposition 9.1. Let ε > 0, K ∈ N∗. For any k ∈ {0, . . . ,K − 1}, we will write
1

n3/2 (Tk+1 − Tk) as a function of ZNk , ZNk+1, ( 1√
n
ENk,nt)t∈[−2ε,2ε] and ( 1√

n
ENk+1,nt)t∈[−2ε,2ε].
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Indeed, if ZNk+1 = ZNk − 1, we have

Tk+1−Tk = 2

XTk+bεnc∑
i=XTk−bεnc+1

LTk,−i +bεnc = 2

bεnc∑
i=−bεnc+1

(ENk+1,i+bεnc+E
N
k,−bεnc+1−E

N
k,i)+bεnc,

while if ZNk+1 = ZNk + 1, we have

Tk+1 − Tk=2

XTk+bεnc∑
i=XTk−bεnc+1

LTk,+i − bεnc

=2

bεnc∑
i=−bεnc+1

(ENk+1,i−bεnc − E
N
k+1,0 + 1− (ENk,i − ENk,bεnc))− bεnc

= 2

bεnc∑
i=−bεnc+1

(ENk+1,i−bεnc − E
N
k+1,0 − ENk,i + ENk,bεnc) + 3bεnc.

Therefore, if for any z, z′ ∈ Z, f, g continuous real functions on [−2ε, 2ε] we define
FN (Z,Z ′, f, g) as

1{z′=z−1}

 2

n

bεnc∑
i=−bεnc+1

(
g

(
i+ bεnc

n

)
+ f

(
−bεnc+ 1

n

)
− f

(
i

n

))
+
bεnc
n3/2


+1{z′=z+1}

 2

n

bεnc∑
i=−bεnc+1

(
g

(
i− bεnc

n

)
− g(0)− f

(
i

n

)
+ f

(
bεnc
n

))
+ 3
bεnc
n3/2

 ,

then

1

n3/2
(Tk+1 − Tk) = FN

(
ZNk , Z

N
k+1,

(
1√
n
ENk,nt

)
t∈[−2ε,2ε]

,

(
1√
n
ENk+1,nt

)
t∈[−2ε,2ε]

)
.

Now, thanks to Proposition 9.4, (ZN1 , . . . , Z
N
K , (

1√
n
EN0,nt)t∈[−2ε,2ε], . . . , (

1√
n
ENK,nt)t∈[−2ε,2ε])

converges in distribution to (Z̆1, . . . , Z̆K , (W
0
t )t∈[−2ε,2ε], . . . , (W

K
t )t∈[−2ε,2ε]) when N tends

to +∞. The convergence in distribution of Proposition 9.1 follows easily. Furthermore,
Lemma 8.7 yields that the T̆k and the

∑k
k′=1 T̆k′ , k ∈ {1, . . . ,K} have no atoms, which

ends the proof of Proposition 9.1.

It now remains only to prove Proposition 9.4.

Proof of Proposition 9.4. We recall the convention already used in Section 8.2: all the
Brownian motions have variance equal to the variance of the law ρ0 defined in (4.10).
Let us prove the proposition by induction on k. For k = 0, for any a > 0, we notice that
Proposition 4.7 implies that if (BbNθc,bNxc,±0 )c occurs and n is large enough, for any XT0−
dane ≤ i ≤ XT0

+dane we have ∆T0,i = ∆̄T0,i. Moreover, limN→+∞P((BbNθc,bNxc,±0 )c) = 1.
Furthermore, for any i < XT0

, ∆̄T0,i+1/2 has law ρ0, for any i > XT0
, −∆̄T0,i+1/2 has law

ρ0, ∆̄T0,XT0
+ 1/2 has law ρ0 or ρ0 translated by +1, and these variables are independent.

Therefore ( 1√
n
EN0,nt)t∈[−a,a] converges to (W 0

t )t∈[−a,a] by Donsker’s invariance principle.
We now set k ∈ N and suppose the proposition is true for k. We will prove it for

k + 1. Let a > 0. We will study processes corresponding to “the environment at the
first time after Tk at which the process reaches XTk − bεnc” and “the environment at
the first time after Tk at which the process reaches XTk + bεnc”, and prove they have
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suitable convergences in distribution. From the convergence in distribution of these two
processes we will deduce the convergence in distribution of ZNk+1 and ( 1√

n
ENk+1,nt)t∈[−a,a].

The “environment at the first time after Tk at which the process reaches XTk − bεnc”
is defined as follows. Remembering Definition 4.1, we define the process (EN,−k,i )i∈Z

by EN,−k,i = ENk,−bεnc+1 +
∑XTk+i−1

j=XTk−bεnc+1 ζ
Tk,−,E
j for i > −bεnc (so EN,−k,i = ENk,−bεnc+1 +

STk,−,EXTk+i if we recall Definition 6.2) and EN,−k,i = ENk,−bεnc+1 for i ≤ −bεnc. We also define

σNk,− = inf{i > 0 |LTk,−XTk+i = 0}, noticing that ZNk+1 = ZNk − 1 if and only if XTk − bεnc is

reached before XTk + bεnc, that is if and only if σNk,− ≤ bεnc.
We want to prove the convergence in distribution of ( 1

nσ
N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]) to a

target process (σk,−, (V
k,−
t )t∈[−ε,ε]) where V k,− is a Brownian motion reflected on W k

on [−ε, 0] and absorbed by W k on [0, ε], while σk,− is the absorption time. In order
to do that, we will define another auxiliary process (ẼN,−k,i )i∈Z. We will first prove

that ( 1√
n
ẼN,−k,nt )t∈[−ε,ε] converges in distribution to a Brownian motion reflected on W k

on [−ε, 0] and free on [0, ε]. After that, we will write ( 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]) as a

function of ( 1√
n
ẼN,−k,nt )t∈[−ε,ε] to deduce the convergence of the former. The process

(ẼN,−k,i )i∈Z is defined as follows: remembering that the ξm,−,Ij were constructed just
before Proposition 4.10, for i > −bεnc, we set

ẼN,−k,i = ENk,−bεnc+1 +

XTk+(i−1)∧σNk,−∑
j=XTk−bεnc+1

ζTk,−,Ej +

XTk+i−1∑
j=XTk+(i−1)∧σNk,−+1

ζTk,−,Ij ,

and when i ≤ −bεnc we set ẼN,−k,i = ENk,−bεnc+1. In order to have shorter notation, we

will also write ΞN = (ZN1 , . . . , Z
N
k , (

1√
n
EN0,nt)t∈[−a−ε,a+ε], . . . , (

1√
n
ENk,nt)t∈[−a−ε,a+ε]) and

Ξ = (Z̆1, . . . , Z̆k, (W
0
t )t∈[−a−ε,a+ε], . . . , (W

k
t )t∈[−a−ε,a+ε]).

Claim 9.5. (ΞN , ( 1√
n
ẼN,−k,nt )t∈[−ε,ε]) converges in distribution to (Ξ, (W̃ k

t )t∈[−ε,ε]) when N

tends to +∞, where the process (W̃ k
t )t∈[−ε,ε] is a Brownian motion with W̃ k

−ε = W k
−ε

reflected above W k on W k on [−ε, 0] and free on [0, ε].

Proof of claim 9.5. We will introduce two auxiliary processes, (ĔN,−k,i )i∈Z and (EN,−,Ik,i )i∈Z.

The process (ĔN,−k,i )i∈Z will represent “the random walk (EN,−,Ik,i )i∈Z reflected on the

environment (ENk,i)i∈Z until time 0 and free after time 0”, and so will have the right

convergence in distribution towards our target. The process (ẼN,−k,i )i∈Z will be close to

(ĔN,−k,i )i∈Z, which will allow us to prove it satisfies the same convergence in distribution.

We define (EN,−,Ik,i )i∈Z as follows: for any i ≤ −bεnc we set EN,−,Ik,i = ENk,−bεnc+1, and for

any i > −bεnc we set EN,−,Ik,i = ENk,−bεnc+1 +
∑XTk+i−1

j=XTk−bεnc+1 ζ
Tk,−,I
j . We define (ĔN,−k,i )i∈Z

as follows: for any i ≤ −bεnc we set ĔN,−k,i = ENk,−bεnc+1, for any i ∈ {−bεnc + 1, . . . , 0}
we set ĔN,−k,i = EN,−,Ik,i + max−bεnc+1≤j≤i(E

N
k,j −E

N,−,I
k,j ), and for any i > 0 we set ĔN,−k,i =

ĔN,−k,0 +
∑XTk+i−1

j=XTk
ζTk,−,Ij .

We begin by studying the convergence of (ĔN,−k,i )i∈Z. We notice that ΞN is FTk -

mesurable (see (4.1) for the definition of Fm), and that by Proposition 4.10 the (ζTk,−,Ii )i∈Z
are independent from FTk and i.i.d. with law ρ0, hence the (ζTk,−,IXTk+i)i∈Z are independent
from FTk and i.i.d. with law ρ0. Therefore, Donsker’s invariance principle yields that
(ΞN , ( 1√

n
EN,−,Ik,nt )t∈[−ε,ε]) converges in distribution to (Ξ, (W k,I

t )t∈[−ε,ε]) when N tends to

+∞, where W k,I
−ε = W k

−ε and W k,I −W k
−ε is a Brownian motion independent from Ξ.
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We can define (W̃ k
t )t∈[−ε,ε] by W̃ k

t = W k,I
t + max−ε≤s≤t(W

k
s − W k,I

s ) when t ∈ [−ε, 0]

and W̃ k
t = W̃ k

0 + W k,I
t − W k,I

0 when t ∈ [0, ε]. Then (W̃ k
t )t∈[−ε,ε] is a Brownian mo-

tion with W̃ k
−ε = W k

−ε reflected above W k on W k on [−ε, 0] and free on [0, ε], and

(ΞN , ( 1√
n
ĔN,−k,nt )t∈[−ε,ε]) converges in distribution to (Ξ, (W̃ k

t )t∈[−ε,ε]) when N tends to
+∞.

We now prove that (ẼN,−k,i )i∈Z is close to (ĔN,−k,i )i∈Z. For any i ≤ −bεnc we have

ẼN,−k,i = ĔN,−k,i by definition of the processes. We now deal with i ∈ {−bεnc + 1, . . . , 0}.
Firstly, we notice that for any j > −bεnc, recalling Definition 6.2, we have

EN,−,Ik,j − ENk,j =

XTk+j−1∑
j′=XTk−bεnc+1

(ζTk,−,Ij′ − ζTk,−,Bj′ ) =

XTk+j−1∑
j′=XTk−bεnc+1

ζTk,−,Ij′ − STk,−,BXTk+j .

Recalling Definition 6.3, the definition of (ĔN,−k,i )i∈Z and Lemma 6.4 then imply

ĔN,−k,i = ENk,−bεnc+1 +

XTk+i−1∑
j=XTk−bεnc+1

ζTk,−,Ij + max
−bεnc+1≤j≤i

STk,−,BXTk+j −
XTk+j−1∑

j′=XTk−bεnc+1

ζTk,−,Ij′


= ENk,−bεnc+1 + STk,−,IXTk+i.

Consequently, we have

ĔN,−k,i − Ẽ
N,−
k,i = STk,−,IXTk+i −

XTk+i−1∑
j=XTk−bεnc+1

ζTk,−,Ej = STk,−,IXTk+i − S
Tk,−,E
XTk+i .

We recall that the “bad events” B, B0, B−m,1, . . . ,B
−
m,6, B1, . . . ,B6 were defined in Propo-

sitions 4.8, 4.7 and at the beginning of Section 5. Now, by Proposition 6.5, if n is
large enough (not depending on Tk or i), if

⋂6
r=1(B−Tk,r)

c occurs then |STk,−,IXTk+i−S
Tk,−,E
XTk+i | ≤

(lnn)8n1/4. Furthermore, by Proposition 4.8, if Bc occurs and n is large enough, Tk = T+
m,i

or T−m,i (see (1.5) for the definition of T±m,i) for some integers bNθc − 2n(α+4)/5 ≤ m ≤
bNθc+2n(α+4)/5 and bNxc−n(α+4)/5 ≤ i ≤ bNxc+n(α+4)/5, hence if Bc∩

⋂6
r=0 Bcr occurs

and n is large enough,
⋂6
r=1(B−Tk,r)

c occurs. Therefore, if Bc ∩
⋂6
r=0 Bcr occurs and n is

large enough, |ĔN,−k,i − Ẽ
N,−
k,i | ≤ (lnn)8n1/4 for all i ∈ {−bεnc+ 1, . . . , 0}.

We now deal with the case i ∈ {1, . . . , bεnc+ 1}. We can then write

ĔN,−k,i − Ẽ
N,−
k,i =

ĔN,−k,0 +

XTk+i−1∑
j=XTk

ζTk,−,Ij −

ẼN,−k,0 +

XTk+(i−1)∧σNk,−∑
j=XTk

ζTk,−,Ej +

XTk+i−1∑
j=XTk+(i−1)∧σNk,−+1

ζTk,−,Ij


= ĔN,−k,0 − Ẽ

N,−
k,0 +

XTk+(i−1)∧σNk,−∑
j=XTk

(
ζTk,−,Ij − ζTk,−,Ej

)
.

(9.2)

We assume Bc ∩
⋂6
r=0 Bcr occurs and n is large enough so it implies

⋂6
r=1(B−Tk,r)

c occurs.

Since (B−Tk,3)c occurs, for any j ∈ {XTk , . . . , XTk + bεnc} such that LTk,−j ≥ (lnn)2, we

have ζTk,−,Ij = ζTk,−,Ej , and since (B−Tk,5)c occurs, for any j ∈ {XTk , . . . , XTk + bεnc} we
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have |ζTk,−,Ij |, |ζTk,−,Ej | ≤ (lnn)2. We deduce∣∣∣∣∣∣
XTk+(i−1)∧σNk,−∑

j=XTk

(ζTk,−,Ij − ζTk,−,Ej )

∣∣∣∣∣∣
≤ 2(lnn)2

∣∣∣{j ∈ {XTk , . . . , XTk + (i− 1) ∧ σNk,−}
∣∣∣LTk,−j < (lnn)2

}∣∣∣
≤ 2(lnn)2

(
|{j ∈ {XTk , . . . , XTk + bεnc} | 0 < LTk,−j < (lnn)2}|+ 1

)
.

Now, since (B−Tk,2)c occurs, if n is large enough, |{j ∈ {XTk , . . . , XTk + bεnc} | 0 < LTk,−j <

(lnn)2}| < (lnn)8, hence |
∑XTk+(i−1)∧σNk,−
j=XTk

(ζTk,−,Ij − ζTk,−,Ej )| ≤ 3(lnn)10. Moreover, we

already proved that if Bc ∩
⋂6
r=0 Bcr occurs and n is large enough, |ĔN,−k,0 − ẼN,−k,0 | ≤

(lnn)8n1/4. Thus (9.2) yields that if Bc ∩
⋂6
r=0 Bcr occurs and n is large enough, |ĔN,−k,i −

ẼN,−k,i | ≤ (lnn)8n1/4 + 3(lnn)10 for any i ∈ {1, . . . , bεnc+ 1}.
We deduce that if Bc ∩

⋂6
r=0 Bcr occurs and n is large enough, for any i ≤ bεnc + 1

we have |ĔN,−k,i − Ẽ
N,−
k,i | ≤ (lnn)8n1/4 + 3(lnn)10. In addition, Propositions 4.8 and 5.8

imply limN→+∞P(B∪
⋃6
r=0 Br) = 0. Furthermore, we proved that (ΞN , ( 1√

n
ĔN,−k,nt )t∈[−ε,ε])

converges in distribution to (Ξ, (W̃ k
t )t∈[−ε,ε]) when N tends to +∞. This allows us to

conclude that (ΞN , ( 1√
n
ẼN,−k,nt )t∈[−ε,ε]) converges in distribution to (Ξ, (W̃ k

t )t∈[−ε,ε]) when
N tends to +∞, which ends the proof of the claim.

We are now going to write ( 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]) as a function of the quantity

(( 1√
n
ẼN,−k,nt )t∈[−ε,ε], (

1√
n
ENk,nt)t∈[−ε,ε]). We define a function F so that for f1, f2 : [−ε, ε] 7→ R

continuous functions, F (f1, f2) = (s, f3) with s = inf{t ∈ [0, ε] | f1(t) = f2(t)} (defined
to be +∞ if there is no such t) and f3 is defined by f3(t) = f1(t) if t ≤ s and f3(t) =

f2(t) if t ≥ s. For n large enough, we also define functions FN so that for f1, f2 :

[−ε, ε] 7→ R continuous functions, FN (f1, f2) = (s, f3) with s = inf{t ∈ [ 1
n , ε] | f1(t) = f2(t)}

and f3 is defined by f3(t) = f1(t) if t ≤ s and f3(t) = f2(t) if t ≥ s. We then have
( 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]) = FN (( 1√

n
ẼN,−k,nt )t∈[−ε,ε], (

1√
n
ENk,nt)t∈[−ε,ε]).

We now deduce the convergence of (ΞN , 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]). By Claim 9.5,

(ΞN , ( 1√
n
ẼN,−k,nt )t∈[−ε,ε]) converges in distribution to (Ξ, (W̃ k

t )t∈[−ε,ε]) when N tends to
+∞, so by the Skorohod Representation Theorem (Theorem 1.8 of Chapter 3 of [4]),

there exists a probability space containing random variables (Ξ̂N , ( 1√
n

ˆ̃EN,−k,nt )t∈[−ε,ε]) for

any N ∈ N∗ and (Ξ̂, ( ˆ̃W k
t )t∈[−ε,ε]) having the respective laws of (ΞN , ( 1√

n
ẼN,−k,nt )t∈[−ε,ε])

and (Ξ, (W̃ k
t )t∈[−ε,ε]), and so that (Ξ̂N , ( 1√

n
ˆ̃EN,−k,nt )t∈[−ε,ε]) converges almost surely to

(Ξ̂, ( ˆ̃W k
t )t∈[−ε,ε]) when N tends to +∞. We denote by ( 1√

n
ÊNk,nt)t∈[−a−ε,a+ε] the last

coordinate of Ξ̂N and by (Ŵ k
t )t∈[−a−ε,a+ε] the last coordinate of Ξ̂. We then have the

following.

Claim 9.6. FN (( 1√
n

ˆ̃EN,−k,nt )t∈[−ε,ε], (
1√
n
ÊNk,nt)t∈[−ε,ε]) converges in probability to the quan-

tity F (( ˆ̃W k
t )t∈[−ε,ε], (Ŵ

k
t )t∈[−ε,ε]) when N tends to +∞.

The proof of Claim 9.6 basically comes down to showing that F is almost surely

continuous at the limit point (( ˆ̃W k
t )t∈[−ε,ε], (Ŵ

k
t )t∈[−ε,ε]). This can be proven with the

help of Lemma 8.2, which we are able to use thanks to Proposition 8.8. Since the proof
is not very interesting, we do not give the details here, but they can be found in the
appendix of the arXiv version of this paper [12].
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We can now prove the convergence in distribution of (ΞN , 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]).

Indeed, if Φ is a continous real bounded function accepting (ΞN , 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε])

as argument, then

E

(
Φ

(
ΞN ,

1

n
σNk,−,

(
1√
n
EN,−k,nt

)
t∈[−ε,ε]

))

= E

(
Φ

(
ΞN , FN

((
1√
n
ẼN,−k,nt

)
t∈[−ε,ε]

,

(
1√
n
ENk,nt

)
t∈[−ε,ε]

)))

= E

(
Φ

(
Ξ̂N , FN

((
1√
n

ˆ̃EN,−k,nt

)
t∈[−ε,ε]

,

(
1√
n
ÊNk,nt

)
t∈[−ε,ε]

)))
,

which by Claim 9.6 converges to the quantity E(Φ(Ξ̂, F (( ˆ̃W k
t )t∈[−ε,ε], (Ŵ

k
t )t∈[−ε,ε]))) =

E(Φ(Ξ, F ((W̃ k
t )t∈[−ε,ε], (W

k
t )t∈[−ε,ε]))) when N tends to +∞. Hence we obtain that

(ΞN , 1
nσ

N
k,−, (

1√
n
EN,−k,nt )t∈[−ε,ε]) converges in distribution to (Ξ, F ((W̃ k

t )t∈[−ε,ε], (W
k
t )t∈[−ε,ε]))

when N tends to +∞. This random variable is (Ξ, σk,−, (V
k,−
t )t∈[−ε,ε]) where V k,− is a

Brownian motion with V k,−−ε = W k
−ε reflected above W k on W k on [−ε, 0] and absorbed

by W k on [0, ε], while σk,− is the absorption time.
This ends the study of the “environment at the first time after Tk at which the process

reaches XTk − bεnc”. We can define a similar process for the “environment at the
first time after Tk at which the process reaches XTk + bεnc”: (EN,+k,i )i∈Z is defined by

EN,+k,i = ENk,bεnc+1+
∑XTk+bεnc−1

j=XTk+i ζTk,+,Ej for i < bεnc and EN,+k,i = ENk,bεnc+1 for i ≥ bεnc.
We also define σNk,+ = sup{i ≤ 0 |LTk,+XTk+i = 0}. By the same arguments as before, we can

prove that (ΞN , 1
nσ

N
k,+, (

1√
n
EN,+k,nt )t∈[−ε,ε]) converges in distribution to a random variable

(Ξ, σk,+, (V
k,+
t )t∈[−ε,ε]) when N tends to +∞, where V k,+ is a Brownian motion with

V k,+ε = W k
ε above W k reflected on W k on [0, ε] and absorbed by W k on [−ε, 0], while σk,+

is the absorption time.
By putting the results about (EN,−k,i )i∈Z and (EN,+k,i )i∈Z together, we will now be

able to complete the proof of Proposition 9.4. Ξ̄N and Ξ̄ will denote the same ob-
jects as ΞN and Ξ, but with [−a, a] replacing [−a − ε, a + ε]. Let Ψ be a continuous
bounded function of (Ξ̄N , ZNk+1, (

1√
n
ENk+1,nt)[−a,a]). If σNk,− ≤ bεnc, we have ZNk+1 =

ZNk − 1 and ( 1√
n
ENk+1,nt)[−a,a] can be obtained as a continuous function of a deter-

ministic modification of ΞN , ( 1√
n
EN,−k,nt )t∈[−ε,ε] and some 1√

n
ENk,i,

1√
n
EN,−k,i whose con-

vergence in distribution is implied by that of ΞN and ( 1√
n
EN,−k,nt )t∈[−ε,ε], so in this

case by an abuse of notation we write that we have Ψ(Ξ̄N , ZNk+1, (
1√
n
ENk+1,nt)[−a,a]) =

Ψ−(ΞN , ( 1√
n
EN,−k,nt )t∈[−ε,ε]) with Ψ− continuous and bounded. Similarly, if σNk,+ > −bεnc,

we write Ψ(Ξ̄N , ZNk+1, (
1√
n
ENk+1,nt)[−a,a]) = Ψ+(ΞN , ( 1√

n
EN,+k,nt )t∈[−ε,ε]) with Ψ+ continuous

and bounded. We then have

E

(
Ψ

(
Ξ̄N , ZNk+1,

(
1√
n
ENk+1,nt

)
[−a,a]

))
=E

(
Ψ−

(
ΞN ,

(
1√
n
EN,−k,nt

)
t∈[−ε,ε]

)
1{σNk,−≤bεnc}

)

+E

(
Ψ+

(
ΞN ,

(
1√
n
EN,+k,nt

)
t∈[−ε,ε]

)
1{σNk,+>−bεnc}

)
.

(9.3)

We can use again the Skorohod Representation Theorem to assume the convergence
in distribution of the variables (ΞN , 1

nσ
N
k,±, (

1√
n
EN,±k,nt )t∈[−ε,ε]) to (Ξ, σk,±, (V

k,±
t )t∈[−ε,ε]) is
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almost sure. Furthermore, by the definition of σk,−, the probability that σk,− = ε is
smaller than the probability that a Brownian motion starting at V k,−0 at time 0 is exactly
at W k

ε at time ε, which is 0, hence P(σk,− = ε) = 0. Similarly, P(σk,+ = −ε) = 0. Con-
sequently, the right-hand side of (9.3) converges to E(Ψ−(Ξ, (V k,−t )t∈[−ε,ε])1{σk,−<ε}) +

E(Ψ+(Ξ, (V k,+t )t∈[−ε,ε])1{σk,+>−ε}). Now, we remember the quantity pk,− = P(σk,− <

ε|W k) introduced in Definition 8.5. We then have pk,− = P(σk,− < ε|Ξ), therefore

E
(

Ψ−

(
Ξ, (V k,−t )t∈[−ε,ε]

)
1{σk,−<ε}

)
= E

(
E
(

Ψ−

(
Ξ, (V k,−t )t∈[−ε,ε]

)
1{σk,−<ε}

∣∣∣Ξ))
= E

(
pk,−E

(
Ψ−

(
Ξ, (V k,−t )t∈[−ε,ε]

) 1{σk,−<ε}

P(σk,− < ε|Ξ)

∣∣∣∣Ξ))
= E

(
pk,−E

(
Ψ−

(
Ξ, (W̄ k,−

t )t∈[−ε,ε]

)∣∣∣Ξ)) .
In the same way, E(Ψ+(Ξ, (V k,+t )t∈[−ε,ε])1{σk,+>−ε}) = E(pk,+E(Ψ+(Ξ, (W̄ k,+

t )t∈[−ε,ε])|Ξ)),
where pk,+ = P(σk,+ > −ε|W k) was also introduced in Definition 8.5. In addition, by
Proposition 8.8 we have P(V k,−0 > W k

0 ) = 1, so P(V k,−0 > W k
0 |W k) = 1 almost surely,

therefore by Proposition 8.3 pk,−+ pk,+ = 1 almost surely. We deduce that when N tends
to +∞, E(Ψ(Ξ̄N , ZNk+1, (

1√
n
ENk+1,nt)[−a,a])) converges to

E(pk,−E(Ψ−(Ξ, (W̄ k,−
t )t∈[−ε,ε])|Ξ)) + E(pk,+E(Ψ+(Ξ, (W̄ k,+

t )t∈[−ε,ε])|Ξ))

= E(Ψ(Ξ̄, Z̆Nk+1, (W
k+1
t )[−a,a]))

when N tends to +∞. Consequently, (Ξ̄N , ZNk+1, (
1√
n
ENk+1,nt)[−a,a]) converges in distri-

bution to (Ξ̄, Z̆Nk+1, (W
k+1
t )[−a,a]) when N tends to +∞. Proposition 9.4 is thus true for

k + 1, therefore by induction it is true for all k ∈ N.

Proof of Lemma 9.2. The proof is the same as in Proposition 9.1, except for a difference
in the equivalent of Proposition 4.7. The definition of Bbψ(N)θc,0,−

0 must be modified by

replacing Bbψ(N)θc,0,−
0,2 by {supy∈R | 1

ψ(N)`
+
T ′0,bψ(N)yc − (θ − |y|2 )+| ≥ θ/4} (and n(α−1)/4bεnc

by bθψ(N)/2c in Bbψ(N)θc,0,−
0,1 ). With such a definition, Bbψ(N)θc,0,−

0 will contain {there
exists −bθψ(N)/2c − 1 ≤ i ≤ bθψ(N)/2c + 1, ∆̄T ′0,i

6= ∆T ′0,i
}. Moreover, Theorem 1 of

[23] yields that supy∈R | 1
ψ(N)`

+
T ′0,bψ(N)yc − (θ − |y|2 )+| converges in probability to 0 when

N tends to +∞, so P(Bbψ(N)θc,0,−
0,2 ) tends to 0 when N tends to +∞, so P(Bbψ(N)θc,0,−

0 )

tends to 0 when N tends to +∞.
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[23] Bálint Tóth and Bálint Vető. Self-repelling random walk with directed edges on Z. Electronic
Journal of Probability, 13(62):1909–1926, 2008. MR2453550

[24] Bálint Tóth and Wendelin Werner. The true self-repelling motion. Probability Theory and
Related Fields, 111:375–452, 1998. MR1640799

[25] Jon Warren. Dyson’s Brownian motions, intertwining and interlacing. Electronic Journal of
Probability, 12(19):573–590, 2007. MR2299928

Acknowledgments. Laure Marêché was partially supported by the University of Stras-
bourg Initiative of Excellence. Thomas Mountford was partially supported by the Swiss
National Science Foundation, grant FNS 200021L 169691.

EJP 29 (2024), paper 98.
Page 60/60

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=0834478
https://mathscinet.ams.org/mathscinet-getitem?mr=0154337
https://mathscinet.ams.org/mathscinet-getitem?mr=4367948
https://mathscinet.ams.org/mathscinet-getitem?mr=4740914
https://arXiv.org/abs/2306.04320
https://mathscinet.ams.org/mathscinet-getitem?mr=4740914
https://mathscinet.ams.org/mathscinet-getitem?mr=3274643
https://mathscinet.ams.org/mathscinet-getitem?mr=2249660
https://mathscinet.ams.org/mathscinet-getitem?mr=0762984
https://mathscinet.ams.org/mathscinet-getitem?mr=0156383
https://mathscinet.ams.org/mathscinet-getitem?mr=1785393
https://mathscinet.ams.org/mathscinet-getitem?mr=1300526
https://mathscinet.ams.org/mathscinet-getitem?mr=1379158
https://mathscinet.ams.org/mathscinet-getitem?mr=1411497
https://mathscinet.ams.org/mathscinet-getitem?mr=1454118
https://mathscinet.ams.org/mathscinet-getitem?mr=2380076
https://mathscinet.ams.org/mathscinet-getitem?mr=2453550
https://mathscinet.ams.org/mathscinet-getitem?mr=1640799
https://mathscinet.ams.org/mathscinet-getitem?mr=2299928
https://doi.org/10.1214/24-EJP1156
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Outline of the proof
	Convergence in distribution of the 1n(XTk+1-XTk), 1n3/2(Tk+1-Tk)
	1n3/2(Tk-T0) is of order k
	Proof of Proposition 1.1

	Proof of Theorem 1.2 and Proposition 1.1
	Proof of Theorem 1.2
	Proof of Proposition 1.1

	Notation and auxiliary random variables
	Bad events
	A discrete reflected random walk
	Lower bounds on the TK-T0
	The limit process of the environments
	Brownian motion results
	The limit process of the environments

	Convergence of the mesoscopic quantities
	References

