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open TASEP*

Wtodzimierz Bryct Pavel Zatitskii'

Abstract

We show that the stationary measure for the totally asymmetric simple exclusion
process on a segment with open boundaries is given by a marginal of a two-line
measure with a simple and explicit description. We use this representation to analyze
asymptotic fluctuations of the height function near the triple point for a larger set
of parameters than was previously studied. As a second application, we determine a
single expression for the rate function in the large deviation principle for the height
function in the fan and in the shock region. We then discuss how this expression
relates to the expressions for the rate function available in the literature.
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1 Introduction

A totally asymmetric simple exclusion process (TASEP) with open boundaries is a
continuous-time finite-state Markov process that models the movement of particles along
the N sites {1,..., N} from the left reservoir to the right reservoir. The particles cannot
occupy the same site, and can move only to the nearest site on the right at rate 1. The
particles arrive at the first location, if empty, at rate o > 0 and leave the system from the
N-th site, if occupied, at rate 5 > 0. For a description of the infinitesimal generator of
this Markov process, we refer to e.g. [23, Section 3]. We will be interested solely in the
stationary measure of this process.

The stationary measure for open TASEP has been studied for a long time, with
explicit expressions available in [25] and [20]. In this paper we establish a two-line
representation for this stationary measure in terms of a pair of weighted random walks.
We remark that there are numerous other representations for the stationary measure
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Figure 1: Totaly Asymmetric Simple Exclusion process with boundary parameters «, 3.

of TASEP; a representation in [24, Section 5.2] does not separate the “two lines”, but
it covers a more general ASEP. Integral representation of the probability generating
function [8, 26] is useful in studying Laplace transformations of limiting fluctuations.
Ref. [21, Section 3.2] represents the stationary measure of a sequential TASEP as a
marginal of a “two-layer” configuration that has a different form than ours.

The Gibbs measure (or line ensemble) representations have been valuable in study-
ing integrable probabilistic models on full or half-space and have been extended to
time-homogeneous models on an interval with two-sided boundary conditions in [1].
Barraquand, Corwin, and Yang [1, Theorem 1.3] establish that stationary measures for
the free-energy increment process of geometric last passage percolation on a diagonal
strip are described as marginals of explicitly defined two-layer Gibbs measures. They fur-
ther pose the question of obtaining an explicit description of the open TASEP stationary
measure from its implicit connection to the stationary solution of the exponential large
passage percolation recurrence. This paper proposes an alternative approach implicitly
based on the matrix method [14]. We demonstrate that a representation akin to their
two-layer Gibbs measure holds for the stationary measure of the TASEP. We then use
this representation to analyze asymptotic fluctuations of particle density for a larger set
of parameters than was previously studied, and to prove the large deviations principle
with a single expression for the rate function valid for all «, 8 € (0, 1).

We now introduce configuration spaces and probability measures that will facilitate
canonical representations of the random variables that we need. We begin with the
stationary measure of TASEP which defines a (discrete) probability measure Prasgp on
the configuration space Q = Q™) = {0,1}V. (We will omit the superscript N when it is
fixed in an argument and clearly recognizable from the context.) We assign probability
Prasep(7) to a sequence 7 = (71,...,7n) € Q that encodes the occupied and empty
sites, where 7; € {0, 1} is the occupation indicator of the j-th site. It will be convenient
to parameterize Prasgp using

aotza p_ 126 (1.1)
o g
Formula (1.1) makes sense for all «, 8 > 0, and then Py 45gp is determined by a,b > —1
in formula (2.1), but in this paper we will only consider «, 3 € (0, 1), so that a,b > 0.
The steady state height function H y is defined by

Hy(k)=71+-+7, k=0,1,...,N. (1.2)

The invariant law Pragsgp is uniquely determined by the law ]P%N) induced by H 5 on the
configuration space

S = {Sz(sj)OSjSN: so =0, 85 —8j—1 € {0,1}, 1§]§N}

Indeed,

P4 (s) = Prasee(T)
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with unique 7 such that s = Hy(7), as Hy :  — S is a bijection. Instead of determining
Prasep, we will therefore determine ]P(HN) as a marginal law of the top line of the two-line
ensemble on the configuration space S x S.

Denote by Py, the uniform law on S x S defined by two independent random walks
with i. i. d. Bernoulli increments Pr({ =0) =Pr({ =1) =1/2,

Py (51,80) = Pr(S1 = 1) Pr(Ss = s2) = 1/4", 51,8 € S.
The two-line ensemble (TLE) is the probability measure Prp i on S x S, defined as follows:
1 ps1(N)—s2(N)
Cap (ab)minosi<n{s1(i)—s2(5)}

)

Prig (s1,82) = P.w(s1,82), (1.3)

(N)

where ¢, }, is the normalization constant and s;, so € V). We will write Ery for the

expected value with respect to Pryg. Of course, Py g = IP(TIBE depends on N.

The two canonical coordinate mappings S1,S55 : S xS — S given by
S1(s1,82) = 81, Sa(s1,82) = 82, (1.4)

give a canonical realization on (S x S, P,y ) of the pair of independent Bernoulli random
walks S1,.5; and at the same time they give a realization of the two-line ensemble on
(S X S, IPTLE).

Our main result is the following TASEP analog of [1, Theorem 1.3].

Theorem 1.1. For a,b > 0, the marginal law of random sequence S, given by (1.4)
under measure Pt is the (unique) law of the steady state height function H n of the
TASEP with parameters «, 8 given by (1.1). That is, for s € S,

Pu(s) = Y Prie(s,s). (1.5)

s'eS

Remark 1.2. As pointed out to us by an anonymous reviewer, Theorem 1.1 in fact holds
fora,b >0, i.e., for a, 8 € (0, 1]. The only change that is required is to rewrite (1.3) as
an expression in a, b with non-negative exponents:

1

- bsl(N)_SQ(N)_minongN{51(j)_SZ(j)}amaXOSjSN{52(j)_51(j)}]Prw(sl7 32).

Q:a,b
Then the identities that we establish in the proof for a,b > 0 extend to a,b > 0 by
continuity.

The proof of Theorem 1.1 appears in Section 2. In Section 3 we give two applications
which show how Theorem 1.1 allows to deduce asymptotic of the height function of
TASEP from well known asymptotic properties of random walks. In Theorem 3.1 we
use Theorem 1.1 and Donsker’s theorem to obtain convergence of the fluctuations of
TASEP to the process conjectured to be a stationary measure of a KPZ fixed point on an
interval in the full range of parameters. To our knowledge, previously available results
of this form, see [7, Theorem 1.5], required that the sum u + v of the parameters in
(3.2) be non-negative. (On the other hand, the more general five-parameter ASEP was
covered.) In Theorem 3.4 we show that in the case of TASEP the large deviation principle
for the height function is a consequence of Theorem 1.1, Mogulskii’s theorem, and the
contraction principle. The large deviation principle for the height function of a more
general ASEP has been analyzed in [16], but besides the simplicity of the proof, a slight
novelty here is the unified proof and an expression for the rate function, which works for
all o, 8 € (0,1), i.e., for all a,b > 0, in the so called fan region ab < 1 and in the shock
region ab > 1. Since the relation of our rate function to formulas [16, (1.7), (3.3), and
(1.11)] is not obvious, we discuss this topic in Section 4.

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
Page 3/24


https://doi.org/10.1214/24-EJP1253
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Two-line representation of stationary measure for open TASEP

2 Proof of Theorem 1.1

For ab < 1, Theorem 1.1 can be deduced from [3, Section 2.3] used with ¢ = 0.
The general case can then be obtained by analytic continuation as discussed in [1,
Remark 1.9]. Our more direct proof is based on induction on the size N = 1,2,... of
the system and relies on a recursion for the invariant probabilities. Recursions for the
invariant probabilities of a more general open asymmetric simple exclusion process
(ASEP) appear in [23], [11], and [13]. Here, we will use a recursion that arises directly
from the celebrated matrix method developed in [20]. This recursion appears under the
name basic weight equations in [6, Theorem 1] and it has already been used for similar
purposes in [24, Section 2.2]. Specified to TASEP, the basic weight equations say that
the unique stationary measure of TASEP under reparameterization (1.1) is given by

1
Prasep(T) = TPN(T)7 T e QW) (2.1)
a,b
where {py(7)} satisfy the recursion that determines the un-normalized steady state
weights py uniquely in terms of the steady state weights py_; for a TASEP on Q(V-1),
With the initial conditions

p1(0) =1+a, pi(1)=1+b, (2.2)
for N > 2 the recursion is:
pN(O,TQ,...,TN) = (].—f—a)lZ?]\{,1(7'27...,7']\])7 (23)
pN(Tl,...,TN,l,l) = (1+b)pN,1(T1,...,TN,1). (24)
pN(Tlv"'77_’1’7,7171:077_77,4»27"'77—1\/') :prl(T17°'~7Tn717177—n+27~"77—N)
+oN-1(T1, -5 Tne1,0, g2, - .-, ), (2.5)

1<n<N-1.

2.1 The key identity and the proof of Theorem 1.1

We introduce a family of functions fy : Q") — (0, c0) that we will use to prove (1.5).
For 7 = (11,...,75) € Q™) and & = (&1,...,&n) € QW) let

k k
sik) =) "7, sa(k) =) ¢ (2.6)
j=1 j=1

with s1(0) := 0 and s2(0) := 0. Formula (2.6) defines a pair of bijections Q") — S and
throughout this proof we will treat s; = s;(7) as a function of 7 and sy = s2(£) as a
function of &.

With the above convention, we introduce

bSl(N)fsg(N)

In(T) = fn(m,. o) = . g oo (ab)minogggzv{51(j)752(j)}' (2.7)
15--58N)€

Theorem 1.1 is a consequence of the following identity:
Lemma 2.1. For (11,...,7y) € Q™) and N > 1, we have

fN(7'17~-~77'N>:PN(le--yTN)» (28)

with py (7) from representation (2.1).
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Proof. It is clear that (2.8) holds for N = 1. Indeed, in this case (2.7) is the sum of two
terms corresponding to £&; =0 and & = 1:

b0 b=t

fl(o) = (ab)o + (ab)*l =1 + a,
b! b0

—b41,

A= oy + (b0 =

matching the initial conditions (2.2).

Next, we show that fx satisfies the same three recursions as py for N > 2. Through-
out this proof, for k = 0,..., N we consider partial sums s; € S®) and 5; € S&~1 that
depend on 74,...,7, and partial sums s, € S®™) and 55 € S¥-1 that depend on the
auxiliary {0, 1}-valued variables &, ..., &, that appear under the sum in (2.7). In one
place in the last part of the proof, the sequence s; will be an explicit function of both
sequences T and &. We express fy in terms of s1, s, € S(V) and relate it to fy_; written
in terms of 31,3, € SV,

First, we verify that

InO, 7o, ... 7n) = (1 +a)fn_1(m2, ..., TN)-
To see this, we define 57 (k) = Z?zl Tj+1 and sy (k) = Zkzl &j+1 so that s1(NV) = 51 (N —1),
s2(N) = &1 +52(N — 1) and ming<j<n {s1(j) — 52(j)} = —&§1 +mino<j<nv—1 {51(4) — 52(4) }-
Then (2.7) gives
b—¢1 bé“l(N—1)—§2(N—1)

INO, T2, ... TN) = . ;E{O . R L=
15825-9S N )

b1 (N)=52(N)

_ 13
- Z a™! Z (ab)minogjgN—l{gl(j)*§2(j)}

£1€{0,1} (€2,..,EN)€E{0, 1} N 1

= (1 + a)fN,]_(TQ, ce ,TN).
Next, by a similar argument we verify that
In(r, v, ) = (L +b) fn—a (1, T 1)

In this case, we introduce 51 (k) = E§:1 7; and Sy(k) = Zle &; so that s1(N) =51 (N —
1)+ 1, s2(N) = 53(IN — 1) + £n. We note that

Sl(N) — SQ(N) = :SH(N — ].) —gg(N — 1) +1 —5]\] 2 gl(N - 1) - :SVQ(N — 1),
so in this case minj<;j<ny{s1(j) — s2(j)} = mini<j<n—1{51(J) — 52(j)}. Thus (2.7) gives

B31(N—1)=52(N —1)

fN(Tla...7TN—1;1) = Z Z bligN ming << {Z1()—3205)}
Ene{0,1} €1, Exn_1€{0,1}N—1 (ab)miss<n=s

b1 (N—1)=5>(N—1)

_ 1-én
- Z b Z (ab)minlggle—l{gl(j)*gz(j)}

¢Evef{0,1} E1,nén—1€{0,1} N1

= (1 + b)fol(Th e ,TNfl).

Finally, we verify that for a fixed 1 < n < N — 1 we have

fN(Tlv'- '7Tn—171707Tn+2a"'77—N) = fN—l(T17~"77-”—1’177—”-}-27"' aTN)
+ fN_1<’7'1, ey Tn=1,0,Tnta, ... ,TN). (2.9)
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Here for k£ < n — 1 we let 51(k) = s1(k) and s3(k) = s2(k). Forn < k < N — 1 we set
S2(k) = sa(n—1) + Z?:n &;+1, skipping over &,. On the other hand, forn <k < N —1
weletsi(k)=s1(n—1)+(1-¢&,)+ Z?:n+1 7j+1. (This is one place in the proof where
s, depends on both 7 and £.) Note that putting this choice of s; into expression (2.7)
leads to the formula for fy_1(71,-- -, Tn-1,1 — &n, Tna2,- -, TN)-

It is clear that

n—1 N n—1 N
si(N) = so(N) = | D 74140+ > 7 | = [ D G+&+ D &
j=1 j=n+2 j=1 j=n+1

n-1 N-1 n—1 N-1
= ZTj+(1_§")+ Z Ti+1 | — Z§j+Z§j+1 =51(N—-1)—35(N —1).
j=1 j=n+1 j=1 j=n

(2.10)

The same calculation shows that s1 (k) —s2(k) = 51(k—1)—52(k—1) for k =n+1,...,N.
Since s1(k) — s2(k) = $1(k) —s2(k) for 0 < k < n —1, and by the same rewrite as in (2.10)
we get

si(n) —sa(n)=1—-¢&,+s1(n—1) —s2(n—1) > s1(n — 1) — sa(n — 1),

we see that s;(n) — sa(n) does not contribute to the minimum. This shows that the two
minima are the same,

Jmin (s (k) = sa2(b)) = | _min {s1(k) —sa(W)} A min {s1(k) = sa(k)}

= min (&) ~RE}A min (S -1) - Bk- D)= min (5E) - 5(E)

Therefore summing in (2.7) over &1,...,&n-1,8n+1,---,&n € {0,1} and isolating the
sum over &, € {0,1} we get

fN(T17~"77—77,717]-7077—77,4»27"’77—1\/'): Z fN*l(T17"'7Tn7171_é-naTnJrQa"'aTN)v
£,€{0,1}
which establishes (2.9).
Since fn(71,...,7n) and py(71,...,7n) satisfy the same recursion with respect to N
and the same initial conditions at N = 1, this ends the proof. O

Proof of Theorem 1.1. For s1, s, € S, denote

bsl(N)_SZ(N)
(2.11)

QN(Sl, 82) = (ab)minogg‘gz\r{sl(j)—Sz(j)} ’

and let gy (7, &) denote the same expression treated as a function of 7, £ € QW) under

the bijection (2.6). (That is, we apply (2.11) to s; which is the height function of 7 and
to s, which is the height function of £.) In this notation, (2.7) becomes

n(m) =Y an(r.8). (2.12)

gev)
Since P, is a uniform law on S x &, formula (1.3) can be written as

1
Prig(s1,s2) = Tng(81,82)7
a

)

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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where Z, , is the same normalizing constant as in (2.1). Indeed, the normalizing constant
is
> gn(sis) = Y an(r,&) = Y ()= D pn(r) = Zap,

81,8268 T,£€Qr TEQT T€QT

where we used (2.12) and Lemma 2.1.
Thus, writing 7 = 7(s1) and & = £(s3) for the inverse of bijection (2.6), we have

> Prie(si, s2) Z gn(s1,82) =7, ZQN 7(s1),

$2€8 Zab s2€8 ab ccn

(1(s1)) = iPN(T(Sﬂ) = Prasep(7(s1)) = Pu(s1),

proving (1.5). O

3 Applications

In this section, we use Theorem 1.1 to refine and extend existing results concerning
the asymptotic behavior of the height function in steady state. Our two theorems draw in-
spiration and build upon the foundational works of [12] where non-Gaussian fluctuations
were identified, and [16] which described the rate function for large deviations.

3.1 Stationary measure of the conjectural KPZ fixed point on a segment

Barraquand and Le Doussal [2] introduced process B + X, where B, X are indepen-
dent processes, B is the Brownian motion of variance 1/2, and the law of X is given by
the Radon-Nikodym derivative

%(w) = ﬁ(j’ ") exp ((u +v) oggﬂ(@ - vw(l)) , weC0,1]. (3.1)
They proposed this process as the stationary measure of the conjectural KPZ fixed point
on the interval [0, 1] with boundary parameters u,v € R, and predicted that the process
B + X should arise as a scaling limit of stationary measures of all models in the KPZ
universality class on an interval.

This prediction is supported by the limit theorem established in [7], which demon-
strated that the process B + X describes the asymptotic behavior of the fluctuations
of the height function of ASEP with parameters that vary with the size of the system
according to formula (3.2) under condition u + v > 0. In this paper, we extend the above
limit theorem to all real values of u and v, removing the positivity constraint u +v > 0 for
TASEP. This, to our knowledge, constitutes the first confirmation of the prediction in [2]
that encompasses the entire range of real parameters u and v. A recent preprint [27]
uses our result in combination with analytic techniques to extend Theorem 3.1 to the
general ASEP.

Recall that the height function is defined by (1.2).

Theorem 3.1. Consider a sequence of TASEPs indexed by N on the segments {1,...,N}
for all N € N, with parameters a« = a(N) — 1/2, = B(N) — 1/2 as N — oo at the rates
given by relation (1.1) with

a:aN:e*”/‘/ﬁ, b:bN:e*"/‘/ﬁ. (3.2)
Then
1
— (2HN(|zN]) — I_NQSJ)} = {Bx+Xm}ze[0,1] as N — oo,
{ \/N z€[0,1]
EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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Figure 2: For fixed a, b, limiting particle density p := A}E)noo %(71 + .-+ + 7y) varies by
region of the phase diagram for the open TASEP. These are the maximal current region,
marked as MC, the low density region, marked as LD, and the high density region,
marked as HD. Hyperbola ab = 1 separates the fan region from the shock region ab > 1.
(These regions were identified in [11, Fig. 3].) Parameters ay,by of the TASEP in
Theorem 3.1 vary with system size N and converge to the triple point (a,b) = (1,1),
where the regions M C, LD, and HD meet.

where the convergence is in Skorokhod’s space D[0,1] of cadlag functions, processes
B, X are independent processes on [0, 1] with continuous trajectories, B is a Brownian
motion of variance 1/2, and the law of X is given by (3.1).

We remark that a linear interpolation of the height function similar to the one that
appears in Theorem 3.4 leads to the same conclusion under weak convergence in the
space C0, 1] with the supremum norm.

Proof. Consider the coordinate processes S, S> defined on the probability space (S (V) %
S(N)7 Prrr) by (1.4). We shall determine the limit of the process

w™ = L g (len N 3.3

= = 281N ) = LN ey (3.3)

We will establish a more general claim that under measure Pr1r, we have joint conver-
gence of the pair of processes:

LN ({S1(LeN]) + Sa([2N]) = [&N Yo, {S1([&N]) = S2(l#N ) }oepo,1)

= ({Bz}me[o,l]v {X:E}:ve[o,l]) as N — o, (34)

where B, X are independent processes from the conclusion of the theorem. Noting that
the process (3.3) is the sum of the processes on the left hand side of (3.4), this will end
the proof.

Fix a bounded continuous function ® : D([0, 1]; R?) — R and write

N N N
W= LW £ wi)
for the two processes on the left hand side of (3.4), where WéN) is defined as in (3.3)
with S5 in place of S;. Our goal is to prove that

Jim Frpp [@(W@,W&N)) = E[®(B, X)). (3.5)
—00

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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Following the approach in [9, Proposition 1.3], we use Donsker’s theorem. Since
Var, (S1(N)) = N/4, by Donsker’s theorem, under probability measure P,,,, we have

(WgN)a WéN)) = (Wl, Wg), as N — oo,

where Wy, W, are independent Wiener processes and convergence is in D([0, 1]; R?).
Thus

WM WY = (B, B') = (W) + Wa, Wy — Wa) /2,
where B, B’ are independent Brownian motions of variance 1/2. Using the Radon-
Nikodym density (1.3) and (3.2), we get

1
Z,y(N)

B [0V W) = L o)

5 iy (510) = $20) - = (SiV) - $a() )|

: (N) (N)
— Erw |:‘I) W(N) W(N) (u4v) ming< <1 W27 () —vW (1):|
Zu,v(N) ( —+ — )6

_ (V) 3y (V) g (V)
= P [cp(w+ W ew! )},

where
E(f) = elutv) minocacy f(z)—vf(1)

Noting that ® is bounded and by (A.1) and Remark A.2
sup Epy [52(W(,N))] < o0,
N
we see that the sequence of real valued random variables

oW wew )

is uniformly integrable with respect to IP,,,. Uniform integrability and weak convergence
imply convergence of expectations ([5, Theorem 3.5]), so Donsker’s theorem implies that

lim [y, [@(Wﬁ”, W£N>)5(W£N>)] =Ep,p [®(B, BE(B')],

N—oc0

where Eg g denotes integration with respect to the law of (B, B) on C/0,1] x C[0,1].
Using this with ® = 1, we see that the normalizing constants also converge,

lim Zyy(N) = lim Buy [5(W£N>)} = Ep.p [(B)] = &(u,v).

N—o0 N—oo
Thus
limy oo By [R(W ), W) (W ™))
lim ETLE (I)(W(N) W(N)):| =
N—o00 T - th_>OO Zu,v(N)

__ 1 ) / IND n EW) ,
a J?‘(UvV)EB’B (205, B)EE) /C[o,l] </C[o,1] 20 )R(u,v) Fa(db )> Pl

-/ </ @(bw)PX(dx)) Py(db) = Ep x [#(B, X))
co,1) \Jep,

where we used independence of the Brownian motions B, B’ and (3.1). (Here, Ep x
denotes integration with respect to the (product) law of (B, X) on C[0,1] x C[0,1].) This
establishes (3.5) and ends the proof. O
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3.2 Large deviations

Large deviations for the height function process {Hn (| Nx|)}.e(0,1) of ASEP have
been discussed in Refs. [17] and [16], with the height function interpreted as particle
density profile. (There are also nice expositions in [18, Section 5], [19, Section 16].) In
this section, we use Theorem 1.1 to deduce large deviations for the height function of the
TASEP directly from Mogulskii’s theorem [10, Theorem 5.1.2]. In Section 4 we show how
to recover formulas discovered in [16], and we determine the additive normalization.

Let (X, d) be a complete separable metric space. Consider a sequence of probability
spaces (QV) P(M)) and a family of random variables Xy : Q) — X, N = 1,2,....
A standard statement of the large deviation principle in Varadhan’s sense involves a
family of Borel subsets A of X, their interiors int(A) and closures cl(A) and specifies
asymptotics of probabilities in terms of a rate function I by the following upper/lower
bounds:

1
— i < liminf — (N)
zeir?tf( )I(x) lim inf N log P (X € A)

1
< i —1og PN (X e A) < — inf I(x).
< T s P € )< il 1)

It will be more convenient to use an equivalent definition which we now recall; see
[10, Theorem 4.4.13]. (Compare also [22, Definitions 1.1.1 and 1.2.2].)

Definition 3.2. Let (X, d) be a complete separable metric space. The sequence { Xy}
satisfies the large deviation principle (LDP), if there exists a lower semicontinuous
function I : X — [0, 00|, called the rate function, such that

(i) for every bounded continuous function ® : X — R,

1
lim —logEy [exp(N®(Xy))] = sup{®(z) — I(x)}, (3.6)
N—oo N zeX
where Ey[-] = [, (-)dPy denotes the expected value.

(ii) I has compact level sets, I 1[0, w] is a compact subset of X for every w > 0.

To prove the LDP for the height function, we consider the sequence {Xy} of X =

C([0,1], R?)-valued random variables defined on probability spaces Q") = (S(V) x
S, ]P(TJRE) obtained by linear interpolation between the points (%, Sljf,k)), k=0,...,N,
in the first component and the points (%, SZA(,'“) ,k=0,...,N, in the second component.

By Theorem 1.1, the first component of X then has the same law as the continuous
interpolation of the height function (1.2) based on the points (ﬁ HN(k)), k=0,...,N.

N* N
To introduce the rate function, we need additional notation. Let

zlogx + (1 —x)log(l—2) 0<z <1,
h(z) =

00 r<Qorxz>1.

Denote by AC the set of absolutely continuous functions f € C]0, 1] such that f(0) = 0.
Let

K(a.b) = log((1 — p)), (3.7)
where
ﬁ a>1l,a<b,
p=pla,b)=q1 a<1,b<l, (3.8)
5 b>1b>a,
EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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denotes the limiting particle density, as indicated on the phase diagram in Fig. 2.
(Notation log(p(1 — p)) was introduced in [16].)

Theorem 3.3. Ifa, b > 0, then the sequence { Xy} satisfies the large deviation principle
with respect to the probability measures IPEFABE with the rate function

(1, f2) = / (h(f () + h(f(x))) de
+ log(ab) Oggl(fl(x) — fa(x)) — (f1(1) — f2(1))logb — K(a,b) (3.9)

if functions f1, fo € ACy; we let I = co for all other fi, f» € C[0, 1].

Since h = oo outside of [0, 1], it is clear that expression (3.9) can only be finite for
f1, f2 € ACy with the derivatives in [0, 1] for almost all . In particular, as a consequence
of the Arzela-Ascoli theorem, I(-) is lower semicontinuous and has compact level sets.

Proof. By a theorem of Mogulskii, see [10, Theorem 5.1.2], X satisfies the LDP with
respect to the law P, of two independent Bernoulli(1/2) random walk paths. The rate
function for two independent components with Bernoulli(1/2) increments becomes

Irw(f1,fz)=10g4+/0 (h(f{(x))+h(fé(x)))dff=/o (h(fi(@)l3) + h(f2(2)|3)) dz,

where fi, fo € ACy, see [10, Exercise 2.2.23], and

1—x

h(z|y) = zlog (Zj) + (1 —=x)log <1—y> , x,y€(0,1). (3.10)

In order to use (3.6), we need to fix a bounded continuous function @ : C([0, 1], R?) —
R and compute

1 Noxa)] g L NO(Xn) N
lim — log B [e ]_ lim —log B, {e g(Xn)V], (3.11)

where ¢ is given by (2.11). To proceed, we introduce a version of g that acts on pairs of
continuous functions f; € ACy by

_ bf1(L)—f2(1)

g(fl) f2) = (ab)minogz§1(f1 @)

It is clear that g(NXy) = g(S1,S2), where Sj, = (0, Sk(1),...,Sk(N)) are the sums from
(1.4) and that g(NXy) = §(Xn)V = exp(Nlogg(Xn)). To compute the limit (3.11), we
use Varadhan’s lemma with respect to P,,. According to Varadhan’s lemma [10, Theorem
4.3.11,if ¥ : C([0,1],R?) — R is a continuous function such that

1
limsup — log E, {e"’N‘I'(XN)} < oo for some v > 1, (3.12)
N—o00

then

) 1
lim_—1og Ery [NV | = sup {0 (1, f2) = Lo (1, f2)}-
N—oo N it

We apply this to a continuous but unbounded function ¥ : C([0,1],R?) — R given by

U(f1, fo) = ®(f1, f2) +logg(f1, f2)
= ®(f1, fo) +log(b)(f1(1) — f2(1)) — log(ab) Oggl(fl(x) — fa(®)).

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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To verify that (3.12) holds with v = 2, we note that by the Cauchy-Schwartz inequality
]Erw [GQN\P(XN)} == ]Erw |:€2NCI>(XN)92(51, SQ):| S 6]\HCDHOO]EYW [g2(Sl7 SQ)]

< NPl (Erw {(ab)—ziminoggw{sm)fsz(j)}})1/2 (Erw [bzx(sl(zv)fsz(N))D

Inequality (A.1), see Remark A.2, shows that (3.12) holds. From Varadhan’s lemma [10,
Theorem 4.3.1] we get

1/2

i %1OgErw [eNq)(XN)?(XN)N} = sup  A{®(f1, f2) +1ogg(f1, f2) — Lrw(f1, f2)}
oo f1,£2€C[0,1]
= s {(f1, ) — (el fu f2)
f1,£2€C[0,1]
+log(ab) min (f1(x) — fo(a)) — (£1(1) = (1)) logb) }.

Using this with & = 0 we see that the normalizing constants in (1.3) satisfy

1
lim = log € p(N) = —Ko(a, b),

N—o00

where Ky(a, b) is given by the same variational expression

Kofab) =, nf { [ (A@) + @) de

f1,f2€ACqo
+log(ab) min (/1(x) ~ fo(@)) ~ (£1(1) = fo(1)) logb}. (3.13)

Thus

— N<I><XN>} — L [ NB(Xn)= N} —
lim N log ET e [e = A}gnoo N logE, |€ 9(Xn) ]\}Enoo N log &, »(N)

N—oc0

= s {2 fo)

f1,f2€C[0,1

= (B (1020 + o(ab) i (1) = fole)) = (D)~ fo(1) o~ o)) .

This proves LDP with the rate function that depends on Kj(a,b). To conclude the
proof, it remains to verify that expression (3.13) for K(a, b) simplifies to the expression
K(a,b) = log(p(1 — p)) given in (3.7). We postpone this part of the proof until Section
4, where as part of the proof of Proposition 4.1, we will obtain formula (3.7) for ab > 1,
and then as part of the proof of Proposition 4.6 we will establish that (3.7) holds also for
ab < 1. O

min
0<z<1

It is clear that the continuous linear interpolation H n~ of the step function forming
the height function {Hy(|Nx])},e(0,1) has the same law as the first component of the
vector N X y(z). By contraction principle (see e.g. [10, Theorem 4.2.1] or [22, Theorem
1.3.2]), this implies the following LDP.

Theorem 3.4. Ifa,b > 0 then the sequence of linear interpolations {%fIN} of the height
function of a TASEP on {1, ..., N} satisfies the large deviation principle with the rate
function

geACH

+ log(ab) min (£(z) — g(a)) — log(b)(f(1) — 9(1))} ~ log(s(1~ ) (3.14)

7(5) = int, { | (7@ + ' ))is

if f € ACy, and Z(f) = oo otherwise. Here p is given by (3.8).

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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=
—_—

1 2
N N N

Figure 3: Continuous interpolation Xy is a pair of piecewise-linear lines. The first

component ﬁf[ ~ of X is marked as the thick black line and the second component

of X marked in blue. Note that L Hy(1) = & Zjvzl 7; — p, see Fig. 2, except on the

coexistence line with a = b > 1. (The dashed line represents the most likely trajectory of
the random curve z — + Hy (z) for large N.)

Proof. To obtain (3.14), we apply the contraction principle to the first coordinate map-
ping, with (3.9) applied to f; = f, fo = g. Anticipating subsequent developments we
wrote (3.7) for Ky(a,b). O

A version of this result for a more general ASEP appears in [16], with the rate function
rewritten in different and more explicit forms for ab < 1 and ab > 1, which are discussed
in Section 4. The main novelty in Theorem 3.4 is that its proof and the expression for
the rate function do not distinguish between the shock and the fan region. (This has
been anticipated in [4, Formula (3.56)].) On the other hand, additional nontrivial work is
needed to recover the formulas that appear in [16].

We remark that Ref. [4, Section 3.6] uses a two layer representation [21] to obtain a
version of Theorem 3.4 for the case a = b = 0, which is not covered by our results. Ref.
[4] also discusses the corresponding version of Proposition 4.2.

4 Comparison with previous large deviation results

In this section we discuss previous LDP results for ASEP, specialized to the case of
TASEP. With some additional work these results can be obtained from Theorem 3.4, and
the derivations identify constant Ky(a, b) given by the variational formula (3.13) in the
proof as a simpler expression (3.7) based on the phase diagram.

Converted to our notation, the LDP in Ref. [16, (1.11)] gives the following rate
function for the shock region of TASEP:

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
Page 13/24


https://doi.org/10.1214/24-EJP1253
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Two-line representation of stationary measure for open TASEP

Proposition 4.1. Ifab > 1 then the rate function (3.14) is

Z(f) = Jmin {/Oy (f’(x)log 2 4 (1 - [(2)) log 15 (“)d;p

1
+ [ (Fle)og £ + (1 - £/(a))log B2 ) do} - K(a,b), @)
Y

where

. a b _ aVvb
K(a’b)ZIOgmln{(1+a)2’(1+b)2}_IOg(lJra\/b)Q' (4.2)

Although this result is known, we provide a separate proof based on Theorem 3.4.
This allows us to complete part of the postponed proof of Theorem 3.4, where we need
to show that Ky(a,b) = K(a,b) =logp(1 — p) for ab > 1. To accomplish this goal, we use
(3.14) with Ky(a,b) given by (3.13). (Then the fact that Ky(a,b) = logp(1 — p) forab > 1
will follow from (4.2).)

Proof of Proposition 4.1. With log(ab) > 0, we write (3.14) as
1
1() = ~Ko(ab) + [ h(7'(@)da

0<y<1

+inf min / B(g'())dz + log(ab) (f (y) — 9(y)) — log(b) (F(1) — g(1))}

— —Kolab) + / (S )+ min {7(y)log(ab) — £(1)log b

0

s / (9 ())dz — og(ab)ga (1)}

91€ACH[0,y]

. i]:r;fQ(y)_gl(y){/y h(gé(l’))dw+10g(b)92(1)}},

g2€AC[y,1
where we split g into g; = g|jo, y] 92 = 9|jy,1) for 0 < y < 1, with (omitted) minor changes
fory = 0 or y = 1. Since inf, fa h(g ))dx is attained on linear functions, denoting by

F = g1(y) = g2(y) and G = g2(1) the values of g, at the endpoints of interval [y, 1], the
optimal (linear) functions are g;(z) = Fz/y and

(G —F)(z—y)
-y

G2(z) = +F

Optimizing over all possible choices of F' < G we get

1nf/ h(g}(z))dz — log(ab)gi(y) +1nf/ h(g5(x))dz + log(b)ga(1)

= min min  {yh(F/y) —log(ab)F + (1 — )h(ﬁ) + Glog b}

Fe0,y] GE[F,F+1-y]
1 b
1—19)1 —_—
Tva y)og(ler)’

= ylog

as the minimum over F, G is attained at

1+b

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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We get

I(f) = —Ko(a,b) + / W (x))da

+ min {7(y)loga+ ylog iz + (1~ y)log 8 — (7(1) — f(y)) ogh. }

y€(o,

= —Ko(a,b) +yrgl(1)nl] / h(f'(x))dz + f(y)loga +ylog 13

A

To end the proof, we note that the two integrals under the minimum in (4.1) match the
two integrals in the expression above:
y
) de = / h(f'(2))dz
0

+ f(y)loga —I—ylogl—ia

Yy
| (r@os 8+ (1 = (e tog 542

and

1 , 1
[ (F@og k@ + (- p@)og L) do = [ n(f(@)is
+ (f(1) = f(y))log 45 + (1 —y) log 25 — (f(1) — f(y)) log 125
1
- / W' (@))dz + (1 — y)log 25 — (F(1) — f()) logh.

The additive normalization constant K(a, b) can now be determined from the condition
that inf; Z(f) = 0. To do so, we repeat the previous calculation again. Denoting by

F = f(y) and G = f(1), we switch the order of the infima, and use the extremal property
of linear functions again:

Ko(a,b) = min inf{/oy h(f'(ac))dﬂc—l—/y1 h(f'(z))dx

y€el0,1] f

+ f(y)loga +ylog £ + (1 — y)log 125 — (£(1) = f(y)) logb.}

= mi inf WF 1—y)h(E=E) + F1
min {Wh(F/y) + (1= yh(5=E) + Floga

+ylog1—}ra+(1—y)1ogﬁbb—(G—F)logb}.

The infimum is attained at F' = {4, G = F + +b(1 y). Therefore,
Ky(a,b) = min {ylog 2 log (E> —2ylog(l+4a) +2(y — 1) log(1 +b) + log(b)}
y€[0,1] (1+a)? b
a b
= min {ylog( ——— ) —(1—y)1
yg%éfﬁ]{y Og((1+a)2) 1=y 0g((1+b)2> J

and (4.2) follows. This establishes (3.7) for ab > 1. O

For the fan region of TASEP, the LDP in [16, (1.7), (3.3), (3.6)] gives the rate function
which we recalculated as follows.

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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Proposition 4.2. Ifab < 1 then for f € ACy with 0 < f’ <1 the rate function (3.14) is
1 1 _
I(f) = / h(f'(x))dx +/ (f'(x)log Gu(z) + (1 — f)log(1 — Gyu(z)))dz — K(a,b), (4.3)
0 0

and fjs the convex envelope of f, i.e., the largest

where G.(z) = (J?’(x) v 1ia) A ﬁ'

convex function below f. The normalizing constant is
IOg ﬁ a> 1,
K(a,b) = sup  logp(l —p) =< —2log2 a,b<1, (4.4)
T<PETHs log 7(1+"b)2 b>1.

We verify that this result follows from Theorem 3.4. As previously, to avoid circular
reasoning we use (3.14) with Ky(a, b) given by (3.13), without identification Ky(a, b) =
log p(1 — p). The identification will follow for ab < 1 once we establish (4.4) in the proof
of Proposition 4.6 below.

The proof is more substantial and requires additional lemmas, so we put it as a
separate section.

4.1 Proof of Proposition 4.2

In the proof, f € ACo with 0 < f” <1 is fixed and f is its convex envelope. Since f is
convesx, f’ is nondecreasmg, and for definiteness, we take f’ right-continuous. We write
(3.14) as Z(f fo z))dx — K(a,b) + inf, J*(f, g), where

1
J*(f.9) = /0 h(¢' (x))dz + log(ab) Olgnglgll(f(:ﬂ) —g(x)) —log(b)(f(1) —g(1)).  (4.5)

Similarly, we write (4.3) as Z(f fo ))dz — K(a,b) + J.(f,G.), where
J(f,G) = /0 [f'(2)log G(z) + (1 — f'(x)) log(1 — G(z))] da. (4.6)

(One can verify that J*(f, G.) = J.(f,G.), see the proof of [16, (A.5)], and it is the latter
expression that appears in the rate function [16, (3.3)].) We want to prove that

J(f,Gy) = Anf, J (f.9) (4.7)
We first verify that
Lemma 4.3. B
géI}xch J*(f,9) = H}‘fco J*(f,9)- (4.8)

Proof. For any g the inequality J*(f,g) < J*(f g) is trivial because f > f somin(f—g) >

mln(f 9), log(ab) < 0, and f(1) = f(l) N
For the converse inequality, consider the set U = {f > f}. This set is open and

therefore is a disjoint union of open intervals, say U = U Ji. On each of these intervals,
f is linear. Define a function G as follows: G(z) = ¢'(x) for x ¢ U and

Wk — Uk

Then [, G = g(wk) — g(ux). Define g(z = [, G. We have

for x € Ji = (ug, wy).
9(z) = /{0 . g'(@) + zkjﬂ{wm}(g(wk) = 9(uk)) + Lize sy (z — uk)w7

EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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thus g is linear on each J; and g = g on [0,1] \ U. Then fv— g is also linear on Jj, and
smin(f — §) = min(F(w) - ), Flun) - Gun))
= min(f(ur) — g(ur), f(wi) — g(wi)) > mln(f 9)-

[0,1]

Thus, min[o71](f— g) > minpg 1j(f — g). From convexity of h, we have

[y = (g [ ) = (SRS — [ ),

Thus ) )
| ez [ n@)
0 0
Therefore, we obtain J*(f,g) > J*(f, g), completing the proof of (4.8). O
Clearly, For clarity, we write G, in expanded form

1+a 1+b

e S <dm

Gu(2) =3 Fla) 25 < @) < 5. (4.9)

o5 /(@)= o5

and we note that G, is nondecreasing and right-continuous.
We can now relate the functionals J, and J*.

Lemma 4.4. Let g.(z) = [; G.. Then

J(f,9:) = J.(f, Gy). (4.10)

Proof. With the convention inf ) = 1 and sup® = 0, let

- . 1
xlzinf{mZO:f’(m)Z lia}’ xgzsup{xgl:f’(x)<l+b} (4.11)

be the largest interval [z1,x2) on which G, = f’ Under this convention, we have
x1 =x9 = 1 when f' <a/(1+4a)on[0,1] and 1y = x5 =0 when f' > 1/(1+b) on[0,1]. It
is also possible that G, jumps from its lowest to its largest value at some x, in which
case we have x; = 9 = z,.

From (4.11) we see that f’ < Gy = ¢, on [0,z1), f'=G, =g. on [x1,x2), and
f'>G, =g, on (22,1]. Then f—g. decreases on [0, 1), is constant on [z, 73], and
increases on (z9, 1]. Thus the minimal value of f — g. is attained on the entire interval
[1131, ZL’Q].

Identity (4.10) now follows by direct calculation. We have

L@GOZAICﬁ%lia+ﬂ—ﬂbg ) / W

L 1
+/12<f10g1+b (1 f)1°g1+b>

1 ~ T2 ~ ~
= x1 log T 4—f(x1)loga+/m1 h(f") + (1 — 22)log b (f(1) = f(x2))logb.
(4.12)
EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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On the other hand, since the minimum of f— g« is attained at all points of [z, z2], we get

log(ab) I[g}lt]l(ff g+) = (f(1) = g«(1)) log b

= (f(21) = gu(w1))loga — (f(1) = f(x2)) logb + (g.(1) — gu(x2)) logh. (4.13)

Since g.(z1) = xll%_a and g.(1) — g«(z2) = (1 — xg)m,

o= [ n(55) [ o+ [ n(55)

1 a N 1
=11 log + 71 loga—l—/ h(f’)—(1—x2)1+blogb—|—(1—m2)log

1+a 1+a X 1+b
2 ~
= a1log 1 +g*(x1)10ga+/zl h(f") = (9+(1) = gu(2)) log b + (1 — w2) log 1.
(4.14)

Combining (4.13) and (4.14), we get

1
1+

T*(f,g.) = w1 log — (f(1) = J(w2)) logb

s+ Fwtoga s [ A+ (1 - a)log

which ends the proof by (4.12). O

With (4.8) and (4.10) at hand, to complete the proof of (4.7), we need to show that
for any g € ACy the following inequality holds:

T (f,9) > J*(f,9.), (4.15)

hence, by (4.8), the infimum inf, J*(f, g) = inf, J*(fv, g) is attained at g..
To prove (4.15), we fix g € ACy and consider the function

F(r) = J*(firg+ (1 -7)g.),  7€0,1].
Note that this function is convex because the functional J *(f, -) is convex. We claim
that the right-derivative 9, F(0) > 0. When this is proved, the convexity implies that F is

increasing on [0, 1], and therefore
T*(f,9) = F(1) > F(0) = J*(f, g.).

We need the following technical lemma.

Lemma 4.5. Let ¢ and ) be continuous functions on [0,1]. Let A = {z € [0,1]: ¢(x) =

in¢}. Th
1[517111]1 ¢}. Then

I[Bl,iﬁ(d) —TY) = %1711ﬂ1¢ —T- mj‘ixw +o(r) ast—0".
Proof. First, the set A is closed and therefore i) reaches the maximum on it, say, at z.
Then for = > 0 we have

I[J(f){ilr]l(cz5 = 7)) < ¢(2) = TY(2) = I[g’ilr]lcﬁ =7 - maxy.

To prove the converse estimate, let us fix any €; > 0 and using the continuity of ¢ find
4 > 0 such that max 4, ¢ < maxa 1 +¢1, where A; = {y € [0,1]: dist(y, A) < ¢}. Then use
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continuity of ¢ to find 2 > 0 such that mingy 1)\ 4, ¢ > mins ¢ + €2. For a small positive 7
we have

i - > - > -
oin (¢ —7¢) 2ming +ex —7 max Y > I[gllr]l ¢ — T max¢;
i - > min ¢ — > - — Te1.
min (¢ — 1) > min 1) Tn}égxw > I[{)lylll]lgb T mjtxw TEL
Combining these inequalities, we obtain

mingg 1j(¢ — 7¢) — ming 1) ¢

lim inf > — —e1.
lrn—l>(lJ+ T - mf? XY =&
Tending €1 to zero, we finish the proof. O

Proof of Proposition 4.2. We apply Lemma 4.5 with ¢ = f— g« and ¥ = g — g, to obtain

I[IOHI]l(f (Tg+(1-7)g«)) = r[gm(f 9«—T7(9—9+)) = r[g’ilr]l(f—g*)—fij(g—g*HO(T), T — 0%,

where A = {z € [0,1]: f(z) — gu(2) = r[glilr]l(f— gx)} = [z1,22]. We use this formula to

calculate the right derivative of F at 0:

1 /
— [ (¢ = gytox (72) ~ log(ab) max (5~ g.) + (9(1) — 9. (1) logh
0 1—-g5 [x1,22]

1

b2 x2 bg’ 1 b——
_ 1 a+1 / r_ 1 9 / r_ 1 b+1
/ ) og = >+ . (9" —9%) og(l_g,)+ 12(9 9:) og(ili T )

1 * b+1

— log(ab) max (g — g«)
[z1,22]

z1 z2 b
=log(ab)/ (9 —d%) +/ (¢' —g.)log (1 g
o -

f/ (¢ —g*)log

If 1 = o, this gives 9+ F(0 ) = 0. If x1 < x9, we proceed as follows.

!
=) — log(ab) max (g —g-)
gk [z1,22]

) log(ab) ( max (9 = 9+) ~ (9(z1) — g+ (21))). (4.16)

Consider the function & = 10g< g*,) on [x1,xz3]. It is a nondecreasing right-

continuous function with values ®(x;) > log(ab) and ®(z3) < 0. Write ®(z) — ®(z1) =
w([z1,2]), where y is a non-negative measure of total mass u([z1,z2]) € [0, —log(ab)] on
Borel subsets of [a:l, xa].

Write ¢ = g’ — g, and ¥(z) = [, ¥ = g(z) — g.(z) — (g9(21) — gs(21)).
Since ®(z) — ®(x1) = u([:pl, x]) for z € [1’1, x9] and ¥(x;) = 0, Fubini’ theorem gives

v [Tvn= [Tote ( [t )> "
= U(29)P(x1) /1111?2]/ Y(x)dxdu(t)

—W(e2)@w) + [ (law) - VO)lE) = (o)~ [ W(du )

[zl,mg] [m17r2]

Since ®(z2) < 0, we get V(z2)P(z2) > P(22) maxy,, 4,1 ¥, therefore

L= W(a2)®(as) - / (=) du(z) > ((rz) — plfer, 2])) max 0.

[z1,22] [z1,22]
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Thus

z2

Y® > &(x1) max V.

1 [z1,22]
Returning back to (4.16), we see that since maxp,, ,,) ¥ > ¥(z1) = 0, and ®(z) > log(ab),
we have

/ 1 ® — log(ab) max U > (®(z1) — log(ab)) max ¥ > 0.

:El :EQ] [x17m2]

This proves (4.15). To prove (4.7), we combine (4.8), (4.10), and (4.15). This concludes
the proof of Proposition 4.2. O

4.2 Large deviations for the mean particle density

The mean particle density is
1 Y .
5 2.7 = N HN(N) = Hy(1).
j=1

The following proposition, recalculated from [16, formula (3.12)], gives explicit formula
for the rate function of the mean particle density in the fan region of TASEP. An equivalent
result with a different proof appeared in [8, Theorem 7].

Proposition 4.6. Ifab < 1, then the mean particle density %HN(N) satisfies the large
deviation principle with the rate function

h(?“%ﬂ)—‘rlogﬁ 0<T< 1+a,
I(r) = —K(a,b) + ¢ 2h(r|3) +log ; 1+a <r< i
h(r‘ﬁbb)'f'logﬁ 1+b <T<1

(4.17)

with K (a,b) given by (4.4) and entropy h(-|-) given by (3.10).

Although the result is known, we re-derive formula (4.17) from (3.9) for the special
case of TASEP, as the argument establishes (4.4), and hence we will conclude the
derivation of formula (3.7) for ab < 1.

Proof of Proposition 4.6. We use (3.9) and contraction principle. To avoid circular rea-
soning, we use (3.9) with Ky(a,b) given by (3.13). (In fact, we leave Ky(a,b) as a free
parameter to be determined at the end of the proof.)

Through the proof, we fix r € [0, 1]. We write I(r) as the infimum over m € [0, 1] and
over all functions f1, fo € ACy such that fi(1) = r, f2(1) = m. The first step is to show
that optimal f;, f> are linear. To do so we note that since ab < 1, we have

log(ab) min {f1(s) ~ f>(s)} > lox(ab) min{0, (r —m)}
with equality on linear functions. Therefore, the expression log(ab) min,{ fi(y) — f2(y)}
can only decrease if we replace fi, fo with a pair of linear functions f(z) = rz and
g(x) = ma. In view of convexity of h, this replacement also decreases the integral in
(3.9). This shows that the optimal functions fi, f> are indeed linear, f(z) = rz and
g(z) = mz. We get

I(r) = —Ko(a,b) + h(r) + min {h( )+ max {ylog(ab)(r —m) —logb(r — m)}} .
me(0,1] y€[0,1]

The maximum over y € [0, 1] is attained at the end points of [0, 1] and since log(ab) < 0, it

is either (r — m)loga or (m — r)log b depending on whether m > r or m < r. (Recall that

r € [0,1] is fixed.)
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In the first case, the infimum over m > r is attained at

a 3 a
m{1+a ifr <{i3,

3 a
r 1f7“21Jra7

and gives
h(r) +rloga —log(l+a) r< {33,

2h(r) e

l1(r) = —Ko(a,b) + {
with Ky(a,b) given by (3.13). Note that
h(r) +rloga —log(1+a) = h(r|35) + log ey

In the second case, the minimum over m < r is attained at

1 1
m— ) TP 1fr>1+b,
= ] i
T ifr <

I+b>
and gives
h(r) — rlog(b) + log -2 > L
() = —Ko(a,b) + | 17 ~Tlosl®) Flog iy > g
2h(7") r S T+b°
Note that

h(r) — rlog(b) + log b% - h(r‘ﬁbb) +log ﬁ'

Also, note that i(r) = h(r|3) — log 2. Since we are interested in overall minimum over all
m € [0,1], up to the additive normalizing constant K(a, b), the resulting rate function is

h(r|ﬁ)+logﬁ 0<r< 3,
(r) = min{h(r). ()} = ~Ko(a.b) + 3 hir|25) +log s ol <r <L
2h(r|2) — log4 ortherwise,

in agreement with (4.17).
The additive normalization constant K(a,b) can now be determined from the condi-
tion that inf,.c[o 4 I(r) = 0. This gives (4.4) as follows:

h(r|%+a)—|—1og iz 0<r<qis
— b b 1
KO(av b) - Ten[gl] h(rlﬁ) + IOg (1+b)2 1+b <r< 171
2h(r|5) —log4 s << s

Thus Ky(a,b) = log(p(1 — p)), matching (4.4). We note that this establishes (3.7) for
ab < 1. O

The LDP for the mean particle density in the shock region follows from Proposition
4.1 by the contraction principle. The following proposition, recalculated from [16, (B.8)],
gives an explicit formula for the rate function.

Proposition 4.7. Ifab > 1, then the mean particle density %HN(N) satisfies the large
deviation principle with the rate function

h(rlyh) +log g2 — K(a,b)  0<7 <y,
I(r) = ¢ rlog 2 +log sy — K(a,b) 5 <7 < 15 (4.18)
h(ﬂﬁ%)‘i‘logﬁ—l((a,b) s <r<1,
with | = oo forr ¢ [0,1].
EJP 29 (2024), paper 199. https://www.imstat.org/ejp
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Proof. The proof of this formula appears in [16, Section 3.6 and Appendix B, Case 2] and
is omitted. O

We remark that on the coexistence line a = b > 1, the rate function is zero on the
entire interval [1/(1 + a),a/(1 + a)]. This is consistent with [26, Theorem 1.6] which
implies that mean particle density %H ~ (V) converges in distribution to the uniform law
on this interval. (Shocks on the coexistence line for open ASEP were also described in
[15, 20, 25].)

A Integrability lemma
The Lévy-Ottaviani maximal inequality and tail integration give the following bound:

Lemma A.l. Forc > 0, we have

B, |c mino<isn ($10)-5:00)] < 1 42, [C|SI<N>752<N>\}, (A1)

where E,, is expectation with respect to the law of the two independent Bernoulli(1/2)
random walks.

Proof. Recall that for sums of independent symmetric random variables {S;(j) — S2(j)},
the Lévy-Ottaviani maximal inequality says that

P ( max |S1(7) — S2(j)| > t) < 2P,y (|S1(N) — So(N)| > t), t>0.
1<j<N

Since

0< — min (S1() = $2(7)) < max, [51(5) = S29),

we see that if ¢ < 1 then the left hand side of (A.1) is bounded by 1. And if ¢ > 1, then by
the above bound and tail integration, we have

B, |c minogjgzv(sl(j)fsz(j))] <E., [cmaxlggmsuj)f&(j)q

_ * 4 N .
=1+ 1og(c)/0 c'Prw (12‘2?1\/ |S1(5) — S2(4)] > t) dt

<1+ 210g(0) | T P (191 (V) — S(V)] > 1) de
0
<2 (1 + log(c) /OOC c'Pry (|S1(N) — S2(N)| > t) dt)

—2B,, {Clsluv)fsz(zv)q O

Remark A.2. Note that elementary inequalities e/l < e” + ¢~* and 1 + cosh(z) < 2¢*"/2
together with independence give

E,. eMsl(N)fsa(N)q <E., {ensl(zv)fsa(m)] + Fpy [emsz(zv)fsl(zv))}

N
_y (1+cosh(ﬂ> < 9eNN/2,

2

In particular, using this with A = 2/ v'N we get a bound

sup By {SQ(W(,N))} < 00
N
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that is used in the proof of Theorem 3.1, and using this bound with A = —8log(ab) and
A = 8logb, we get a bound

1 4N10g§(XN):| _ 1 [ 4logg(51752)}
51]\1]p N log E, {e = stjifp N logE,y |€

1 . . ) 1
< sup — log By, { —8IHIHOSjSN{Sl(J)—Sz(J)}] 1 log By, { s<sl<N)—sz(N))}
< mltp 5 108 (ab) +511¢p 5 108 b

1 1
< up 5 log (1 4R, [C|s1<N>—sz<N)\D n Sup 108 Bry [bswl(N)—sz(N))} < o0,
which is used in the proof of Theorem 3.3.
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