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Large deviations principle for the inviscid limit of fluid
dynamic systems in 2D bounded domains
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Abstract

Using a weak convergence approach, we establish a Large Deviation Principle (LDP)
for the solutions of fluid dynamic systems in two-dimensional bounded domains
subjected to no-slip boundary conditions and perturbed by additive noise. Our analysis
considers the convergence of both viscosity and noise intensity to zero. Specifically,
we focus on three important scenarios: Navier-Stokes equations in a Kato-type regime,
Navier-Stokes equations for fluids with circularly symmetric flows and Second-Grade
Fluid equations. In all three cases, we demonstrate the validity of the LDP, taking into
account the critical topology C([0, T]; L?).
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1 Introduction

1.1 The problem of the inviscid limit

An important role in the understanding of the behavior of turbulent fluid is given by
the analysis of the so-called inviscid limit. In a naive way, given u>"¢ and @ solutions, in
a suitable sense, of the systems below

6tUNS’E _ 5AUNS,E + vaS,E 4 UNS,E . VUNS,E — fe

div uNSe =0 (NS-E)
uNS’E(O) = ug
ou+Vp+u-Vu =f

diva =0 (E-E)

1_1,(0) = 17‘0)
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LDP for fluid dynamic systems in bounded domains

the problem of the inviscid limit consists in showing that ©"°:¢, the solution of the Navier-
Stokes equations, converges to u, the solution of the corresponding Euler equations, as
¢ — 0 in the topology L®(0,T; L?(D)), D being the domain where the equations evolve.

The difficulty of answering to this problem changes drastically considering different
boundary conditions. Some frameworks where the problem above has a positive answer
have been presented in [23], [44]. We sum up their results.

1. If previous equations evolve in a two-dimensional domain D without boundary,
assuming

fe=F=0, u, g H*, div(u§) = div(ig) = 0, |ui — ol gr =0

implies the convergence

_ 0
[ulN e — il om0y = 0.

2. If V¢ is a solution of the Navier-Stokes equations with Navier-Boundary condi-

. . NS NS
tions, i.e. uV¢ . n|op =0, dyuy ~° — dauy O |op = 0,
L*(D) L?*((0,T)xD) =
€ — £ )
ug  — U, f = s

then each sequence, u®*, has a subsequence, u*"x, converging to a weak solution
of the Euler equations in C([0,T]; L?(D)). Moreover, if the solution of the Euler
equation is unique, then vV5¢ — 7.

In the case of no-slip boundary conditions, i.e. u’V°¢|;p = 0, the convergence of uV°¢ to

 in the topology L*(0,T; L?(D)) is an open problem with few results available:

1. Unconditioned results. They are based on strong assumptions about the symmetry
of the domain and of the data [45], or real analytic data [57], [2].

2. Conditioned results. They are based on stating some criteria about the behavior
of the solutions of the Navier-Stokes equations in the boundary layer in order to
prove that the inviscid limit holds. This line of research started with the seminal
work by Kato [36], see also [18], [61], [63], [38] and the references therein for
other results in this direction.

Beside its mathematical interest, the analysis of the inviscid limit in the case of no-
slip boundary conditions is a relevant problem also from a physical prospective of
the understanding of turbulence. The no-slip condition uN*¢|;p = 0 provokes large
stress near the boundary, if v/V°¢ is large nearby and this stress, when the viscosity
is small enough, may lead to instabilities and generate vortices. This is the so-called
phenomenon of the emergence of a boundary layer: close to the boundary the fluid
presents a turbulent behavior for € — 0. The thickness of the boundary layer and some
control on the behavior of the fluid in this region are very challenging and mostly open
questions, see [3] for a review on the topic and [20], [21], [31] for some attempts of
describing the generation of vorticity at the boundary.

Contrary to Navier-Stokes equations, the problem of the inviscid limit in bounded
domains and no-slip boundary conditions has been solved for the second grade fluid
equations, at least in a suitable regime of the parameters, see [46]. The second-grade
fluid equations are a model for viscoelastic fluids, with two parameters: € > 0, corre-
sponding to the elastic response, and v > 0, corresponding to viscosity. For such fluids,
assuming their density, p, being constant and equal to 1, the stress tensor is given by

T =—p %l + VA, + Ay — cA?,
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where

VUSG,E + V(USG’E)T
Al = 2 )

A2 = atAl + A1VuSG’€ + (VUSG’E)TAl,

being p°“* the pressure and u°“° the velocity field. Given this stress tensor, the
equations of motion for an incompressible homogeneous fluid of grade 2 are given by

at,USG75 — I/A’U,SG’E _ Cul"l(USG’E) % uSG,s + VpSG,a + fSG,e

divu®es =0

,USG,E — uSG,s _ EAuSG’E (1‘1)
uSG,s op = 0

uSG(0) = u®e,

where fSG’E describes some external forces acting on the fluid, see [24], [56] for fur-
ther details on the physics behind this system. The analysis of the second-grade fluid
equations started with [16], where some results, not restricted to the two-dimensional
case, for global existence and uniqueness of solutions of the problem above have been
shown. Setting, formally, € = 0 the system above reduces to the Navier-Stokes system.
Thus it can be seen as a generalization of the Navier-Stokes equations. Moreover, the
convergence of the solution of the second-grade fluid equations to the solution of the
Navier-Stokes equations has been shown rigorously in [32].

1.2 The inviscid limit in the stochastic framework

In the last decades, stochastic forcing have been added to the fluid dynamic systems
of the previous section. We refer to [27, Chapter 5] for some justifications for the
introduction of stochastic forcing terms in fluid dynamic models. After establishing
the well-posedness of Navier-Stokes equations, Second-Grade fluid equations and Euler
equations with Gaussian additive noise, see for example [26], [55], [5] for some results
in this direction, a natural question is trying to understand the validity of the inviscid
limit in such stochastic models. According to [43, Chapter 10], the relevant scaling of
the parameters in order to study the inviscid limit is the following one

rduNS,e — (eAuNSA,g —ulNSe. VUNS,E + VpNS’E)dt + \/gth
divuNSe =0 (1.2)
uNS€|ap =0 '
uNSE(0) = g,
dvSG-e = (VAu®GE — curl(v9e) x uSGE 4 VpoGe)dt + \/edW;
divuSee =0
v5Ge — uSGE _ 2 AySGoe (1.3)
uSG75|5D =0
u¥FE(0) = wp.

Difficulties analogous to those described in subsection 1.1 appear also in the stochastic
framework, even considering different scaling of the parameters:

1. The validity of the inviscid limit in the case of Navier-Boundary conditions has been
shown in [17].

2. The validity of some conditioned results for the stochastic Navier-Stokes with
no-slip boundary conditions has been shown in [48], [64].
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3. The validity of the inviscid limit for the stochastic Second-Grade fluid equations
with no-slip boundary conditions under suitable assumptions between v and ¢ has
been shown in [49].

These results can be seen as a sort of law of large numbers for the stochastic systems
above. It is natural then to investigate Large Deviations principles for the aforementioned
systems focusing, in case, on their relation with some form of Kato-type condition.

In this paper we will study the validity of a Large Deviation Principle for the invis-
cid limit of Navier-Stokes equations and Second-Grade Fluid Equations with additive
Gaussian noise in two-dimensional bounded domains and no-slip boundary conditions,
presenting, for the first system, a natural Kato-type condition that closely resembles
the ones from classical conditioned results [36], [48]. According to the discussion in
subsection 1.1 this is the critical case to analyze. Regarding the Large Deviation Princi-
ple for the inviscid limit of the Navier-Stokes equations, one technical issue that need
to be addressed is the interplay between Kato-type conditions, i.e. some controls on
the dissipation of the energy in the solutions of the stochastic Navier-Stokes equations
within the boundary layer, and the large fluctuations away from the zero-noise and
zero-viscosity limit.

Large Deviation for fluid dynamic models in 2D have been established in the case
of Navier-Stokes with additive noise, see [15], and multiplicative noise, see [59]. While
the first result is based on a technique developed by Freidlin and Wentzell, based on a
discretization of the equation and the application of the so-called contraction principle,
the second one resorts to the the Weak Convergence Approach developed in [11, 12].
While the Freidlin-Wentzell technique is best suited for equations with additive noise,
the Weak Convergence Approach has proved to be much more flexible in many other
situations. As an example, in [29], the authors proved a LDP for the convergence of the
Euler equation with transport noise on the 2D torus to a deterministic Navier-Stokes
system using the weak convergence approach. We adopt this approach as well, even if
our equations have additive noise, as the vanishing of the viscosity together with the
noise constitutes a technical issue that cannot be addressed via a classical contraction
argument.

The validity of a Large Deviation Principle for the inviscid limit of the Navier-Stokes
equations with periodic or free boundary conditions has been shown in [6] using the weak
convergence approach. Similarly to other results with these kind of boundary conditions,
the result of [6] is based on the validity of the enstrophy equality, which allows to obtain
stable estimates in the limit ¢ — 0 stronger than the one guaranteed by the energy
equality. These relations are not available in the case of no-slip boundary conditions, due
to the generation of vorticity close the boundary. Therefore, the introduction of some
Kato-type hypothesis, see [36], is required in order to show the validity of the Large
Deviation Principle, similarly to the validity of the inviscid limit. On the contrary, as
described in subsection 1.1, there are fluid dynamic frameworks where the inviscid limit
holds in the bounded domain without any assumption on the behavior of the solution in
the boundary layer. This is the case of the second grade fluid equations with the scaling
of the parameters introduced in [46] and the case of the Navier-Stokes equations in the
open ball with forcing and initial conditions with radial symmetry.

1.3 Plan of the paper

The goal of this paper is to show the validity of the large deviations principle for
the inviscid limit of relevant fluid dynamical systems in 2D bounded domain via the
weak convergence approach introduced in [11, 12]. In section 2 we will introduce some
facts used repeatedly among the paper. In particular, in subsection 2.1, we will recall
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several notions about Large Deviations, presenting their classical formulation and some
equivalent ones. In subsection 2.2 we will present some well-known facts about the
systems under study that will play a role in the rest of the paper. In subsection 2.3 we
will state our main theorems. The analysis of the validity of a Large Deviation Princi-
ple for the inviscid limit of the Navier-Stokes equations is the object of section 3. In
particular we will start proving the validity of the Large Deviation Principle assuming
initial conditions and forcing terms with radial symmetry in subsection 3.1. Secondly,
we will prove Theorem 2.23 in subsection 3.2, namely the validity of the Large Devia-
tion Principle assuming a Kato condition for the Navier-Stokes equations, but without
imposing any symmetry in the flow of the fluid. In section 4 we will prove the validity of
the Large Deviation Principle for the Second-Grade fluid equations under the scaling of
the parameter introduced in [46] and provide a toy model where we can compute the
asymptotic behaviour of our rate function in terms of some parameters modeling the
oscillations of the flow of the fluid. Lastly we add some comments on the Kato condition
assumed in this paper in section 5.

2 Preliminaries and main results

2.1 Large deviations principle

We recall here the abstract framework of the weak convergence approach to Large
Deviations developed in [11, 12]. We begin with an usual filtered probability space
(Q,F, F,P), t€[0,T]. Let H be an Hilbert space and Q a trace-class operator on H. We
can endow the space Hy := Q'/?H with the metric induced by Q, that is

{g,hyo =(Q ?g,Q7?h)

which makes H a Hilbert space. The norm induced by this inner product will be denoted
|-l3,- When Q is the covariance operator of a Wiener process {W}c(o,r] on H, we call
Ho the reproducing kernel Hilbert space of W;, or simply RKHS. We also define the space

SV .— SN(’HO) = {v e L*(0,T;Ho) : J ||U9H7-tod5 }

which makes a Polish space when endowed with the weak topology. We denote by
Psy = Pa(Hp) the space of Hp-valued, F;-predictable and P-a.s. square integrable
processes. Next we define

={pePy: dpw)eSN P —as}.

Let £ and & be Polish spaces.

Definition 2.1. A function I : £ — [0, 0] is called a rate function if for any M < oo, the
level set {f € £ : I(f) < M} is a compact subset of £. A family of rate functions I, on £,
parametrized by x € &, is said to have compact level sets on compacts if for all compact
subsets K of &y and each M < w0, uzex{f €& : I,(f) < M} is a compact subset of €.

Let us give now the definition of LDP in the original formulation by Varadhan (see
[62])
Definition 2.2. We say that a Large Deviation Principle holds for a family p° of prob-

ability measures on a metric space (&, d) with rate function I and speed ¢ if for every
Borel setT" of €

I(I") < lim iélfz-:log(,uE(I‘)) < limsupelog(p®(T)) < I(T) (2.1)

e—0

where I(A) := —inf e I(f).
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This condition has been proved equivalent by Bryc in [8] to the so called Laplace
principle. Here, we state a uniform version of this principle, that is, we let I and p°
depend also on some parameter z € &.

Definition 2.3. (Uniform Laplace Principle) Let I, be a family of rate functions on E
parameterized by x € £, and assume that this family has compact level sets on compacts.
The family of random variables { X*¢} distributed according to u*¢ are said to satisfy the
Laplace principle on £ with rate function I,, uniformly on compacts, if for all compact
subsets K < &y and all bounded continuous functions h mapping £ into R,

lim sup e log Em[exp ( — 5_1h(X’"’E))] + inf{h(f) — L,(f)}| =0 (2.2)
e=0 ek fee

We are interested in the case when the family of measures i is given by the laws
of some stochastic process X% solving some SPDE and driven by £/2W;. In this
case, we can often represent X*° = ga(x,sl/QW) for some measurable map G° : & x
C([0,T];H) — £. In this setting, in [12] the authors provided a handy criterion that
allows to deduce the uniform Laplace principle. This is known as the weak convergence
approach to Large deviations. The criterion goes as follows.

Hypothesis 2.4. There exists a measurable map G° : & x C([0,T]; H) — & such that:

1. For any N < oo and compact set K — &, Ik n := {G%(z, §,vsds) :ve SN, z e K} is
a compact subset of £.

2. Consider N < o and families {z°} < &y, {u} = P& such that, ase — 0, x° — = and
u® converge in law to u as SV -valued random element, then G* (z°,e*/2W + {  uSds)
converges in law to G°(x, So usds) in the topology of £.

Theorem 2.5. Let X°% = G*(x,c'/2W) and suppose Hypothesis 2.4 holds. Define, for
xe&and fef&

T
= inf v. |2, ds
{veLiHo: f=G°(.f, vsds)}L H S”HO

with the convention that inf (§ = +o0. Assume that for all f € £, x — I,(f) is a
lower semicontinuous map from & to [0,0]. Then for all z € &, f — I,(f) is a rate
function on £ and the family I,, © € & of rate functions has compact level sets on
compacts. Furthermore, the family { X"} satisfies the Laplace principle on £, with the
rate functions {I,}, uniformly on compact subsets of &.

2.2 Well-Known facts on fluid dynamic models

Let us start this section introducing some general assumptions which will be always
adopted under our analysis even if not recalled.
Hypothesis 2.6.

e 0<T < +o0.

e D is a bounded, smooth, simply connected domain.

e (Q,F,F:,P) is a filtered probability space such that (2, F,P) is a complete proba-
bility space, (Fi)[o,r) iS a right continuous filtration and F, contains every P null
subset of (2.

For square integrable semimartingales taking value in separable Hilbert spaces
Ui, Us we will denote by [M, N]; the quadratic covariation process. If M, N take values
in the same separable Hilbert space U with orthonormal basis u;, we will denote by
UM Ny = >enl{M,uidu,{N,u;)v];. For each k € IN, 1 < p < o0 we will denote by
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LP(D) and W*?(D) the well-known Lebesgue and Sobolev spaces. We will denote by
C¥ (D) the space of smooth functions with compact support and by Wf (D) their closure
with respect to the WP (D) topology. If p = 2, we will write H*(D) (resp. H¥ (D)) instead
of W*2(D) (resp. Wé“’Q(D)). Let X be a separable Hilbert space, denote by LP(F;,, X)
the space of p integrable random variables with values in X, measurable with respect
to F:,. We will denote by L?(0,T; X) the space of measurable functions from [0,7] to X
such that

T 1/p
Jullnon = ( [l dt) <t 1<p<m
0

and obvious generalization for p = c0. For any r, p > 1, we will denote by
L?(Q, F,P; L"(0,T; X))
the space of processes with values in X such that

1. u(-,t) is progressively measurable.
2. u(w,t) € X for almost all (w,t) and

]E [HU(W, )HIZ/T(O,T,X)] < +00.
Obvious generalizations for p = oo or r = c0.

Lastly we will denote by C'x([0,T]; X) the space of continuous adapted processes with
values in X such that

E |supyego ryluell | < +2.
Set

H={feL*(D;R?, divf=0, f-nlop =0}, V= Hy(D;R?) n H,
D(A) = H*(D;R?*) n V.

Moreover we introduce the vector space
W. ={ueV: curl(u — eAu) € L*(D;R?)}

with norm ||ul[fy, = [Jull® + e[| Vull 72 pgey + llewl(u — cAu)|Z; 1. We simply write W in
place of W;. It is well-known, see for example [16], that we can identify W, with the
space

W = {ue H*(D;R*) n V}.
Moreover there exists a constant such that
el < € (lull? + 1Vl pomey + lowl( = Aw) 2 ) - (2.3)

We denote by (-,-) and ||| the inner product and the norm in H respectively. With some
abuse of notation, sometimes, we will denote also the inner product and the norm in
L? with the same symbols. Other norms and scalar products will be denoted with the
proper subscript. On V' we introduce the family of norms [[u|, = [[ul® + €| Vul|72 pga)-
Again, in case of ¢ = 1 we continue to write V' in place of V;. We will shortly denote by
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llullc,+ = |lcurl(u — eAu)||r2(p). Obviously the following inequality holds for u € V, where
C), is the Poincaré constant associated to D,

2
[y,

e+C2

2
[y,

e

< | VullZz(pgey < (2.4)
Denote by P the linear projector of L? (D;R?) on H and define the unbounded linear
operator A : D(A) € H — H by the identity

(Av, w) = (Av,w)2(p;Rr2) (2.5)

for all v e D(A), w e H. A will be called the Stokes operator. It is well-known (see for
example [60]) that A is self-adjoint, generates an analytic semigroup of negative type
on H and moreover V ~ D ((—A)?)). We will denote by e=! the strongly continuous
semigroup on H generated by eA. Denote by L* the space L* (D, R?) n H, with the usual
topology of L* (D, R?). Define the trilinear, continuous form b: L* x V x L* - R as

b (u, v, w) = {u, P(Vow)). (2.6)
We will use also some properties of the projection operator P and the solution map of
the Stokes operator. We refer to [60] for the proof of the lemmas below.

Lemma 2.7. Let r > 0, the restriction of the projection operator P : L?(D;R?) — H
to H"(D;R?) is a continuous and linear map between H"(D;R?) and itself, i.e. if
u € H"(D;R?) than also Pue H"(D;R?) and

HPUHHT(D;]R2) < C(D7T) HUHHT(D;]RQ) '

Lemma 2.8. The injection of V in H is compact. Thus there exists a sequence e; of
elements of H which forms an orthonormal basis in H and an orthogonal basis in V. This
sequence verifies

—Aei = )\iei
where \i;1 > \; >0, i = 1,2,.... Moreover \; — +o0. Lastly e; € C*(D;R?) under our
assumptions on D.

The tools introduced above are the standard ingredients in order to deal with the
Navier-Stokes equations. We need to recall some other facts in order to treat Second-
Grade fluid equations. We refer to [16], [54], [55], [28] for the proof of the various
statements.

Lemma 2.9. For any smooth, divergence free ¢, v, w the following relation holds

(curl ¢ x v,wyr2 = b(v, p,w) — blw, ¢, v). (2.7)

Moreover for u, v, w the following inequalities hold
[Ceurl(u — eAu) x v,wyp2| < Cellullgs||v||v. |wlw., (2.8)
[Ccurl(u — eAu) x u,w)ypz| < C€Hu||%,€Hw||WE (2.9)

Therefore there exists a bilinear operator BE : W, x V. - WX such that

<B€(u7v),w>W€*7WE = (P(curl(u — eAu) x v),w) (2.10)

which satisfies forueV, ve W
1Bz (v, u) = < Cellully. Jollw. (2.11)
1B< (u, )l < Cellullf,- (2.12)

Lastly, forue W, veV, we W
<B€(u,v),w>wi*,wg = —<Be€(u,w),v>wi*,wg. (2.13)
EJP 29 (2024), paper 172. https://www.imstat.org/ejp
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Theorem 2.10. Each function f € H*(D) satisfies the following inequality:

£l < CUAIE N f I (2.14)

Now we are ready to introduce some assumptions on the stochastic part of sys-
tems (1.2), (1.3).

Hypothesis 2.11. W, = Y, _,. o, W} where

e K is a (possibly countable) set of indexes, v = 2.
e o € D((—A)") satisfying

2 ||Uk||§)((—,4)v) < +00.
keK

. {Wtk}keK is a sequence of real, independent Brownian motions adapted to F;.

We denote by Hy the RKHS associated to W;.

Remark 2.12. Previous assumptions on the noise implies in particular that Hy, —
D((—A)”) and that W is a process with continuous paths with values in D((—A)7).
Since \; ~ (%, see [33], a simple example of noise satisfying Hypothesis 2.11 is W; =
(—A)= 7 12=8WH § > 0 and W} being the cylindrical Wiener process on H. With this
particular choice of the coefficients oy, Hy = D((—A) *+1/2+9),

Since we are going to prove the validity of the Large Deviation Principle via the
weak convergence approach, we will need to analyze the well-posedness of some partial
differential equations, slightly more general than (1.2), (1.3). Therefore, let 5 > 0 and
fe Py, N >0 arbitrary we consider the stochastic partial differential equations below

duNS= = (eAulNS e —yNSe . yyulV9e 4 pNSe 1 fdt 4+ /BdW;

) divulVse =90 (2.15)
UNS’E|(?D =0 :
uNS,s(O) = o,
dv36-e = (vAu®GE — curl(v9Fe) x uSGE 4 VpSGe + fdt + /BdW;
divuSG=s =0

{ p5G.e — uSGe _ cAySGe (2.106)
uSG"E|aD = 0
u3Ge(0) = up.

Definition 2.13. A stochastic process with continuous trajectories with values in H is a
weak solution of equation (2.15) if

uN%e e Cx([0,T]; H) n L (9, F, P; L*(0,T; V)

and P — a.s. for every ¢t € [0,T] and ¢ € D(A) we have

t t t
WS g, ¢y + f AL 2 W, :f b(uNS<, 6, uV5%)ds + f (o, yds
0 0 0

+ \/B<Wta ¢>

Definition 2.14. A stochastic process with weakly continuous trajectories with values
in W is a weak solution of equation (2.16) if

u®%e e LA(Q, F,P; L®(0,T; W))

EJP 29 (2024), paper 172. https://www.imstat.org/ejp
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and P — a.s. for everyt € [0,T] and ¢ € W we have
t
W% —ug, Py, + J W{Vui%e Yoy + leurl(uf 9 — eAud9®) x w9 pHds
0

- L (fon s + /B, 6.

The well-posedness of (2.15) (resp. (2.16)) in the sense of Definition 2.13 (resp.
Definition 2.14) is guaranteed by Theorem 2.15 below, see [27] (resp. Theorem 2.16, see
[55], [49, Section 6]).

Theorem 2.15. For each uy € H3(D;R?) n H there exists a unique weak solution
of (2.15) in the sense of Definition 2.13. Moreover the following relation holds true

t t
JuS|? 4 22 J IVaS<|2,ds = [luo ]2 + 18 3 low]> + 24/ f WS, W,
0 0

keK
t
+ zf (fo,uV5Nds P — a.s. (2.17)
0
Theorem 2.16. For each ug € W there exists a unique weak solution of (2.16) in the

sense of Definition 2.14. Moreover u°%¢ has continuous paths with values in V and it
holds

t
lug <13, + QVJ IVugSe|F2ds = |luoll¥, +t8 DI —eA)™ o
Y keK

t t
+2¢/8 f W3 dW,) + 2f (fs,u59Nds P — a.s.
0 0

(2.18)
Calling ¢°%¢ = curl(u®%¢ — cAu®G*), s, = curloy, it holds
2w (t
5 e = ol — 2 | @59 — curlu3®< g3 )ds + 65 3 ]
€ Jo
keK
1 t
+24/8 )] f (Shy qsydWE + 2f (curl fs, qs)ds P —a.s. (2.19)
0 0

keK

Lastly we need to recall some results about the well-posedness of Euler equations
with forcing term f € PJ¥, namely solutions of

ou+u-Vu =Vp+ [

divu =0 (2.20)
u- n|5D =0 '
H(O) = Ug-

Definition 2.17. A stochastic process with continuous trajectories with values in H is
a weak solution of equation (2.20) if P — a.s. for every t € [0,T] and ¢ € C*(D;R?) we
have

t t
(T — 1o, 4 — L b(s, 6,T,)ds — L(fs, $>ds.

The well-posedness of (2.20) in regular spaces is a classical result, see for example
[5], [4], [30].
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Theorem 2.18. For each ug € H3(D;R?) n H there exists a unique weak solution
of (2.20) with trajectories in C([0,T]; W?(D;R?)). Moreover

t
a2 = Hu0\|2+2j<fs,ﬂs>ds P s, 2.21)
0
supyeo,rlltllwz4 < C(llugllwz4, N) P —a.s. (2.22)

Remark 2.19. The well-posedness of equation (2.15), equation (2.16) holds under
weaker assumptions on the noise than Hypothesis 2.11. We need to assume a noise so
regular in order to guarantee that there exists a unique solution of (2.20) which belongs
to C([0,T); W24(D;R?)) n C([0,T]; H).

2.3 Main results

As stated in section 1, our goal is to prove a Large Deviation Principle via the weak
convergence approach introduced in subsection 2.1. Therefore we need to introduce
some maps GV%¢, G9¢ ¢ GO Following the notation of subsection 2.1, let

EVS .= H¥(D;R?) n H, &59:=W, &:=C([0,T);H).
According to Theorem 2.18 we can introduce the measurable map
GV gNS x C([0,T; H) - € (resp. G590 : £5C x C([0,T]; H) — &)

which associates to each ug € E° (resp. ug € £5¢) and § f.ds, f € L*(0,T; Hy) the
unique regular solution of (2.20) with initial condition u and forcing term f guaranteed
by Theorem 2.18, 0 otherwise. Analogously thanks to Theorem 2.15 (resp. Theorem 2.16)
we can introduce the measurable map

gNoe gl x C([0,T); H) — € (resp. G59< : €59 x C([0,T]; H) — €)

such that for each ug € EF (resp. ug € £5F), GV (ug, /eW.) (resp. GI=(ug, /eW.)
is the unique weak solution of (2.15) (resp. (2.16)) with 8 = ¢, initial condition uy and
null forcing term guaranteed by Theorem 2.15 (resp. Theorem 2.16). More generally,
it follows that, if f € P, GN9=(ug, /eW. + § fods) (resp. G (ug,/eW. + §, fsds))
is the unique solution of (2.15) (resp. (2.16)) § = ¢, initial condition uy and forcing
term f. When dealing with the inviscid limit for Navier-Stokes equations and no-slip
boundary conditions one can choose either to assume a Kato-type hypothesis or to
require strong assumptions on the regularity of the domain, initial conditions and forcing
term. We will follow both these lines. In the following, given ¢ > 0, we will denote
Iee ={xeD: d(x,0D) < ce}.

Hypothesis 2.20 (Strong Kato Hypothesis). For each N € IN, u§, ug € &Y% and f¢, f e
PY such that uf — ug in EY and f¢ —, f in SN, if (Q, F, F;,P) is a filtered probability
space where all f¢, f are defined together and f¢ — f P — a.s. in SV, then, it exists
¢ > 0 such that for every § > 0

T

P <€J

0
Remark 2.21. In the previous condition, the set £)° need not to be the full space
H3(D;R?) n H, but it can be a closed subset of it, even consisting of a singleton. Of
course, the LDP that we will be able to prove will then only be uniform with respect to
initial conditions belonging to such subset (cf. Definition 2.3). In contrast, the space in

which the forcing f varies cannot be restricted as easily, without substantially weakening
the strength of the LDP (see the discussion in Section 5).

2

vgVSe <ug, VEW, + J f;ds>

0

ds>6| — 0.
L2(FCE)
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Remark 2.22. By Skorokhod’s representation theorem, given f¢, f € P& such that
f¢ —, fin SV there exists at least a filtered probability space ({2, F, F;, P) where all f¢,
f are defined together and f* — f P —a.s. in SV.

Now we are ready to state our main result on the validity of a Large Deviation
Principle under Hypothesis 2.20.

Theorem 2.23. Assuming Hypothesis 2.20, the family {u™%< = GN5¢(ug, /eW.)}, cens
satisfies the uniform Laplace principle with the rate function

T
Ion® (0) = inf (e r2(0.1:H0): v=GNS0(uo S, fuds)) 3 L | fs I, ds

1 (T
= §J;) |Orvs + P(vs - VUS)H%IOds.

where ug € £)'°, v e C([0,T]; H), with the convention that I})%(v) = +o0 anytime v is
not in the range of GN59(ug, -).

The last equality is guaranteed by the injectivity of the map GV°° in the second

component, which in turn is a consequence of the uniqueness for the Euler system in
our setting, see Theorem 2.18.

The validity of Hypothesis 2.20 is in contrast to the so-called Kolmogorov’s zeroth
law of turbulence, see [40], [41], [39]. The latter describing the physical evidence that
the anomalous dissipation of the kinetic energy holds for three dimensional fluids at
high Reynolds number. While, nowadays, the Kolmogorov’s zeroth law of turbulence
is a well-accepted assumption for three dimensional fluids where counterexamples to
Hypothesis 2.20 have been shown in the case of deterministic forcing and domains
without boundaries, see for example [7] for an explicit counterexample and [35], [53] for
some numerical discussions, the situation is less clear in the two dimensional case. This
is due the fact that either Navier-Stokes and Euler’s flows preserve smooth solutions.
We refer to [19] and the references therein for further discussions on this topic. Indeed,
even if Hypothesis 2.20 may look too restrictive, we will provide, thanks to Theorem 2.27,
an explicit example where it is satisfied, see also Remark 3.9 and Remark 3.10 below.
Moreover, we will come back on the meaning of Hypothesis 2.20 and its relation with a
more classical version of the Kato Hypothesis, i.e. non depending on f¢, in section 5.

As pointed out in [46], [49] in order to obtain an unconditioned result for the Second-
Grade fluid equations, we cannot take any scaling of v — 0 but it is necessary to
assume:

Hypothesis 2.24. v = O(¢).
Now we can state our main result on the Second Grade Fluid equations.

Theorem 2.25. Assuming Hypothesis 2.24, the family {u®%< = G5 (ug, \EW.)}peesc
satisfies the uniform Laplace principle with the rate function

1 T
SG .
Iu(, (v) = 5 1nffeL2(o,T;Ho); v=GSG:0(ug,{; fods) L ||fs\|%10d5

1 (7T
= §J0 [Orvs + P(vs ~VUS)H%IOdS

where u € £5%, v e C([0,T]; H), with the convention that IS¢ (v) = +o0 anytime v is not
in the range of G0 (uy, -).

Lastly we want to consider the case of fluids with radial symmetry. In such case the
inviscid limit in general holds without any assumptions on the behavior of the fluid in the
boundary layer as observed in [45]. Therefore, calling B the open ball in R?, centered in
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0 with radius 1, we introduce

=" D((-A)")
wiS = { T alla). wecro)
endowed with the D((—A)”) norm and
ol
e - & o {u=Talel), we 20
x

endowed with the H? norm. As above we need to introduce a particular forced Navier-
Stokes systems:

duRS’E — (EAURS,E _ uRS,e . VuRS,e 4 VpRS,a + f)dt + \EthRS

divuftSs =0

'U/RS’E|(‘5D — 0 (223)
URS’E(O) = Uug.

Now can introduce the assumptions in order to deal the case with radial symmetry and
study the Large Deviation Principle in this framework:

Hypothesis 2.26. D = B, W5 =, 0,W} where

e K is a (possibly countable) set of indexes, v > 2.
* 01, € HES satisfying

2 ol B(—ayr) < +o.
keK

. {Wtk}kGK is a sequence of real, independent Brownian motions adapted to F;.

We denote by H*® the RKHS associated to W75,
Since Theorem 2.15, Theorem 2.18 continue to hold considering

ug € EFS,  f e L*(0,T; HE)

and assuming Hypothesis 2.26, we can define the measurable maps G/*%¢ and G/*5 as
above for GV°¢ and GV90 considering £F*° instead of £¥°.

Theorem 2.27. Assuming Hypothesis 2.26, the family {u"*%* = G"¢(ug, /eW®)},, cens
satisfies the uniform Laplace principle with the rate function

1. T
1558(“) = 5 lnffeL2(O,T;H§'5): v=GRS:0(uo,§; fsds) L Hfs“?{gsds
1 (T )
= éfo [0svs + P(vs ~VUS)||HORSds

where ug € £, v e C([0,T]; H), with the convention that I3 (v) = +c0 anytime v is not
in the range of G190 (uy, ).

Let us observe that all of the three functionals have the same integral representation,
the only difference being the space where 1 and the noise take values. This phenomenon
roughly means that the LDPs we are able to establish are not strong enough to distinguish
between the two models at the level of the asymptotics of their fluctuations. In principle,
a sharper LDP could display such differences. This kind of results would be of utmost
interest also in the periodic framework, acting as selection principles for solutions coming
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from convex integration schemes. Secondly, let us discuss about possible consequences
of our main results. The problems of the exit from a domain in the state space and the
large deviations for the invariant measures are very common applications in literature of
Large Deviation Principles to the description of rare events. The first problem is related
to estimating the typical (exponential) timescale on which the solution of the system
starting from a domain in the state space O that contains one of its equilibrium point,
leave this set, and possibly identify also the escaping set (the subset of 0O where the
escape is most likely to occur) and the most typical trajectory of this escape. The second
problem is related to the (exponential) rate of convergence of the invariant measure
of the system. In the context of stochastic Navier-Stokes, the exit time problem was
studied, in the small noise limit, by [9], then their results were used to study the LDP for
the invariant measure in [10]. Let us mention also the works [13] and [14] which proved
the same results but for a noise that becomes both small and white (in space) in the limit
€ — 0. Concerning these problems in our framework, the study of the convergence of
the invariant measures in the small noise-small viscosity limit, is central in the study of
the statistical properties of a turbulent fluid, see for example [51], [42], [43, Chapter 10]
and the references therein. In the case of the zero-noise, zero viscosity limit, this kind of
results are, however, much harder to obtain from the large deviation principle due to the
conservative nature of the limit object and the presence of multiple stable configurations
of the deterministic system. Indeed, no results are available in this direction even in the
periodic setting and we think our results, as well as the ones of [6], as a first step in
order to address such questions.

Remark 2.28. Theorem 2.23, Theorem 2.25 and Theorem 2.27 continue to hold also if we
add a deterministic forcing term g in L2(0, T; Hy) or L?(0, T; HI*) in equations (1.2), (1.3),
up to re-defining the maps G° and G° accordingly. Indeed the computations below can
be easily adapted to this framework. Moreover, it is enough to assume the validity of
Hypothesis 2.20 for equation (1.2) without any forcing g in order to prove the validity of
Theorem 2.23 also if we add the forcing term g.

Remark 2.29. With particular choices of the noise coefficients, the Large deviations
functional can be made more explicit, as a relevant example, in the framework of
Remark 2.12, IV9(v) reduces to

uop

T
INS(U) - %J ”(*A)wrl/%é (Osvs + P(vs - V”S))HQdS»
0

similarly for the second grade fluid equations.

We conclude this section with few notation that will be adopted: by C we will denote
several constant independent from ¢, v, perhaps changing value line by line. If we want
to keep track of the dependence of C' from some parameter p we will use the symbol
C(p). Sometimes we will use the notation a < b, if it exists a constant independent from
v and ¢ such that a < Cb. In order to simplify the notation we will denote Sobolev spaces
by W*P, HS, forgetting domain and range and use Einstein summation convention.

3 Navier-Stokes

Let us start discussing Condition 1 in Hypothesis 2.4. Since %% «— £V and HFS —
D((—A)7), by definition of the maps G50, G50 we have

gNS,O(u07 J‘ f@ds) = gRS’O(u07 J f@ds)
0 0

if D is the open ball centered in 0 with radius 1, vy € EF° and f, € L2(0,T; HE).
Moreover, since £*° and £° (resp. H%° and D((—A)?)) are Banach spaces endowed
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with the same norm, it is enough to show the validity of Condition 1 in Hypothesis 2.4 for
GN50 in order to have that the same holds also for G50, Therefore we limit ourselves
to show the validity of Condition 1 in Hypothesis 2.4 for GN°:0,

Let us fix N > 0, K a compact subset of £)'°, we want to show that the set
Ky = {gNS’O(xo,f feds) ve SN xoe K} <5 €.
0

Therefore let us fix two sequences {20} en © K, {f"}new © SY. Since K is compact
subset of £V, ||fn||2L2(o,T;H0) < N we can find a subsequence {n;}ren, v € K, f e SV
such that zp* — xo in E°, f™ — fin L*(0,T;Hp). Let u™ := GNS0(zp*, § frrds)
(resp. u := GNV90(xy, §, fsds)). According to Theorem 2.18, u"* (resp. u) is the unique
regular weak solution of (2.20) with initial condition xg’“ (resp. xo) and forcing term f"*
(resp. f). Our goal is to show that ©u™* — u in £. We emphasize, once for all, that the weak
convergence of f* to f is not directly sufficient in order to show the validity of Condition
1 in Hypothesis 2.4. Therefore, we will need to move to some integrated-in-time version
of f™ and f in order to gain strong convergence, uniform in time, in weaker Sobolev
spaces. We will adopt similar arguments also in the forthcoming sections in order to
establish the validity of Condition 2 in Hypothesis 2.4. Fix 6§ > 0 arbitrarily small and
define F™* = § frxds, F = {, f.ds. By Hypothesis 2.11, Hy — D((—A)?). This implies,
see for example [27, Proposition 2.10] that

F™ — F in C([0,T]; D((—A)*7%)). (3.1)
Obviously
sup1 [ [[o(o.r1:0((-4)2)) + [I1Flloqo.r1:0((-2)2)) < C(N). (3.2)

Lastly, since 3" — z¢ in &7, from (2.22) we can find a constant C' = C(N, ) only
depending on N and ||z||gxys such that

Supk>1||unk||C([O,T];W2=4) + ||UHC([O,T];W2>4) < O(flzollw=a, N). (3.3)
We introduce
vt =t — F v =uw — Fy.

By triangle inequality v™*, v satisfy relation (3.3), too. Since F™* — F in &, it is enough
to show that v"* — v in £ in order to prove the validity of Condition 1 in Hypothesis 2.4.
This is the aim of Lemma 3.1 below. We will follow the idea introduced in [65] to show
uniqueness of the solutions with bounded vorticity of the Euler equations. However, in
order to prove the continuous dependence from the data we exploit the higher regularity
and the uniform bounds guaranteed by relation (3.3).

Lemma 3.1. v™ — v in C([0,T]; H).
Proof. Let

n _ ng _

¢" = curlu,*, (¢ = curluy,
Nk Nk
. =curl Fj"* ) ¢y = curl Fy,

hi* = curlvg® = ("™ — ¢7*,  hy = curlvy = ¢ — 4.

hi* (resp. h:) is a weak solution of the vorticity equation

{ath”k+u"k~V(h”k+¢”k)=0 <resp. {ath“'v(“@:() ) (3.4)

hy* = curlaj* ho = curl zg
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Thanks to (3.1), (3.2), (3.3) A"k, h, ¢"*, ¢ satisfy

¢" — ¢ in C([0,T); H>™?), (3.5)
supys1 [|6™* |l o(ro,r: 13y + |@lle o, r1;m3) < C(N), (3.6)
supgs1 |1 oo, w0y + 1Moo, rpwiey < C(llzollwee, N). (3.7)

We need to introduce the stream function ;" (resp. ;) which is the weak solution of

— AP = pl —Ay =h
N Vi ¢ resp. Ve = he . (3.8)
Y% lop =0 Yelop =0
By standard elliptic regularity theory, see for example [1], and the uniform bound (3.7),
it holds

supgs1 [V e (o, rwss) + [l eqo,rwsey < C(llzollwza, N). (3.9)
Lastly, introducing
a?k: tnk_wtv g’tnk: ?k_gbt» G?k:Ftnk_Fta

It is well-known that v™* = —V+™ v = —V14), see for example [50]. With this notation
in mind, thanks to equations (3.4) and (3.8), —Aa™* solves in a weak sense

au(—Dam )+ | (~V g+ F) -V (= Aam 4 g™ ) =
- [—VLQ’” + G -V](—Azﬂsb)- (3.10)

Therefore, arguing as in [65, Theorem 3.1], we use «™* itself as a test function in (3.10),
obtaining

1 1 t
SIVar I = J1vag i+ | [ (v var (- dap +g2)
0JD
+ F - Vags(=Aagt + gi%) + (= Ay + ¢5) (G- - Va?;'v))dxds
1
= SIVag |* + (t) + Ia(t) + Is(t) + La(t) + I5(2), (3.11)
where
t
Ii(t) = f J VEpme . Vol Ao dxds,
0 JD
t
I(t) = *J J Ve . Val g dads,
0JD
t
I3(t) = —f J F' - Vai* Aot dzds,
0JD
t
I(t) = J J FI'v . Vag*getdzds,
0JD
t
I5(t) = f J (—Avs + ¢5) (G2* - Val*)dxds.
0 JD

Therefore we need to understand the behavior of I;(t), I>(t), I3(t), 14(t), I5(t) in equa-
tion (3.11). I;(¢) can be estimated easily integrating by parts, thanks to the uniform
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bound (3.3) and Holder’s inequality. Indeed it holds:
—J- vk 0" 0, o dx = —f 0;v;™* 0;a"™ 00k dx — J- vk 0; ;a0 dx
D D D
1
< o o (90" P = 5 [ wrtailosamPdo
2Jp
< C(|lwollw24, N[V .
Therefore
t
Ii(t) < C(||x0||Wz,4,N)J |V ||%ds. (3.12)
0

I3 can be estimated similarly integrating by parts, thanks to the uniform bound (3.2) and
Holder’s inequality:

J Fi"’“(?ia”’“‘&man’“dz = 7J‘ ajFinkaiOénk(}jO[nkdl’ 7J\ Fin'k(}i7j0lnk(}jankd$
D D D
1
< I o[ Fam 2 = 5 | FPaifojam e
D
< C(N)||Va™ 2.
Therefore
t
Ls(t) < C(N)J. Vo™ |[2ds. (3.13)
0

I5(t), 14(t) and I5(t) can be bounded easily by Hélder and Young inequalities and the
uniform bounds (3.2), (3.3), (3.6), (3.7), (3.9). Indeed it holds:

t
I(t) + Lu(t) + I:(t) < f ([og* Iz + 1F* [[2) [[Vag® [[lgs* | dsds
0

t
+L @sll oo sl L) (Ve G|

t
<f [Vam|2ds
0

n Mk 2 n
+C (V"™ leqoriwray + IF™ leqormwrn)” 9™ e ry:2)

2 n
+C (I9lleqo.rpwray + IBleqoriwra) ™ 1G™ 2 qo.r7.22)

t
<f [Vam|2ds
0

+ Cllaollwaa, N) (g™ o yoe) + 16 [Eozesy) - (3:14)

Combining relations (3.12), (3.13) and (3.14) we get
1 ne (|12 1 ng |12 ‘ ng (|2
SIVar* |7 < SlIVaghll” + Clllzollw=4, N) | [IVai™|ds
0

+ Cllollwa N) (g™ Wqoryee) + 167 ooz ) -

which implies, by Gronwall’s Lemma,

[o™ = vlleqorymy < Clzollwza, N)([l2g* = zoll + g™ lloqro,1i22)
+ HGnkHC([O’T];LQ)). (3.15)
Thanks to our assumptions the thesis follows. O
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3.1 The Case of fluids with radial symmetry

The goal of this Section is to prove the validity of the Large Deviation Principle for
the zero noise-zero viscosity limit of the Navier-Stokes equations in presence of strong
assumptions on the domain and data, see Hypothesis 2.26. Therefore in this section we
assume that D is the open ball centered in 0 with radius 1.

The reason why this particular geometry can be treated lies in the fact the we
can show that the solution of the Navier Stokes equations given by Theorem 2.15
posses radial symmetry, and in turn show that the nonlinear term in the equation
vanishes. We will be able to represent the solution u$(x) = v (m)% where v° is a radial
function satisfying an appropriate auxiliary equation. Then we will exploit this particular
representation formula in order to prove the validity of Theorem 2.27.

By radial functions, we mean functions g such that g(Rex) = g(x) for a.e. x € D, for
each 0 € [0,27], Ry : D — D being the counterclockwise rotation of the disk about its
center by the angle 6. Any function u(x) that can be written as ﬂ(|x\)7ﬁ%| will be called
circularly symmetric and the radial function u will be called its radial part.

We want to consider the following equation for the scalar function v*:

dv* = [e(av" ~ o |2) + foat + Ve Y on(lal)aw (3.16)
keK

where the forcing f; and the initial datum x° are radial functions in L?(D). In order to
study problem (3.16) we need to introduce some space of functions and operators, we
refer to [45, Section 3] and the references therein for the proof of this statement and
some discussions on this topic.

Let H! := H}(D) n L*(D, %) endowed with the following scalar product

(u, v = {Vu, Vo) +< >

Define the operator —A : D(A) — L?(D) as —Au = g whenever there exist g € L?(D)
such that

<ua U>"H1 = <g, U>'

Then the following statement holds.

Lemma 3.2. The operator A generates a self-adjoint analytic semigroup of negative
type et over L*(D), D((—A)*?) = H'. Moreover, if z has radial symmetry then the
same holds also for e?tzy Yt = 0.

Therefore, according to [22], problem (3.16) can be interpreted in mild form as

t
UtE = eAtX5+f A(t— stds+f2 J cA(t— Sak(| |)de (3.17)
0 keK
We introduce the notion of weak solution of problem (3.16).
Definition 3.3. We say that v¢ is a weak solution of (3.16) if

v € Cr ([0,T]; L*(D)) n L*(Q, F,P; L*(0,T; 1))

and for every ¢ € D(A), we have

o =00 e [ (i A0y ds s [ uirds + v X Gy W

keK

for everyt e [0,T],P— a.s., where si(z) = o (|z]).
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Thanks to [22, Theorem 5.4] the mild formula (3.17) gives the unique weak solution
of (3.16). Indeed the following hold

Lemma 3.4. v° € C([0,T]; L?>(D)) n L?([0,T]; H') and has radial symmetry. Moreover, it
is a weak solution in the sense of Definition 3.3 of equation (3.16).

We introduced the problem (3.16), because of the representation formula for the
unique solution of (2.23) guaranteed by the following proposition.

Proposition 3. 5 The un1que weak so]utiori u® of the Navier-Stokes system (2.23) for
fi(z) = ft(|x|)‘z| € H{", uo(z) = ao(jz|)%; € & and with noise W' is given by

ﬂ§(|a:|)ﬁ where u° solves equation (3.16) with forcing f and initial datum

Proof. We start showing that for every ¢ € C*(D;R?) divergence free

b (0@ ) =0

||

Indeed
fwwwﬁﬁ~w*vww—fMWMPﬁ-Nw#w+wa
D s |$|2 s s |x‘2

- JD W(x . (v(xi @) +x-p)dr =1 + Is.

|2

Now we have

I :f | (=) [? div(zt(z - ¢))de = _J. V[W‘;‘(le)\z] ot (@t ¢)dw = 0

|z[?

since the gradient of a radial function is always parallel to . While, if we define

Vip) = gwdr, we have

T I
IQ—JD ‘$|2 z ¢d$—fDVV(|$|) pdx = JDV(|de1V¢d1'—O.

Therefore we are left to show that for each ¢ € D(A), neglecting the non-linear term
which is zero for divergence free test functions,

(u§ — ug, p) + f e(Vus, Voyds = f (fordyds +VE Y. (o) — ,¢>Wk (3.18)
keK | |
We rewrite this as
J_
LMW%%WM —MﬁJFV (el) 7] Vola)dads

=fjfmwwmwﬁmw

+ \f Z J or(|z])e jdaj)Wtk,

keK
which, comparing with the Definition 3.3, holds true if we prove that
ot

Jf Vi (o)) |] Vo( dxds—Jf A2 ol) (<4) 2 (0(a) - T |)d3:ds (3.19)
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for each ¢ € D(A). In order to prove the claim, we observe that if ¢ € C*(D \ {0}; R?),
then ¢ - % € D(A). Therefore (3.19) holds for each ¢ - % € D(fl), by simple calculuations
upon noticing that

AW L) = M) T+ o) Hr—2aw (E00). @20

x)—) = x)) — x) —= —2div [ — . .
|| |z |z |z

In particular (3.18) is satisfied for each ¢ € C°(D ~ {0}; R?). Finally, we obtain that u® is

a weak solution of (2.23) by observing that the closure of C*(D ~ {0}; R?) vectors field

in the H' norm, is exactly H&(D; ]RQ), which implies that (3.18) holds in particular for

every ¢ € D(A). O

In the same manner we can prove the analogous result for the Euler system, that is
Proposition 3.6. Given uo(|x|)% € RS the unique solution of the system (2.20) in

([0, T7; W2’4(D;R2)) nC([0,T]; H)

is given by u;(|z 2 where the radial function u,; is given by
|]
t
a(fol) = wo(lel) + | .(el)ds.
0

3.1.1 Condition 2

In this section we prove that the second condition in the weak convergence approLach
is easily fulfilled in the case of fluids with radial symmetries. Let uf(x) := ﬂg(\xD% -

ugp(x) = ﬂ0(|x|)% in £, which we recall being endowed with the H® norm and

fet,z) = fo(t, |1\)% — f(t,x) == f(t, |LD% in law as S¥-random variables. We
will show that for each sequence ¢, — 0, G=F5 (uf", e, /2 W + §, fnds) converges in
law to G*F%(u, § fsds) in the topology of £. This implies the validity of the second
condition in Hypothesis 2.4. In order to simplify the notation, we will consider € > 0 in
the following dropping the subscript €,,, having in mind it is a countable family. Since S™v
is a Polish space, by Skorokhod’s representation theorem, see [25, Chapter 3] and [34],
we can introduce a further filtered probability space (Q, F , ]:‘t, INP) and random variables
fa, Ws,f such that (fE,W‘E) has the same joint law of (f¢, W), f has the same law of
fand f* -5 . fin L(0,T; H¥®) < L2(0,T;V), see for example [27] for details. In
the following, with some abuse of notation, we will drop the tilde in our notation and
simply use P, E, f¢, f,We¢ instead of P, E, f¢, f,W¢. Thanks to Theorem 2.15 for each
¢ we can define u° as the unique solution of (2.15) with forcing term f¢, initial condition
u§ and Brownian forcing term W, i.e. u® = G5%9(u§, §, feds + \/eW*). Moreover, by
Theorem 2.18 we can define v” as the unique regular solution of (2.20) with forcing term
f and initial condition ug, i.e. u¥ = %9 (ug, {; f.ds). From the results in the previous
section, we have that both v and « have circular symmetry, and their radial parts are

given by

~ ¢
= e AaE + J eSAI=S) fods 4 (e Z
0

o
[, et pawt,
keK v0

t
U = Ug + f fsds.
0

Actually we will prove the stronger result:

E [ sup |lug — uf”ﬂ -0 (3.21)
te[0,T']
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in the probability space defined via Skorokhod’s representation theorem. From our
representation formula, it is sufficient to show

E[ sup ||u§—ut|2] — 0.

te[0,T7]

To do so we write

t ~ _ _
a; —ay =e* (g — ug) + (e — Iag + J =AU (f2 — f,)ds

1
+J ( cA(t—s) _ f€+\/>ZJ\ A(t— S) |)dW§’k (3.22)

0 keK

Preliminarily we observe that in the proof of Proposition 3.5, we showed equality (3.19)
for every vector field ¢(x) € H}. If we disregard the time integration and let < in (3.19)
be any generic radial function in %' we obtain that the map J : H}, — D((—A)'/?) that
sends any radial function v(|z|) in H#! to the circular symmetric vector field v(\x|)% isan
isometry (where we indicated with ’H}% the set of radial function of H'). We then obtain

€
_ T _
1 p(—ayrz) = Hf?(lxl)mHD«_A)m = [£5 (D¢

€L
_ T _
I£lp—ayey = Lol lp - ayszy = 1Fs Qe

which gives exactly

T T
fﬂﬁﬁg+wngﬁﬁﬂ<Cﬂw P—as., (3.23)
0 > 0

since f¢, f € SV. Moreover f¢ — fin L?(0,T;H') P —a.s. Now we can treat u° —%. The
first and second terms in (3.22) go to zero in L? norm thanks to the strong convergence
of 4§ to g and the continuity of the semigroup. The convergence is uniform in time since,
for the first term sup, ;- ||e€f‘”(u0 — )| < |a§ — @l while for the second, we choose for
every ¢, t. for which ||(e€At5 — I)ig| achieves its maximum over [0,7"]. Then by observing
that t. < T, we get that as ¢ — 0, e¢t. — 0, and we conclude by the continuity of the
semigroup. The stochastic integral term in (3.22) can be easily controlled using the
It6 formula and Burkholder-Davis-Gundy inequality for Stochastic Convolutions, see for
example [58], obtaining

E[supnf 3 j eAtt=s) |>dW8’“|2] < 2T EE [supuuiP] (Z |ok|2>
t<T he K t<T keK

which converges to zero as all the quantities are bounded. In order to study the third
term in (3.22), call Ff = Sé féds and F, = Sé fsds. By [27, Proposition 2.10],

F° > F inC(0,T];L*) P —a.s. (3.24)

The third term in (3.22) can can be rewritten as
t e — — — —
Jewﬂq m@_ﬁAﬁmaﬁ_m@Hﬁ_m.
0 0

The second term above converges to 0 P —a.s. and in L?(£2, P) thanks to (3.23) and (3.24).
Concerning the other we use standard properties of analytic semigroup, see for example
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[52, Chapter 2, Theorem 6.13], and (3.23) obtaining

sup HEJ AesAlt=9) Fs)dsHQ]

te[0,T7]
2
HFE Fllogo1); H)
Supte 0,7 t*S)l/Z S

Finally, for the fourth term in (3.22), since #' = D((—A)'/?) according to Lemma 3.2, by
standard properties of analytic semigroups, see for example [52, Chapter 2, Theorem
6.13], and our assumption on f, see (3.23), we obtain

< CeE < C(N,T)e — 0.

2
t B t N B
sup | | (54472 — 1) fods|? < ( o J (eaA“‘s>—I>fs||d8>

te[0,7] Jo te[0,7] JO

2
t
< Ce ( sup J (t— 5)1/2|fs7-£1d5)
te[0,T] JO

<C(N,T)e P—a.s.

Therefore we get

t

B[ sup || | (407 — D) fds)*| -0
(0,771 Jo

This proves the validity of relation (3.21). Now we are ready to prove Theorem 2.27.

Proof of Theorem 2.27. Since we already checked the validity of Condition 1 and Condi-
tion 2 in Hypothesis 2.4, it remains to show that for each v € £ the map ug — I%(v) is a
lower continuous map from Sé%s to [0, +o0] in order to apply Theorem 2.5 and complete
the proof. The arguments goes in this way. Fix u € £/*° and a family {ul} },.en < EF con-
verging to ug. Without loss of generality we may assume liminf,, , | o Iﬁ,}? (v) =M <+
otherwise we have nothing to prove. Therefore, thanks to the well-posedness of the
Euler equations guaranteed by Theorem 2.18, there exists a subsequence n; and family
{f™ }npen = S?M such that GH90(ug*, §| fr*ds) = v. Moreover f™ e S?M for all k. Up
to passing to a further subsequence, which we continue to denote by f™* for simplicity
of notation, there exists f € S?™ such that f** — f in L?(0,7; H#®). Thanks to (3.1)
and (3.15) it follows that G&*5 : €55 x L2([0,T]; HI*) — £ is a continuous map endowing
L2([0,T]; HI*) with the weak topology. Therefore G*%:(ug, f) = v and from the lower
semicontinuity of the norm with respect to the weak convergence the thesis follow
immediately:

- L -
IRS J [FAF des < liminfy_, 4 ifo || foe ||?{§sds < M = liminf,_, 4 Iffgs(v).

3.2 Proof of Theorem 2.23

We already provided the validity of Condition 1 of Hypothesis 2.4 at the beginning of
Section 3. Moreover, the argument for showing the lower continuity of the map Ifos (v)
for v € £ fixed repeats verbatim for I{L\;S (v). Therefore, it is enough to show the validity
of Condition 2 of Hypothesis 2.4 in order to prove Theorem 2.23. This is the aim of the
next subsection.
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3.2.1 Condition 2

Fix N > 0, let f¢, f € PV, u§, uo € EY® such that f¢ —, f weakly in L2(0,T; Hy), u§ — uo
in £YS. We will show that for each sequence ¢, — 0, G5V (uf", £, /2W + § fends)
converges in law to G%V3 (ug, So fsds) in the topology of £. This implies the validity of the
second condition in Hypothesis 2.4. In order to simplify the notation, we will consider
e > 0 in the following dropping the subscript ¢,,, having in mind it is a countable family.
Since S" is a Polish space, by Skorokhod’s representation theorem, see [25, Chapter 3]
and [34], we can introduce a further filtered probability space (Q, F , .7:}, IF’) and random
variables f¢, W¢, f such that (f¢, W*¢) has the same joint law of (fs, W), f has the same
law of f and f¢ —p_, . [in L?(0,T; Hy), see for example [27] for details. Thanks to
Theorem 2.15 for each € we can define u® as the unique solution of (2.15) with forcing
term f¢, initial condition u§ and Brownian forcing term W¢. The family {u®}. satisfies
Hypothesis 2.20. Moreover, by Theorem 2.18 we can define ¥ as the unique regular
solution of (2.20) with forcing term f and initial condition uy,. We will show that u§
converges to u in probability in C([0,T]; H). This implies the validity of Condition 2.

Before starting with the computation we recall some facts. In the following, with
some abuse of notation, we will simply use P, It instead of INP, E. Fix 0 > 0 arbitrarily
small and define Ff = Sé feds, F; = Sé fsds. By Hypothesis 2.11, Hy — D((—A)?). This
implies, see for example [27, Proposition 2.10] that

F¢ —»p_,. F inC([0,T];D((-A)7%)). (3.25)
Obviously
sup.o [l £ le(o,11:p((-4)7) + 1 Flleo,rip(-a) < C(N) P —a.s. (3.26)

Starting from (2.17), Burkholder-Davis-Gundy inequality, Gronwall’s lemma and the
convergence of ug to uo imply

T
P~ {E |supepo £ 2] + < j Vs 2ds

} < O, [luoll)- (3.27)

In order to show the convergence of u° to u¥ we will introduce 2° = Sé eEA(t*S)fSEds, v =
¢ — 2%, vF = uF — F and show separately the convergence of 2° to F and of v° to v¥.
While the convergence of 2 to F' will be established by exploiting the properties of the
Stokes semigroup, the convergence of v° to v¥ will be the more demanding part of the
argument relying on the Strong Kato Condition Hypothesis 2.20 and the introduction
of a corrector of the boundary layer for v satisfying suitable estimates. This way to
proceed is typical in the case of the analysis of the inviscid limit for the Navier-Stokes
equations with no-slip boundary conditions, see also [36], [18], [61], [63].

We start with the convergence of z° to F'.

Lemma 3.7. For each § > 0, z; — F in C([0,T]; D((—A)"""?>7%)) P — a.s. and in
L2(Q, P),

u —z

Proof. z¢ can be rewritten as
t t
2 = J feds + sf Aef=IAFEds = 1) + I.
0 0

I, - F e C([0,T]; D((—=A)Y~1/2=9) P — a.s. thanks to (3.25). Moreover, since (3.26)
holds, previous convergence holds also in L?(2, P) by Lebesgue theorem. It remains to
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show that Is — 0 properly. The P — a.s. convergence can be obtained as follows

ds

¢
€ SUD4e[0,77] Uo Aeft=9)A R s

t
76 E(t—S 13
< EsuptE[O’T]J H(—A)I/QM est=9)Ape
D(( A)'y 1/2—6
I1F5 |l p—
< c1/2+06 SUDPye(0,7] J 715 — 8)1/2 g as
<SC(N)EV? 50 P —as.

Since previous bound is uniform in w € 2 the convergence holds also in L?(2, P) and the
thesis follows. O

In order to prove the convergence of v° to v¥ we observe that they solve in a sense
analogous to Definition 2.13, Definition 2.17

dv®+P ((v° + 2°) - V (v° + 27)) dt + e Av°dt = \/edW,, (3.28)

owP+Pu” - vuf) = 0. (3.29)

By triangle inequality and the uniform bound guaranteed by Lemma 3.7, estimates

analogous to (3.27), (2.22) hold for v* and v®, too. We observe that, thanks to the
regularity of u” guaranteed by Theorem 2.18

0ev” [l (o, 71,02 (D)) < 00 oo, rwrapy) < I1PW” - Vu") |l oo, rswrapy)
S ||U ||C([0,T];W2*4(D)) S C(N, UO) ]P — a.Ss. (330)
Following the idea of [36], let v the corrector of the boundary layer of width § = §(¢),

i.e. a divergence free vector field with support in a strip of the boundary of width § such
that v¥ —v € V and P — a.s. uniformly in t € [0,7], w € Q

Vel Lo (py < C(N,uo), [Jvell < C(N,u0)d%, ||d,0;]] < C(N,up)d%,
Vel ey < C(N, u0)d ™, [|[Vor|| < C(N,u0)d 2, |0Vl 1 (py < C(N, uo),
10° Vol e (py < C(N,u0)d, |[pVue|| < C(N, u0)52, (3.31)

p being the distance function to ¢D. Now we are ready to show the convergence of v¢ to
UE.
Lemma 3.8. v° — v% in C([0,T]; H) in probability.

Proof. Arguing as in [49, Theorem 9] one can show that the following relations hold
true.

oS || + QSJ Ve ||ds = ||Jug]|® — QJ b(v° + 25,25, 0°)ds + 2e'/2 Lt<de,vs>
+etTr(Q) P —as., (3.32)
B2 = [[uol® zf bwE + F,F,vP)ds P — as. (3.33)
0
Exploiting relations (3.32), (3.33) we can study ||v§ — v¥||?. Indeed, it holds
[of = v I1* = [lof 12 + o |I* = 2¢0f, v

¢
< JJug|? —QJ b(vi + 2z, 25, v5)ds + 281/2f AWE,vo) +etTr(Q)
0

t
+ J|uol|® — QJ b(vE + Fy, Fy,vP)ds — 20v8,0F — v — 208, vp). (3.34)
0
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Thanks to the fact that v¥ — v e C1([0,7]; V) we can rewrite (v5,vE — v,) via Itd formula:
W§,vf — vy = (u§,ug — vo) + Sé@i, 0s(VE —vg))ds + Sé<dv§, vE — v,). Therefore

t t
(5 0P — w3y = (o — v + f (05, 24(0F — v)yds — ¢ f (V05 V(0 — v,)yds
0
J b(vE + 25,0F — v, vE + 25)ds + eVAHWE, WE — vy

51/2J (WE,04(vF — vg))ds. (3.35)
0
Let us observe that by assumptions

lugl® + lluoll* — 2¢uf, uo) = llug — uoll* = o(1), etTr(Q) < eTTr(Q) = o(1).

Moreover, thanks to the properties of the boundary layer corrector (3.31), P — a.s. it
holds

(ug,v0) < Clug, N)§'? = o(1),
(W5, vy < C(N, 1) 8" supyero 15
2 WE v — vy — 2 Jot<W§, 0s(vy = vs)yds < e2C(N, uo) supero 7y Wi |l
Exploiting these facts, inserting relation (3.35) in (3.34) we obtain
lof — v||* < o(1) + 6 2C(N, uo) supeqo ) [1vf |

s$778) 7S

¢
+51/20(N,uo)supte[o,T]HWfH —2f b(vs + 25, 25, v%)ds
0
¢
+2€1/2J<d R0 J b(vE + F,, Fy,vF)ds
¢ t
— 2J S, 05(vE —v,))ds + 2€J‘ (Ve V(vF —v,))ds
0
- 2] b(vs + 25,08 —wg,vS + 25)ds P —a.s. (3.36)

In order to understand the behavior of Sé(vg ,0s(vE — vg))ds, we observe that, thanks
to (3.31),

t
J (VE, Osvs>ds < 6Y2C(N, ) supgepo,ryllvill P —a.s.
0

Moreover, since v” satisfies (3.29), we have §((vZ, d,0E)ds = — §¢ b(vE + Fy,vF + Fy, v%)ds.
Let us rewrite the trilinear forms appearing (3.36):
b + Fof + Fv%) — b(v® + 25, 25,0°) — b(vF + F, F,v%)
—b(v® + 25, 0F — v, 0" + 2°)
= b(vP vF v® —0F) + b + F, F,v%) + b(F,v" + F,v%)
—b(v° + 25, 25,0°) — b(vP + F, F,vF) — b(v®, 0¥ v° — vF)
— (2%, 0" — v, 0% + 2°) — b(vF, 0T 2°) + b(v, v, 0° + 2°). (3.37)

By simple computations the terms in (3.37) can be rewritten as:

b(vE 0P 0" —vF) = b(v®,vF v — 0P| < || VOF || Lo |0 — 0T |2 (3.38)
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b(v®, v, 0% + 2°) — b(25, v — v, 0% + 27) = b(u®, v, u®) — b(2%,vE u). (3.39)
—b(v° + 25, 25,0°) + b(v°,vE, 2%) = b(vF, 25, vF —v%) — (27, 25, 0°). (3.40)
b(F,v¥ + F,v%) + b(v” + F,F,v°) — b(v¥ + F, F,v?)
= b(vP, F,v° — o) + b(F, F,v° —oP) + b(F, o7, v°). (3.41)
Preliminarily, let us rewrite the last terms in each of (3.39), (3.40) and (3.41) obtaining
—b(2%,0F uf) — b(2%, 25, 0%) + b(F,v",v%) = b(F — 25,07, v%) + b(2°,0° — T, 2%). (3.42)

Let us leave out b(u®, v,u®) from our analysis for a moment. Indeed, it well be treated
differently. Then considering the other terms appearing in (3.39), (3.40) and (3.41) and
exploiting (3.42), we have

b(v®, 25,0 —v%) + b(v¥, F,v° — vF) + b(F, F,v° —v¥)
+b(F — 25,07 0%) — b(2°, 25, v° — vP) £ b(2°, F,v° — o)
+ b(vF, 25 0P —0f)
= b + 25, F — 25,05 —v®) + b(v° — 0P, 25 0P —07)
+b(F — 25,07 v%) + b(F — 2, F,v° — o). (3.43)
Therefore we can simplify (3.36) and it holds
lof — v |17 < o(1) + 82O (N, uo) supyepo y 107 | + & 2C(N, uo) supyepo zp W7 |

t t
+ 251/QJ dWs 05 + 25[ (VvE,V(vF —vy))ds
0 0
t t
+ 2|V Lo (0,7, 10 f oS — P ||ds + ZJ b(us, vs,us)ds
0 0
t
+2 [ oz = oPNITEN s F - 2] ads
0
t
+ QJ v — 0P IV (Fs — 29)llve + 25| o ds
0
t t
2V e [ Iof = oF|Pds 4 2 [ V0P NI0EIIE - 2 ]eds. (3.49)
0 0

Now we can treat the term E%(VUE,V(UE — v,))ds exploiting the properties of the

boundary layer corrector (3.31) and the convergence z¢ — F in C([0,T]; D((—A)*~27%))
P-a.s.

t
2€J (Vs V(USE — vg))ds
0
t t
= 25f (Vuf, V(vF —v,))ds — 25J (V25,V(vE —vy))ds
0 0
t t
< 2ef Vs [VoP ds + 2¢ f IV 2o [ Vs ds
0 0
t
+ 22 [ (AP TOF - ) lds
0
t t
< 2sf Vs ][ Vo® ds + 6~ Y2eC(N, up) j A
0 0

t
+672eC(N, up) f [(—A)Y22¢||ds. (3.45)
0
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The term Sé b(u®,v,u®)ds is the classical term in the analysis of the inviscid limit in
the Kato’s regime, it can be estimated by

¢ ¢
J b(u,vs,us)ds| < SC(N, uo)f HVuiHiz(Fé)ds (3.46)
0

0

see [36, Equation 5.8]. Combining estimates (3.44), (3.45) and (3.46), choosing § = c,
where c is the constant appearing in Hypothesis 2.20, it holds

t
o = oE |2 < o(1) + eY2C(N, ug) supyejo 2y V5 | + 26”2L<dws,vz
t
T eC(, up) f IVuSds + €2 C(N, uo) supsego 1y |WE |
0
t t
+51/20(N,u0)f ||Vu§||Lz(pC€)ds+€1/QC(N,u0)J IVl or)
0 0
t t
2V e o) j 0" — vP|ds + eC(N, up) j VS22 ds
0 0

t t
AL+ [V lpmorian) [ 05— o Pds + 2 [ [o5lIVENIE, — 2lmds.
0 0
(3.47)
Therefore, by Gronwall’s inequality, equation (3.47) implies

E ~ >
SuPte[O,T]”UtE _ UFH? < 62T(1+|WU Lo 0,720y IV [l Loo 0, 752%))

(o<1> + EV2O(N, o) supyegozy 25

+ 2¢1/2 SUPye(0,7]

t
f (W2, o)
0

+eV2C (N, uo) supyeqo 1y | W |

T
+eC(N, uo)f (Vs ||ds
0
T
+ 2O o) [ 90l aqr,pds
0
T
+eCN o) [ IV e,y
0
T
#2 [ IRV - 2] eds ) (3.48)
0
Since v > 2 we can find § > 0 small enough such that D((—A4)7~1/2=¢) < W*_ There-
fore, ||V2%|| L= (0,r;) is P — a.s. bounded by C(N,uo) from Lemma 3.7. Similarly, from
Theorem 2.18, ||[Vu®|| 1w 1.2y < C(N,up) P —a.s.

E €
Therefore 7 M HIVe lipre TIV=lirie) < O(N uy) P — a.s. This means that, in
order to show that Lemma 3.8 holds, it is enough to prove that

+ T
f dWE ) > +eC(N, UO)J IVug||ds
0 0

20N, uo) (supte[o,ﬂnvvfn P
T T
+51/QC(N,uo)f ||Vu§HLz(pCE)+aC(N,uO)J Vs )22 ds
0 0

T
+ 2J 02 ||V E|[||Fy — 25||zds — 0 in Probability. (3.49)
0
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The terms
T T
e'2C(N, ug) ) IVugllzer..) +eC(N, uo) ) IVuS|22r,. ds — 0 in Probability

thanks to Hypothesis 2.20. The terms

t
e!/2C(N, uo) ( sup IIWf|> + Y2 supyeo 7y L<dW§,v§

te[0,T7]

T
+eC(N,up) f IVuillds — 0 in Probability
0

since it holds by Burkholder-Davis-Gundy inequality, Holder inequality and (3.27)

T
f ||Vuzz:||ds]
0

e112 1/2 T €112
< C+ CE [supioun e 2]+ CTIE |< | |7z s

t
| caweos
0

+E [supte[o’T] ] + 2R

E l sup [[W7||
te[0,T7]

< C(N, U(),T).

Lastly
T
f e IV || Fs — 22| 1+ds — 0 in Probability
0

thanks to Lemma 3.7, (3.27) and (2.22). Indeed it holds:

T
E U NIV Il s — 25 e ds
0

T
< C(N,up)E [ f I Fe — Z?IILwdS]
0

1/2 T 1/2
E l j |F. — z:zn%wds]
0

Therefore (3.49) holds and the thesis follows. O

T
< O(N, uo)E [ f Ak
0

— 0.

Combining Lemma 3.7 and Lemma 3.8 the second condition in Hypothesis 2.4 holds.

Remark 3.9. As it is classical in the analysis of the inviscid limit in bounded domains,
Hypothesis 2.20 for the forcing terms f€, f is implied by the convergence in probability
of u° to «¥ in the probability space introduced by Skorokhod’s representation theorem.
Let us consider (2.17) for ¢t = T and take the limsup of this expression for ¢ — 0. It holds

T
2limsup,_, o Ef |Vus||?2ds < limsup,_q|lug|/* + limsup,_,o T 2 llow|? (3.50)
0 keK

T
+ 2limsup__,, \/Ef us, dWe)
0

T
+ 2limsup,_,, J (fE,us)ds + lim sup{—||[us||*}. (3.51)
0 e—0

Under our assumptions it follows immediately that
limsup, o |u§ ]| + limsup, o T ) [low]|* + limsg)lp{—HuETIIQ} = |luol® — [[uf||?
E—>

keK
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in Probability. Moreover

lim sup,_,o /e =0 in Probability

T
f (AW
0

since by (3.27)

T 1/2
E [ | awz || < CB [supenlli ] < V. ).
0

Lastly
T T
hmﬁof (fE us)ds = f {fs,uF¥ds in Probability.
0 0
Indeed
T T T
ey = Fuoubyds| < | [ <2us = ubods| 4 || 017 = fvubhas
0 0 0
=1+ Is.

I, — 0 in Probability since we assumed that u® — ¥ in C ([0, T]; H) in Probability. I; — 0
P — a.s. since in the space introduced by Skorokhod’s representation theorem f< — f
weakly in L?(0,T; Hy) P — a.s. and u” € (L*(0,T; Ho))* P — a.s. Therefore we proved
that

T T
1imsup8_,05f ||Vu§||%2ds:||u0||2—||u$||2—2j (fo,uP%ds in Probability
0 0

which implies Hypothesis 2.20 by (2.22).

Remark 3.10. Combining Remark 3.9 and the results of Subsection 3.1.1 we obtain that
Hypothesis 2.20 is satisfied in the case of fluids with radial symmetry.

4 Second-Grade fluids

Since £5¢ — &£}V5, by definition of the maps GV? G5¢0 we have

GVSO (. J fuds) = GSEO(uy, f f.ds)
0 0

if ug € £5¢. Moreover, since £;5¢ and £}° are Banach spaces endowed with the same
norm, the validity of Condition 1 in Hypothesis 2.4 for G5 implies the validity of the
same condition for G°%°. Moreover the argument for showing the lower continuity of
the map I (v) for v € & fixed repeats verbatim for 5% (v). Therefore, in order to prove
Theorem 2.25, it is enough to show the validity of Condition 2 of Hypothesis 2.4. This is
the aim of the next subsection.

4.1 Condition 2

We argue similarly to the proof of the validity Condition 2 in the case of Navier-
Stokes equations. Fix N > 0, let f, f € P, u§, up € 5 such that f¢ —, f weakly in
L%(0,T; Hy), u§ — up in £5¢. We will show that for each sequence ¢,, — 0,7, — 0 s.t.
Un = O(en), G559 (ug™, e, "/2W + §, fends) converges in law to G5 (u, {; usds) in the
topology of £. This implies the validity of the second condition in Hypothesis 2.4. In
order to simplify the notation, we will consider € > 0, v > 0 in the following dropping the
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subscript ¢,,, v, having in mind they are countable families. Since S¥ is a Polish space,
by Skorokhod’s representation theorem, see [25, Chapter 3] and [34], we can introduce
a further filtered probability space (Q, F , f}, I~P) and random variables f¢, W<, f such that
(f¢,W¢) has the same joint law of (fe, W), f has the same law of f and f¢ —p_as Jin
L?(0,T; Hy), see for example [27] for details. Thanks to Theorem 2.16 for each ¢ we can
define u® as the unique solution of (2.16) with forcing term f¢, initial condition u§ and
Brownian forcing term W¢. Moreover, by Theorem 2.18 we can define v” as the unique
regular solution of (2.20) with forcing term f and initial condition uy. We will show that
u§ converges to u in probability in C([0,T]; H). This implies the validity of Condition 2.

Before starting with the computations we recall some facts. In the following, with
some abuse of notation, we will simply use P, E instead of P, E. Fix # > 0 arbitrarily
small and define F¢(t) = Sé feéds, F(t) = Sé fsds. By Hypothesis 2.11, Hy — D((—A)7).
This implies, see for example [27, Proposition 2.10] that

F& —p_qs F inC([0,T); D((—A)%). (4.1)
Obviously
sup.~ ol F* llc(po,71;0((—a))) + 1 Flleo,m1:0((-4))) < C(N) P —a.s. (4.2)

Starting from (2.18) and (2.19), under Hypothesis 2.24, Burkholder-Davis-Gundy inequal-
ity, Gronwall’s lemma and the convergence of ug to uo imply

T
| Ivuzipas | < cvim)., @
0

=B [supyeo rllus 13 | < COV wo), (4.4)

I [SuPtE[&T] \|u§||2] +eld [SUpte[mT] HVufHQ] + 2VE

see [49, Section 6] for the details. In order to show the convergence of u® to uf we will
introduce

t
2 = J eu([—eA)’lA(t—s)(I _ EA)_lfgdS
0

which is the mild solution of

d(I —eA)z" =vAZ® + f°,

5 E

v® = uf — 2%, v¥ = uF — F and show separately the convergence of z° to F and of v¢
to v¥. Once again, the convergence of z° to F will be the easiest part of the argument,
while the convergence of v° to v¥ will be more demanding and its proof will be based on
the introduction of a corrector of the boundary layer for v¥ satisfying suitable properties.
Before starting showing the convergence of z¢ to F, we recall that the the operators A

and (I —cA)~! commute on D((—A)?) for each a € R. Moreover
(I —eA)7' A D((-A)%) — D((-A)")

is a linear, bounded operator for each o € R with operatorial norm equal to é

Lemma 4.1. For each § > 0, 2°(t) — F in C([0,T]; D((—A)""2)) P — a.s. and in
L2(Q,P).

Proof. z¢ can be rewritten as

¢
z; = Vf (I—- EA)_QAeE(I_EA)flA(t_S)F;ds +(I—eA)'FF=0L+1,
0
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Let us show that I, — F and I; — 0 properly. We start from I5:
Iy=((I —eA)T'F} = F{) + Ff = Iy + Iz

Now Iy 5 — F; in C([0,T]; D((—A)"~%)) P —a.s. and L?(, P) by (4.1) and (4.2). For what
concerns I ; we have

supgefo, 1| (—A) " Izl = supyeo | (= A) 2 (Ff — (I —A) ' Fy)|

(I N\
= subieoy (-4 (£ -4)  ar|

(1 ! o
= suieo =) (£ = 4) WAy

()7
< EOLHC(N,T) — 0P —a.s.

I+

Since previous bound is uniform in w € 2, previous inequalities imply also the conver-
gence in L?(Q2, P). For what concerns I; we have

supseqo 1l (—A4) " 11|

t
— — e(l—e -1 —s £
e f (=)' O(I — A) 25U =M A=) (_ AT Fe | ds

1—6

() ~

0+1

EQ;HC(N,T) — 0P —a.s.

Since previous bound is uniform in w € €2, previous inequalities imply also the conver-
gence in L?(Q,P). Combining the convergence of I, I and I 5 the thesis follows. O
Remark 4.2. Since Hy — D((—A)%?) — W, 2¢ satisfies relations (4.3), (4.4). We show

a stronger relation. Indeed it holds:

t
. —eA) Y A(t—s 1 re
supte[o,T]H(*A)g/QZfll<Supte[o,T]Lll(*A)"/ze”u DAL — e A) T 2 | ds

t

< supepoy [ =422 ds
< C(N,T) P—-a.s. (4.5)

Since previous bound is uniform in w € €2, we have also
E [supyego (- 4)"25 2] < C(N, T), 4.6)
In order to prove the convergence of v° to v¥ we observe that they solve in a sense

analogous to Definition 2.14, Definition 2.17

d(v® — eAv®) = (AV® — curl(v® + 25 — eA(v® + 2°)) x (v° + 2°) + Vq©)dt + /edW, (4.7)

and (3.29). By triangle inequality and the uniform bound guaranteed by Remark 4.2,
estimates analogous to (4.3), (4.4), (2.22) hold for v* and vE, too. Moreover vE satis-
fies (3.30). Again, we introduce the corrector of the boundary layer v of width ¢ = é(¢),
i.e. a divergence free vector field with support in a strip of the boundary of width § such
that v¥ —v e V and P — a.s. uniformly in ¢ € [0,7], w €

Vel Lo (py < C(Nuo), [lvell < C(N,u0)0%, ||d0;]] < C(N,up)d?,
IVvel Lo (py < C(N,u0)d™", [ Vorllrz(my < C(N,uo)d ™2, [[0:Vue]| < C(N,up)d ™. (4.8)
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We choose ¢ such that

lim, 08 =0, lim._g % —0. (4.9)

Now we are ready to show the convergence of v* to vZ.
Lemma 4.3. v°* — v¥ in C([0,T); H) in probability.

Proof. Let w® = v° — v¥. Arguing as in [49, Theorem 9] one can show that the following
relations hold true:

d||w||* = eTr(Q)dt + 3Tr(A*(I — cA)2Q)dt + *Tr(A(I — cA)~'Q)dt
+ 20w, AvEydt + 24/e(w®, dWEY + b(vP + F P + F we)dt
—2b(v° 4+ 2%, (I — eA)(v® + 2°),w®)dt — 2b(w®, (I — eA)(v® + 2°),v° + 2%)dt
+ 2e(w®, dAvF) (4.10)

where

_ 1/2,Us 2 _ 1/2,Us _ 1/21)8
ottty = AV AP )

(AP ), (~A) 0 — (DA ), (~A) )
— d{v, Av®) + {Opv, Av®).

First we observe that
eTr(Q) + *Tr(A%(I —cA)2Q) + *Tr(A(I —cA)'Q) = o(1). (4.11)
Secondly, we can rewrite the trilinear forms as

b(vF + Fof + Fiw®) — b(v® + 25,0° + 25, w®) + eb(v® + 25, A(v® + 2°),w°)

—eb(w®, A(v® + 2°),v° + 2°) £ b(vF, 0T wf) =

b(F,v¥ + F,w®) + b(v”, F,w®) — b(2%,v° 4 25, w°) — b(v°, 25, w°) — b(w®, v, w®)

+ eb(u, Au®,w®) — eb(w®, Au®, u®). (4.12)

Integrating in time between 0 and ¢ equation (4.10) and exploiting (4.11), (4.12), we get
wi[|? + el Vg |12 = o(1) + [lu§ — uoll® + el Vug||® + 2e(V (v —v1), Vop)
t
—2e(V(ug — vp), Vug)y — 26[ <83V(vf — ), VUi )ds
0
t
— 2e{vy, Avy) + 2e{vg, Aug) + 25J (0svs, AvS)Hds
0
t t
+2v | (ws, AvS)ds + Qﬁf (ws, dWE)
0 0
t

+ QJ b(Fy,ul ws) — (25, us, ws)ds
0

sy Ysy

EREad ) S

t
+ ZJ b(vE| F, we) — b(ve, 25, ws) — b(ws, vF ws)ds
0

¢
+ 2sf b(uf, Aug, ws) — b(ws, Aus, uf)ds. (4.13)

s s
0
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In order to reach our final expression for the evolution of ||w{||? we rewrite better the

terms related to the forcing terms f¢, f in equation (4.12)
b(F,uf,w®) + b(v¥, F,w®) — b(v°, 25, w°) — b(2%, u®, w®)
= b(F,v",v%) 4+ b(F, F,w®) + b(v?, F,w®) — b(2°, 2, w®)
+b(2%, 0%, 0F) — b(v®, 2%, w®) £ b(F, 25, w) + b(vF, 2, w®)
= b(F — 25,07 v°) + b(F, F — 2%, )
+b(vF, F — 25, w®) + b(F — 25, 25, w°) + b(w®, 25, w®). (4.14)

Since ug — ug in 5590, our choice of J, see (4.9), and the properties of the boundary layer
corrector (4.8) we have easily, see [49, Equation (99)] for details,

e[| Vug||? — 2e(V (up — vo), Vu§) + e{vg, Aug) = o(1).
Inserting (4.14) in (4.13) we get

¢
lwill* + el VoF | = o(1) + 2e(V (vf = ve), Vvy) — 2¢ L 05V (v =), Vo5 )ds
¢ ¢
— 2evy, Avg ) + 2€f (0505, AvZ)ds + 21/[ (ws, Avsds
0 0

t
+ QJ- b(Fy 4+ vP Fy — 25, 0%) — b(F, — 25,07 v%)ds
0

ER §r7s 1 Ys

¢
+ 2f b(Fs — z2, 25, ws)ds

ER Rt Bl
0

t
—2 [ bt 2 w) - bl oF u)ds
0

t
+ ZEJ b(us, Aus, wd) — b(ws, Aus, u®)ds
0

#2v [, aws)
=I1(t) + Lo(t) + Is(t) + Is(t) + Is(t) + Is(t) + M(t), (4.15)
where
I (t) = 26V (vF — wvy), Vo5 ) — 2evy, AvS),

t t
I(t) = —2€f <(')SV(USE —vs), Vo ids + 25J (0svs, AvE)Hds,
0 0
t
I;(t) = QVJ- (ws, AvS Hds,
0

¢
I(t) = —QJ b(ws, 25, ws) — b(ws, vE w)ds,

S§1787? S
0
¢
I5(t) = 2J b(Fs + vf,Fs —z5ws) — b(Fs — zi,vSE,vi)ds + b(Fs — 25, 25, w)ds,
0

t
Is(t) = 25[ b(us, Aus,ws) — b(ws, Aut, u®)ds,
0

M(t) = 2z L s, AW,

Equation (4.15) is the final expression that we will use in order to estimate the various
terms and apply Gronwall’s lemma. The analysis of I;(¢) follows by the properties of
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the boundary layer corrector (4.8), our choice of § (4.9) and the interpolation inequal-
ity (2.14). Therefore it holds:

I1(t) < eC(N,uo)(1 + 67 2)|Vus|| + e6Y2C (N, uo) ||| a2

< V0|2 + O(N, uo)(1+871) + 820N, o) [V V2 o 37
< o(1) + LIIVeE |2 + 0vf 3 + 8M2C(N, uo)
5
= o(1) + <[Vl + %00 I (4.16)

The analysis of I5(t) is analogous to the (4.16) and leads us to
¢ T
I(t) < o(1) + €f | VoS ||%ds + 536J |03 ds. (4.17)
0 0

In order to treat I3(t), we split w® in v*, v¥ — v and v. Then the first two terms are
integrated by parts. Exploiting the properties of the boundary layer corrector (4.8), our
choice of § (4.9), v (2.24) and the interpolation inequality (2.14) it holds

¢ t ¢
I;(t) = —Vf | Vve||2ds — l/f WF —w,, AvSHds — VJ (vg, AvS)Hds
0 0 0

t t t
— f IV |2ds + v j ||V<vf—vs>||||wz||ds+uL||vsHHvzuHads

N

t t
—”f \|Vv§|\2ds+z/(1+(5_1/2)C(N,u0)J 1970 [ds
0 0
t
+usPC(N,w) [ Vel s
0
¢ T
< ef Vs |2ds + 536J 08 Zads + (1 + 6-)C(N, ug) + 62C(N, uo)
0 0
¢ T
=o(1) +€f HVv§||2ds+z-:35J w35 ds. (4.18)
0 0
I,(t) can be bounded easily by Holder’s inequality, obtaining
t
I4(t) < (||Zs||LOO(o,T;W1~oo) + ||UEHL°°(O,T;WLOO))J [wg | ds. (4.19)
0

I5(t) can be handle via Hélder’s inequality, exploiting the bounds available on F and v%,
see (3.26) and (2.22):

I5(t) < ft|b(FS + Uf,FS - Z§>w§)| + ‘b(FS - Z;vaviﬂ + |b(FS - zi,z§7w§)|ds
Ot t
< f oS IIFs — 21l | s + 0F | ovds +f 1SN Es — 22 [0 1. ds
[i 0
+ J leoflIFs — 2125 oy o s
0 t
< C(N,uo)|IF — = lleqonan (14 IF — = lloqorm) + j w2 |2ds

t
+J S N Es — 25 1125 yws.eds. (4.20)
0
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Now we can move to I5(¢) which is the most difficult term. Preliminarily we observe that

eb(u®, Au®,w®) — eb(w®, Au,uf) = esb(vE Auf ’UE) +eb(2%, Au®, w®)

—eb(v® o) — eb(v, Auf, vF)
—¢ (wE,Au87ze) + eb(v?, Auf,v%)
=eb(z ,Aus,ws) eb(ve, Auf, vF)
eb(w® ,2%) + eb(v?, Auf, vf).
We start considering —¢ Sé ¢, Aut, v )ds +e So vE Aug,vE)ds. It can treated similarly

to [47, Equations (4.18)-(4.19) . —¢€ So e, Aug, vl )ds can be integrated by parts, then it
holds:

—eb(ve, Auf,vF) EJ vf&ivfﬁkkuj dx
D

= —6f 6kvfﬁivfak(v§ + zj)dsr: - 5[ vf@ivkvfﬁkujda:
D D

< o(1) + 2| ||yp2a || VOS2 (4.21)

In the last step we use the fact that ¢||vF||yy2.4(|V22||? = 0o(1) P — a.s. by Lemma 4.1.

For what concerns ¢ Sé £ Aug,v%)ds, we split it in three terms:

eb(v?, Aus vf) = 76J vE Vot Aufde
D

fef (v —v) - Vo Av® + v Vot Av® + 0¥ - VofAz®) da
D

=J1+ Jo + Js. (4.22)

J3 is the easiest term and can be bounded by the right hand side of (4.21) arguing as
above. Since v¥ — v|op, v*|ap = 0, we can integrate by part J; repeatedly, obtaining via
Holder’s inequality the following estimate:

_EJ (vF —v) - Vo Avedr = EJ O (vE — ;) 0;v; Opv5dT + gj (vF — vi)0i|(’)w§|2dx
D D D
= af 6kvf6’iv§6kv§dx — Ef akviéivjékvjdx
D D
< e||v? |l || Vof |2 - sf Okvi0iv; Opv5dx
D
= e||v? |l || Vo2 || + EJ‘ Oxviv5 0 kvjdx
D
— e [[0E e |V — ff vidi] s 2 de
2 D -
— Ef 0;V; 0; k kU5 AT
D

= e||of]|waa || V|2 + sf 0;030; Ok 1 vjdT
D

= g||vf |2 || V7|2 — Jo. (4.23)
Combining (4.21), (4.22), (4.23) we get

—afb ve, Aus, vF ds+8fb vE | Aug,v%)ds

81 7s

¢
o(1) + eC(N, uo)||v” || = (0,7;m20) J Ve 2ds. (4.24)
0
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We left to estimate ¢ Sé b(zS, Aus, wl)ds — e S(t) b(ws, Aut, z5)ds.

We start considering ¢ Sé b(z¢, Aus, we)ds integrating by parts repeatedly since 2°|,p =
0, we obtain by Hoélder’s inequality and the P — a.s. estimates on z° and v¥ guaranteed
by equation (4.1) and (2.22)

eb(2%, Aut,w®) = —sJ 2; 0;w5 O pusdx
D

=c fD Okz; Ojw;Opusdr + € JD 2; 0 g w5 Opujd

< el 2 lwea (VeS| + V25 DIV + [V ])

te JD 250 (U5 — 25 — ) opuSda

< o(1) + e[ 2% [lw2.a [ Vo©||?

+ g JD 25 05| Opuz | Pda + €| 2% a (125 w2 + 107 [lw2a) (IVO°]] + IV 2°])
<o(1) +e (||2°]waa + |07 [lwea) [[ Vo2 2. (4.25)

Lastly we consider —¢ Sé b(we, Aut, 25)ds. Here we want again integrate by parts re-

peatedly, for this reason we add and subtract ¢ Sé b(vs, Aut, z£)ds exploiting the fact that
w® 4+ v|gp = 0. Therefore, thanks to the properties of the boundary layer corrector (4.8)
and computations already performed we obtain:

—eb(w®, Au, 2f) = aj (w§ + v;)0i 2,05 jugde — aj v;0;2,0; jugdx
D D

= fef 0j(wi + v;)0; 250 updx — 5J (w; + v;)0; jz05u5dx
D D

+ellvllllz% lwaa (v° ][ a2 + 2% a2)

< o(1) +eC (N, ug)d 2| 2% [waa | Vo 2 ][0° | 173

+ 2|2 w22 (VO || + [IV0Z ]| + (Vo)) (V07| + [[V27])

< 0(1) + eC|| 2 lw.s [ V<[ + €280 }s + 8Y2C (N, wo) |2 [52.0

+ C(N,up)ed ™| 25| fyza- (4.26)
In conclusion, combining (4.24), (4.25), (4.26) we obtain

t
Is(t) < o(1) + C (1 e (o.raw=sty + [10Z e (o.rswwoes)) f Vo |ds
0

5 en3d/2
+ 30 supyero v I3s + 8 2CN, u0) |23 % (o sy
O, )26 2L e 0w (4.27)
Combining the various estimates on the I;(¢), i € {1,...,6} we get

4 t
[ I* + 2ellVoiI* < o(1) + Ce(l + 7| L= o w2y + 12l 0 riw2s)) L VoS ]*ds

+C(T)e% SUDye[0,7] 05 157s + CVesupyefo 1)

¢
f (ws, dWs)y
0

t
+ O+ [ ooy + [0 lumravion) [ TuilPds
0
+ C(N,uo)|F = 2°llco.ryy (1 + |1F = 2%l oo, ), 51))
t
+j ot 1 Fs — 25 125 oy o ds. (4.28)
0
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Applying Gronwall’s Lemma to (4.28) we obtain

SUD¢e[o0,T] ||w§||2 + €SUDyeq0,7] HV’U:&EH2 < CD AV N oo (0 w2y +112° | oo 0,7 w204)) o
(om + T8 supyero 106 1P

+ C(N,w)|F = 2|l c(o,ry;mm)
+ C(N,uo)|IF = 25| B0 .0

T
+j0 S 1w — 2225 e

t
j (AW
0

+ CVeEsupepo ) ) (4.29)
Under our assumptions we have OOV oo (o, w2y +l1° oo (0, rw2iay) < C(N,uy) P—
a.s., see (2.22), (4.5). This means that, in order to show that Lemma 4.3 holds, it is
enough to prove that

Te*d supyeqo 1105 | 7s + C (N, uo)[|1F — 2%l o.rp:mny (1+ [|1F = 2%l eo.rym))

t
J s, dW)
0

T
+ f w1 Fs — 251125 lwrods + Cv/e supyefo 7 — 0 in Probability.
0

Thanks to (4.4), we have Te®d sup,c[o 77|vi [|7;5 — 0 in probability.
C(N,up)||F — ,25||?th1 — 0 in probability by Lemma 4.1. Lastly, by Lemma 4.1 we have
also :

t T
E|Vesuiepo |t ] + [ lusliF - Z§||Z§|Iw1»wd81
T 1/2 T 1/2
<CE f willﬂ Ve+E U |1Fs — Z§||2d81 — 0.
0 0
Now the proof is complete. O

Combining Lemma 4.1 and Lemma 4.3 the second condition in Hypothesis 2.4 holds.
Therefore we can apply Theorem 2.5 and complete the proof of Theorem 2.25.

Example 4.4. Let us consider as a domain D the unit disk centered in 0 and W; =
(—A)=3W}H. According to [37, equation 26] our noise in not radially symmetric. Due to
the choice of the covariance of our noise we are in the framework of Remark 2.29 and

FEOW = 5 | 14 @+ Pl D0 s

According to [27, Chapter 5.5], we are interested to study I ;¢ (v) in case of fluid flows
which have faster and faster oscillations close to the boundary. Moreover, we would like
that these oscillations are developed in time. Therefore as a paradigmatic example, we
study the asymptotic behaviour I;ff(vp) as p — +o0, where

t
09(2,8) = (1= |al) Jal® cos (1 " |) 24, wo = (1= Jal) Jola*,
— |

the powers on the monomials have been introduced to make everything smooth enough
for being in our framework. It is well known that for each 6 > 0 there exists ¢y, Cy such
that for each f € D((—A)%))

2 2 2
Co HfHH%(D;]R?) < H(_A)efu < Cp Hf”HZB(D;]RZ) :
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Therefore
T
FEOW) ~ [ 10,08 = Pt - F00) ooy

Since for each t € [0,T] P(v” - Vv”) = 0 as discussed in the proof of Proposition 3.5, we
are left to study the asymptotic behaviour of

T
2 61,16 s pt 1
p f (1 —[x])"]z| Sm( )93
0 1 —|z|

2
dt = O(p'*).
HS6

In particular
sa 14
5% (r) = O(p™).

5 Some remarks on the Kato condition

We end this work with a discussion on the Kato-type condition that we assumed
in order to prove one of our main results, Theorem 2.23. Recall that the condition
Hypothesis 2.20 was the following

Hypothesis 5.1 (Strong Kato Hypothesis). For each N € IN, u§, ug € £Y° and f¢, f e PY
such that u§ — ug in &Y° and f¢ —. f in SV, if (Q, F, F;,P) is a filtered probability
space where all f¢, f are defined together and f¢ — f P — a.s. in SV, then, it exists
¢ > 0 such that for every § > 0

2

T
P sJ ds>d| — 0.
0 L2(Tce)

Loosely speaking, this condition requires a control on the behaviour in the boundary
layer of the solutions of the stochastic Navier-Stokes system with respect to all kind of
forcings and initial data. In the course of the proofs we have assumed this condition to
verify the Condition 2 in Hypothesis 2.4. As pointed out in Remark 2.21, the uniformity in
the initial data is crucial only for the set of initial condition for which we wish to establish
a (uniform) LDP, as we can restrict the definition of the set Sév S without changing the
strength (topology) of the LDP. Thus we can weaken this assumption just by redefining
the objects on which we apply the weak convergence approach scheme. On the contrary,
if one wishes to use the weak convergence approach, condition 2 in Hypothesis 2.4
(and the definition of the space S%) does not allow to restrict the space of forcings,
without increasing the regularity of the noise W, and thus severely limiting the strength
of our result. For this reason, the request on the uniformity with respect to all possible
forcing cannot be weakened a priori, as for the initial data. Observe that the Strong Kato
Hypotesis (SKH) is much stronger than what we ask to ensure the validity of the inviscid
limit, namely

0

VoS (i, vaw + | fias)

T
B (< [ 190 i, ) 0 61

(see [48]). In the following, we will call the property described by equation (5.1) as Weak
Kato Condition (WKC). In particular, this condition does not involve any control of the
system for non-zero forcing. In order to weaken the SKH, one can ask if the WKC is
enough to ensure the validity of the LDP. Let us notice first that what we have proved,
under the SKH is not only a large deviation result for the Navier-Stokes system with
zero forcing, u® := GV (ug, /eW.), but actually we got, as a byproduct, a LDP result for
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solutions with any forcing in L?(0,T; Hy), as pointed out in Remark 2.28. Indeed if we
want to include in the system a forcing g; € L?(0,T; Hy) we can just redefine the maps
Go = G°(,§,(- + gs)ds) and G := G°(-, (- + g)ds) and the result that we have proved
immediately imply a LDP for the solution with forcing, under the same Hypothesis 2.20.
In this sense our condition is optimal for our setting: we ask controls for every forcing
and we get a LDP for every forcing term.

Therefore, one way of improving our result could be to prove that the SKH can be
deduced from the WKC. In some sense this would requires to be able to pass information
between systems with different forcings. We shall notice that the forcing that we are
working with all live in the reproducing kernel of W, therefore we might switch from one
system to another just by a Girsanov transformation; however this correction explodes
exponentially fast in the limit ¢ — 0. A posteriori, if one is able to prove that the LDP
holds for some forcing, one expects that the explosion of the Girsanov correction gets
compensated by the exponential decay of the law of the solutions. A different approach
would be to prove that one does not in fact need to ask the strong Kato condition in order
to prove only a LDP for equation (1.2) (that is, only for the system with zero forcing). We
formulate then the following:

Problem 5.2. (LDP under Weak Kato Hypotesys) Prove that the statement of Theo-
rem 2.23 holds true if we replace Hypothesis 2.20 with the Kato Condition (5.1).

If the answer to this problem was positive, then we would expect to retrieve also the
‘full’ LDP, that is, a family of LDP for the system with any forcing f € L?(0,T; Ho). This
requires to be able to pass a LDP between systems with different forcings. To see why
this seems so natural, observe that every time one is able to write a family of solution
X5 to some S(P)DE depending by some forcing f as a continuous transformation of
a Brownian motion J(,/¢W), then by an application of the contraction principle one
immediately obtains a LDP for every other forcing. In our setting however, we are not
able of proving such a property of the LDP without requiring the strong Kato Condition,
that is without having information about the convergence of the systems with different
forcings when € — 0. Note that, by the uniqueness of the solution to the Euler system in
our setting, this convergence is also a necessary condition for the ‘full’ LDP.

In the end, we believe that the following should be true:

Conjecture 5.3. The Large Deviations of our system hold independently of the choice
of the forcing f € L*(0,T; Hy), that is, if a LDP holds for at least one such forcing, then it
holds for every other.
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