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Continuity of cost in Borkar control topology and
implications on discrete space and time
approximations for controlled diffusions under several
criteria
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Abstract

We first show that the discounted cost, cost up to an exit time, and ergodic cost involv-
ing controlled non-degenerate diffusions are continuous on the space of stationary
control policies when the policies are given a topology introduced by Borkar [V. S.
Borkar, A topology for Markov controls, Applied Mathematics and Optimization 20
(1989), 55-62]. The same applies for finite horizon problems when the control policies
are Markov and the topology is revised to include time also as a parameter. We then es-
tablish that finite action/piecewise constant stationary policies are dense in the space
of stationary Markov policies under this topology and the same holds for continuous
policies. Using the above mentioned continuity and denseness results we establish
that finite action/piecewise constant policies approximate optimal stationary policies
with arbitrary precision. This gives rise to the applicability of many numerical methods
such as policy iteration and stochastic learning methods for discounted cost, cost up
to an exit time, and ergodic cost optimal control problems in continuous-time. For
the finite-horizon setup, we establish additionally near optimality of time-discretized
policies by an analogous argument. We thus present a unified and concise approach
for approximations directly applicable under several commonly adopted cost criteria.
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Near optimality of quantized policies

1 Introduction

In this paper, we study regularity properties of induced cost (under several criteria)
on a controlled diffusion process with respect to a control topology defined by Borkar
[15], and implications of these properties on existence and, in particular, approximations
for optimal controlled diffusions. We will arrive at very general approximation results
for optimal control policies by quantized (finite action / piecewise constant) stationary
control policies for a general class of controlled diffusions in the whole space R? as well
as time-discretizations for the criteria with finite horizons.

Such a problem is of significant practical consequence, and accordingly has been
studied extensively in a variety of setups. Due to its wide range of applications in
domains that spans from mathematical finance, large deviations and robust control,
vehicle and mobile robot control and several other fields, the stochastic optimal control
problems for controlled diffusions have been studied extensively in literature see, e.g.,
[14, 40] (finite horizon cost) [13, 12] (discounted cost) [2, 3, 18, 17, 19, 5] (ergodic
cost) and references therein. Typically, there are two main approaches to deal with
these problems. The first one is the Bellman’s Dynamic Programming Principal (DPP).
The DPP approach allows one to characterize the value function of the optimal control
problem as the unique solution of the associated Hamilton-Jacobi-Bellman (H]B) equation
[14, 40, 5, 37, 38]. The second one is Pontryagin maximum principal (in the stochastic
framework) [41].

For numerical methods as well as learning theoretic methods, it is imperative to
arrive at rigorous approximation results.

In the continuous-time literature, most of the approximation results are build on
time-discretization and mainly focused on finite horizon or discounted cost criteria see,
e.g., [35, 31, 32, 27, 29, 7, 8], though the ergodic control and control up to an exit time
criteria have also been studied [35, 34].

For finite horizon criteria, a commonly adopted approach of approximating controlled
diffusions by a sequence of discrete time Markov chain via weak convergence methods
was studied by Kushner and Kushner and Dupuis, see [35, 31, 32]. These works deal with
numerical procedures to construct near optimal control policies for controlled diffusion
models by approximating the space of (open-loop adapted) relaxed control policies
with those that are piece-wise constant, and by considering the weak convergence of
approximating probability measures on the path space to the measure on the continuous-
time limit. It is shown in [35, 31, 32] that if the constructed controlled Markov chain
satisfies a certain “consistency” condition at the discrete-time sampling instants, then
the state process and the corresponding value function asymptotically approximates the
continuous time state process and the associated value function. This approach has been
referred to as the weak convergence approach.

In an alternative program, building on finite difference approximations for Bellman’s
equations utilizing their regularity properties, Krylov [27, 29] established the conver-
gence rate of for such approximation techniques, where finite difference approximations
are studied to arrive at stability results. In particular, some estimates for the error
bound of the finite-difference approximation schemes in the problem of finding viscosity
or probabilistic solutions to degenerate Bellman’s equations are established. The proof
technique is based on mean value theorems for stochastic integrals (as in [30]), obtained
on the basis of elementary properties of the associated Bellman’s equations. Also, for
controlled non-degenerate diffusion processes, it is shown in [28] that using policies
which are constant on intervals of length h2, one can approximate the value function
with errors of order h3. In [7, 8] Barles et. al. improved the error bounds obtained in
[27, 29, 28].
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Borkar [15, 14], for the finite-horizon cost case pursued an alternative approach to
show continuity (when only stationary state feedback policies are considered for finite
horizon problems) in his newly introduced topology; he studied the dependence of the
strategic measures (on the path space) on the control policy, via regularity properties
of generator functions. Additionally, Borkar [15] did not study the implications in
approximations.

Instead of the approaches adopted in the aforementioned studies, in this paper,
utilizing regularity results of the associated Poisson equations via PDE theory, we arrive
at continuity results under a relatively weaker set of assumptions on the diffusion
coefficients (with the exception of Krylov’s method, which is tailored for finite horizon
problems). Our approach allows one to arrive at a unification of approximation methods
for finite horizon criterion, infinite discounted criterion, control up to an exit time, and
ergodic cost criterion problems. Accordingly, our primary approach is to utilize the
regularity properties of the partial differential equations directly, first via uniqueness of
solutions, and then via regularity properties of the solutions to establish consistency of
optimality equations satisfied by the limits of solutions (as policies converge). We will
see that one can obtain rather concise, direct, and general results.

Additionally, our results can be used to present weaker conditions under which the
weak convergence methods can be applicable or when discretized approximations can be
shown to be near optimal: For example it will be a consequence of our analysis that for
many of the criteria one can utilize piece-wise continuous or continuous control policies
for near optimality, which implies [35, Assumption A2.3, p. 322] used for approximations
under ergodic cost criteria (where invariant measures under sampled chains can be
shown to converge to the invariant measure of a continuous-time limit as discretization
gets finer). Furthermore, we do not impose uniform boundedness conditions on the drift
term or (uniform) Lipschitz continuity conditions, a common assumption in [35, 31, 32,
27, 29].

As noted above, the study of the finite action/piecewise constant approximation
problem plays important role in computing near optimal policies and learning algorithms
for controlled diffusions in R¢. As it is pointed out in [42, 25], piecewise constant policies
are also useful in numerical methods for solving HJB equations. The computational
advantage comes from the fact that over the intervals in which the policy is constant,
we have to only solve linear PDEs. In the continuous time setup learning problems
become much more involved due to the complex structure of the dynamics and the
optimality equation. One common approach to overcome these difficulties is to construct
simpler models by discretizing time, space and action spaces which approximates the
original continuous time model. In a recent work [9], the authors studied an approximate
Q-learning algorithm for controlled diffusion models by discretizing the time, space
and action spaces. Under mild assumptions, they produced a learning algorithm which
converges to some approximately optimal control policy for a discounted cost problem.
They assumed that the discretization is uniform in time but the discretization in state
and action can be non-uniform. Similar learning algorithm for controlled diffusions
is proposed in [39], this result is based on the finite difference and finite element
approximations (as in [35]). Thus, if one can establish that learning a control model
with finitely many control actions is sufficient for approximate optimality, then it will be
easier to produce efficient learning algorithms for the original model.

In the literature of discrete time Markov decision processes (MDPs), various tech-
niques are available to address the approximation problems, e.g., approximate dynamic
programming, approximate value or policy iteration, approximate linear programming,
simulation based techniques, neuro-dynamic programming (or reinforcement learning),
state aggregation, etc. (see [11, 44, 22, 45] and the references therein). For discrete
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time controlled models near optimality of quantized policies has been studied extensively
in the literature see, e.g., [26, 47, 46, 48, 45]. In [47, 46], authors studied the finite
state, finite action approximation (respectively) of fully observed MDPs with Borel state
and action spaces, for both discounted and average costs criteria. In the compact state
space case explicit rate of convergence is also established in [47]. Later, these results
have been extended to partially observed Markov decision process setup in [26, 48], also
see the references therein. Recently, [6, Section 4] established the denseness of the
performance of deterministic policies with finite action spaces, among the performance
values attained by the set of all randomized stationary policies.

Contributions and main results

In this manuscript our main goal is to study the following approximation problem: for
a general class of controlled diffusions in R? under what conditions one can approximate
the optimal control policies for both finite/infinite horizon cost criteria by policies with
finite actions/ piecewise constant/continuous policies? While the time discretization
approximation results for finite horizon problems, studied extensively by Krylov [27, 29,
28] (for degenerate diffusions), we will discuss this (for the non-degenerate case) as an
application of our results.

In order to address these questions, we first show that both finite horizon and infinite
horizon (discounted/ergodic) costs are continuous as a function of control policies
under Borkar topology [15]. We establish these results by exploiting the existence and
uniqueness results of the associated Poisson equations (see, Theorem 6.1 (finite horizon),
Theorem 3.1 (discounted), Theorem 3.2 (control up to an exit time), Theorem 3.5, 3.8
(ergodic)). The analysis of ergodic cost case is relatively more involved. One of the
major issues in analyzing the ergodic cost criteria under the near-monotone hypothesis
is the non-uniqueness/restricted uniqueness of the solution of the associated HJB/Poisson
equation (see, [5, Example 3.8.3], [3]). In [5, Example 3.8.3], [3] it is shown that under
near-monotone hypothesis the associated HJB/Poisson equation may admit uncountably
many solutions. In this paper, we have shown that under the near-monotone hypothesis,
the associated Poisson equation admits a unique solution in the space of compatible
solution pairs (see, [3, Definition 1.1]). Continuity results obtained in the paper will be
also useful in establishing the existence of optimal policies of the corresponding optimal
control problems.

Next, utilizing Lusin’s theorem and Tietze’s extension theorem we show that under
the Borkar topology, quantized (finite actions/ piecewise constant) stationary policies
are dense in the space of stationary Markov policies (see, Section 4). Also, following the
analogous proof technique, we establish the denseness of space of continuous stationary
polices in the space of stationary policies (see Theorem 4.3).

Following and briefly modifying the proof technique of the denseness of stationary
policies, including time also as a parameter we establish that piecewise constant Markov
policies are dense in the space of Markov policies under the Borkar topology (see,
Theorem 6.2).

Then, using our continuity and denseness results, we deduce that for both finite
and infinite horizon cost criteria, the optimal control policies can be approximated
by quantized (finite actions/ piecewise constant) policies with arbitrary precision (see,
Theorem 6.3 (finite horizon), Theorem 5.2 (control up to an exit time), Theorem 5.3, 5.4
(infinite horizon)).

The remaining part of the paper is organized as follows. In Section 2 we provide
the problem formulation. The continuity of the discounted cost/cost up to an exit time
as a function of control policy are proved in Section 3.1. A similar continuity result for
ergodic cost is presented in Section 3.2, where we establish these results under two
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types of conditions; stability or near-monotonicity. Section 4 is devoted to establish the
denseness of finite action/piecewise constant or continuous stationary policies under
Borkar topology. Then using the denseness and continuity results we establish near
optimality of finite models for cost up to an exit time and discounted/ ergodic cost
criteria in Section 5. Finally, in Section 6, we analyze the denseness of piecewise
constant Markov policies under the Borkar topology and then exploiting the denseness
result we prove the near optimality of continuous or piecewise constant Markov policies
for the finite horizon cost criterion.

Notation:

For any set A C RY, by T(A) we denote first exit time of the process {X;} from the
set A C RY, defined by

T(A) = inf{t>0: X; &€ A}.

B, denotes the open ball of radius r in R¢, centered at the origin,

T, T, denote the first exist time from B,., BS respectively, i.e., T, = ©(B,), and
T, = 1(BS).

By Tr .S we denote the trace of a square matrix S.

For any domain D C R?, the space C*(D) (C>(D)), k > 0, denotes the class of all
real-valued functions on D whose partial derivatives up to and including order &
(of any order) exist and are continuous.

Ck(D) denotes the subset of C*(D), 0 < k < oo, consisting of functions that have
compact support. This denotes the space of test functions.

Cy(R9) denotes the class of bounded continuous functions on R¢.

Ck(D), denotes the subspace of C*(D), 0 < k < oo, consisting of functions that
vanish in D°.

C*" (D), denotes the class of functions whose partial derivatives up to order k are
Holder continuous of order 7.

L?(D), p € [1,00), denotes the Banach space of (equivalence classes of) measurable
functions f satisfying [,|f(z)[? dz < oo.

WEP(D), k > 0, p > 1 denotes the standard Sobolev space of functions on D
whose weak derivatives up to order k are in LP(D), equipped with its natural norm
(see, [1]).

If X(Q) is a space of real-valued functions on @, X,.(Q)) consists of all functions f
such that fo € X(Q) for every ¢ € C>°(Q). In a similar fashion, we define W (D).

loc
For u > 0, let e,(z) = e ™Vt & ¢ RY. Then f € LP#((0,T) x R?) if
fe, € LP((0,T) x RY). Similarly, W-2P#((0,T) x RY) = {f € LP*((0,T) x R?) |

fs %, gxfi, ngzj € LP#((0,T) x R?)} with natural norm (see [10])

of
Fllvor 2 =l o (0,1 xma) + If o 0,y xma)

af o%f
+ § Hiaxi”LP’H((O,T)x]Rd) + § ‘ ||7axiaxj | oo 0,1y x R -
2 2,7

Also, we use the following convention || f{|wi.2.0. = || f|l1,2,p,-
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2 The Borkar topology on control policies, cost criteria, and the

problem statement

Let U be a compact metric space and V = P(U) be the space of probability measures
on U with topology of weak convergence. Let

b: R x U — RY,
a: R = R, 0 = [03;()]1<ij<ds
be given functions. We consider a stochastic optimal control problem whose state is
evolving according to a controlled diffusion process given by the solution of the following
stochastic differential equation (SDE)
dX; = b(X;,Up)dt + o(X)dW;, Xo =2z € R% (2.1)

Where

* W is a d-dimensional standard Wiener process, defined on a complete probability

space (0,5, P).
+ We extend the drift term b : R? x V — R? as follows:

bz, v) = /U b, Ov(dC),

forveV.
e U is a V valued adapted process satisfying following non-anticipativity condition:
for s < t, W; — Wy is independent of

§s := the completion of o(Xo,U,, W, :r < s) relative to (F,P).

The process U is called an admissible control, and the set of all admissible controls is
denoted by il (see, [18]). By a Markov control we mean an admissible control of the
form U; = v(t, X;) for some Borel measurable function v : Ry x R — V. The space of all
Markov controls is denoted by il.,. If the function v is independent of ¢, i.e., U; = v(X})
then U or by an abuse of notation v itself is called a stationary Markov control. The set
of all stationary Markov controls is denoted by .

To ensure existence and uniqueness of strong solutions of (2.1), we impose the
following assumptions on the drift b and the diffusion matrix o.

(Al) Local Lipschitz continuity: The function ¢ = [0%]: R? — R%*?, b: RY x U — R?
are locally Lipschitz continuous in z (uniformly with respect to the other variables
for b). In other words, for some constant Cr > 0 depending on R > 0, we have

[b(2,¢) = by, Q)I* + llo(@) = o) < Crlz —yl?

for all z,y € Br and ¢ € U, where ||o| :== /Tr(coT). Also, we are assuming that b
is jointly continuous in (z, ¢).

(A2) Affine growth condition: b and o satisfy a global growth condition of the form

sup (b(z, ), 2)" + [[o(@)||* < Co(1+]al*)  VaeRY,
¢eu

for some constant Cy > 0.

(A3) Nondegeneracy: For each R > 0, it holds that

d
Z a¥(z)zizj > ORp'lz]* V€ Bg,
1,j=1
and forall z = (z1,...,24)" € R? where a := 1o0".
EJP 29 (2024), paper 37. https://www.imstat.org/ejp
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2.1 The Borkar topology on control policies

We now introduce the Borkar topology on stationary or Markov controls [15]

» Topology of Stationary Policies: From [5, Section 2.4], we have that the set Iy, is
metrizable with compact metric.

Definition 2.1 (Borkar topology of stationary Markov policies). A sequence v,, — v
in sy, if and only if

i [ 5(@) [ 9. Q@@= [ @) [ goOu@@os @2)
o0 JRd U R4 U

forall f € L*(RY)NL*(RY) and g € C,,(R?x U) (for more details, see [5, Lemma 2.4.1],

[15]).

e Topology of Markov Policies: In the proof of [15, Theorem 3.1, Lemma 3.1], re-
placing A,, by A, = A, x [0, n] and following the arguments as in the proof of [15,
Theorem 3.1, Lemma 3.1], we have the following topology on the space of Markov
policies iA,.

Definition 2.2 (Borkar topology of Markov policies). A sequence v,, — v in U, if
and only if

n—oo

_ /O - /R ) /U g(@,t, O)o(a, £)(d¢)dadt

tim [ [ ss) [ ot una)(@)as
0o JRd U 2.3)

forall f € LY(R9 x [0,00)) N L2(R% x [0,00)) and g € C,(R¢ x [0,00) x U).

It is well known that under the hypotheses (A1)-(A3), for any admissible control (2.1)
has a unique weak solution [5, Theorem 2.2.11], and under any stationary Markov
strategy (2.1) has a unique strong solution which is a strong Feller (therefore strong
Markov) process [5, Theorem 2.2.12].

Remark 2.3. If we replace o(x) by o(z, {), in the relaxed control framework if o (-, v(+)) is
Lipschitz continuous for v € i, then (2.1) admits unique strong solution. But in general
stationary policies v € i, are just measurable functions, and existence of suitable strong
solutions in our setting is more intricate (see, [5, Remarks 2.3.2], [16]). However, under
stationary Markov policies one can prove the existence of weak solutions which may
not be unique [49], [5, Remarks 2.3.2] (note though that uniqueness is established for
d=1,2in [49, pp. 192-194] under some conditions). The existence of a suitable strong
solution under stationary Markov policies is essential to obtain stochastic representation
of the solutions of the associated H]JB equations (by applying the It6-Krylov formula).

2.2 Cost criteria

Let c: R? x U — R, be the running cost function. We assume that c is bounded,
jointly continuous in (z, ) and locally Lipschitz continuous in its first argument uniformly
with respect to ¢ € U. We extend c: R? x V — R, as follows: forv € V

c(xz,v) = /Uc(x,C)v(d().

In this article, we consider the problem of minimizing finite horizon cost, a-discounted
cost and ergodic cost, respectively:

EJP 29 (2024), paper 37. https://www.imstat.org/ejp
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2.2.1 Finite horizon cost

For U € 4, the associated finite horizon cost is given by

T
Jr(z,U) =EY / o(X,,Us)ds + H(X7)| , (2.4)
0
and the optimal value is defined as
u = inf . 2.
Jr(z) = jnf Jr(z,U) (2.5)

Then a policy U* € il is said to be optimal if we have

JIr(z,U*) = Jr(z). (2.6)

2.2.2 Discounted cost criterion

For U € 4, the associated a-discounted cost is given by
o0
TV (z,c) = EY [/ e~ c(X,, Us)ds|, x€R?, (2.7)
0

where a > 0 is the discount factor and X(-) is the solution of (2.1) corresponding to
Uciand ]Eg is the expectation with respect to the law of the process X|(-) with initial
condition x. The controller tries to minimize (2.7) over his/her admissible policies l.
Thus, a policy U* € 4l is said to be optimal if for all z € R

Ur = 1 f U = 2‘
TV (,0) = jnf TY () (= Vala), 2.8)
where V,,(z) is called the optimal value.

2.2.3 Ergodic cost criterion

For U € 4, the associated ergodic cost is given by

Eule,U) = 1i;nj;p % EY /OT (X, U)ds| | (2.9)
and the optimal value is defined as
& (c) = wignﬂ{d Lifléfugx(c’ U). (2.10)
Then a policy U* € il is said to be optimal if we have
E.(c,U") =E%(c). (2.11)

2.2.4 Control up to an exit time

For each U € il the associated cost is given as

. ) .
Il (@) = B / e I3 O Vs o X, Ut 4 e I T IX U (X o) | x e RY,
0

where O C R? is a smooth bounded domain, 7(0) = inf{t >0: X, ¢ O}, 6(-,") : OxU —
[0, ) is the discount function and / : O — R, is the terminal cost function. The optimal
value is defined as

e
je (.13) - [}Iéfi‘l \76 (J?)
We assume that § € C(O x U), h € W2P(0).
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2.3 Problems studied

The main purpose of this manuscript will be to address the following problems:

» Continuity of finite and infinite horizon costs. Suppose {v, },cn is a sequence
of control policies which converge to another control policy v in some sense (in
particular, under Borkar topology, see Subsection 2.1). Does this imply that

« for finite horizon cost: Jr(x,v,) — Jr(z,v) ?
« for discounted cost: J'"(z,c) = JY(z,¢c) ?

» for ergodic cost: €.(c,v,) = Ex(c,v) ?

« for cost up to an exit time: J'~(z) — JY(x) ?

* Near optimality of quantized policies. For any given ¢ > 0, whether it is
possible to construct a quantized (finite action/ piecewise constant) policy v. such
that

for finite horizon cost: Jr(z,v.) <

* for discounted cost: JY<(x,c) < V,(x) +€?
* for ergodic cost: €,(c,v:) < E(c) +€?
* for cost up to an exit time: JY<(z) < J)(z) +€?

In this manuscript, we have shown that under a mild set of assumptions the answers to
the above mentioned questions are affirmative. For the finite horizon case, we also study
the time-discretization approximations as a further implication of our analysis.

Let us introduce a parametric family of elliptic operators, which will be useful in our
analysis. With ¢ € U treated as a parameter, we define a family of operators £, mapping
C?(R%) to C(R?) by

Lef(z) = Tr(a(x)V2f(2)) + b(z,¢) - VF(z), (2.12)

where f € C?*(R%) N C,y(RY) and for v € V we extend £ as follows:

Lof(z) = / Lo f(a)v(de). (2.13)
U
Also, for each v € i,,, we define
Lof(x) = Tr(aV?f(x)) + b(z,v(z)) - V(). (2.14)

3 Continuity of expect cost under various criteria in control poli-
cies under the Borkar topology

3.1 Continuity for discounted cost/cost up to an exit time

Since the proof techniques are almost similar, in this section, we analyze the conti-
nuity of both discounted cost as well as the cost up to an exit time with respect to the
policies in the space of stationary policies under the Borkar topology (see Definition 2.1),
i.e., we show that the maps v -+ J} and v — jev are continuous on .

3.1.1 Continuity of discounted cost

Now we prove the continuity of the discounted cost as a function of the control policies.

Theorem 3.1. Suppose Assumptions (A1)-(A3) hold. Then the map v — JY(x,c) from
Usm to R is continuous.

EJP 29 (2024), paper 37. https://www.imstat.org/ejp
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Proof. Let {v,}, be a sequence in il such that v,, — v in Y. It is known that 7'~ (z, ¢)
is a solution to the Poisson’s equation (see, [5, Lemma A.3.7])

Ly T (x,¢) —aJl(z,c) = —c(z,v,(2)) . (3.1)

Now by standard elliptic p.d.e. estimates as in [24, Theorem 9.11], for any p > d 4+ 1 and
R > 0, we deduce that

1Ta" (@, )llwer () < w1 (170" (@ )e(Bar) + lle@ vn@)Lrsor) » (3:2)

for some positive constant x; which is independent of n. Since

lelloe = sup c(z,u) <M < 0o, and J(z,c) < ||C||<>o7
(z,u)EREXTU «a
from (3.1) we obtain
|Ba|?
T2 (@) [won(m gy < w2 M (22 4 [Bogls ). (3.3)
(Br) o

We know that for 1 < p < oo, the space W?P?(Bp) is reflexive and separable, hence,
as a corollary of Banach Alaoglu theorem, we have that every bounded sequence in
WQVP(BR) has a weakly convergent subsequence (see, [20, Theorem 3.18.]). Also, we
know that for p > d + 1 the space W?P?(B) is compactly embedded in C'#(B), where
B<1-— % (see [5, Theorem A.2.15 (2b)]), which implies that every weakly convergent
sequence in W2?(Bg) will converge strongly in Cl’ﬁ(@R). Thus, in view of estimate (3.3),
by a standard diagonalization argument and Banach Alaoglu theorem, we can extract a
subsequence {V*} such that for some V* € W>?(R%)

loc

loc

o (z,¢) — Vr oin CLP(RY)  (strongly).

loc

{ () > VEoin WAP(RY)  (weakly) (3.4)

In the following we will show that V) = JY(x,c). Note that

(&, vy (2)) - VI (2,6) = bla, (@) - YV (@) =b(a, v, (2)) - 7 (T (@,0) = Vi) (@)
+ (b(, Vny () — bz, v(2))) - YV (x).

Since Ja"*(z,¢) — V7 in Clllf(]Rd) and b is locally bounded, on any compact set
b(z, v, (x)) -V ( o (2, c) — V;) (z) — 0 strongly. Also, since VV* € CV#(R?), in view

loc

of the topology of i, for any ¢ € C>°(R?) we have

lim b(x, vn, (z)) - VVi(2)p(x)dr = / b(z,v(x)) - VV(z)p(x)dx .

n—oo Rd R4
Hence, as k — oo, we obtain
b(z,vp, (7)) - VIa ™ (2, ¢) + c(x, vp, (x)) = b(z,v(x)) - VVI () 4 c(z,v(x)) weakly. (3.5)

Now, multiplying by a test function ¢ € C2°(R?), from (3.1), it follows that
/ Tr (a(x)V2 o (s, ) é(z)dz + {b(z,vp, (2)) - VIo " (x,¢)+e(x, Un, (7)) }p(z)dx
R4 Rd

=« T (z, ¢)p(x)da .

R4
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Hence, using (3.4), (3.5), and letting £ — oo (in the sense of distributions), we obtain

/ Tr(a(a:)VzV(f (x))(b(x)dx + / {b(z,v(x)) - VVI(x) + c(x,v(x)) }o(z)dz
R R (3.6)
=a V2 (x)p(z)de .
Rd

Since ¢ € C2°(RY) is arbitrary and V; € W;”(R¢) from (3.6), we deduce that the function
Ve WiP(RY) N Cy(RY) satisfies

Tr(a(z) V2V (2)) + b(z,v(2)) - VVi(2) + c(z,v(z)) = aVi(z). (3.7)

Let X be the solution of the SDE (2.1) corresponding to v. Now applying Ito-Krylov
formula, we obtain the following

By [e*TVo (X)) = Vi (2)

T
/ e*as{Tr(a(Xs)VQV(j(Xs)) + (X5, v(Xy)) - VVI(Xs) — an(Xs))}ds] .
0
Hence, by (3.7), we get

EY [e TV (Xr)] = Vi(z) = —EY

[e3 x

T
/ e“’sc(Xs,v(Xs))dsl . (3.8)
0

Since V] is bounded and
By [e*TVy(Xr)] = em T B} [V (X)),
letting T" — oo, it follows that

lim EY [e"*TVi(X7)] =0.

T—o0

Thus, letting T' — oo by monotone convergence theorem, from (3.8), we obtain
[oe]
Vi(z) = EY {/ e ¥e(Xs,v(X))ds| = T (x, ). (3.9)
0
This completes the proof. O

3.1.2 Continuity of cost up to an exit time

Following the proof technique of Theorem 3.1, now we show that the cost up to an exit
time (defined in Subsection 2.2.4) is continuous as a function of the control policies.

Theorem 3.2. Suppose Assumptions (A1)-(A3) hold. Then the map v — je“(x) from $Ug,
to R is continuous.

Proof. Let {v,}, be a sequence in {l,, such that v,, — v in {g,. From [24, Theorem 9.15],
it follows that there exist a unique function v, (z) € W??(0) satisfying the following
Poisson’s equation

Loy, Un(x) — 0(x, v, (x)) () + c(x,v,(x)) =0 with ¢, =h on 90. (3.10)

Applying It6-Krylov formula, one can show that v, (z) = J " (z) (this stochastic repre-
sentation also ensures the uniqueness of the solution of (3.10)).
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Now following the argument as in Theorem 3.1, by standard elliptic p.d.e. estimates
[24, Theorem 9.11], we deduce that there exists ¢)(z) € W?P(0) such that ¢,, —
weakly in W??(0). Thus, closely following the proof of Theorem 3.1, letting n — oo,
from (3.10) it follows that

Lyh(z) — 6(x,v(x))Y(z) + c(z,v(x)) =0 with ¢ =h on 90. (3.11)

Again, by It6-Krylov formula, using (3.11) we deduce that ¢ (z) = j:(:c). This completes
the proof of the theorem. O

3.2 Continuity for ergodic cost

In this section we study the continuity of the ergodic costs with respect to policies
under Borkar topology in the space of stationary Markov policies. We will study this
problem under two sets of assumptions: the first is so called near-monotonicity assump-
tion on the running cost function and other one is Lyapunov stability assumption on the
system. Our proof strategies will be slightly different under these two setups: In the
former we will build on regularity properties of invariant probability measures, in the
latter we will build more directly on regularity properties of solutions to HJB equations.

3.2.1 Under a near-monotonicity assumption

We assume that the running cost function c is near-monotone with respect to £*(¢), i.e.,

(A4) It holds that
liminf inf ¢(z,¢) > £*(c). (3.12)
fim inf inf (2,0) (c)
This condition penalizes the escape of probability mass to infinity. Since our running cost
c is bounded it is easy to see that £*(¢) < ||¢||- [t is known that under (3.12), optimal
control exists in the space of stable stationary Markov controls (see, [5, Theorem 3.4.5]).

Remark 3.3. It may seem difficult at first to verify (3.12) unless £*(c¢) is known. However
there are important cases where (3.12) always holds, e.g.,

* When inf.cy ¢(z, ¢) is inf-compact (i.e., the sub-level sets {z : infecy c(z,() < k},
k € R, are either empty or compact sets) and €*(c¢) is finite, then (3.12) holds
trivially.

» It is easy to see that if there exits v € i, such that

liminf inf ¢(x,¢) > c(z,v(z)) forall z € RY, (3.13)
||| =00 CEU
then (3.12) holds. For example, in dimension d = 1, let U = {0, 1} and ¢(z, () =
11% + ( then for suitable choice of v € i, (3.13) holds.

First, we prove that for each stable stationary Markov policy v € g, the associated
Poisson’s equation admits a unique solution in a certain function space. This uniqueness
result will be useful in establishing the continuity and near optimality of quantized
policies. For the following supporting result, we closely follow [5].

Theorem 3.4. Suppose that Assumptions (A1) - (A4) hold. Letv € i, be a stable control
with unique invariant measure n,, such that

lim inf inf ¢(z,¢) > inf &,(c,v). 3.14
o ) > T Sale) G4

EJP 29 (2024), paper 37. https://www.imstat.org/ejp
Page 12/32


https://doi.org/10.1214/24-EJP1093
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Near optimality of quantized policies

Then, there exists a unique pair (V”,pv) € WXP(R?) x R, 1 < p < oo, with V?(0) = 0,

loc

infga V¥ > —o0 and p, = [p4 [y c(z,w)v(x)(du)n,(dz), satisfying

pv = [Lo V7 (2) + cz, v(x))] (3.15)
Moreover, we have
(i) p, = infRra E.(c,v).
(ii) for all z € R? )
V() = limE; /OTT (e(Xe,v(X0)) — po) dt| . (3.16)

Proof. Since ¢ is bounded, we have (p” =) [, [ c(z, w)v(x)(du)n, (dz) < |c/lo. In view
of (3.14), by writing p* = « [ J¥(x, c) (d ) from [5, Lemma 3.6.1], we have

U
inf j"(gc ¢) =inf T2 (z,c) < p—, (3.17)
K(p?) R4 «
where r(p”) = {z € R? | mincey c(z,¢) < p'} and J2(z,c) is the a-discounted cost

defined as in (2.7). As earlier, we have that J?(z,c) is a solution to the Poisson’s
equation (see, [5, Lemma A.3.7])

L, T (x,c) — aTl(x,c) = —c(z,v(x)). (3.18)

Since z — min¢cy ¢z, ¢) is continuous, we have x(p”) is closed and (3.14) implies that it
is bounded. Therefore x(p”) is compact and hence for some R, > 0, we have x(p”) C Bg,.
This gives us infz, J)(z,c) = infge J (7, c).

Thus, following the arguments as in [5, Lemma 3.6.3], we deduce that for each
R > Ry there exist constants Cy(R), Co(R, p) depending only on d, Ry such that

(%sc T (x,c) :z) sup J3 (x,¢) — %nf T (z,¢) < Cy(R) (1 +a%nf j;’(m,c)> ,  (3.19)

Baor

T8 () = Ty (0, ¢)[[w2r () < OQ(R,p) (1 + ajignf j;’(:r,c)> . (3.20)

Hence, by following the arguments as in [5, Lemma 3.6.6], we conclude that there exists
(V¥, %) € WaP(R%) x R such that along a subsequence (as o — 0), 72 (-, ¢) — J2(0,¢) —

V¥(-) and aJ¥(0,c) — p, and the pair (V?, p,) satisfies
L,V () + c(z,v(x)) = po - (3.21)

We will show that the subsequential limits are unique.
From (3.17), we get p, < p”. Now, in view of estimates (3.17) and (3.20), it is easy to
see that

[V w2 (s,) < Ca(R,p) (1+ M) . (3.22)

Also, for each z € RY, we have
V¥(@) = lim (T2 (x.0) ~ T(0.0)

> lim inf (J;’(ac,c) - 1]§1df Tz, ) + IEI{ldf T (z,c) — j;’(o,c))

a—0
a—r 00

> —limsup <ja”(0, c) — 1]Er{1df Tz, C)> + liniinf <j§(m, c) — 1]Er{1df JY(x, c)>
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a— 00

> —timsp (J2(0.0) - of T2(0.0)) +timint (T2(e,0) — inf T2 o.0))
> —limsup (gse j;(x,c)> ; (since Tz, c) — %f T (x,¢) > O) , (3.23)

where in the third inequality we have used the fact that infs, J5 (2, c) = infgrs J) (2, ).
Thus, from (3.19), we deduce that

V¥ > —Cy(Ro) (1+ M) . (3.24)
This shows that infrs V¥ > —cc.

Now, applying It6-Krylov formula and using (3.21) we obtain

E) VY (Xpacg)] — VO (z) = E;

T

TATR
/ (ﬁv - C(Xt7’l)(Xt))) de| .
0
This implies

inf V¥(y) —V(z) < EY
[t ) (z) < E;

TATR
[ o= eltuotxpar]
0
Since v is stable, letting R — oo, we get

inf V'(y) - V¥(z) < EY
Jnf, ) (z) < E;

T
/(m—d&wammﬁ.

0

Now dividing both sides of the above inequality by T" and letting 7' — oo, it follows that

1
li =K
e

T
/O C(Xt,U(Xt))dt] S ﬁv.

Thus, p¥ < p,. This indeed implies that p” = p,,. The representation (3.16) of V¥ follows
by closely mimicking the argument of [5, Lemma 3.6.9]. Therefore, we have a solution
pair (V?, p,) to (3.15) satisfying (i) and (ii).

Next we want to prove that the solution pair is unique. To this end, let (V”, pv) €
WHP(RY) x R, 1 < p < oo, with V?(0) =0, infga V* > —oco and

po=Jga Jy ¢z, u)v(z)(du)n,(dz), satisfying
po = [vav(:c) + c(x,u(x))} (3.25)

Since V" is bounded from below, applying It6-Krylov formula and using (3.25) we get

: v
limsup = E;
T—o00

T
/ c(Xt,v(Xt))dt] < o (3.26)
0

Hence, from (3.26), it follows that

. . .
Pv = /]Rd /UC(x, u)v(z)(du)n, (dz) < limsup 7 EY

T—o0

T
/ C(Xt, ’U(Xt))dt‘| S ﬁv (327)
0
This implies that p” = p,. Now, applying It6-Krylov formula and using (3.25), we obtain

V'(z) = E}

%TATR R
/ (e(X0, 0(X,)) — po) dt + T (X%TMR)] . (3.28)
0
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Since v is stable and V? is bounded from below, for all z € R we obtain

lgli)lcng [V”( Xop) Lis, >TR}} > lhnlloléf <1]EI{1§V ) P, (t. >tr)=0.
In the above we have used the fact that Tz — oo as R — oo and E, [t,] < 0.

Again, since v is stable we have E? [T,] < oo (see [5, Theorem 2.6.10]). Hence, letting
R — oo by Fatou’s lemma from (3.28), it follows that

t, .
Vo) 2 B | [ et v — p)de+ 7 <Xf,>]

0

%, X
> EY / (c(Xt,v(Xy)) — po)dt| + %1f V.
o .
Since V(0) = 0, letting r — 0, we deduce that
T
VU(x) > limsup EY / (c( Xy, v(Xy)) = po) dt] . (3.29)
70 0

From (3.16) and (3.29), it is easy to see that V¥ — Vv < 0 in R%. On the other hand

by (3.15) and (3.25) one has £, (V” — ‘71’) (z) > 01in R?. Hence, applying the strong

maximum principle [24, Theorem 9.6], one has V¥ = V. This proves uniqueness. O
Now we prove the continuity of ergodic cost under near-monotonicity assumption on

the running cost function.

Theorem 3.5. Suppose that Assumptions (A1)-(A4) hold. Let {v,}, be a sequence of

stable policies such that v, — v in Y, and {n,,, }» tight. If

inf €,(c,v,) < liminf inf
P e S0 on) < I e ©)

then we have the following
i}g’ Ex(c,vpn) — 111£3df Ex(c,v) as n—oo. (3.30)
Proof. From Theorem 3.4, we know that for each n € IN there exists (V'~,p,, ) €
WEP(RY) x R, 1 < p < oo, with V¥ (0) = 0 and infga V" > —oo, satisfying
Po, = Lo, VO (x) + c(z,v,(x)), (3.31)

where p,, = [ga [y c(@, u)v,(x)(du)n,, (dz) = infra €4 (c,v,). Now from [4, Lemma 4.4],
since we impose tightness apriori, we deduce that 7, — 7, in total variation topology.
Hence the associated densities ¢,, — ¢ in L*(R?) (see the proof of [5, Lemma 3.2.5]).
Note that

/Rd/ x, Q) vy (2)(dC) Ny, (dx) /Rd/ z, O)v(x)(dC)n, (dz)
= (/}Rd/ C(IaC)Un(x)(dC)%n(ﬂﬁ)dz—/]Rd/ C(I,C)fun(x)(dc)(p(x)dx)
(/}Rd/ ez, Q)vy (z)(dC)e dx—/Rd/ z, O)v(z)(d¢)e (x)dx) (3.32)

Since c is bounded, the first term of the right hand side converges to zero since
¢y, — @ in L'(R?) and the second term converges to zero by the convergence of
Vp — v (see Deﬁnition 2.1). Hence, it follows that [, [i; c(z, u)v,(z)(du)n,, (dz) —

Jra Jy c(z,w)v(x)(du)n,(dz). Thus, in view of Theorem 3.4, we obtain infga €, (c,v,) —
infra €,(c, v) as n — oo. This completes the proof. O
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Remark 3.6. The tightness assumption is not superfluous. In view of [3], we know
that the map v + infga €,(c,v) in general may not be continuous on g, under near-
monotone cost criterion (of the form, (3.30)). The reason is the following: for each n € IN
let (V¥ p, ) be the unique compatible solution pair (see, [3, Definition 1.1]) of the
equation (3.31), if (V' p,, ) converge to a solution pair (V, p) of the limiting equation
of (3.31) as n — oo, the solution pair (V/, p) may not necessarily be compatible (see, [3]).
One sufficient condition which ensure this continuity is the tightness of the space of
corresponding invariant measures {7, :n € IN}.

3.2.2 Under Lyapunov stability

In this section we study the continuity of ergodic cost criterion under Lyapunov stability
assumption. We assume the following Lyapunov stability condition on the dynamics.

(A5) There exists a positive constant Cy, and a pair of inf-compact functions (V,h) €
C?*(R%) x C(R? x U) (i.e., the sub-level sets {V < k}, {h < k} are compact or empty
sets in R¢, R¢ x U respectively for each k € R) such that

LcV(z) < Co— h(x,¢) forall (z,() e R x U, (3.33)

where h (> 0) is locally Lipschitz continuous in its first argument uniformly with
respect to the second and V > 1.

Afunction f € O(V)if f < C1V for some positive constant C; and f € o(V) if lim sup % =0.

|| =00
Now following [5, Lemma 3.7.8], we want to prove that a certain equation admits a
unique solution in some suitable function space. This uniqueness result is crucial to

obtain continuity of the map v — &£,(c, v) on Uspy.
Theorem 3.7. Suppose that Assumptions (A1)-(A3) and (A5) hold. Then for each v € i,
there exists a unique solution pair (V?,5") € W>?(R%) No(V) x R for any p > 1 satisfying

loc
pY = L,V (x) + clz,v(z)) with V(0)=0. (3.34)
Furthermore, we have

(i) p’ = Ex(c,v)
(ii) for all z € R?, we have

V¥(z) = imE

rl0 /0 (e(Xp, v( X)) = Eale,v)) dt ) (3.35)

Proof. Existence of a solution pair (V, ") € WP (RY) No(V) x R for any p > 1 satisfying
(i) and (ii) follows from [5, Lemma 3.7.8]. Also, it is known that along a subsequence
aJ?(0,¢) = p¥ and J¥(z,c) — JX(0,¢) — V* uniformly over compact subsets of R? (see
[5, Lemma 3.7.8 (i)]).

Next we show that the sub-sequential limits are unique. This indeed imply the
uniqueness of the solutions. Let (V*, 5°) € W2P(R%)No(V) x R for any p > 1 be any other

solution pair of (3.34) with V”(O) = 0. Thus, by It6-Krylov formula, for R > 0 we obtain
TNATR _
/ £,V (Xs)ds]
0

TATR
/ (p¥ — c(Xs,v(Xy))) ds} . (3.36)
0

E; [VY(Xraeg)] = Vi(2) = B

v
—Eg;
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Note that

/OTMR (P" — (X5, v(Xy)))ds = /OTMR P’ — /OTMR (X, v(X,))ds

Thus, letting R — oo by monotone convergence theorem, we get

lim E}
R—o0

TATR
/0 (7" — (X 0(X,) ds| = B2

T
JRGEE NN ds] .
Since V¥ € o(V), in view of [5, Lemma 3.7.2 (ii)], letting R — oo, we deduce that

E [V*(Xr)] — V'(x) = EY

T
/ (p¥ — e(Xs,v(Xs))) ds] . (3.37)
0

Also, from [5, Lemma 3.7.2 (ii)], we have

im E; [V¥(X7)]

T—o0 T =0

Hence, dividing both sides of (3.37) by T and letting T — co, we obtain

p’ = limsup — E?
T— o0

/0 (c(Xs,v(Xs))) ds] .

This implies that p” = p*. Again, applying It6-Krylov formula and using (3.34), we have

Vi(2) = B

TrATR _
/ (e(Xeyv(Xy)) —p*)de+ VY (XfTMR)] . (3.38)
0
Also, from (3.33), by It6-Krylov formula it follows that

T.ATR TrATR R
EY [V (Xz, nen)] - V(z) = EY / £,9(X,)dt| <E? / (Co — (X, 0(X) dt] .
0 0

This gives us the following (since h(z, () > 0)

EY [V (Xep) Lpe,sany] < CoEY[%,] + V(z) forall r < |z < R.
Now, it is easy to see that
o 17 v
aBr V

(CoE: 18]+ V(@) < EL [V (Xep) Lge, 2ea | < sup

s (CoEy ] + V(@) -

Since V'V € o(V), from the above estimate, we get
lim inf B2 [V (Xep) Lz, 50y | = 0-

Thus, letting R — oo by Fatou’s lemma from (3.38), it follows that

Vi (z) > EY

x

/OTT (e(Xe,v(Xe) = p")dt + V" (X%T)l

v

;fr
E;/ (e(Xe,v(X2)) = p") | +inf V"
0 ™
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Since V¥(0) = 0, letting r — 0, we deduce that

V?(x) > limsup E?
rl0

/OTT (e(Xe, v(X,)) — p“)dt] . (3.39)

Since ¥ = pv, from (3.35) and (3.39), it follows that V¥ — V¥ < 0 in R%. Also, since

(V?,5Y) and (V", p¥) are two solution pairs of (3.34), we have £, (17“ - \7”) (r) =0in

R4. Hence, by strong maximum principle [24, Theorem 9.6], one has Vv = Vv, This

proves uniqueness O
Next we prove that the map v — infra €, (¢, v) is continuous on g, under the Borkar

topology.

Theorem 3.8. Suppose that Assumptions (A1)-(A3) and (A5) hold. Let {v,}, be a

sequence of policies in g, such that v, — v in ,,. Then we have

inf €, (c,vn) = inf €, (c,v) as n — oo. (3.40)
R4 R4

PAroof. From Theorem 3.7, we know that for each n € IN there exists unique solution pair
(Vom, pvn) € W22(R4) N o(V) x R for any p > 1 satisfying

loc
pUn = Ly VU (2) + c(, va(x)) with Vo (0) =0, (3.41)
where
(1 ﬁvn = gm(cv Un)

(ii) for all z € R?, we have

VU (z) = limE2"
(z) = lim E,

/OTT' (X, vn(X2)) = Ea(c, 00)) dt] .

In view of (3.33), it is easy to see that, each v € i, is stable and inf, ¢y, 7,(Br) > 0 for
any R > 0 (see, [5, Lemma 3.3.4] and [5, Lemma 3.2.4(b)]). Thus, from [5, Theorem 3.7.4],
it follows that

~

C2(R,p) < o
Non,

T (e) = Ty (0,0)||lwee (s ) <
192 (€)= T2 00wy < 22

3 3.42
Bor) uzzlzmcw) - B

where the positive constant @(R, p) depends only on R and p. Since the running cost
is bounded we have ||¢c|» < M for some positive constant M. Thus, we have p'» < M.
Hence from (3.42), we deduce that

MCs(R, p) 1
Un (. _ Un O g < 1 )
175" (5 €) = T3 (0, ) lwzr (B ) < inf,, n,, (Bar) \inf, n,, (Bar) *
This implies that ~
[V [l w2p(8r) < C3(R,p), (3.43)

where @(R,p) is a positive constant which depends only on R and p. Hence, by a
standard diagonalization argument and Banach Alaoglu theorem (see, (3.4)), one can

extract a subsequence {‘A/Uw} such that for some V* € leo’zc’(]Rd) we have

Avnk * s 2,p d
{V — V* in W /(R?%) (weakly) (3.44)

Ve » V* in CLP(RY)  (strongly).
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Also, since p’" < M, along a further subsequence p’"+ — p* (without loss of generality
denoting by the same sequence). Now, by similar argument as in Theorem 3.1, multi-
plying by test function on the both sides of (3.41) and letting k¥ — oo, we deduce that
(V*,5*) € W2P(R?) x R satisfies

P = L,V (2) + oz, v(z)). (3.45)

Since V*»(0) = 0 for each n, we get V*(0) = 0
Next we want to show that V* € o(V). Following the proof of [5, Lemma 3.7.8] (see,
eq.(3.7.47) or eq.(3.7.50)), it is easy to see that

Von(z) < B

%7‘ ~
/ (c(Xt,vn(Xt)) — Ex(c,vp)) At + VO (X%T)] .
0
This gives us the following estimate

[V ()| < M sup E2» . (3.46)

T, N
/ (c( X, v (X)) + 1) dt + sup [V
0 B

We know that, for d < p < oo, the space W??(Bg) is compactly embedded in C1#(Bg),

where § < 1 — % (see [5, Theorem A.2.15 (2b)]). Thus, from (3.43), we obtain

sup sup |XA/“”| < J\//f for some positive constant J\//f Therefore, in view of [5, Lemma 3.7.2
n

r

(i)], form (3.46), we deduce that V* € o(V). Since the pair (V*,5*) € W*P(R%) Nno(V) x R

loc

satisfies (3.45), by uniqueness of solution of (3.45) (see, Theorem 3.7) it follows that
(V*,p*) = (V¥ p¥). This completes the proof of the theorem. O

4 Denseness of finite action/piecewise constant stationary poli-
cies
4.1 Denseness of policies with finite actions

Let dy be the metric on the action space U. Since U is compact, we have U is totally
bounded. Thus, one can find a sequence of finite grids {{¢,.i}",},>1 such that

1
min  d(¢, i) < - forall (€ U.

i=1,2,...,k,

Let Ay, == {(n.1,Cn2, - - -, Cn ok, p @nd define a function @, : U — A,, by

Qn(() = arg min d(ga Cn,z) )

Cn,ieAn

where ties are broken so that (), is measurable. The function @, is often known as
nearest neighborhood quantizer (see, [47]).
For each n the function Q,, induces a partition {U,, ;}*", of the action space U given
by
Un,i = {C ceU: Qn(o = Cn,z}

By triangle inequality, it follows that diam(U, ;) == sup¢, ¢,cu,, , du(C1,(2) < % Now, for
each v € i, define a sequence of policies with finite actions as follows:

On (Gl ) = v(Qy (i) |2) = v(Unlz) . (4.1)

In the next lemma we prove that the space of stationary policies with finite actions are
dense in i, with respect to the Borkar topology (see, Definition 2.1).

EJP 29 (2024), paper 37. https://www.imstat.org/ejp
Page 19/32


https://doi.org/10.1214/24-EJP1093
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Near optimality of quantized policies

Lemma 4.1. For each v € $l, there exists a sequence of policies {v,}, (defined as
in (4.1)) with finite actions, satisfying

im [ @) [ o 0v@@o = [ 1@ [ g@ouwaon a2

n—oo
forall f € LY(R%) N L?(R%) and g € Cp(R? x U)

Proof. Let f € L*(R%) N L2(RY) and g € Cy(R¢ x U). Then from the construction of the
sequence {v, },, it is easy to see that

[ 5@ [ ot a@ana - [ 5@ [ o oneacl
/ Z/ 9(x, Cn i) — g(z, Q) |v(z)(d¢)d .

Since g € Cy(R? x U) and diam(U,, ;) < 2, it follows that

Z/ 9(z,Cni) — gz, O)|v(x)(d¢) = 0 forall 2 € R?.

As we know that g is bounded, for some positive constant M; we have |g| < M;. Thus,
we deduce that

|Z/ g(,Cn i) — gz, O)lv(x)(dC) < 2M;|f(x)| forall z € RY.

Since f € L}(R%) N L?(R?), by dominated convergence theorem, we obtain

im [ @) [ o @@ds = [ @) [ o 0o@a

n—oo

This completes the proof of the lemma. O

4.2 Denseness of piecewise constant policies

Let dp be the Prokhorov metric on V. Since (U, dy) is separable (being a compact met-
ric space) thus convergence in (V, dy) is equivalent to weak convergence of probability
measures.

Theorem 4.2. For each v € Y, there exists a sequence of piecewise constant policies
{Vm }m in Ysm such that

m—r 00

tm [ 1@ [ e Ova@(@iar = [ @) [ o ou@@er @

for all f € LY(RY) N L2(RY) and g € C,(R? x U)

Proof. Let By = § and define D,, = B, \ B,_; for n € N. Thus it is easy to see
that R? = U, D,,. Since each v € Y, is a measurable map v : R? — V, it follows
that v, = .+ D, — V is a measurable map. Hence, by Lusin’s theorem (see
[21, Theorem 7.5.2]), for any €, > 0 there exists a compact set K;» C D, and a
continuous function o5 : K¢ — V such that (the Lebesgue measure of the set D,, \ K¢")
(D, \ Kt*)| < €, and 9, = 05 on K. Again, Tietze’s extension theorem (see [23
Theorem 4.1]) there exists a continuous function v;* : D,, — V such that v;» = 7y’
on K.
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Step1 Therefore for any f € L'(R%) N L2(R%) and § € C(U), we have

|/ f) /]U 3(C)in (@A) — | @ /U 4(C)5e () (AC)da

<1 1@ [ aOn@iae— [ jw [ 50w @Eomu
< f@ [ el + fo) [ 3057 @) ()l
Do \K&" U D \K¢ U

< 13l /
D \KS

@il [

< 2[|glloollf

Dn

lL2rey v/ [(Dn \ K| < 2\/a||§||oo||f||L2(]Rd) (by Holder’s inequality) .
(4.4)

Now, since (V,dyp) is compact, for each m € IN there exists a finite set A,, =
{tm.1s m,2, - - - fbm, k., } Such that

1
inf  dop(p, tm,i) < — forany peV.
H”rn,ieA7n m

Let @m :V— /A\m be defined as

@m(:u) = arg H}\in d? (Mv /Lm,i) .
fom,i €EAm

Ties are broken so that @m is a measurable map. Hence, it induces a partition
{Um ;}m of the space V which is given by

Um,i = {M EV: Qm(u) = :um,i}'

By triangle inequality it is easy to see that

. -~ 2
diam(Up,,i) = sup dop(p1, p2) < — .
Bsp2 m

Now, for v € Uy, define D}, = (17;")*1([?7,,,4) This implies that D,, = U ™ DR
Define

Zumn{m} z) forall z€ D, and meN.

Therefore, we deduce that

| / f(a) / (0 @)@ = [ (@) /U §(C)05 (2)(dC)d]

<Z| e /(<) o (2)(d0)da — f<)/ §(C) m 1(d0)dz]

D’VTI
SZ/ L @l / e (2)(d¢) — /U 3(C) pm 4(d0) |
i=1 7 Dy
< ||fllz1(rayen (for large enough m). (4.5)

€anHL2(1Rd)”gHoc 6n”fHLl

7 , “Rd)} combining (4.4), (4.5), there
exists M, > 0 (depending on f, § and e,,) such that

| /D @ /U 3(C)on()(dC)dz — /D f(@) /U Q) (@) A0)dz] < €, (4.6)

n

If we choose €, = min{

for all m > M.
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Step2 Let ¢ > 0 be a small number. Now define

oo

=Y @5, formeN. (4.7)

Since f € L'(R?) there exists Ny € IN such that fﬁc (@)|dz < g

[ i@ [ atcnaadn- | fe /U Q)7 () (A0) o

<I [ #@) [ 300 - @)l

o e /U 3(0) (v() — 5 () (dC) e

BNy

+1 fla )/ 9(O(v(@) — vy, (2))(dC)dz|
B g U

€

2

Now, choose ¢; > 0 for¢ =1,..., Ny such that Zf\i’l € < % Thus, in view of (4.6)
there exists M; > 0 such that foreach:=1,..., Ny

|/ @) /U (0@ e — [ @) /U GO () (dQ)de] < €5

for all m > M;. Hence, for m > max{M;, i =1,..., Ny}, we get

[ @ [ )@ - o @) @
By U

<31 [ d@ [ ) = i@ dx|<zez
(4.8)

Therefore, for each ¢ > 0 we deduce that there exists a positive constant MO (=
max{M;, i =1,..., Ny}) such that for m > M, (where M, depends on f,g,¢)

i@ [aepeaoi = [ e [ a0 Eaow<e @

Step3 Let {fi}ren and {h;} e be countable dense set in L'(R%) and C(U) respectively.
Thus (4.9) holds true for each f; and h;.

Let f € L'(R%) N L*(R4) and g € Cp(RY x IU) Since f € L'(RY) for ¢ > 0 there

exists N; € IN such that fB (z)|dz < g5 This implies

[ 1@ [ st o@@dar— [ 1@ [ a0 @)acsl

<[ fw /U 9(2, €) (v(x) — 6 () (dC)d]

c
’BNl

T /U o(2, €) (v(x) — 76 () (dC)d

‘BNl

<5+l [ @ [ ae.00@ - @0, (4.10)

BNI
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It is well known that in C,(By, x U) the functions of the form {3} 7;(2)p:(¢) }men
forms an algebra which contains constants, where r; € C(By,) and p; € C(U).
Thus by Stone-Weierstrass theorem there exists m (large enough) such that

™ €
sup |g(z,¢) = ) ri(@)pi(O| < 57— (4.11)
'BN1><]U| (@¢) EZ: @pi(0) 24| fll r (re)
Since p; € C(U) we can find h;(;) € C(U) such that
€
sup [pi(¢) = hj()(Q)] < : (4.12)
ev PO 2] o Il
Also, since fr; € L'(R%) there exists fk(i) such that
A €
lf(@)ri(z) = fra (2)|de < (4.13)
/% ¥ 24[ Il (e [l oo

Now, using (4.11), (4.12), (4.13) we have the following
), [ st | @ | st 0 @) @0l

<| Ble(fv) [ st @@= [ s . 0/ Zn D)pi(C)u(x)(dC)da]
+Z| | § @ [ ri@m Q@)= | R /U @)y (Co() (A0 dar
+Z| /B 2) [ r(@hsQota)(dc)da - [ oW JRICGEEISIE
+Z|/ Fuo @ | s (Ov(@) a0y~

+ZI L 7@ [ o ©m @0 [ o [ o @0

BNI

Fe (@) /U By (€)% () (dC)da]

BN,

+Z|/B @) [ @@ @0~ [ 1) [ @@, @ a0

1w /U ol Qi) d0da = [ } / Zn Dpi( Q)T (2)(dC)dal

(BNl
c Ny m
<7t / fiio (@ / i ©u@)(@Qde = [ fiy (@) /1U (i) ()T, () (AC) d
=1 i=1 1
(4.14)
Now, choose ¢;; forl =1,...,N; andi =1, ...,/ in such a way that vazll Zfll €, <
. Thus, in view of (4.6) there exists M, := max{M,i(i)_j(i) e =1,...,m;1 =

..., N1} (where M,i(i)j(i) € IN is the constant obtained as in (4.6) for ¢ =
so..,m;l=1,...,Ny). Therefore, from (4.10) and (4.14), we conclude that

[ 1@ [ st 0v@iacs - [

R

= = oae

@ [ o0 @@ <, @is)

for all m > M. This completes the proof of the theorem.
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4.3 Denseness of continuous policies

Following the discussions above, one can show that the space of continuous stationary
policies are also dense in the space of stationary policies under Borkar topology. This is
a useful result as continuity allows for many approximation results to be invoked with
little effort (see e.g. [35, Assumption A2.3, p. 322] where convergence properties of
invariant measures corresponding to time-discretizations are facilitated).

Theorem 4.3. For each v € i, there exists a sequence of continuous policies {vy, }, in
HUsm such that

m— 00

i [ 1@ [ s@Ou@@ae= [ f@ [ g@ou@@omn @6

for all f € LY(R?) N L2(RY) and g € C,(R¢ x U)

Proof. As earlier we have {f;};cn is a countable dense set in L!(R?). Now for each i € N,
define a finite measure v; on (R%, B(R?)), given by

Vi(A):/A|f,~(x)|dx V AeBRY.

Let v € ign. Then, as in the proof of Theorem 4.2, by successive application of Lusin’s the-
orem (see [21, Theorem 7.5.2]) and Tietze’s extension theorem (see [23, Theorem 4.1]),
for any ¢; > 0 there exists a closed set K; € R? and a continuous function v* : R¢ — V
such that v* = v on K; and v;(R?\ K;) < ¢,. Hence, for any g € C,(R? x U), we have

4@ [ e opeacie = [ 5@ [ ow.or@iaca)
<t [ @) [ o ou@@oe = [ g [ oov@@al

RI\K; R\
< 2lg]lne / i) da
]Rd\Ki
= 2glloori (R K) < 2/|g]|ncts

Since {f;}icn is dense in L'(R%), by choosing ¢; appropriately, we obtain our result. [

5 Near optimality of finite models for controlled diffusions

First we prove the near optimality of quantized policies for the a-discounted cost.

Theorem 5.1. Suppose Assumptions (A1)-(A3) hold. Then for each € > 0 there exists a
policy v} € Y, with finite actions and piecewise constant policies v} € sy such that

T (z,¢) < inf JY(x,c¢)+¢ and T (z,¢) < inf JY(x,c)+¢ forallz € R?. (5.1)
Uest Uest

Proof. From [5, Theorem 3.5.6], it follows that there exists v* € i, such that 7? (z,¢) =
infyey JY (z,c) for all z € RY. Since the map v ~— J(z, c) is continuous on i, (see, The-
orem 3.1) and the space of quatized stationary policies are dense in i, (see, Lemma 4.1),
it follows that for each ¢ > 0 there exists a quatized policy v} € i, satisfying (5.1).
Similarly, since the peicewise constant policies are dense in I, (see, Theorem 4.2), we
conclude that for any e > 0 there exists v} € i, which satisfies (5.1). This completes
the proof. O

We now show that for the cost up to an exit time, the quantized (finite action/

piecewise constant) policies are near optimal.
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Theorem 5.2. Suppose Assumptions (A1)-(A3) hold. Then for each ¢ > 0 there exists a
policy v} € i, with finite actions and piecewise constant policies v} € sy, such that

J (@) < inf JU(x)+ e and 0 (2) < inf JV(x)+e forallz €R?.  (5.2)
Ued e ~

Proof. From [16, p. 229], we know that there exists v* € i, such that J* (z) =
infyey JU (x). Now form the continuity of the map v — J(x) (see Theorem 3.2) and
the density results (see Section 4), it is easy to see that for any given ¢ > 0 there
exists policies v} € i, with finite actions and piecewise constant policies v} €
satisfying (5.2). This completes the proof of the theorem. O

Next we prove the near optimality of the quantized policies for the ergodic cost under
near-monotonicity assumption on the running cost. Let

0, = {v, | v, is the quantized policy defined as in (4.1) corresponding to v}
and
0, = {v, | v, is the quantized policy defined as in (4.7) corresponding to v} .

In order to establish our result we are assuming that the invariant measures set

Fv* = {Uu;

7y: is the invariant measure corresponding to v,, € O}

and

Ly« == {ny: | ny: is the invariant measure corresponding to ), € ©,-}

are tight, where v* € il is an ergodic optimal control. The sufficient condition which

assures the required tightness is the following: if there exists a non-negative inf-compact
function f € C?(R?) such that

Los f(w) < ko — f(x) and Ly f(x) < Ko — f(2)

for some constant x¢ > 0.

Theorem 5.3. Suppose that Assumptions (A1) - (A4) hold. Also, suppose that corre-
sponding to the optimal policy v* € i, the following set of invariant measures I',,~ and

', are tight and the running cost c is near monotone with respect to sup,.co . €z(c,v;,)
and supy. co . €z(c,vy,), that is,

su inf €,(c,v’) < liminf inf c(z and su inf &€,(c,v) < liminf inf c(z, ).
28 o Sales ) < RO sy, 2R ) < il g o= 0)

Then for any given € > 0 there exists a policy v, € iy, with finite actions and a piecewise
constant policy v. € s, such that

Exlc,ve) <E€*(c)+e and E,(c,v.) < E"(c)+e. (5.3)

Proof. From [5, Theorem 3.6.10], we know there exits a stable v* € i, such that
&x(c,v*) = £*(c). Since, by our assumption, the set of invariant measures I',« and I',-
are tight. Thus by the continuity result (see Theorem 3.5) and the density results (see
Lemma 4.1, Theorem 4.2), we deduce that for each ¢ > 0 there exists v, € i, with finite
actions and piecewise constant policy v. € i, such that (5.3) holds. This completes the
proof. O

Now for the ergodic cost criterion, under the Lyapunov type stability assumption we

prove near optimality of quantized policies.
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Theorem 5.4. Suppose that assumptions (A1) - (A3) and (A5) hold. Then for any given
€ > 0 there exists a quantized policy v. € s, with finite actions and a piecewise constant
policy v} € Y such that

Ex(c,ve) < E"(c)+e and &.(c,v.) < E*(c) +e. (5.4)

Proof. From [5, Theorem 3.7.14], we know that there exists v* € i, such that €, (c,v*) =
&€*(c). Now, since the space of quantized polices and piecewise constant policies are
dense in iy, (see, Lemma 4.1 and Theorem 4.2) and the map v — infra E,(c,v) is
continuous on i, (see, Theorem 3.8). For any given ¢ > 0, one can find a quantized
policy ve € iy, with finite actions and a piecewise constant policy v} € i, such that (5.4)
holds. O

Remark 5.5. In view of the continuity (see Section 3.1, Section 3.2) and the denseness
(see Theorem 4.3) results, we have the near optimality of continuous stationary policies.

6 Finite horizon cost: time discretization of Markov policies and
near optimality of piecewise constant policies

Recall (2.4) as our cost criterion for the finite horizon setup. We will present three
results in this section, where the ultimate goal is to arrive at near optimality of piecewise
constant policies. While this approximation problem is a well-studied problem [35, 33,
43], our proof method is rather direct and appears to be new. Under uniform Lipschitz
continuity and uniform boundedness assumptions on the diffusion coefficients and
running cost function, in [35, 33, 43] the authors have established similar approximation
results using numerical procedures.

Continuity of finite horizon cost on Markov policies under the Borkar topology

For simplicity, in this subsection we are assuming that a, b, ¢ are uniformly bounded
(it is possible to relax these boundedness assumptions). In particular we are assuming
that

(B1) The functions a, b, c are are uniformly bounded, i.e.,

Oa
)| + |c(x, ¢ < K.
(,0)ERIXT 3%,( M+ le(z, Q)]

d
sup | |b(x, C)| + [la(z)]| + ZH

for some positive constant K. Moreover, H € W2?#(R%) N L*>°(R%), p > 2.

In view of [10, Theorem 3.3, p. 235], the optimality equation (or, the H]JB equation)

ot
¢(T7 CL‘) = H(l‘)

% 4 inf [Lcyp +c(2,0)] =0

admits a unique solution 1 € WH2P£((0,T) x R?) N L>((0,T) x RY), p > 2. Thus, by
It6-Krylov formula (see the verification results as in [40, Theorem 3.5.2]), we know
the existence of an optimal Markov policy, that is, there exists v* € il,, such that
Tr(x,0) = T(a).

In the following theorem, we show that the finite horizon cost is continuous in il
with respect to the Borkar topology (see Definition 2.2).

Theorem 6.1. Suppose Assumptions (A1), (A3) and (B1) hold. Then the map v — Jr(z,v)
from i, to R is continuous.
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Proof. Let v, be a sequence in i, such that v, — v in 4,,, for some v € i,,. From
[10, Theorem 3.3, p. 235], we have that for each n € IN there exists a unique solution
P, € WH2PL((0,T) x RY) N L>®((0,T) x RY), p > 2 to the following Poisson equation

O [t el valt,2))] = 0
Un(T, ) = H(x). (6.1)

By It6-Krylov formula, we deduce that

T
Wn(t, 7) = B / (X o, vn (5, Xa))ds + H(X7) 6.2)
t
This gives us
[¥nlloc < Tlleflos + [ Hloo - (6.3)
Rewriting (6.1), we get
On,
W + Lvnwn + )\qun = )\O/‘bn - c(x,vn(t7w))

Yo (T, 2) = H(x),

for some fixed Ay > 0. Thus, by parabolic pde estimate [10, eq. (3.8), p. 234], we deduce
that

[|Vn w2 < K1l Aotn — c(x, v, (t, ) || Lo - (6.4)

Hence, from (6.3), (6.4), it follows that |1, ||wr.2...« < ko for some positive constant ko
(independent of n). Since Wh2P:#((0,T) x RY) is a reflexive Banach space, as a corollary
of Banach Alaoglu theorem, there exists 1/* € Wh2P#((0,T) x R%) such that along a
subsequence (without loss of generality denoting by same sequence)

E 1,2,p,u d
{¢n—> ¢* in WE2PH((0,T) x RY)  (weakly) ©.5)

Y, = P* in WOLPL((0,T) x RY) (strongly).

Since v,, — v in {,,, multiplying both sides of the (6.1) by test function ¢ € C°((0,T)xR%)
and integrating, we get

T T
/O /}Rd 8§7L¢(t,x)dtdx+/o /}Rd e (a(x) V24P,) (1, 2)dbdz

T
+ / {b(z,v,(t,x)) - Vb, + c(x, vn(t, ) }p(t, z)dtdz = 0.
0o Jra
(6.6)

In view of (6.5), letting n — oo, from (6.6) we obtain that

' a"/}* ’ 2 %
/0 w0t ¢(t,x)dtdx+/0 /]Rd Tr(a(x)v P )¢(t,$)dtdx
T
+ / {b(z,v(t,x)) - Vo™ + c(z,v(t, x)) }p(t, x)dtdx = 0.
0o Jra

This implies that ¢* € WH2P:4((0,T) x RY) satisfies

a *
g)t + [Lo™ + ce(z,v(t,z))] =0
(T,z) = H(zx). (6.7)
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Near optimality of quantized policies
Again, by It6-Krylov formula, it follows that

T
Y (t,z) = E / (X5, v(s, Xs))ds + H(X1)| . (6.8)
t

Therefore, from (6.2) and (6.8), we conclude that v — Jr(z,v) from i, to R is continuous.
O

6.1 Time discretization of Markov policies

Following, and briefly modifying, our approach so far involving stationary policies, in
this section we show that piece-wise constant Markov policies are dense in the space of
Markov policies i,,. Also, using this result we deduce the near optimality of piece-wise
constant Markov policies.

Theorem 6.2. For any v € i, there exists a sequence of piecewise constant policies
{VUm }m such that

rr}iinm - f(x,t)/Q(I,t,C)Um(;C’t)(dexdt
Rd
/ / f“/ (1, Q)v(x, t)(d¢)dxdt

forall f € L'(R? x [0,00)) N L2(R% x [0,00)) and g € Cy(R? x [0,00) x U).

(6.9)

Proof, Let By = () and B,, = B,, x [0,n). Then, define D, =3B, \ B,,_1 for n € IN. Now,
it is clear that R? x [0, 00) = US>, D,,. Since @, = vlp D,, — V is a measurable map.
As in Theorem 4.2, by Lusin’s theorem and Tietze’s extension theorem foranye, >0
there exists a compact set K ‘n C D and a continuous function v;* : D,, = V such that
o< = 0, on K¢ and |(D,, \ K&)| < en.

Also, as in Theorem 4.2, since (V,dp) is compact, for each m_e N there exists a
finite set Am = {ltm,1, bm,2, - - - » bk, } @0d @ quantizer Qm vV — Am which induces a
partition {U,, ;}*~ of the space V.

Now, for any v € i, define D;”Z = (@;")*1(:,“7;). It is easy to see that D, = Ufg‘lﬁzfi.
Define

= meil{{f)m_}(m) forall (z,t)e D, and meN.

Hence, as in the proof of Theorem 4.2 (see Step 1), for any f € L' (R% x [0, 00)) N L2(R? x
[0,0)),§ € Cp(U), there exists a positive constant M, (depending on f, § and €,) such
that

| / Flat) [ 6(6)0n (o 0d0dadt - / fla) [ 300zt < 60 6.10)

for all m > M,.
Now, for any given € > 0, define

:—Z 05, for me N, (6.11)
n=1

Since f € L'(R% x [0, 00)) there exists Ny € N such that f'Bc |f(z, t)|dzdt < T Then

closely mimicking the argument of Theorem 4.2 (see Step 2)(J we have that for each € > 0
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there exists a positive constant M, (depending on f , g, €) such that for all m > M,

[ e [ aoueoaadna— [ [ i [ 600w <

(6.12)

Let {fi}rew and {h;},cn be countable dense set in L'(R? x [0, 00)) and C(U) respec-

tively. Suppose that f € L'(R?x [0, 00))NL?(R¥x[0,0)) and g € C,(R¢x[0, 00) x U). Since

f € L'(R? x [0,00)), for given € > 0 there exists N; € IN such that f@?v |f(x,t)|dzdt <
1

e We know that in C’b(%N1 x U) the functions of the form {}_." 7;(z,t)pi(¢) }men

forms an algebra which contains constants, where r; € C(% ~,) and p; € C(U). Thus by
Stone-Weierstrass theorem there exists m (large enough) such that

m

€

sup |g(z,t,Q) — D> _ri(z, )pi(Q)] < : (6.13)
By, xU Z,: 24||fHL1(]Rd><[O,oo))
Since p; € C(U) one can choose hj(;) € C(U) such that
€
sup [pi(¢) = hj(i)(¢)] < . (6.14)
cev TS 2T T ax oo illos
Also, since fr; € L'(R% x [0,00)) there exists fk(i) such that
2 €
|f(z, O)ri(z,t) — fr (z,t)|dedt < . (6.15)
/93N1 © 241 £l 1 (re x[0,00)) 1 Pill o

Thus, in view of (6.13), (6.14), (6.15), following the steps of Theorem 4.2 (see Step 3) we
conclude that

[ s [ et nan@odsa— [ g [ gt O @i <c.

for all m > M;, for some positive constant M. This completes the proof of the theorem.
O

Near optimality of piecewise constant policies for finite horizon cost

Now, from Theorem 6.2 and Theorem 6.1, we have the following near-optimality
results.

Theorem 6.3. Suppose that assumptions (A1),(A3) and (B1) hold. Then for any given
€ > 0 there exists a piecewise constant policy v} € i, such that

TIr(z,0) < Ji(x)+€e forall zeR?. (6.16)

Proof. From our previous discussion, we know that there exists v* € il such that
Jr(z,v*) = J7(z). Since the space of piecewise constant policies are dense in i, (see
Theorem 6.2) and the map v — Jr(z,v) is continuous on i, (see Theorem 6.1), for any
given ¢ > 0, one can find a piecewise constant policy ¢} € il such that (6.16) holds. O

Remark 6.4. In view of the existence results as in [36, Chapter 4], in obtaining the near
optimality of piecewise constant Markov policies for finite horizon costs, one can relax
the uniform boundedness assumption (B1), in particular, under (A1)-(A3) we can deduce
similar results. Which extends the results of [35, 33, 43] to a more general control model,
where the drift term b and the diffusion matrix o are allowed to be unbounded.
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Conclusion

We studied regularity properties of induced cost (under several criteria) on a con-
trolled diffusion process with respect to a control policy space defined by Borkar [15].
We then studied implications of these properties on existence and, in particular, approxi-
mations for optimal controlled diffusions. Via such a unified approach, we arrived at very
general approximation results for optimal control policies by quantized (finite action /
piecewise constant) stationary control policies for a general class of controlled diffusions
in the whole space R? as well as time-discretizations for the criteria with finite horizons.
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