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Wasserstein-p bounds in the central limit theorem
under local dependence
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Abstract

The central limit theorem (CLT) is one of the most fundamental results in probability;
and establishing its rate of convergence has been a key question since the 1940s. For
independent random variables, a series of recent works established optimal error
bounds under the Wasserstein-p distance (with p > 1). In this paper, we extend
those results to locally dependent random variables, which include m-dependent
random fields and U-statistics. Under conditions on the moments and the dependency
neighborhoods, we derive optimal rates in the CLT for the Wasserstein-p distance. Our
proofs rely on approximating the empirical average of dependent observations by the
empirical average of i.i.d. random variables. To do so, we expand the Stein equation
to arbitrary orders by adapting the Stein’s dependency neighborhood method. Finally
we illustrate the applicability of our results by obtaining efficient tail bounds.
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1 Introduction

The central limit theorem (CLT) is one of the most fundamental theorems in probability
theory. Initially formulated for independent and identically distributed random variables,
it has since then been generalized to triangular arrays [18], martingales [28], U-statistics
[23], locally dependent random variables [24, 21, 34], and mixing random fields [37, 9].
Let (I,,) be an increasing sequence of subsets Iy C I, C --- C I, whose sizes increase
to infinity |I,| — oo. Set (X;);cr to be (dependent) centered random variables. Under
certain conditions on the moments of (X;) and on its dependence structure, the CLT
states that the scaled sum is asymptotically normal, i.e.,

W, = crg1 Z X; i>./\/'(O,1),

iely,
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where we write 02 = Var (Zie% Xi) . Starting with the work of Berry and Esseen in 1940s,
there is a long history of quantifying how far W, is from being normally distributed.
One of the most important metrics to do so is the Wasserstein-p distance originated in
optimal transport theory [44]. For two probability measures v and p over the real line R,
we denote by I'(v, i) the set of all couplings of v and x, and the Wasserstein-p distance
between v and p is defined as

Wy, = _inf (B [\X—Y|p})1/p
p\Vs ) - el (o) (X,Y)~~y .

When the observations (X;) are independent, [1, 15] established that for p = 1 the

1

convergence rate for the CLT is O(|I,,|~2). Extending such results to p > 1 remained for
a while an open question. The first bounds for p > 1 obtained by [6] dating back to the
1970s were sub-optimal in terms of the sample size |I,,| as they decrease at a slower rate
of O(|]n|7%+%). [36] obtained that, for 1 < p < 2, the Wasserstein distance converges
at the optimal rate O(|In\*%) under some additional necessary moment conditions, and
they conjectured that such a rate would be extendable to arbitrary p > 1. This was
recently proven to be true by [8, 10] using a series of methods including the Edgeworth
expansion and the exchangeable pair method. They showed that if max; || X;||p+2 < 0o
and if Var(X;) = Var(X;) = 1, then there is a constant X, < oo such that
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where £( - ) designates the distribution of the given random variable. It is however crucial
to note that these rates were obtained under the key assumption of independence of the
(X;). In this paper, we aim to generalize this beyond the assumption of independence
which is restrictive for many applications.

An important class of dependent observations (X;) are locally dependent random
variables. Intuitively, we say that (X;) are locally dependent if for every finite group
of random variables (X;);cs, where J C I, there exists a subset N(J) C I such that
(Xi)ics is independent from (X;);er\ (). The subset N(J) is often called the dependency
neighborhood of J. Examples of such random variables include m-dependent random
fields, U-statistics, and subgraph count statistics in the Erdés-Rényi random graphs.
Under general conditions on the sizes of the dependency neighborhoods the central
limit theorem is known to hold and its rate of convergence in Wasserstein-1 distance
was established by [3, 5]. This was extended to Wasserstein-2 bounds by [16] by relating
it to Zolotarev’s metrics and cleverly exploiting Stein’s method. Drawing inspiration
from [10], sub-optimal rates were also achieved in [17] for arbitrary p > 1 under more
technical conditions. Nevertheless, an optimal rate bound for general Wasserstein-p
distances (p > 1) remains unknown. This is the gap that we fill in this paper. We
consider locally dependent (not necessarily identically distributed) random variables
(X;), and consider the empirical average W,, := o, > i1, Xi where o2 = > icr, Xi- For
all p > 1 we obtain bounds for the W, distance W, (L(W,,),N(0,1)). We do so under the
assumption that the variances (o,) are nondegenerate, and under moment conditions
and on the sizes of dependency neighborhoods. Notably if the size of the dependency
neighborhoods is uniformly bounded we obtain bounds that decrease at the optimal rate
(see Theorem 3.4)

W, (L(W,,),N(0,1)) <

1
Wp(L(Wy), N0, 1)) = O(ﬁ).

We further generalize our results to triangular arrays where the random variables (X E"))

are allowed to change with n. Finally, we demonstrate how those bounds can be exploited

to obtain non-uniform Berry-Esseen type bounds that have polynomial decay.
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The key idea of our proofs is to approximate the empirical average W,, by an empirical
average V,, of i.i.d. random variables for which Wasserstein’s bounds are already known.
To do this we establish an Edgeworth-type expansion of the Stein equation in terms of
the cumulants of the W,,. Indeed, in Lemma 8.7 we prove that if h is a function smooth
enough (made precise later) and Z ~ N is a standard random variable then

B P11 Bsr2(Wn) o T s 41 . (1.1)
ST o TR e o] Remindrs

where fj, is the solution of the Stein equation eq. (8.2) and where (x,(W,,)) designates
the cumulants of W,, (the other notations will be made explicit in the next few sections).
This generalizes a similar well-known result for i.i.d. observations established in [4]. To
guarantee that our choice of V,, is a good approximation of W, we utilize this expansion
and exploit the Hamburger moment problem to choose V,, to be such that its first [p] + 1
cumulants match the ones of W,,.

1.1 Related literature

[1, 15] established that the convergence rate in the central limit theorem is O(|In|*%)
in terms of the Wasserstein-1 distance. Since then it has been tightened and generalized
to dependent observations. Notably, the Stein’s method offers a series of powerful
techniques for obtaining Wasserstein-1 bounds in the dependence setting. See [38] for a
survey of those methods. [3, 5] obtained Wasserstein-1 bounds under local dependence
conditions.

[6] proposed a rate of O(|In|_%+%) for the Wasserstein-p distance under the hypothe-
sis that the random variables have finite exponential moments. [39] obtained a similar
rate but only required the existence of p-th moments. [35, 36] showed that in order
to obtain a convergence rate of O(|In|_%), it is necessary to require finite (p+2)-th
moments of the random variables. They also obtained the optimal rate for 1 < p < 2 and
conjectured that a similar rate should be valid for any arbitrary p > 2. This conjecture
was demonstrated to be true by [8, 10]. Those two papers took different approaches. [8]
used an Edgeworth expansion argument. [10], on the other hand, used the Ornstein-
Uhlenbeck interpolation combined with a Stein exchangeable pair argument and their
methods further applied to multivariate settings. Previous to that, [27] had already
obtained the optimal rate for the Wasserstein-p distance using the Ornstein-Uhlenbeck
interpolation but needed significantly stronger assumptions on the distribution of the
random variables by requiring the existence of a Stein kernel. Moreover, for the special
case p = 2, the celebrated HWI inequality [32] and Talagrand quadratic transport in-
equality [42] can help obtain Wasserstein-2 bounds by relating it to the Kullback-Leibler
divergence.

Contrary to the independent case, much less is known for the general Wasserstein-p
distance for dependent data. [16] adapted the Stein’s method to obtain Wasserstein-2
bounds for locally dependent variables. [17] modified the approach of [10] and obtained a
sub-optimal rate O (|1, | ~2 log |1,,]) for the Wasserstein-p distance under local dependence.
Our results propose significant extensions to both of those results by generalizing the
optimal rate to arbitrary p > 1.

Our proofs also rely on the Stein’s method and a result of [36] that allows to upper
the Wasserstein-p distance by an integral probability metric [45]. As those metrics
are defined as the supremum of expected differences over a certain class of functions,
the Stein’s method lends itself nicely to this problem. The Stein’s method was first
introduced in [41] as a new method to obtain a Berry-Esseen bound and prove the
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central limit theorem for weakly dependent data. It has since then become one of the
most popular and powerful tools to prove asymptotic normality for dependent data, and
different adaptations of it have been proposed, notably the dependency neighborhoods,
the exchangeable pairs, the zero-bias coupling, and the size-bias coupling [38]. In
addition to being used to prove the central limit theorem, it has also been adapted to
obtain limit theorems with the Poisson distribution [12] or the exponential distribution
[11, 33]. Moreover, it has been used for comparing different univariate distributions
[29]. Our use of the Stein’s method is closely related to the dependency neighborhood
method described in [38].

1.2 Paper outline

In Section 2 we clarify some notations that we use throughout the paper. Then
we present our results under two different local dependence conditions in Section 3.
In Section 4 and Section 5 we respectively apply our results to m-dependent random
fields and to U-statistics. In Section 6 we apply our results to obtain non-uniform Berry-
Esseen bounds with polynomial decay. In Section 7, we make an overview of our proof
techniques. In Section 8 we present the main lemmas (notably Lemmas 8.7 and 8.8) and
use them to prove the main result Theorem 3.1. Those lemmas and additional results
are proved in Sections 9 to 11.

2 General notations

Notations concerning integers and sets In this paper, we will write [z] to denote
the smallest integer that is bigger or equal to z and |z| denotes the largest integer
smaller or equal to x. We use IN to denote the set of non-negative integers and let IN ;.
be the set of positive integers. For any n € IN;, denote [n] := {£{ € N; : 1 < ¢ < n}.
Moreover, for a finite set B we denote by |B| its cardinality.

Notations for sequences Given a sequence (x;) we will shorthand z1., = (21, ..., 2y)
and similarly for any subset B C IN, we denote x5 := (;)icB-

Notations for functions For any real valued functions f(-),g(-) : Ny — R, we write
f(n) < g(n) or f(n) = O(g(n)) if there exists some constant C' (with dependencies that
are fixed in the contexts) and an integer N > 0 such that the inequality f(n) < Cg(n)
holds for all n > N. We further write f(n) < g(n) as shorthand for f(n) < g(n) and

g9(n) < f(n).

Notations for probability distributions For a random variable X we write by £(X)
the distribution of X.

3 Main theorems

Let p > 1 be a positive real number, we write w := p+ 1 — [p] € [0,1]. We choose |
to be an infinite index set and (/,,)5° ; to be an increasing sequence of finite subsets of
Iy C I, C --- C I that satisfy |I,,| = co.

Let (X z@)i cr be a triangular array of random variables, each row indexed by i € I,

n=1,2,...), we define W, to be the following empirical average

W, :=a,* Z X", with o2 = Var(z Xé’”)-
i€l i€l,
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Under the hypothesis that the random variables (X ;"')) are locally dependent we will, in
this section, bound the Wasserstein-p distance between W,, and its normal limit. The
bound we obtain depends on the size of the index set [,,, the moments of the random
variables and the structure of local dependence in question.

To formally state our conditions on the dependency structure of (X i(”)), we first define
the notion of dependency neighborhoods similarly as in [38].

Given random variables (Y;);e; and given J C I, we say that N(J) C I is a depen-
dency neighborhood of J if {Y; : j ¢ N(J)} is independent of {Y; : j € J}. To state
our theorem, we impose that such dependency neighborhoods can be defined for (sz)'
More formally, we assume that there is a sequence (V,,(i1.4)), of subsets of I,, that satisfy
the following conditions:

[LD-1]: For each i; € I,, the subset N, (i;) C I, is such that {XJW 1 j ¢ Nu(ir)} is
independent of XET) .

[LD-q] (¢ > 2): For each iy € I,,iz € Ny(i1),...,iq € Ny(i1;(g—1)), the subset N, (i1.q) C
I, is such that { X" : j ¢ N, (i1.) } is independent of (X;”,..., X/").

1q

We remark that the sequence of subsets (N, (i1.4)), is increasing, i.e., N, (i1.q—1)) C
N, (i1.4) in ¢; and that the neighborhoods N, (i1.,) are allowed to be different for different
values of n-which reflects the triangular array structure of our problem. The condition
of dependency neighborhoods here generalizes the one in [38] and was also adopted
in [16], inspired by [5, 13]. [5] obtained a Wasserstein-1 bound under “decomposable”
conditions similar to [LD-1] and [LD-2], and [13] showed a Berry-Esseen type result
under slightly stronger assumptions for local dependence, while finally [16] obtained a
Wasserstein-2 bound.

In order to define the remainder terms that will appear in our bounds, we introduce
the following notions. Given ¢t € IN;, and ¢ € IN, such that ¢ > 2, we say that the tuple
(m,72,...,ne) is an integer composition of ¢ if and only if 7., are positive integers such
that 1 + 12 + -+ + n¢ = t. We denote by C(t) the set of all possible integer compositions

C(t) := {t,me € Ny Z§:1 =t}

Moreover, for any random variables (Y;)!_,, we define the order-t compositional
expectation with respect to 1.4 as

[771; IR 775] > (Y17 s 7}/t) = E[Yl e }/7]1] E[th-i'l e Y’71+7]2] e E[K11+"'+771371+1 e )/f]
(3.1)
Note that if n, = 1, the last expectation reduces to E[Y;]. For any positive integer k£ and
real value w € (0, 1], we define

LD D M SIESD »

(8,m1:0)EC™(k+2) i1 EIn i2€N, (1) ikt1ENR (41.k)
w (3.2)

e XL > L))

ik+2€NR (11 (k4 1))

1, ome > [ ] X

where C*(k + 2) is given by
C*(t):={(l,m) €C(t): m; =2 for 1 < j<l—1,} CO(t).

The terms (R, ) are remainder terms that appear in our bound of the Wasserstein-p
distance between W,, and its normal limit.
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Theorem 3.1. Let (X,"),_,

suppose that they satisfy [LD-1] to [LD-([p]+1)]. Let 02 := Var (Zieln Xé'”) and define
W, ==o0,1! Y el Xlg”). Further suppose for any j € N such that j < [p| —1, it holds that
Rjin "3° (0 as n — co. Then there exists an integer N € N, such that for alln > N, we
have the following Wasserstein bounds:

be a triangular array of mean zero random variables and

[p]-1 [p]
Wy(LWo) N(0,1) <Cp | S R, + DRG0 (3.3)
j=1 j=1

J,1,n J,w,n

wherew = p+ 1 — [p] and C, is a constant that only depends on p.

Remark 3.2. We note that the condition that the remainder terms R; ; ,, shrink to 0 for
all j < [p] — 1 impose an implicit constraint on the size of the sets N, (i1.q).

In particular, for p = 1,2 we have

Wl(‘C(Wn)aN(O7 1)) < C(lRl,l,na (3.4)
Wa(L(W,),N(0,1)) < Co (R0 + Ry/E). (3.5)

where the remainders are given by

Run=os® Y S S0 (B + [ Bl
i€l JEN, (i) KEN, (3,5)
]

Ropn=0,"> Y Y % (E[\X;'»X;m)(,gwxgw
J E[IX] + B[|X X (] B[ X X"

).

€1, JEN, (i) kEN (4,5) LEN (3,5,k)

+ E HXz(n)Xy,)X](:)

1)

Note that (3.4) was proven by [5] and (3.5) is a corollary of Theorem 2.1, [16]. The
bound (3.3) with an integer p was also proposed as a conjecture in [16]. As p grows,
the right-hand side of (3.3) becomes more and more complicated, which suggests the
necessity of new assumptions in order to obtain a simplified result. We further remark
that the choice of N, (i1.4) might not be unique (even if we require that it has the smallest
cardinality among all possible index sets that fulfill the assumption [LD-q]). Therefore, to
be able to obtain more interpretable upper-bounds for the remainder terms (R; ., ), we
impose a slightly stronger assumption on the dependence structure:

[LD*]: We suppose that there exists a graph G,, = (V,,, E,,), with V,, := I,, being the
vertex set and F, being the edge set, such that for any two disjoint subsets
Ji, Jo C I, if there is no edge between .J; and Js, then {X;-") 1 j € Jl} is independent
of {X|":j € o}

Introduced by [34] the graph G,, defined above is known as the dependency graph
and was later adopted in [25, 3, 38]. Please refer to [19] for a detailed discussion.

If [LD*] is satisfied, for any subset J C I,,, we define N, (J) to be the set of vertices
in the neighborhood of J C I, in the graph G. To be precise, this is

N, (J)=JU{ie I, e(i,j) € E, for some j € J},

where e(i,j) denotes an edge between the vertices i and j. To simplify the notations,
we further denote N, (J) by N, (i1.q) if J = {i1,...,4i,} forany 1 < ¢ < [p] + 1. Then
(Ny(i1:4)) not only satisfies [LD-1] to [LD-([p]+1)], but has the following properties as
well:
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(@) Nn(i1:q) = Nu(in(1), - - -+ in(q) for any permutation 7 on {1,...,¢};
(b) iq c Nn(il:(qfl)) < il S Nn(igzq).

We point out that by definition of the dependency graph even if {X J(-”) 1] € Jl} is
independent of {X J(l”) 1j € Jg}, there can still be edges between the vertex sets J; and
Js. In fact, there might not exist G,, such that there is no edge between J; and J; as
long as {X;") : j € J1} is independent of {X;”) : j € Jo} since pairwise independence
does not imply joint dependence.

The condition [LD*] provides us with a tractable bound on Ry, ,,, which is applicable
in most of the commonly encountered settings, including m-dependent random fields
and U-statistics.

Proposition 3.3. Given M € IN, and real number w € (0,1], suppose that (Xf”))ie[
satisfies [LD*] and that the cardinality Oan(i1;(k+1)) is upper-bounded by M < oo for
anyii,...,ix+1 € I,. Then there exists a constant Cj,, only depending on k + w such
that

Riwin < Oy MFT2 37 g (g [ x (0| F ),
iel,

We remark that the upper bound on (Ry ., ) depends on the moments of the random
variables (X 7(")) and the maximum size of the dependency neighborhoods. The results
of Proposition 3.3 can be used to propose a more interpretable upper bound for the
Wasserstein-p distance.

Theorem 3.4. Suppose that (X;")) is a triangular array of mean zero random variables
satisfying [LD*], and that the cardinality of index set N, (ilz(mﬂ)) is upper-bounded by
M, < oo for anyiq,... yipl+1 € 1,,. Furthermore, assume that

MEos ) SB[ o, Mo 04D Y B[
icl, iely,

p+2] —0.

Then there is N such that for alln > N we have
Wy (L(Wn), N(0,1))

<, (M}L*‘”(F(“’“) Z ]EHXlgn,) |w+2] ) 1

n

/w /p

0y (MpHor e S Bl|x0 )
iel, iely
(3.6)

for some constant C,, that only depends on p.
We notably remark that if the moments are nicely behaved in the sense that

(n
V IIn| i ”Xz )||p+2 < 00
On

By = sup
i€l,,nclN 4

)

and that the size of the dependency neighborhood are universally bounded, i.e.,

B, = sup |Nn(i1:((p1+1))| < 00,
i1:(1p]+1) €1n €N

then there is a constant K, that only depends on B;, B> and p > 1 such that for n large

enough we have
KP

Vi

The rate of convergence matches the known rate for independent random variables
(see [8]).

Wy(L(Wn), N(0,1)) <
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4 Results for m-dependent random fields

Let d € IN; be a positive integer, in this section, we study d-dimensional random
fields.

Definition 4.1 (m-Dependent Random Field). A random field (X;)icr on T C Z% is m-
dependent if and only if for any subsets Uy, Uy C 74, the random variables (X4 )isev,nT
and (X;,)i,ev,nr are independent whenever ||i; — i2|| > m for all i; € Uy and iz € Us.

Here ||-|| denotes the maximum norm on Z¢, that is ||z|| = maxi<;<q|?;| for z =
(Zl, ey Zd).
Now we consider an increasing sequence 77 C T, C --- of finite subsets of Z< that
n— oo

satisfy |T;,| —— oo. We have the following result as a corollary of Theorem 3.4.
Corollary 4.2. Let p € IN, and m € IN, be positives integer. Suppose that (XZ(")) is
a triangular array where each row is an m-dependent random field indexed by finite
subsets T,, C Z such that |T,,| === co. Let 02 := Var(ZieTn Xi(")) and define W,, :=
o7t Y er, X\ Further suppose that E[X|"] = 0 for any i € T,, and that the following
conditions hold:

« Moment condition: o, **% > ieT, ]EHXQ”)V)H} —0 asn— oo;

2
| £ M < o for some

» Non-degeneracy condition: limsup,, o, > Yier, E HXZ?”)
M > 1.

Then for n large enough, we have

1/p
14w pP—w _pt2
Wh(L(W,), N (0,1)) < Cpam' = M5 0, 7 <Z E[|x" ”+Q]> , 4.1)

€Ty,

where C,, ; only depends on p and d.

In particular, for a triangular array of m-dependent stationary random fields, sup-
pose that we have suanHXé"’) p+2] < oo, and that the non-degeneracy condition
liminf, 02 /|T,| > 0 holds. Then we have

W (L(Wa), N (0,1)) = O(|T0|71/?),

5 Application to U-statistics

Definition 5.1 (U-Statistic). Let (X;)_, be a sequence of i.i.d. random variables. Fix
m € INy such that m > 2. Let h : R™ — R be a fixed Borel-measurable function. The
Hoeffding U-statistic is defined as

S (X, X))

1<t < <im<n

Corollary 5.2. Given p > 1, suppose that the U-statistic of an i.i.d. sequence (X;)!
induced by a symmetric function h : R™ — R satisfies the following conditions

¢ Mean zero: E[h(X1,...,X,,)] =0;
« Moment condition: E[|h(X1,. .. ,Xm)|p+2] < 00;
* Non-degeneracy condition: E[g(X1)?] > 0, where g(z) := E[h(X1,...,X,,) ‘ X =

z].
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If we let
Woim— S A(Xie X)),

a.
" 1<ii < <im<n

where

0',,21 = Var Z h(Xllaszm) )

1<iy < <im<n

the following Wasserstein bound holds:

W (L(Wa), N (0,1)) = O(n~1/2).

6 Application to non-uniform berry-Esseen bounds

In this section, we show a specific application of our results to non-uniform Berry-
Esseen bounds with polynomial decay of any order. Mirroring the classical literature,
[13] established Berry-Esseen bounds for locally dependent random variables. Notably,
their Theorem 2.4 showed that if the random variables (X i(”)) satisfy some boundedness
condition on the dependency neighborhoods, then there is a constant C' > 0 such that

sup|P(W,, > ) = @°(1)] < C 3 |1X[" 5/,
i€l

where ®°(t) := P(Z > t) with Z ~ N(0,1). This extends the classical Berry-Esseen
bound to locally dependent random variables, and can potentially be used to construct
Kolmogorov-Smirnov tests under local dependence in nonparametric inference. However,
one of the drawbacks of this inequality is that it does not depend on ¢. One would imagine
that for large ¢t we could find tighter bounds for ‘IP(Wn > t) — ®°(¢)|. Non-uniform Berry-
Esseen bounds establish this. Notably [13] (Theorem 2.5) showed that under the above
conditions, there exists some universal constant C’ such that

PV, > ) 25(0)] < —C XD /od, Vi e R
el,

1+t -
1

This bound does decrease as |t| increases and does so at a rate of |[t|~3. However one
would expect that this rate could be tightened if additional assumptions were made about
the moments of (X fn)) If the random variables admit some exponential moments then
[30] demonstrated that locally dependent random variables admit moderate deviation
inequalities. In this section, we show how W, bound can help us obtain bounds that
decrease polynomially fast in ¢ at a small price in its dependence on |I,|, and do so
without assuming infinite moments.

Theorem 6.1. We assume that the conditions of Theorem 3.4 are satisfied. There is a
constant C' > 0 such that for all § > 0 and t > 0 satisfying

(Vamp) P (1 YD) 15t > Wy () N (0,1),

we have

K R P(W, >t) — ®°(t) C
”GGPHDSMWMLQMWL%WOﬁY

where ¢ is the density function of N'(0,1).
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We can see from this result that the quantity |P(W,, > t) — ®°(¢)| decays in both ¢ and
n. Notably given any p, 7 > 1 assuming that the (p+ 2)-th moments of X;’s and the depen-
AN (i pan)| < oo,
we have |P(W,, >t) — ®°(t)| = o(t”\[nr?@ﬁrl)) for t and n large enough. In particular,
for p € Nt Theorems 3.4 and 6.1 imply the uniform Berry-Esseen bound by taking the
supremum over t:

suplP (7, > 0) 0] < O X [X ok + K5 ko)

teER icl, iel,

Note that it recovers the uniform Berry-Esseen bound in [13] with p = 1.

7 Overview of the proofs

The key idea of our proofs is to approximate the sum of weakly dependent random

variables (Xﬁ’”)i o by the empirical average of ¢, i.i.d. random variables ¢\, ..., £

which we denote V,, := VqT q"l f " More specifically we aim for the Wasserstein-p
distance between them W, (L(W,,), L(V},)) to be as small as possible. To establish the

desired result we then exploit the triangle inequality that guarantees that
Wy (LW3), N (0,1)) S Wy (L(Wy), L(V)) + Wy (L(V,), N (0, 1)),

and we use previously known bounds for W,(L(V,,),N(0,1)) (Lemma 8.6).
To be able to show that such random variables ¢\”, ... &) exist, we first show
(Lemma 8.8) that as long as the third and higher-order cumulants of W,, decay then there

exist integers (g,,) and i.i.d. random variables such that the first k& (k € IN; ) cumulants of

(71)

matches those of W,, for n large enough. The decay of the cumulants can be proven to
hold by exploiting the local dependence assumptions (see Corollary 9.6).

As a reminder, our goal is to establish that the Wasserstein distance W, (L(V,,), L(W},))
is small. We relate this to the cumulants thanks to the fact that the Wasserstein-p distance
can be upper-bounded by integral probability metrics (Lemma 8.4) and the well-known
Stein equation. Indeed for i.i.d. random variables (f (n )q" [4] showed that the following
approximation holds (restated in Lemma 8.5)

E[h(Vn)]—Nh=1E[f;§( )—th( )l

Ks . 7.1

= Z (—I)TH (J+2 {H (0%T'e) h } + Remainders, (7.1)
(r,81.7)€C([p]—1) J=1 Jj=1

where fj, is the solution of the Stein equation (8.2) and «;( - ) denotes the j-th cumulant

of a random variable. (All the other notations in (7.1) will be made clear in Section 8.) We

show that we can obtain similar expansions for E[f(W,,) — W, f(W,,)] (see Lemma 8.7):

- T Fae2Wn) e T et . (7.2)
_(rs )EEF:(W—U( Y ]];[1 (Sj +1)! N [H(a ©) h] + Remainders.

As mentioned in the previous paragraph, ¢, and 52(-”) can be chosen to be such that
k;(Vn) = k;(W,) for j =1,...,[p] + 1. Thus, by taking the difference of (7.1) and (1.1),
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we get an upper bound on |E[h(W,,)] — E[h(V,,)]| for a large class of function h. As shown
in Lemma 8.4, this allows us to obtain an upper bound of the Wasserstein-p distance
between £(W,,) and L(V,,) for a general p > 1. The desired result is therefore implied by
the triangle inequality of the Wasserstein-p distance

Wp(L(Wn), N(0,1)) < Wp(L(Wn), L(Va)) + Wp(L(Va), N(0,1)),

and the already known Wasserstein-p bounds for i.i.d. random variables (Lemma 8.6).
To be able to show that (1.1) holds, we develop new techniques to obtain such
expansions, which will be carefully elaborated and discussed in Section 9.

8 Adapting Stein’s method for Wasserstein-p bounds

In this section, we provide the proofs of Theorems 3.1 and 3.4 using Stein’s method.
We first introduce some background definitions and lemmas before showing the proofs
of the main theorems.

8.1 Preliminaries and notations

Definition 8.1 (Holder Space). For any k € IN and real number w € (0, 1], the Hélder
space C**(R) is defined as the class of k-times continuously differentiable functions
f : R — R such that the k-times derivative of f is w-Hélder continuous, i.e.,

k _ ok
Flow = sup 122S@) =T

r£yER |z —y|~

where 0 denotes the differential operator. Here w is called the Holder exponent and
| f|xw is called the Hélder coefficient.

Using the notions of Holder spaces, we define the Zolotarev’s ideal metrics, which
are related to the Wasserstein-p distances via Lemma 8.4.

Definition 8.2 (Zolotarev Distance). Suppose i and v are two probability distributions
onR. Foranyp > 0andw :=p+1— [p| € (0,1], the Zolotarev-p distance between u and
v is defined by

2, () = sup ( [ s@aute) - [ s du<x>),

feh,

where A, :={f € Cw*l’w(R) Aflpr—10 <13

We will see in Lemma 8.4 how the Zolotarev distance can be used to obtain W, (-, -)
rates. To bound Z,( -, -) we rely on the Stein’s method which was introduced by [41] in
order to prove the central limit theorem for dependent data. It has been widely adapted
to all kinds of normal approximation problems. See [38] for a detailed exposition.

Stein equation and its solutions

Let Z ~ N(0,1) be a standard normal random variable. For any measurable function
h:R — R, if h(Z) € L(R), we write N'h := E[h(Z)]. Thus, h(Z) € L' (R) if and only if
N|h| < co. Moreover, we define f,(-) by

frlw) == /w e =2 (h(t) — N'h) dt:f/oo e =2 (h(t) — Nh) dt. (8.1)

w

We remark that f,(-) is a solution of the Stein equation meaning that it satisfies

frn(w) —wfp(w) = h(w) —Nh, VweR. (8.2)

EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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Bounding ‘]E(f,’L(W,,L) — W,,th(Wn))’ therefore allows to control ’E(h(Wn)) —Nh’. If we do
this for a large class of functions 2 we can therefore upper-bound the Zolotarev distance
between £(W,,) and a normal distribution. This is the key idea behind the Stein’s method.
For notational convenience, we denote by © the operator that maps h to f, for any A
such that N|h| < oo, i.e.,

Oh = fy.

Note that ©h(-) is a function. If h € A,, then we see in Lemma 8.3 that ©h can be
bounded.

Lemma 8.3 (Part of Lemma 6 of [4]). For any p > 0, let h € A, be as defined in
Definition 8.2. Then ©h = fj, in (8.1) is a solution to (8.2). Moreover, ©h € CW’L”(]R) N
ClPl(R) and the Hélder coefficients |Oh]|[,)-1,, and |Oh|, ., are bounded by some
constant only depending on p.

8.2 Key lemmas

First, we present an important result that states that the Wasserstein-p distance can
be controlled in terms of the Zolotarev distance.

Lemma 8.4 (Theorem 3.1 of [36]). For any p > 1, there exists a positive constant C,,
such that for any pair of distributions p,v on R with finite absolute moments of order p
such that

WP(M’ V) S CP (ZP(Ma V)) l/p'

In particular, Wi (p, v) = Z1(u, v) by Kantorovich-Rubinstein duality.

In the next two lemmas, we present already-known results for the normal approxima-
tion of sums of independent random variables. Firstly Lemma 8.5 provides an expansion
for the difference between E[h(S,,)], where S,, is an empirical average and N'h. This
lemma will allow us to relate the Zolotarev distance to the cummulants.

Lemma 8.5 (Theorem 1 of [4]). For any p > 0, let h € A, and S,, := E?:lX’i where
{X1,...,X,} are independent, with E[X;] = 0 and E[S?] = 1. Then it follows that

E[h(S,)] — Nh =
mﬁz 651 - p2 (8.3)
> I [l ey + oy mixi+).
(T,slzr)el“([zﬂ—l) Jj=1 Jj=1 =1

where the first sum is over I'([p] — 1) := {r,s1,, € Ny : 3271 55 < [p] — 1}.

Note that there is a slight abuse of notation in (8.3). The last [] indicates the
composition of the operators in the parentheses rather than the product.

Secondly Lemma 8.5 gives an upper bound on the Wasserstein distance between the
distribution of this empirical average S,,, and the standard normal distribution. This

lemma will guarantee that if an approximation of W, by a sum of independent random
variables V,, can be obtained then V), is approximately normally distributed.

Lemma 8.6 (Theorem 1.1 of [8]). Foranyp > 1, let S,, := .| X; where {X1,...,X,,}

are independent and satisfy that E[X;] = 0 and E[S?] = 1 Then it follows that
n 1/p
WL(5,).M0.1) < 6, (L BIXP2) @)

1=1
where C, continuously depends on p.

We now introduce two new lemmas crucial in the proof of Theorem 3.1. They will
be proven in Section 9 and Section 10. The first lemma generalizes Lemma 8.6 to the
dependent setting.
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Lemma 8.7 (Local Expansion). Suppose that (X ),61 is a triangular array of random
variables with dependency neighborhoods satisfying the local dependence conditions
[LD-1] to [LD-([p]+1)]. Let W,, := 3,, X," with E[X|"] =0, E[W2] = 1. Then for any
p>0andh € Ay, we have
K, s
Eh(Wa)] -Nh= Y H +2 [H(awl@) h}

(hsl:r)er((p]_l) j=1 (sj + 1 i1

[p]—
p/j p/(j+w—1)
+0< . R]ln ZR]wn )
j=1

where the first sum is over I'([p] — 1) := {r,s1.,, € Ny : 37, s; < [p] —1}.

(8.5)

We can see that Lemmas 8.5 and 8.7 look quite similar to one another with the
only differences being the dependence structures of (X " ) and the remainder terms
in the expansions. This similarity inspires the proof of Theorem 3.1. To illustrate this,
imagine that there would exist some i.i.d. random variables (5 (n) )q" and a large sample

size ¢, such that the first [p]+1 cumulants of V,, := ¢, 1/ o ¢\" match with those of
W,, then the expansion (8.5) and in (8.3) would be almost identical, and the difference
between those would be controlled by the remainder terms (R, 1,,) and (R; ). If those
remainder terms are small then we could exploit the asymptotic normality of V,, to obtain
the asymptotic normality of W,,. We show that such a sequence exists when |I,,| is large.

Lemma 8.8 (Cumulant Matching). Let p > 1 and k := [p]. Ifp > 1, let (u <”)) " be a

sequence of real numbers. Suppose that forany j = 1,...,k — 1, we have u; — 0 as

n — oo. Then there exist constants Cp, C’]; only depending on p and a positive value

N > 0 (that might depend on (ug”)) ) such that for any n > N, there exists ¢, € IN, and a
random variable £™ such that

(@) EE™] =0, E[¢")%]=1;

() rj42(6™) = @/ *ul forj=1,....k —1;

(c) Either maxlgjgk_l‘mj+2(§("))‘ =0or maxlgjgk_l‘mj+2(§<”'))‘ >Cp,>0;
(@) E["P?] < .

Furthermore, ¢, can be chosen to be such that q,, — oo as |I| — oc.

We note that the condition that u(j"') — 0 as n — oo is crucial. Lemma 8.8 is an
asymptotic statement in the sense that for a given n < N, ¢, and ¢™ might not exist.

Intuitively, Lemma 8.8a and Lemma 8.8b determines the cumulants of ¢™ and
relates them to the cumulants of W,,. Lemma 8.8c requires that the maximum
Inax1§j§k|ﬁj+2(§<"))| is either 0 or bounded away from 0 as n grows. And Lemma 8.8d
indicates that the (p+2)-th absolute moment is upper-bounded.

8.3 Proof of Theorem 3.1
The proof of Theorem 3.1 works in three stages:
1. Using Lemma 8.8 we find a sequence of i.i.d. random variables (52”)) , and a sample

size ¢, such that the first k+1 cumulants of W,, match the first k+1 cumulants of
Vo= qn P00 €

2. Using Lemma 8.4 we remark that we can bound the Wasserstein distance between

the distributions of W,, and an empirical average, V,,, of i.i.d. observations in terms
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of |[E[h(W,)] — E[h(V,,)]| for a large class of functions . We do so by exploiting
Lemmas 8.5 and 8.7;

3. We remark that Lemma 8.6 provides us with the bound on the Wasserstein distance
between the distribution of V,, and the standard normal.

Then Theorem 3.1 follows from the triangle inequality of the Wasserstein metric:
Wp(Wa, N(0,1)) S Wp(L(Wh), L(Va)) + Wp(L(Ve), N (0,1)).

Proof of Theorem 3.1. Without loss of generality, we assume o,, = 1 and denote W, :=
ZzEI X(”)

Flrstly, we remark that according to Corollary 9.6, for all 1 < 57 < k — 1 we have
Kj+2(Wy)| < Rj1,n. Moreover, by assumption we have R;; , — 0 as n — oo. Therefore,
Kjt+2(Wy,)| — 0 as n — oo and the assumptions of Lemma 8.8 hold, which implies that
there exist constants C}, and C;, such that for any n large enough there are positive
integers (g,) and random variables (£M™) such that

(@) EE™] =0, B[E")?] =1L

() Kjy2(€™) = @ *kjya(Wy) forj =1,... k—1;

(c) Either maxlgjgk_1|nj+2 | =0or maxi<j<k— 1|I<LJ+2 5 )‘ > C > 0;
(@ E[¢"PH2] < Oy,

Furthermore, we know that (g, ) satisfies that ¢, — oo as n — co.

As presented in the proof sketch we will use this to bound the distance between the
distribution of W,, to the one of an empirical average of at least g, i.i.d. random variables.
Note that when max;<;<x—1 |<j+2(£™)| > 0 then we can obtain (by combining items (b)
and (c)) a lower bound on ¢, which will be crucial in our arguments as it will allow
us to control the distance between this empirical average and its normal limit. When
k3(Wy) =+ = kgr1(W,) = 0, such a lower bound on ¢,, cannot be obtained in a similar
way. Thus, we introduce an alternative sequence (g, ) by setting g, := |I,|>®+D/P v g, if
ks(Wy) =+ = k1 (W,) =0, and G, := g, otherwise. We remark that the sequence (gy,)
still respects ¢, — oo as n — oo. ~

Let &/, ... ,551:3 be iid. copies of . Define V,, := g, /* i ¢ By construction,
for any j € IN; such that j <k —1 = [p] — 1 we have

*

Kjr2(Vn) = j”/QZH 2(&") = 3,72k 42(E) = k2 (Wh).

Here in (%) we have used the fact that cumulants are cumulative for independent random
variables, which is directly implied by their definition. For more details on this, please
refer to [31].

Thus, by Lemma 8.5 and Lemma 8.7, for any h € A, we have

k—1 Gn
[B(Wo)] - BlR(V)]| < SRV, + ZR?LJJ“ +q, PN R[] (8.6)
j=1 i=1

To be able to have this upper bound not depend on 52(-") we will upper-bound

an
G T2 Y [P

i=1
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in terms of the remainders (R;1,,) and (R;, ). To do so we use the lower bounds on
(¢») implied by the specific form we chose.
If max;<j<p—1|kj+2(Wy)| > 0, item (c) implies that

()

{ /"fﬁ? )’} S | max {qj/ Rjﬁlm}

Cp < max [r12(€") ’ - 1<j<k—1

1<j<k—1 1<J<k 1
where to get (x) we used item (b) and to get (xx) we used Corollary 9.6. Thus, the

following holds
k-1

q;p/2 ( ;jo/Q)P/jo < Rfo/jf Z RP/I

J,1,n?
j=1
where j is the integer satisfying that |rj,12(£™)| = maxi<j<p—1]r;42(£™)|.
On the other hand, if k;42(W,) =0forall 1 < j <k — 1, then by definitions we have
Gn > |I,|?PT1/P, and therefore, Gt < |I,|~(*+1), Moreover, by Holder’s inequality we
know that the following holds

SCE[X) < L (3 B[ X

i€l icl,

(8.7)

)2/(P+2)

]

and

X <, XM, (8.8)
(2 x) <15 Y 1x0|

i€ly, i€ly

2
Since E[(Zieln Xz("’)) ] =02 =1, we have

27 (p+2)/2
g <L (B (X))
i€l

Qi (S Elxe )
iel
*<*)Z ‘Xn ;D+2 <Rk;wn,
icl,

where to obtain () we used (8.8) and to obtain (**) we used (8.7).

Thus, using item (d) and the fact that 5(1”), . ,55: are i.i.d., we obtain
Gn ) k—1 4
O W CUES LT R SETAD

Therefore, by combining this with (8.6) we obtain that there is a constant K > 0 that
does not depend on A such that

k k+1
[ER(W)] — Ela(Va)]| < K (3 7Y, + *3 Ry ).

j=1

By taking supremum over h € A, and by Lemma 8.4 we obtain that

1/ 1 1/(j+w—1
Wo(£(Wa).£V)) S sup [EA(W:)] - s Z Bl + ZR/& g
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Moreover, by combining Lemma 8.6 and (8.9) we have

Ur S Ly 1/ (j+w—1)
]) SZlen Zijn
j=1

Therefore, as the Wasserstein distance W, satisfies the triangle inequality we conclude
that

In
WH(L(Va), N(0,1)) S (3, 7272 Ble
i=1

Wy (L(Wn), N(0,1)) <W (C( ),/3( )+ Wp(L£(Va), N(0,1))
SRR .

9 Proof of Lemma 8.7

For ease of notation, when there is no ambiguity we will drop the dependence on n in
our notation and write W, N(-), o, X;, I and R, , for respectively W,,, N, (-), o, sz' I,
and R; ., p.

9.1 Example and roadmap

Given the form of expression in Lemma 8.7, it is natural to consider performing
induction on [p]. In fact, [4] used a similar induction idea to prove Lemma 8.5, the
analogous result to Lemma 8.7 for independent variables. As [16] suggested, the key of
each inductive step is the following expansion of E[W f(W)].

Proposition 9.1 (Expansion of E[W f(WW)]). Denote by «;(W) the j-th cumulant of .
Given k € N, and real number w € (0, 1], for any f € C*“(R), we have

k

BW £7)] = 3 S B0 700)] + 01 ) 0.1

j=1

The case k = w = 1 is a well-known result in the literature of Stein’s method (for
example see [5, 38]). The case k£ = 2,w = 1 was first proven by [16], and they also
conjectured that it was true for any positive integer k with w = 1. Inspired by [16]'s
method, we confirm that this conjecture is correct by proving Proposition 9.1.

To help better understand the intuition behind our proof for the general settings,
let’s first consider the simplest case with £ = w = 1. Given a positive integer m,
suppose that (X;); is an m-dependent random sequence (the special case of d =1 in
Definition 4.1). We let W := >""" | X; and require that E[X;] = 0 and E[W?] = 1. For
simplicity, we further assume f € C?(R) NCY!(R) meaning that f” is a continuous and
bounded function.

For any indexes i, j € [n] (by convention [n] := {1,2,...,n}), we write

N@={len]:[t—i <m}, N(@j)={l€n]:|f—i <morl|l—j| <m}.

Denote W, ,,, := ngN(i) X;and W; jm = Zng(i,j) X,. The idea is that for each i, we
split W into two parts, W; ,,, and W — W, ,,,. The former is independent of X; while the
latter is the sum of X;’s in the neighborhood of X; and will converge to 0 when n grows
to co. Thus, we perform the Taylor expansion for f(W) around W, ,,.

We have

E[Wf(W) — f/(W))] (9.2)
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By assumption, ||f”|| is bounded and we have

|By| = (W) = F (War)(W = Win)] ‘ 9.3)

||f”||;E,X o —wy) < 1 ”ZE[\XI(Z )]

JEN (i)

||f”||z Z Z |XXX|]<||fNHZ Z Z E[|X; X, X/|).

=1 jeEN (i) LEN (3 =1 jEN (i) LEN (4,5)

Now we bound FEs.

B =Y E[X, X, f'(Wim)] — E[f'(W)] (9.4)
i=1 jEN(3)
=5 S EXX(f Wi) = ' (Wigm))]
i=1 jEN(3)
+Z > EB[XiX; ' (Wijm)] — E[f'(W)]
i=1 jEN (i)
© 2 X BN (f(Wim) = S (Woim)]
=1jeN(4)
+3 Y E (Wi jm)] = E[f'(W)]
i=1 jeN(i)
NN B (S Wim) = I (Wijm)]
=1 jEN(’)
+ Z Z (Wi,j,m) - f/(W)]
i=1 jEN (i)
=(t1) + (t2),

where to obtain (*) we have used the fact that I, ; ,,, is independent of (X;, X;) in the
second equation and to obtain (x*) we have assumed hat E(W?) = 1.
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The first term (¢1), can be upper-bounded by the mean value theorem as

Z Z E X X VVi,m) - f/(VVinm))]

i=1 jEN (i)

Z Z Hf//” EHXLX](WL,m - Wi,j,m)H
i=1 EN()

<Hf”HZ Y. D ElXXX.

i=1 jEN(i) LEN(i.)

By another application of the mean-value theorem, we remark that the second term
(t2), is controlled by

> E[X; X;] B[f' (Wi jm) — ['(W)]

i=1 jEN (i)

Z D BN E[[Wigm — W]
=1 jEN (i)

SHf”HZ Yo Y EIXXGNE[X]).

i=1 jEN(i) €N (i.j)

Thus,
B1W 107~ £ 0]
Ay Y Y ( XX, X, + E[X.X, | nxm)

i=1 jEN(i) LEN (4,5)

1
3
-2

Ry 1.

This gives us a bound that matches with (9.1).

For k > 2, we would like to carry out the expansion in the same spirit. However, it
would be too tedious to write out every sum in the process. Thus, in Section 9.2, we
introduce the terms called S-sums, 7-sums, and R-sums, which serve as useful tools in
tracking different quantities when we approximate E[f (W) — W f(W)] with respect to
locally dependent random variables. Instead of performing the expansion to get (9.1)
for E[W f(W)], we first do it for any 7-sum and use induction to prove a more general
result for the existence of such expansions (see Theorem 9.3). In the general situation of
T-sums, the cumulants are replaced by other constants that only depend on the specific
T-sum in consideration and the joint distribution of (X;);c;. Finally, we prove that in
particular, those constants for E[IW f(W)] are precisely the cumulants of . This will be
done by direct calculation when f is a polynomial and then extended to more general f’s
by applying Lemma 9.5.

9.2 Notations and definitions

As in Section 3, given an integer k > 1, suppose (X;)ics is a class of mean zero
random variables indexed by I that satisfy the local dependence assumptions [LD-1] to
[LD-k]. Without loss of generality, we always assume that o2 := Var (}_,.; X;) = 1. We
denote W: =013, Xi=>,; X.
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S-sums

Fix k € Ny and ¢4,...,%; € Z be integers such that |¢;| < j — 1 for any j € [k]. We set
t1=0. Let z = ‘{] ity > 0}| be the number of indexes j for which ¢; is strictly positive.
If 2> 1, we write {j : t; > 0} = {q1,...,¢.}. Without loss of generality, we suppose that
the sequence 2 < ¢q; < --- < g, < k is increasing. We further let qo := 1 and ¢,4; := k + 1.
We define an order-k S-sum with respect to the sequence t;.; as

Sltr,-otel == > > o > = qos s Gep1 — g2 > (X, XGy) (9.5)

11EN71 i12E€N2 i €Nk

= Z Z Z E[Xiqo .”Xiqlfl] E[Xih '”Xim*l] E[Xiqz "'Xiqz+1,1]7

11€N7 i2E€N> i €ENg

where N; := I, and for j € IN; such that j > 2, we let

N~ — N(lefjl):N(Zl”th]‘) lftj#()
R ift; =0

Note that N; depends on ¢; and the sequence iy.(;_). For ease of notation, we do not
explicitly write out the dependencies on i;.(;_1) when there is no ambiguity. Further note
that if any ¢;, that is not ¢;, is null then N; = () therefore, the S-sum S[t1,...,tx] = 0.

By definition all S-sums are deterministic quantities, the value of which only depends
on ti, and the joint distribution of (X;);c;. We also remark that the signs of ¢;’s
determine how an S-sum factorizes into different expectations. Notably if z = 0 (meaning
that all the ¢; are negative) then the 7-sum is

Trslti,ntil= > Y % E[XZ-I o X OV (W Tk — s])]
i1 €N i2€N2 i ENg
Since by assumption, X;’s are centered random variables, the S-sum vanishes if ¢; 1 =
gj +1forsome 0 < j < z:

Sltr, ot = > > - > B[X;, - X, ]

i1 ENy ioE€No ik €N (96)
"'Xiq2_1]"'E[Xi ]E[Xz o X ]:(),

aj qz Ya, 411

E[X

tqy
Furthermore, the absolute value of ¢;’s influences the range of running indexes. The
bigger |¢;| is the larger the set N; is. The largest possible index set for i;, 1 is N (i1,j_1)),
which corresponds to the case |t;| = j — 1. On the other hand, if ¢; = 0, the sum is over
an empty set and vanishes. In particular, if we require that the S-sum is not always zero,
then ¢5 is always taken to be —1 and is € N(iy).

T-sums

For any function f € C*~!(R) and integer s € IN such that s < k, the order-k 7-sum,
with respect to the sequence t;.;, is defined as

ﬁ’s[tl,...,tk} =

Z Z Z (01— qos- - @1 — @) > (Xiy o, Xy X3 0P fF (Wi [k — 8]))

11E€N71 i2€N> ik ENg

SO Y B[X X, 05 (Wil — o)) if2=0"" (9.7

11EN7 i2EN2 ik ENE
- Z Z Z E[Xim -..XZ.‘I1*1:| ]E[Xiq(z—l) “.X%zfl} :
11EN1 i2€N2 K EN, ifz>1,
E[X;, - X; 0" f(Wilk —s])]

tqz
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where Ni.x, 2, o:(.+1) are defined as in the definition of S-sums and W; [;] is defined as

Wilj] =4 ifj=0
3] = ' ' .
dienN(in) Xi H1<j<k

Note that the bigger s is, the larger the set I\N(ilz(k,s)) is, which means that
W;.[k — s] is the sum of more X;’s. Again we remark that the values of 7-sums can
depend on the values of s and the sequences t;.;. In particular, if s = 0, then we have
Wilk —s] = Wilk] = >2;cr\ (., Xi- Which implies that W; [k — s] is independent of
Xiys ..., X, by the assumption [LD-k]. Thus, we have

B[X, - Xy 0 (Wil — s])] = BIX,. X, B[0* f(Wa [k~ o).
By definitions (9.5) and (9.7) we get
Troltes - ti] = Slte, ..., tx] E[O* 1 fF(W; [K])]. (9.8)

This equation will be useful in our discussion later. In general if z > 0 then

Trsltr, ... te] =S[t, ... tq. 1] Z Z Z

iq, €Ng, g, +1E€Ng, 11 ik ENg

B[X;, - X0 f(Wi[k —s])].

R-sums

For k > 2 and given a real number w € (0, 1], we further define an order-k R-sum with
respect to the sequence t;.; as

R [tl,...,tk]'
Z Z Z [Q1—(]0,-~~7QZ+1—(Iz]l>(\Xil\w-',|Xik,1|a( Z \sz|)w>
i1 €N i€ N2 ig_1E€ENg_1 ik ENg
Y Y ]E[Xil...Xik_l( S |Xik\)‘“] if2=0
i1€N1i2€N2 k€N, ik€Ny, (9.9

= Z Z Z Z‘10 o qu 1} E[Xiq(z—l) “'Xi‘h*l] ’

11EN7 i2EN> ik €Nk

E{Xiqz X, (Y IXml)w}

ik €Nk

if z>1.

We again remark that if z > 1 then

Roltts - te] =Ralti, ... tq.—1] Z Z Z

iq, €Ng, 1q, +1€Ng, 11 ixENg

E{Xiqz "'Xz'H( > |Xz'k|>w}

ik €Nk

We call w the exponent of the R-sum. If w = 1, the only difference between an R-sum

always upper-bounded by the corresponding compositional 1-sum, i.e.,

|S[t1, - te]| < Ralta,.. . tal. (9.10)
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Another important observation is that we can compare the values of R-sums with
respect to two different sequences ¢4, ..., t; and t}, ..., ¢} in certain situations. In specific,
if for any j € [k] we have that if ¢; and ¢} are of the same sign and |[¢;| < |t}], then

Rultiy - te] S R[], -t (9.11)

In fact, the sequences (¢;) and () having the same sign indicates that {;j : ¢; > 0} = {j :
t;- > 0}. Thus, we can write

Rw[tlp---,tﬂ:z Z Z a1 —qo,- -+ qz41 — @2 Jp

’I:1€N{ iQGNé ik,leN;_l
. (9.12)
(b X (X 1))
’L'k-,GNI/C
where we note that N = I = N; and for j = 2,...,k we have

N;:N(Zl,,l‘t”) QN(il,...,i‘tj‘) :Nj.

By comparing (9.9) with (9.12), we obtain (9.11).

Re-expression of the remainder terms Rz;,

Using the notion of R-sums, we rewrite the Ry, in Section 3 as

LU SR S S »

(€,m1:0)€C*(k+2) i1 ENY i2ENY i1 ENL

[771,---7?718}9 <|Xi1|7"'7Xik+1|v< Z |Xik+2)w> (9.13)

ik+2€N1;+2

= Z Rw[t17t27"'7t1€+2]a

t1:(kt2) EMi k42

where Ny := I and N} := N(iy,(;_1)) for j > 2. C*(k + 2) and M x 2 are given by

£
C*(ki—‘rQ) = {5,771;@ cIN, :np; > 2Vj e [5—1}, Zr]j Zk‘—ﬁ-Q},
j=1

and
ML]H_Q = {tl:(k+2) : tj+1 = :|:j & fj /\tj+1 <0 V1 S j S k + 1}.
Note that ¢; A ¢;41 < 0 for any j € [k + 1] means that there is at least one —1 in any two

consecutive signs, which corresponds to the requirement that n; > 2 for j € [¢ — 1] in
(9.13).

9.3 Proofs of Proposition 9.1 and Lemma 8.7

In this section, we carry out the local expansion technique and prove Proposition 9.1
and Lemma 8.7.

Firstly, we establish the following lemma, which will be crucial in the inductive step
of proving the main theorem.

Lemma 9.2. Fixk € N,. For any s € [k] U {0} and f € C**(R), we have

‘n,s[tl, e bert] = Sl ] B[O FW)]

<l (—(@(trr1 < 0) - Ruftr, -y tosr, k 4+ 1] +1(s > DRyt -+ s typr, —(k + 1)]).
(9.14)
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Given any / € [k] and s € [¢] U {0}, we further have

‘Tﬁs[tl, ot = Slt1, ...t B[O F(W)] (9.15)
k—C+1 j
I(s>1)- > Z )7}][t17...,tg,s—6,...75—67—67...,—6]
j=1 h= h times (j—h) times
k—0+1 1
— (I(ty < 0) Zl ﬁm[tl,...,tg,e,fe,...,fe]
- (j—1) times
M(—H(t4<0)-Rw[t1 vty L =]
_(k7€+1)! ) b b ) b b

(k—£+1) times
+1I(s > 1) - Ruftr, ... te, —C,...,—L]).
—_———
(k—0+2) times

Proof. Firstly, we remark that the definition of Holder continuity implies that
0% f(y) = 0" f(@)] < |flnawly — 2, (9.16)

where w is the Hélder exponent of f and | f|x,, is the Holder constant (see Definition 8.1).
Let z = |[{j € [k + 1] : t; > 0}| be the number of positive indexes (¢;). If z > 1, we write
{jelk+1]:t; >0} = {q1,...,¢-}. Without loss of generality, we suppose that the
sequence 2 < ¢; < --- < ¢, < k+ 1is increasing. We further let ¢p := 1 and q,41 :=k + 2.
Applying (9.16) we have

[BIX, X 05 F (Wil + 1= )] = B[X, X, 0 f(Welb+ 1)) 9.17)
< lewB[[ X, - Xigy |- [Wilk +1 =] = Wi [k +1]|7]

1k+1‘
1

§|f|k,wE{|Xiqz X || 3 X;

1EN(i1:(k+1))\N(i1:(kt1-5))
w
)

where in the last inequality we have used the fact that N(iy.(r41))\N (i1:(k+1-5)) C
N (i1:(k41)). If 2 = 0, this directly implies that

S|f|k,wE |:|Xiqz . 'Xik+1| ' ‘ Z X

PEN (i1:(k+1))

’Tf,s[tl, coostieyr] = Trolts, - - 7tk+1]’ <I(s > 1) |flewRwolt1, s tryr, —(k+1)]. (9.18)

If z > 1, by definition (9.7) we have for s > 1

‘n,s[tl,...,tkﬂ} _ n,o[tl,...,tkﬂ}‘

= Z Z Z E[Xiqo"'Xiql,J E[Xiqz_l"'Xiqz,J'

11 €Ny i2E€N> ip+1E€Nkp1

B[X,, -+ Koy (O4FWL 1= )~ 00 e+ 1) |

<> > > Bl X[l B, X )

11 €EN1 i2€N> ipt1€Np1

‘]E[Xiqz o X SO F Wik 41— s]) — OF F(Wi [k + 1])] ]
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(¢ 17)

— |f|k"~J Z Z Z EHXqu "'Xiq1—1H IEHXiqz71 '”Xiqulu ’

11 €N1 i2E€EN> Tkt1E€ENK11
w:|

B[, Xl ¥ X
1EN (i1:(k+1))

Here the last equality is due to the definition (9.9). Thus, (9.18) is proven for both z = 0

and z > 1. Next we show that

:|f|k,wa[t1, - ?tk+17 —(]{,‘ + 1)]

Sltry s o) (BIOF F(W)] = BID* (Wi [+ 1])])|
< = T(ths1 < O)|flewRwlts - - s thr1, k+ 1].

(9.19)
In this goal, we first note that if ¢;4; > 0, by definition (9.5) we know that ¢, = k + 1 and
therefore, according to (9.6) we know that

S[th s 7tk+1] =0,
and so (9.19) holds. Otherwise, we note that we have

)E[akf(w)] — B0k f(Wilk+1))] ] < |FlooB[| Wik +1— s — Wi [k +1][*]

w w 9.20
ﬂﬂmﬁﬂ > Xi}<vmﬂﬂ > Xi} 920

PEN (i1: (k1)) \N (i1 (k+1—5)) 1EN (i1: (k1))

This implies that
[S[t1, - ) (BLD* £ (W) — BID* £(W; [k + 1))

gkm,meHﬁMMﬂWﬂ B[0" f (W, W*”H

(;)‘flk,le[tl, ot E UiEN(ZZL;HU) Xi w]

=Iflew D D Y @ —Gos Qa1 — )b

11 €Ny i2€N2 ip4+1E€ENK4+1
w:|

(|X'L1|7"'7‘Xik+1|) EU Z X
:‘flk,w Z Z Z [Q1_q07---aQZ+1_QZ71]I>

€N (41:(k+1))
11€N7 i2€N2 ik+1E€ENK41

(lXi1‘7"'7|Xik+1|7( Z |X2k+2‘> )

ip42€N(i1: (k1))

:‘f|k,wa[t17 .. atk-‘rla k + 1}7

where (x) is due to (9.10) and (9.20). Taking the difference of (9.18) and (9.19), we
obtain (9.14) by applying the equation (9.8).

For ¢ < k, we apply the Taylor expansion with remainders taking the integral form
and obtain that

0 ) =0 fw) = 3 iy =)0 () ©21)
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1 —4+1 ! —
N = [ = e D v+ (1= )y do
—l+
2 -0
P [ ) (0w (L) - 0 )
(k—C+ 1) ;

where to obtain (x) we added and subtracted %

that 0% f(-) is assumed to be Holder continuous we obtain that

0" f(vx + (1 = v)y) = 0" f(@)| < [flrw(l —0)* |y — 2 <|flrwly — |, (9.22)

0" f(x). Moreover, using the fact

Therefore, as fol(k — ¢+ 1)v*=fdv = 1, by combining (9.22) with (9.21) we get that

k—0+1
(9[_1f(y) _ 35_1f(x) _ Z %( )Jae 1+Jf( )| < m‘y |k,—€+1+w. (9.23)

Jj=1

We prove that the following inequality holds:

‘7}7S[t1,...,t4] —Trolt1,- .. ]

1
— > . S Y — i — L, ... -, =L ..., —
Ws2 1) D, D (D gy Tl otng 2 s = bl )| (g oy
j=1 h=0 h times (j—h) times
I(s > 1) - | f[k,w
Rt tes —b, . —C].
STty el te ]

—_———
(k—£+2) times

First, let’s establish (9.24). Let z = |{j € [{] : t; > 0}]. If z > 1, we write {j €
[ : t; > 0} = {q1,...,q.}. Without loss of generality, we suppose that the sequence
2<q <---<gq, </lisincreasing. We further let ¢y := 1 and ¢,4+; := £+ 1. Applying
(9.23) we have

’E[Xiqz X3, 0 (Wil —8)] - B[Xy, - X3,00 F(Wil)]
k—0+1 1 - .

- }:;ﬁED@Z~¢&AWQV—sy—W;mVW—Hﬁﬂwgmﬂ (9.25)
‘f|k,w

X

e

S Bl X X Wl 5] - W),

For convenience let

S B, X0 (W )] - BIX, X, 0 (W)

iq, €Ng, e €Ny

S D> B[X, - X (Wil — s] = Wi [0 (W [0)],

iq, €ENg, g €Ny

Z Z EHXiqz X“| . |Wi_[€— 3] _ Wi.[€]|k_£+1+w].

i‘Zz equ €Ny
Then (9.25) reduces to

| By — S5 Ba g /3] < | fliwBs/ (K — €+ 1)L, (9.26)
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Then we observe that by definition of W; [-] we have
E[X;, Wi [l — 5] = Wi l0) 04 f (W [0])]
[ e Z X- ¥ x)ersn )

1€N(l1z) 1EN (i1:0—5) (9.27)
J j h J—h _
Z<1>h(h)E[Xi%-~Xw( > ox) (X x) 3“+Jf(Wi.[€])],
h=0 PEN(i1.0—5) i€N (i1:0)
and that
k—0+14w
E[|Xi,. - Xi,| - [Wilt —s] - Wi ld]" "] (9.28)
[ k—f+1+w
SR S D DU
B GEN(i1: (k1) \ NV (i1:(kt1-5))
r k—t+1+w
S P R Y
- PEN (i1:(k+1))
B k—0+1 w
<ellx, cxal (X )T Y xf]
- PEN (i1 (k1)) PEN (i1 (k1))

If z = 0, we take the sum of (9.27) or (9.28) over i,, € N, ,...,i¢ € N,. By definition
(9.7) and (9.9) we have

El = ﬁ,s[tla'-'atf] _7},0[t17...,t£],

J .
Es :Z(—l)h(i) Triltis o tess— 0. s —0,—0, ... —1],

h=0 h times (j—h) times (9.29)
B3 < Rulti, ... te, b, —L,...,—0].
———
(k—£+1) times
Combining (9.29) and (9.26), we have for s > 1
‘ﬁ’s[tl, .. ,tz] — 7},0[7517 - ﬂf[]
k—0+1 j 1
h
_ Z 2(4) mﬂc’j[tl,...,u,s*&...,s76,76,...,75]
j=1 h=0 h times (j—h) times
9.29
“2\p Z E27/3'| |f|kwE3/(k t+1)!
(9.29) |f‘kw
< ———Rult1,...,te, —L,...,—L].
= (k—L0+1)! g k_,_,]
(k—£+2) times
Thus, (9.24) holds for z = 0.
If z > 1, similar to (9.28) we have
S[t1, .- tg.—1] - By = Tralte, -t — Trolta, - - ],
J .
S[tl,.. qul] EQJ = Z(l)h(2> 7—f’j[t1,...7t[,$7€,...,8 716, 7&...,76],
h=0 ) _ - (9.30)
h times (j—h) times
Rults, ... tg—1] B3 < Rultr, ... te, —C,...,—1].
——
(k—£+2) times
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Combining (9.30) and (9.26) we get for s > 1

”Tf’S[tl,...,tg] — n}o[tl,...,tg]

k—f¢+1 3
- Z Z )7}3[151»~~,tz,8—€,...,s—Z,—é,...,—e]‘
=t h=0 h times (j—h) times
k—0+1 k—t+1
(920)|8[t17...,tqz—1”-’El Z Egj/j| < Rl[th-- qz—l |E1 Z EQ,j/j!‘
j=1 =
s By — 1) 020 Mo g o
>~ l[tla.. (Iz—l] |f|kw 3/( + ) ~ (k_£+1)' w[tl,...,tg, gy ]

(k—£+2) times

Thus, we have shown (9.24) for both z = 0 and z > 1.
Next we prove that the following inequality holds:

|S[t1, (B[O O] — Bl F(WL ()

k=1 4
I(t, < 0) - Z ﬁjtl,...,tg,ﬁ,—z,...,—é] 9.31)
(7—1) times
Ity <0) - | flkw _ _
< =it 1) Reoltl, - te, by —,...,—L].
(k—£+1) times
For (9.31), we apply (9.23) again and get that
[0 57 - E[o£07, 1)
FE |fk. k—e+1+
l—1 w —£ w
- g FE(We - W[ 0 f W )] < Bl - wad) J-
(9.32)
For convenience let
By = E[P (W) - E[0 F(Wa[0),
Es j := B[(Wy, — W, [()70 1 f(W; [4)],
Eg = B[[W —w, [g|" .
Then (9.32) reduces to
| By = 3500 Bo g /Y] < |flhwBo/(k — €4 1), (9.33)

We first note that if ¢, > 0 then S|ty, ..., t;] = 0 therefore, (9.31) holds. Moreover, similar
to (9.30), we have for t, < 0

Slt1s... te] - By = S[tr, ...t (B[ f(W)] — E[0" f(Wi[0))]),

S[tlv"'atl] 'E5,j :7},j[t17"'7tfa€77£7"'77‘€]7
(§—1) times (9.34)
'Rl[tl,...,tg] - Eg < Rw[t17...7t5,€7 —&...,—f].

(k—£+1) times
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Combining (9.34) and (9.33), we have

k—0+1
Slti,.... t) (B0 f(W)] — E[0 1 f(W, Z Tfjtl,...,tg,z,z,...,a‘
(5—1) times

©.30) k—0+1 k—0+1
=St tl| - | Ba— D E5J/j\ < thl,..., - |Ea= > Es /4!

j=1 j=1
(9.33) (9.34) |f|k’,w
< Raltrotd - flewBo/(k = L+ DU < PRl o te by 260 L)

(k—£41) times

Therefore, we have established both (9.24) and (9.31). Taking their difference and
applying (9.8), we obtain (9.15). O

Equipped with the tools in Lemma 9.2, we approximate any 7-sum 7 ;[t1,...,t/] by
order-j S-sums (j = ¢, ...,k + 1) with remainder terms being order-(k + 2) R-sums.

Theorem 9.3. Fixk € IN,. Forany( c [k +1],s € [(]U{0}, and t,...,t, € Z such that
[t;| < j—1 foranyj € [{], there exist Qy,...,Qk+1 (which depend on s and ty., and
the joint distribution of (X;);c;) and a constant Cy ¢ (Cy, < 4*=%*1) such that for any
f € CH¥(R), we have

k+1

'Tf7 tl,..., ZQ] 6] 1f )]’<C}€7@|f|k,ka’w. (9.35)

Note that by (9.13) Ry, is given as

Rk,w = Z Rw [t17 t27 s 7tk+2]a

t1:(kt+2) EMi k42

where
M jg2 = {tl:(kJrZ) st =E] & At <0 VI<j<k+ 1}.

Proof. If there exists an integer 2 < j < ¢ such that ¢t; = 0 or there exists j € [¢ — 1] such
that ¢; and ¢;,, are both positive, then 7}75[161, ..., ts] = 0 by definition and the theorem
already holds by setting Q; = -+ = Q41 = 0.

Otherwise, we claim:

Claim 9.4. Let Ty s[t1,...,t¢/ bea T-sum. Forany j={¢+1,...,k+1, let
5[.;,_17] = {t 041): ‘th_;'_ll < h & th /\th+1 A4 < h < _] — 1}

Forallj=/{(+1,....,k+1,v e [j]U{0}, and (t¢41,...,t;) € & ;, there are coefficients
Qjuts,; (additionally depending on s) such that if we write

J
Q= D D G, Trwltn, ot tern, o ), (9.36)

t+1):5 €€, 5 ¥=0
then the following holds

k+1
’ﬂys[tl, ot — ZQjE[Gjlf(W)]’
7=t (9.37)
<A fliw > Rty -t tesa),

tot1):(k+2) EMe k1
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where
Mg g2 = {t(5+1):(k+2) Dt = £y & ti ANtjy1 <0 W<ji<k+ 1}.

We establish this claim by performing induction on ¢ with ¢ taking the value k +
1,k,...,1in turn.
For ¢/ =k + 1, by (9.14) we have

‘Tﬁs[tl, cotimt] = STty tega] B[R F(W)]
< flew (Ttegr < 0) - Rultr, ..o togr, b+ 1] +1(s = 1) - Ry[tr, ..., tigr, —(k + 1)]).

If there exists j € [k] such that ¢; and ¢;4, are both positive, then T ([t1,...,tg41] =0
and the claim holds with all a; . ¢,,,,,, = 0. Otherwise, for all j < k either ¢; is negative
or tj;1 is negative for j € [k]. If ;1 < 0, then we have
I(tes1 <0) - Rultr, ..t b+ 1] +1(s 2 1) - Roftr, ..o tpgr, — (b + 1)
:Rw[tl, e ,tk+17 k =+ 1] =+ 1[(5 Z 1) . Rw[tl, . ,tk+1, 7(]6 =+ 1)]

(*)
<R,[0,sgn(t2),2sen(ts),. .., k- sgn(ter1), k + 1]
+ Ru[0,sgn(t2), 2sen(ts), ..., k- sgn(tps1), —(k + 1)]

< D> Rofti otk trya],

tk+2:i(k+l)t
tet1Atr42<0

where (x) is a consequence of (9.11) and sgn(x) = 0,1, or — 1 denotes the sign of a real
number z.
Further note that if ¢;41 > 0, then I(¢x11 < 0) = 0 and we get

]I(tk+1 < 0) 'Rw[tl, R ,tk+1,k + 1] +]I(8 > 1) -Rw[tl,. A —(k‘ + 1)]
:]I(S > 1) : Rw[tla s atk’-‘rlv _(k+ 1)]

*)

<Ru[0,sgn(t2),2sen(ts),. .., k- sgn(trr1), —(k + 1)]

S Z Rw [t17'-'7tk+17tk+2]7

t)c+2::|:(k+1):
tk+1/\tk+2<0

where (x) is a consequence of (9.11). Thus, we have shown that

[ Thaltrs o stipa] = Sl tsa] B[S (W)
L flrw Mtk <0) - Rultr, s trgr, b+ 1] +1(s > 1) - Rufts, .., teyr, —(k + 1)])
Uflrw R ltis o tet, tha)-
tk+2:i(k+1):

th41Atp42<0

Now suppose the claim holds for ¢ + 1 and consider the case of £. By (9.15) we have

‘7}@@1, ot = S[ty, ...t B[ F(W)]

k—0+1 j
I(s>1)- > > (-1 e Trlt e ste s =€ s = 6L, (]
1 h=0 ) R . .
Jj= h times (j—h) times
k—0+1 1
+I(t, <0 =Tt te, b, =4, ..., =2
( ) Z_:l ,]! fj[ ]
= (7—1) times
EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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|f|k,w

———(I(¢ “Reoltr, . te, b, —4, ..., —F
*(k—€+1)!((Z<O)R[1 Yy ]
(k—£+1) times
+1I(s > 1) Roltr,. .. te, —4,...,—L]).
———
(k—£+2) times
Note that 7y ;[t1,...,te,s —€,...,s =4, —(,...,—{) and Ty ;[t1,...,ts, ¢, —¢,...,—{] are T-
———

h times (7—h) times (j—1) times
sums of order at least £ + j (7 > 1). Therefore, we can apply inductive hypothesis on
them. In specific, the remainder term (R-sums) in the expansion of

7}7]'[1517...,15[,8—&...78—@,—8,...,—6]
h times (j—h) times
is given by this
4k7€7j+1|f|k7w Z Rw[tl,...,tg,sfg,...,S7g,*f,...,7€,tg+j+1,...,tk+2]
et +1):(k+2) EMetj+1, k42 h times (j—h) times
(9.11) . .
< 4kfl*j+1|f|k7wZRw [th e ,tg, *E, *(6 =+ 1), ey 7(6 +7— 1)7tg+j+1, R ,tk+2]

totir1):(kt2) EMotjt1 k42

<A fw YD Rultn, ot —Ctepa, o tega] = AR fl - UL
tiet2):(k+2) EMet2, k42

Similarly, the remainder term in the expansion of 7; ;[t1,...,t¢, ¢, —¢, ..., —{] is given by
———

(7—1) times
k—0—j5+1
4 ! |f|k,w E Ru} [t17"~7t€7£7 767"'77€7t€+j+17"'7tk+2]
———
totit+1):(k+2) EMetjt1, k42 (j—1) times

§4kieij+l|f|k,w Z Rw [tla"'vtfagatfﬂLQ?""tk+2] = 4k7€7j+1|f‘k’w .U2'
tet2):(k+2) EMe2 k2

Note that U; + I(t, < 0) - Us is controlled by

U, + ]I(tg < O) - Uy (9.38)
= Z Rw[tla"'7t53763t2+27"'7tk+2]
teet2):(k+2) EMit2, k42
+]I(tf<0) Z Rw[tlw"utf7£7té+27"'7tk+2:|
tet2):(kt2) EMet2 k42
< > Rultt, . otosterts .. tisa).

tet1):(kt2) EMet1, k42

As we mentioned above, by inductive hypothesis we have that there exist coefficients
Q; satisfying (9.36) such that

k+1
Tralteeeostd = 30 Q B0V
=t
k—+1 j 1 k—0+1 1
< 74k7f7]‘+1 w U T(t 0 74]67[*]‘4’1 o U.
< Zh!(j—h)! | flrw - U +1(te < )Z 7l | flkw - Uz
j=1 h=0 Jj=1
|f|k w
+ e, < 0) Ruftts. . tely —Ly ooy —0] + Roftr, - ste, =Ly, —L]).
(k—£+1)!((£ ) - Rulta ¢ ] [t ! )
(k—£+1) times (k—£+2) times
EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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Noting that > _, 1/(R!(j — h)!) = 27/;!, we have

k41

Tf,s[th e >te] - Z QJ E[aj_lf(w)}
j=¢

k—f+1 9j . gk—t—j+1

< Z ﬁlflk,w-(m +1(t < 0) - Uy)

(k%’“:l)l(ﬂ(t@ <0)-Uy+Uy)

(1+ S5 a0 2) £l (U + I(te < 0) - Un)
A Fl o (U1 4Tt < 0) - Un)
4k—€+1|f|k7w Z Re [t].?"')tf7t€+17-~-’tk+2}.

tiet1):(k+2) EMet1,k+2

j=1

_|_

IN

(9.38)

Nw N

Thus, we have shown (9.37).
Finally, we note that for all ¢;., € M, ; and then by (9.11) we have

> Reoltiy. - stey o tiga)

tet1):(k+1) EMet1,k+2

< Z Rw [0, Sgn(tg), QSgn(tg), ey (E — 1) sgn(tg), tg+1, ‘e ,tk+2]
toq1):(kt2) EMet1 k42
< Z Rulti,ta, .. tego] = Riw- O

t1:(kt2) EMI k42

We remark that if f is a polynomial of degree at most &, then the Holder constant
| flk,w = 0 and hence the remainder Cj, ¢| f| Rk, Vanishes.

For any 7-sum, we have established the existence of expansions in Theorem 9.3.
Next we show the uniqueness of such expansions.
Lemma 9.5 (Uniqueness). Under the same settings as Theorem 9.3, suppose that there
exist two sets of coefficients Qy, ..., Q1 and Qy, ..., Q) ., only depending on s and t;.s,
and the joint distribution of (X;);c; such that for any polynomial f of degree at most ¢,
we have

Trsltr, o te) = QBT FW)] + -+ + Qe E[O" f(W)]
= QED " (W) + - + Qpy E[O" fF(W)).

Then Q; = Q) forany j = (..., k+ 1.

Proof. We prove this lemma by contradiction.

Let j be the smallest number such that Q; # Q;. Since the coefficients Qy, . .., Qk+1
do not depend on f, we can choose f(z) = cz/~! such that 3~ f(x) = c(j — 1)! # 0.
But Q; (1 E[07 f(W)] = -+ = Q1 E[0" f(W)] = 0, which implies ¢cQ; = ¢Q’;. This is a
contradiction. Therefore, (); = Q; forany j=4¢,...,k+ 1. O

Proof of Proposition 9.1. Applying Theorem 9.3 with £/ =1, and s = t; = t3 = 0, we have
for any f € C**(R),

k+1
EWfW)] =Y E[Xy, f(W)] = Trol0] = Y Q;EQ ' f(W)] + O(| {0 R
i€l j=1
EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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for some @1, ..., Qr+1 that only depend on the distribution of (X;),c; and where Ry, , is
defined in (9.13). Suppose that f is a polynomial of degree at most k, then we observe
that f € C*“(R) and |f|, = 0. Thus, this implies that

k+1

Trol0] = EWF(W)] = > QE[" ' f(W)]. (9.39)

j=1
On the other hand, for any random variable, the moments (u;);>0 and cumulants (x;);>o,
provided that they exist, are connected through the following relations [40]:

“ (n—1
o= (7 1>njunj. (9.40)

=1 M

Using this we will obtain a similar expansion to (9.39) by using the cumulants (k). In
this goal, we first remark that if f(x) = 27 where j < k, then by using (9.40) we obtain
that
j+1 .
B0V =m0V = 3 (4,7 ) snWhmsian(09)
h=1

J . k
=3 () sneaWsn(9) = - = o o),
h=0 ’

h=0
Moreover, we remark that this can be generalized to arbitrary polynomials f of degree
k. Indeed, any polynomial f of degree k can be written as f(z) = Z?:o ajz’ for certain
coefficients (a;). By the linearity of expectations, we know that

k

Ew ) = 3 2 il ron)

§=0
Compare this to (9.39) and apply Lemma 9.5. We conclude that Q; = x;(W)/(j — 1)! for
any j € [k + 1]. In particular, @, = 0 = &1 (W). O

Next we upper-bound the cumulants of W using Ry 1.

Corollary 9.6 (Bounds for Cumulants). For any k € IN, there exists a constant C}, that
only depends on k such that |k 42(W)| < Cp Ry 1.

Proof. Let f(x) = 2**!/(k + 1)!. We remark that f € Ay, where Ay, = {f € C*(R) :
[flx1 < 1}. Moreover, by using Proposition 9.1 we have

k
B )] = 3 S 0t (1)) + 0( ).

Here the constant dropped from the big @ analysis is controlled by 4*. On the other
hand, by (9.40) we have

BIWS(W)] = k20

(k+1)

k+1

o

1 (k j 1) i1 (W) pks1-5 (W)

J

k
Kjr1(W) s tig+2(W)
=" SR (W) 4 e
= J! (k+1)!
Thus, there exists Cy such that |k 2(W)| < Cp Ry 1. O

Finally, we are able to prove Lemma 8.7 based on Proposition 9.1 and Corollary 9.6.
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Proof of Lemma 8.7. We perform induction on k := [p]. We start with £k = 1. In this
goal, we first remark that by Lemma 8.3, we have f = ©h € C**(R) and that |f|;,, is
bounded by a constant. Moreover, as f = Oh is the solution to the Stein equation (8.2).
By Proposition 9.1 we obtain that

E[h(W)] — Nh = E[f(W)] - E[W (W)] = O(R..).

Therefore, the desired result is established for 1. Suppose that the proposition holds for
1,...,k — 1, we want to prove that it will also hold for k. Let f = Oh, then by Lemma 8.3
we know that f € C**(R) and that |f|x. is bounded by some constant that only depends
on k,w. Thus, by Proposition 9.1, we have

_ = ki1 (W) Jj
E[W f(W)] = E 7],' E[0/ f(WV)] + O(Rkw)-
i=1 '

Hence we have the following expansion of the Stein equation

E[r(W)] = Nh = E[f'(W)] — E[W f(W)] (9.41)

=" Z Kj+;!(w)E[@jf(vv)] + O(Ryw)

k—1
—- 3 2l pprenn) + ol
=1

Noting that /7'©h € C*¥=7~1%(R) and |[0?T1Oh|;_;_1, is bounded by a constant only
depending on k,w, then by inductive hypothesis we obtain that

E[? T Or(W)] — N[0" T Oh] (9.42)
_ T - ’{85+2(W) - se+1 j+1
_ 3 G HTH)!N[H@ 0)-9 @h]
(rys1.r)€l(k—5—1) =1 =1
k—j—1 ] k—j ]
+O< S Rt/ Réi—y—uw)/ww—l))’
=1 (=1

where we denoted I'(k — j — 1) := {r,s1,, € Ny : >y sg <k —j—1}.
By Corollary 9.6 and Young’s inequality, we have

k—jtw—1 E—jtw—1 ; ktw—1 L — 1 Efw-i
+o tw_1 Ji ]t w 2=
lKjra(W)R, 7 | S RjaR, 70 < FTroo ki_RfL i
+w tw-—1 (9.43)
hojtw=1 R j e k—j+w-—1 kto-1 ’
852(W)Bey © IS RjaByy © 0 < pmm By e B

Thus, we derive that

E[h(W)] — Nh
k—1
(9.41) ffj+2(W) j+1
= — ——— K[ Oh(W)] + O(Rk.,
EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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k—1 k—1
(9.42) ’fj+2(W)N 9tlon Kj+2(W)
; (j+ 1! [ ] Jz::l (y+ 1)

r

Z (_1)7- ﬁ ﬁ5e+2(W)N [H(asﬁ-l@) Oaj-i-l@ h}

|
(rys1.0)ET(k—5—1) (=1 (s¢+1)! =1
k—1 k—j—1
k+w—75-—1)/¢
+O(Rk,w+2|ﬁj+2(W) S Rk
j=1 =1

k—1
S Sagrensenn)
j=1

k—1

(9.43) Kjr2(W) it « Kjr2(W)
4 _;ﬁ/\f[a + @h]+;ﬁ.

r

Z (_1>r ﬁ ’i8z+2(W)N [H(83z+1@) Oaj+1® h}

!
(r,51.)ET(k—j—1) i (et =1
k—1k—j—1

+O(Rkw+ZR’”“ DN ST R
Jj=1

j=1 =1

E

—1k—
+ R(k—i—w 1)/(l+w— 1>
1 1

<.

~
I

J

KS/ W Sg
- xR [ee

(r,sl:r)el“(k—l) =1 (=1

k-1
N O(Z Ré{c;rwfl)/é N ZR (ktw—1)/ e+w1))_
=1

Therefore, the desired property was established by induction. O

10 Proof of Lemma 8.8

In Lemma 8.8, we would like to find a random variable with a given sequence of real
numbers as its cumulants. Constructing a random variable from its cumulants can be
difficult in practice. However, there is a rich literature on establishing the existence of a
random variable given the moment sequence. And it is well-known that the moments
can be recovered from the cumulants, and vice versa. The explicit expression between
moments p,, and cumulants «,, is achieved by using the Bell polynomials, i.e.,

Hn = Bn(ﬁla ceey ’{n) = ZBn,j(Hla ) K’ﬂ,—j-‘rl)a (10.1)
Kon = Y (=177 G = DBy (i1, s i), (10.2)
j=1

where B,, and B,, ; are the exponential Bell polynomial defined by

n
Bn(xh ce 'axn) = ZBn,j(l.thv ©e .,$n7j+1),

— n! T\ T2\ Tp—jt1 In—j+1
Bn,j(x1,x2,...,xn—j+1) '_Zm(l') (§> (m> .
(10.3)
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The sum here is taken over all sequences iy, ...,%,_;41 of non-negative integers such
that the following two conditions are satisfied:

i1 +ig+ - Fin—jr1 = J,
21+222++(n—]+1)zn7]+1:n

In mathematics, the classical moment problem is formulated as follows: Given a
sequence (4;);>0, does there exist a random variable defined on a given interval such
that 4; = E[X7] for any non-negative integer j? There are three essentially different
types of (closed) intervals. Either two end-points are finite, one end-point is finite, or
no end-points are finite, which corresponds to the Hamburger, Hausdorff, and Stieltjes
moment problem respectively. See [2, 7] or [43] for a detailed discussion. For our
purpose, there is no restriction on the support of random variables. Thus, the following
lemma for the Hamburger moment problem is all we need.

Lemma 10.1. The Hamburger moment problem is solvable, i.e., (u;);>o is a sequence
of moments if and only if yuo = 1 and the corresponding Hankel kernel

Ho M1 M2
1o p2 p3
H = (10.4)

M2 H3 4

is positive definite, i.e.,

Z Hj+kCick = 0
J:k20

for every real sequence (c;);>o with finite support, i.e., ¢; = 0 except for finitely many j's.
If we define the (j+1)-th upper-left determinant of a Hankel matrix by

o T Zj
xr1 X9 xj_,’_l

Hj(ﬂ]o,l’l,...,ij) = . . A . y (105)
Tj Tjtr o Loy

by Sylvester’s criterion in linear algebra [20], the positive-definite condition above is
equivalent to H;(uo, ..., ue;) > 0 for any j € IN,.

In order to prove Lemma 8.8, we construct a Hankel matrix from given values of
cumulants and ensure that the upper-left determinants of (10.4) are all positive. Then by
Lemma 10.1, there exists a random variable that has matched moments with the ones in
(10.4) and hence it also has the required cumulants by (10.2).

For convenience, we write

Lj(xl, e ,ZL’Qj) = Hj(]., Bl(xl), BQ(SEl, xg), ey ng(l’l, e ,fﬂgj)).
Taking z; = 0, from the definitions (10.3) and (10.5), there is an expansion

LJ(Oa T2, ... 71‘2]') = H](la OvBQ(OaxQ)’ EERE BQj(O,J?Q, LERE $2])) = Zag?“.,tgjx;z o xgzjja

(10.6)
where the sum is taken over
ty +t3 4 4ty >,
2 NG (10.7)
2ty + 3tg + -+ (24)t2; = 4(5 + 1).
EJP 28 (2023), paper 117. https://www.imstat.org/ejp
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To illustrate, set By = 1. By (10.5) each term in L;(x1,...,72;) = H;(Bo, By, ..., Baj)

is a product of the form [J/1! By, (coefficients omitted) such that 777 ¢, = j(j + 1).
Note that by (10.3) each monomial M in By(z,...,x,) satisfies that

deg,, (M) + deg,, (M) + - -+ deg,, (M) >1 forl>1,

- ] ta; . .
Thus, each monomial ag?...,th? o xo? in Lj(wy, ..., zo5) satisfies that

tittot+ oty > {se€li+1]: 6> 1} >,
ty+ 2t + o (25t = 30T = (G + 1),
Now if we take x; = 0, then ¢; = 0 holds for all remaining terms, and (10.7) follows.

We further define in the following way a sequence of univariate polynomials which
will be essential in our construction in Lemma 8.8, by setting

Pj(z) == Lij(0,1,z,2% 2% ... 2% ~?).

Firstly, we present a lemma on the properties of P;(x).

Lemma 10.2. P;(z) is a polynomial of degree at most j(j — 1) with only even-degree

terms and if we write
J(G—-1)/2

Pj(z) = Z béje):r%,
£=0

(7)

we have béj) = 45G11y/2,0,...,

o=>2 foranyj>2 j€N,.
Proof. Note that by applying (10.6) we obtain that

P; (z) = L; 0,1,z,... ,1,2]’72) _ Z ag) t2jxt3+2t4+.”+(2j72)t2j’ (10.8)

.....

where the sum is taken over

to +t3+ -+ 125 > 7,
2ty + 3tz + -+ + (2))t2; = j( + 1)

The degree of each term in (10.8) is

ts 4+ 2ty + -+ (25 — 2)ty;
=(2ty + 3tz + -+ + (2))t2;) — 2(t2 + t3 + - - - + tay)
=j(J+1)—2(ta +t3+ -+ tay).

This is even and no greater than j(j — 1) since to +t3 + - - +to; > j.

Then we show the constant term b(()j) > 2. Consider a standard normal random
variable { ~ N(0,1). Then k;(§) = 0 for all j > 1,j # 2, and k2(§) = 1, which is
straightforward by checking that the moment generating function of ¢ is exp(t?/2). By
Lemma 10.1, we have

) = P;(0) = L,(0,1,0,...,0)
=L;j(k1(§), k2(8) - -+, K25(8))
=H;(p10(§), 11 (), - -, p2; (€)) > 0.

Since p2e(§) = (2¢ — 1)!! and p2p—1(£) = 0 are integers for £ € N, b(()j) is also an integer.

Checking Leibniz formula of the determinant for the Hankel matrix H; [26], we observe
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that there is an even number of terms and that each term is odd. In specific, the
determinant for the Hankel matrix is given by

J

b = Hy(o(€), 11 (&), - 1125(€) = > sgn(r) [ [ iy si—(©):
TES; i=1
where by abuse of notation sgn is the sign function of permutations in the j-th permutation
group S;, which returns +1 and —1 for even and odd permutations, respectively. Since
p2e(§) = (20 — 1)l and pge—1(§) =0 for all £ € N, we have

isodd if7(i)+iisevenVi=1,...,;j
Sgni( T (i) 4+i— .
gn( )EM @rri=2(8) { 0 otherwise
Noting that the number of permutations 7 that satisfies 7(i) + i is even foralli =1,...,5

is (j!)2, which is even when j > 2, we conclude that b(()j ) is even, and thus, it should be at
least 2. O

As we have explained at the beginning of this section, we would like to construct a
‘moment’ sequence such that the corresponding Hankel kernel is positive definite. The
following lemma offers one single step in the construction.

Lemma 10.3. Suppose there is some constant C such that |u,| < C for¢=1,...,2j+1
and H; (o, ..., p2;) > 1. Then there exists C' only depending on j and C' such that

Hj+1<M07 ceey 24, 2541, C/) Z 1.

Proof. Let C' = (j + 1)(j + 1)!C7*2 + 1. Then by the Laplace expansion [26] of the
determinant, we have

J
Hji1(pos - - - s pizg, poj1, C) =C"Hj(pos - . ., piag) + Z(—l)JHMMjHHAjH,IZH
=0

>C' — (j+1)C-(j+1)ICIT > 1,

where Aj. 2 ¢4+1 is the determinant of the (j+1)x (j+1) submatrix obtained by deleting
the (j+2)-th row and (¢+1)-th column of

Ho I e
H1 H2 e M2
A= , A O
fit1 pyr2 oo O

Now we prove Lemma 8.8.

Proof of Lemma 8.8. The key of the proof will be to use Lemma 10.1. To do so we need
to postulate an infinite sequence that will be our candidates for of potential moments and
check that the conditions of Lemma 10.1 hold. We remark that as we already know what
we want the first £+1 cumulants to be, we already know what the candidates are for
the first k+1 moments; and we only to find adequate proposal for the (k+2)-th moment
onward. We will do so by iteratively using Lemma 10.3. ,

In this goal, we remark that since by Lemma 10.2 we know that béj ) > 2. Therefore,
we can choose a small enough constant 0 < C, < 1 only depending on k = [p] such that

iG-1)/2

o~ N 3 laf?) 102> 1, (10.9)

/=1 2ty +2tg++2tg;=5(j+1)—2¢
2t +3tg+-+25tg;=5(j+1)
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for any integer j = 1,..., [k/2]. Given an index set I,,, if ug") =0forallj=1,....,k—1,
let £" ~ N(0,1) and ¢, > |I,|. Then g, and £™ satisfy all the requirements since
k;j(§™M)=0forall j € Ny,j# 2and k2(§™) = 1, which is straightforward by checking
that the momemt generating function of ¢™ is exp(t?/2).
Otherwise, let

o=, T
where |z] denotes the largest integer not exceeding x. Since by assumption, for any
ji=1...,k—-1, ug-”) — 0 as n — oo, then we know that there exists N > 0 such that
(i) g > 1 for any n > N and (ii) ¢, — oo as n — oco. We note that by definition
minléjgk_lyuy);ﬁo{Cg|u(j")|*2/j} < ¢y + 1, which implies

/2, (n) j J/2 2
lgr?gzal{qg/ W[} > CI(gn/(qn +1))"'" > CE /202, (10.11)

On the other hand, (10.10) also implies that C’g\u}”)rz/j > ¢n. Thus, q£/2|u§”')| < .
Now let Ko = q%/Qu;"). We remark that | 2| < CJ and [j4| > C2/2P/2. We write
Hjt2 = Bjt2(0,RKe,...,Kjpe) for j =1,...,k—1. Those will be our candidates for the first
k+1 moments. Moreover, if k is odd, we also propose a candidate for (k+2)-th moment
by setting jix42 := 0.

Forj=1,...,[k/2] by (10.6) we have

Hj(l, 0, ﬁg, ﬁg, - ,ﬁgj) = Lj(O,E27E37 - ,Egj)
(4) ~t ~t2j
Z At ity 52" " K
2t +3tg+-+2jt2;=7(j+1)
J(G-1)/2

_ @) ~to ~taj

- Z Z Aty it 02 7 Ry
0=0  2to+2tz+-+209;=7(j+1)—2¢
2g+3tg+-+2it; =i (i+1)

( ) j(jfl)/2

D VD DI T

/=1 2ta+2tg+ - +2tg;=5(j+1)—2¢
2tg+3tg+---+25tg ;=5 (i+1)

® G IR ) 2 ©
ZbO - Z Z |at2,...,t2j|cp > 1)

=1 2to+2tg+ +2tg;=7(j+1)—2¢
2t +3tg+--+2jtg=5(j+1)

where to get (a) we used the definition of béj ), and where to obtain (b) we used the fact
that |r;42| < Cj, and where to get (c) we used (10.9). Moreover, as |k; 2| < CJ, then we
know that there exists some constant C}, such that |z 2| = [Bj12(0,Ka, ..., Kj12)| < C,,
for any integer j = 1,...,2[k/2] — 1. Therefore, by Lemma 10.3, there exists C
depending on k = [p] and C,, such that

Hip2141(1,0, fig, - . o fizry2141, Cp ) > 1.

Let fiofk /2142 = Cz’,’. Applying Lemma 10.3 repeatedly, we get a sequence (fi;);>1 such
that 1ip = 1 and H, (fig, fi1, - - -, ft2j) > 1 > 0 for any j € IN;. The sequence (1;) is then our
candidate for the moments and we remark that they satisfy the conditions of Lemma 10.1.
Therefore, by Lemma 10.1, we conclude that there exists £" such that p;(£™) = fi;
for any j € IN,. As the first £+1 moments uniquely define the first £+1 cumulants of a
random variable we have r;2(§") = K42 = q%/2u§-"> forall j =1,...,k — 1. Thus, the
g» and £™ that we have constructed meet the requirements of Lemmas 8.8a and 8.8b.
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Moreover, (10.11) implies that Lemma 8.8c is also satisfied. Lastly, to show Lemma 8.8d
we note that

()
n n 2 n 2
E[I€™ 2] = l€)552 < 1€ 15 a1 42

) (P+2)/(2[k/2]+2)
=(parr/2142(EM)"

S(C;/)(p+2)/(2[k/21 +2)

Here () is due to the fact that &k = [p] > p. O

11 Proofs of other results

In this section, we provide the proofs of all the other results.

11.1 Proof of Proposition 3.3

For ease of notation, in this section we will drop the dependence on n in our notation
and write W, N(-), o, X;, I and R;, for respectively W,,, N, (), on, Xé”), I, and R; . n.

Before we prove the bounds for Rj ., we note that R, can be defined without
assuming local dependence [LD*]. Thus, we first aim to generalize this concept, which
makes the result derived in Proposition 11.1 also applicable in general dependent
situations. Let (X;);cs be a class of mean zero random variables indexed by I. For any
graph G (not necessarily the dependency graph) with the vertex set I and a subset J C I,
we define N(J) to be vertex set of the neighborhood of J. As in Section 9, we assume
Var (3°,o; X;) = 1, without loss of generality. Let W =, _; X;.

We extend the notation of R-sums defined in (9.9) to this general setting. Given an
integer k£ € IN; such that & > 2, for any t1., € Z such that |¢;| < j — 1 for any j € [k],
let z = |{j : t; > 0}|. If z > 1, we write {j : t; > 0} = {q1,...,¢.}, where the sequence
2<q <---<gq, <kistaken to be increasing. We furtherlet ¢p := 1 and ¢, := k + 1.
Then we could still define the R-sums by

Rw[tl,tg, e ,ﬁk] =

)ORD DI DI T N ATES 1 (b RN NN () P> X 1 B

i1 €Ny i2E€N2 ig—1€ENK_1 i, ENg
where Ny :=1,andfor2 < j <k
N .= N(Zl|tj|):N(Z1a77’|t]\) lft]#o
e ift; =0
Now the remainder term Ry, is defined as

Ri = > P DR (11.1)

(Z,m:[)eC*(kJ&) ileN{ iQENé ik+1€N{c+1
w
[nlau-andb <|Xi1|7"'7Xik+1|7( Z |X7:k+2‘) >
ikt2ENL L,

= > Rolti,ta, - trial,
ty:(kt2) EMI k12

where Ni := [ and N} := N(iy.(;_)) for j > 2. C*(k + 2) and M, j» are given by

l
C*(k+2)={timueNy:n;>2Vjel—1], an =k+2},

j=1
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and
M joia = {tlz(k+2) St =) & AL <0 VI<j<k+ 1}.

Note that the expressions of R-sums and Ry, have the same forms as those in
Section 9.2, but here we do not impose the assumption of the local dependence of (X;);c;s
anymore as N (i1.4)’s are defined directly from the graph structure we constructed on I.
The main goal of this section is to prove the following proposition.

Proposition 11.1. Fix k € IN, such that k > 2 and real number w € (0, 1]. Let N(J) be
defined as above and suppose the cardinality of N(J) is upper-bounded by M for any
|J| < k. Then there exists a constant Cy.,, only depending on k + w such that

Rolti,ta, ...ty < Cpy, MF2H Z E[|X; 1]
iel

Before proving Proposition 11.1, we need the following two lemmas. Lemma 11.2
helps us change the order of summation in R [t1, ..., tx] and Lemma 11.3 is a generalized
version of Young’s inequality, which allows us to bound the expectations of products by
sums of moments.

Lemma 11.2. Fix k € IN; such that k > 2. For any J C I, let N(J) be defined as above.
Suppose (i1, ...,ix) is a tuple such that iy € I, iy € N(i1),...,ix € N(i1,,—1)). Then
for any 1 < h < k, there exists a permutation 7 on [k] such that 7(1) = h, irq) € I,
7:7‘-(2) € N(iﬂ(l)), ce 7i7r(k) S N(Z‘ﬂ.(l), ce aiw(k’—l))'

Proof. We perform induction on k.

Firstly, suppose that k = 2, then we remark that i € N(i;) < i3 € N(iz). For h =1,
we can choose 7 to be the identity and the desired identity holds. For h = 2, we let
7(1) := 2 and 7(2) := 1 and remark than once again the desired result holds.

Suppose that the proposition is true for 2, ..., k—1. We want to prove that it holds for k.
If h < k, consider the tuple (i1, ...,%,). By inductive hypothesis, there is a permutation
7 on {1,2,...,h} such that 7(1) = h, ix(2) € N(i%(l)), sy lwmny € N(i%(l), o 7i%(q—1))-
Define

. {ﬂj) if1<j<h
m(j) =1 . . L
Ji ifh+1<7<k

Then 7 satisfies the requirements in the lemma.

Now suppose h = k. ix € N(i1.(x—1)) indicates that i;, is a neighbor of {iy,...,ix_1}.
Then there exists 1 < ¢ < k — 1 such that there is an edge between i; and i, in the graph
G = (I, E). Thus, ip, € N (ig).

By inductive hypothesis, there is a permutation 7 on [/] such that 7(1) = £, iz2) €
N(i;(l)), . ,i;(@) € N(i;(l), . 77;71.([_1)).

Define

k ifj=1
w(j) == %(j—l) if2<j<(+1.
j—1 if(4+2<j<k

Then 7(1) = h = k. Moreover, we have i, (2) = ig € N(ix) = N (ir(1)), and note that for all

j=3,...,fwe have in(j—i—l) = i.}(j) S N(i%(l), ce 7i%(j—1)) = N(iﬂ(l), ey iﬂ(j)). Finally, for
all 7 > ¢+ 1 we have in(j+1) = 45 € N(Z’I:(jfl)) - N(il, .. ,ij_l,ik> = N(i.,r(l), .. ,’L',r(j)).
Thus, the lemma holds for k as well. By induction, the proof is complete. O

Also, we need a generalization of Young’s inequality.
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Lemma 11.3. Givent € IN, let Y7,...,Y; be a sequence of random variables, and real
numbers py,...,p; > 1 satisfy that 1/p; +--- 4+ 1/p; = 1. Then for any (¢,n1.4) € C(t) :=
{l;m.e e Ny : Zle n; = t}, we have that
1 1
e (Wil [Y) < - BIP] ot E] (11.2)
1 t

Proof. First, we prove

1 1
E[)Y; - Y]] € —E[Yi["] + - + —E[v;”], (11.3)
P Pt
1 1
E[Yi] - E[Y.]] < —E[¥i]"] + - + —E[|¥; "], (11.4)
p1 Pt
In this goal, note that Young’s inequality is stated as follows: For any aq,...,a; > 0, and

P1,...,pt > 1suchthat1/p; +---+ 1/p; = 1, we have
1 1
al...atgiafl_i'_..._i'_ia?t_
p1 Pt
Thus, by Young’s inequality we know that
1 1
Vi Yl € [+ Y
4! bt
Taking the expectation, we have
1 p1 1 bt
E[lY;--- Vi < —E[Y1["] + -+ —E[[V;[*].
P Pt
Again by Young’s inequality, we obtain that

1 1
E[[Yi]] - E[Y:]] < —E[Yi[]”* +--- + —E[|Y;[]".
b1 Y43

By Jensen’s inequality, E[|Y;|]?* < E[|Y;|??] for ¢ € [¢]. This implies that
1 1
E[vi[]-- E[JYy]] < pTE[IYllpl] +oot ;EHYtI’“l
t

Finally, we prove (11.2). Let 1/¢; := 3", ., 1/p;for1 <j <k,

[0, ome] > (Y2 [YR])
= EHYl Yy, H E[|Ym+1 Yo H T E[|Ym+~~+ne71+l T YkH
(11.4) 1 | 1
< *EHH . ..Ym|(1 ] 4t *EHYm+~~+m,1+1 . "Yk’%]
a1 qr
(11.3) 1 1
< B[]+ + —ElfY, ]+
P p?71
B[V [P o B, 0
Pyt 4me_1+1 Pk

Now we are ready to prove Proposition 11.1.

Proof of Proposition 11.1. By (9.11), we only need to prove that the following inequality
holds for any k € IN,:

Ro(0,£1, ..., £k S MF1H9N "RB[X [

icl
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Once again we write z := [{j : t; > 0}|. If z > 1, we write {j : t; > 0} = {q1,...,q:},
where 2 < ¢; < --- < g, < k is increasing. Furtherlet ¢p :=1and ¢,+1 :=k + 1.

Noticing that
Lo e
kE+w k4w k+w 7

k times

we apply Lemma 11.3 and obtain that

1 w
(91 — qos -+ s Qe1 — @2 <|Xz'1|, o | X s (M Z |X¢k+1|> ) (11.5)

it 1EN (1)

1

k4w
SEIG )+ o+ BIXE| (5 5 aal) |

irt1EN(i11)
Now by Jensen’s inequality and the fact that [N (i1.x)| < M, we get that
1 k4w 1
E|:<M Z ’Xlk+1|> :| S M E[|Xik+1|k+w}'
ik+1EN (i1.%) tk+1EN (41:%)
Moreover, we remark that

1 w
MW[ql—qm...,qu—qz]»(Xil,...,|Xik|,(M 3 |Xik+1}))

Tl EN(il:k)

w (11.6)
:[91_QO7~-~>Qz+1_qZ]'><|Xi17~-~,|Xik|;< Z |X7;k+1|> )
ik+1EN (41:5)
Thus, this implies that
Rw[O,il,...,ik] (11.7)
Y Y meweega-ale (el (X X))
1€l ik €N (i1:(k—1)) i1 €N (1:1)
w w w 1 w
SM Z Z ]E[‘Xil‘k_'_ ]+"'+E[|Xik|k+ ]+ M Z E[|Xik+1|k+ ])
1€l ik EN(i1:(k—1)) ik41EN(i1:%)

Since the cardinality of N(iy),..., N(é1.,) are bounded by M, for j = 1 we have

SO Y B < MUY BN aLs)

1€l is€N(i1) k€N (i1:(k_1)) iel

Yoo > Bl

11€1 €N (i1) ik €N (i1:(k—1))

Now we bound

where j =2,...,k.

By Lemma 11.2, for any tuple (i1, ..., %) in the summation, there exists a permutation
7 such that (1) = j, ix2) € N(ix(1))s---»ixk) € N(in1),.--»irk—1)). Let ¢; be a map
that sends (i1, ...,ix) to (iﬂ(l), e iﬂ(k)). Then no more than (k — 1)! tuples are mapped
to the same destination since (i1,...,%) is a permutation of (%(1), ey iﬂ(k)) and i; is
fixed to be i,(;). Thus, we obtain that

S Y EIX )

1€l i2€N(i1) ikEN(ilz(k,l))
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DD DD DR > E[|X;, ]

(D)= e ()€ i ) EN(in(1)) i) EN (Gm(1)reesin(r—1))

<k-10 >SS E[1X;,[ 4]

mw(l)=j 1€l ia€N(i1) iR EN (d1:(k—1))

<((k—1)H)>Mm*+1 ZEHXAH“] < ME ZE[IXZ-\HW} (11.9)
el el
Similarly,
SN Y EIX LS ME YT EXG[). (11.10)
1€ 12€N(i1)  ikp1EN(i1x) iel

Substituting (11.8), (11.9), and (11.10) into (11.7), we conclude

R [tlv ta, ... 7tk] <R. [Oa Sgn(tZ)v 2- Sgl’l(tg), SRR (k - 1) Sgn(tkfl)]

SMk_2+wZE[|Xi|k_1+w]~ O
el

Proof of Proposition 3.3. By Proposition 11.1, we have

Rk,w (1;1) Z Re [tl, to,... ,tk+2} S Z M/c-l—w Z E[‘Xi|k+1+w].

t1:(kt2) EMi k42 t1:(kt2) EMi k42 iel

Noting that |[M; k42| < 28! [22], we conclude that

Rk,w g Mlc+w Z E“Xi|k+1+w]. 0
el
11.2 Proof of Theorem 3.4

The proof of Theorem 3.4 relies on Theorem 3.1 and Proposition 3.3.

Proof of Theorem 3.4. Let k := [p]. Then p = k + w — 1. Without loss of generality, we
assume o,, = 1. By Proposition 3.3,

Rjwm S MY K|
i€l,

Ifweletqg = (k—1)/(k—j)and ¢o = (k—1)/(j — 1), then 1/gq; + 1/¢2 = 1 and
2+w)/qa1+ (k+14+w)/q2 =3j+1+w. Thus,

|X(n) j _ |X§n) ) |Xgn) (k+1+w)/qz_
By Holder’s inequality,
M Y B[P
ieI’!L
< <M1+w Z E[|X§n)|2+w])1/(h (Mk+w Z ]EHX(N) k+1+w])1/(I2
—_ n 1 n 1
i€l, iel,

2+w])(k7j)/(k*1) (M,’f”“ Z EHX@’k+1+w])(jfl)/(k71).

?

= (M SB[ X

i€l i€l
Since ) '
wk—j)  U=-DE+tw-1
k-1DG+w—-1 k-DG+w—-1)
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by Young’s inequality (See Lemma 11.3 for details), we get

(v S BIIXEH]) T (g S B

i€l, i€l
w(k — j) ( 14w (m2+wp\ /@
< . Mn EHXz ])
(k=1D(+w-1) ;

— 1) (k+w— 14wy L/ (k+w=1)
T o (e Smle )

-1
k-‘rl-‘rUJ} ) (k—l)J(j+w—1)

i€l

Thus, we have

RYUtw=1) < (M1+w Z EHX@)

J,w,n

2+w})1/w + (M,lf+“’ Z EHX;”) k+1+w])1/(k+w,1).

icly icl,

Similarly, we derive that

le/fn < (MJH Z )1i+2 )W
i€l,
ktw—j—1 iew
< (MTILJW) Z E HXZ@) |2+w} ) Y I (M7]f+w Z E HXZ(H) k+1+w] ) =17
i€l, i€l,
s(myr EUXE"’!MDW (M SB[ ’“+1+“])1/(k+“_1).
i€l i€l

Since by assumption M} >, E[|X|“"*] = 0 and ME+ Sier, B[ X} "] > 0as

n — oo, we have that R;;, — 0 as n — oco. Therefore, by Theorem 3.1 and noting the
fact that p = k + w — 1, we conclude

Wp(ﬁ(Wn),J\/’(O, 1))
SC”<<M’1W > E[lXx” w+2])1/w + (Mgﬂ 3 E[|X1(n>|p+2])1/p>7
i€l i€l,

where C,, only depends on p. O

11.3 Proofs of Corollaries 4.2 and 5.2

Proof of Corollary 4.2. Define the graph (7, E,) to be such that there is an edge be-

tween i1,i9 € T, if and only if ||i; — i2]] < m. From the definition of the m-dependent

random field, (X £7L))i o, satisfies [LD*]. We will therefore apply Theorem 3.4 to obtain

the desired result. We remark that j € N,, (i1,([)+1)) only if there is £ € [[p] + 1] such

that ||ig — j|| < m, which directly implies that | Ny, (i1.(1p111))| < (2m + 1)4([p] + 1).
Moreover, by Holder’s inequality, we have

sy < (Seper) (S eper)

€Ty 1€Ty, €Ty,

a w/
@ M(pw)/pgz<pw>/p<z K] Xl§n>’p+2]> ’

€Ty,

Here (a) is due to the non-degeneracy condition. And this directly implies that

1/w
m(1+w)d/w< —(w+2) Z X w+2 )
€T,
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+2 1/p
)P > —0 asn— oo.

Sm(lt)w)d IJ ( —(p+2) Z |X(n

1€T),

Therefore, by Theorem 3.4, there exists C, 4 > 0 such that for n large enough we have

14wy pow _PE2 1/p
Wy(L(W,), N(0,1)) < Cpgm 52 M5y, 7 (Z E[|Xé"'>|”*2J)

€Ty,

Moreover, if (X g"’)) is in addition assumed to be stationary, then by assumption there
is a constant K such that liminf,, ., 02/|T},| > K. Therefore, we get that

—(p+2) Z ’X ")

€Ty,

P+2 ITn\_(p+2)/2 NT,| = |T|7*/2 = 0,

and

14w p P+2
Wy(L(W), N(0,1)) < Cpam = M 0, (z B[ X"

1/p
p+2 ) _ O(|Tn|_1/2)~ O
€T,

Proof of Corollary 5.2. Consider the index set I,, = {i = (i1,...,0m) : 1 < i3 < -+ <
im < n} CZ". Foreachi € I, let & = h(X;,..., X, ). Then Wy = 0,' Y e &
Let (I,, E,) be the graph such that there is an edge between i,j5 € I, if and only if
{in, im0 {1, G} # 0.

Then we remark that the conditions [LD*] holds. Moreover, note that j is in
Np(i1:(1p)+1)) only if there is £ € [[p] 4 1] and k1, k2 € [m] such that j, = (i¢),, where
(4¢)k, denotes the ky-th component of the vector ¢,. This directly implies that the cardi-
nality of the dependency neighborhoods are bounded by n™ — (n —m([p] + 1))m =nm L,
Moreover, the non-degeneracy condition of the U-statistic implies that 02 =< n?m~1 [14].
Applying Theorem 3.4, we get that

Wy (L(W,), N (0, 1))
_ 1 w21\ 1/w
< m(, m—1\14+w
S(nm @) g2 LI SRR o8] 1)
1 1/p

Up+2
w 1/
<p1/2 (]EHh(Xl, LX) +2]) 42 (]EHh(Xl, L Xm)\p”}) :

<n 2| X)) S R R X |

+ (e B[R X))

1/w

By the moment condition, < 00. Thus, we conclude

(Xl,...,Xm)Hp+2

W, (L(W,), N(0,1)) = O(n~/?). O

11.4 Proof of Theorem 6.1

Proof. For ease of notation we write w, := W,(L(W,,),N(0,1)). Choose p € (0,1). Then
remark that for all € > 0 there is G ~ N(0, 1) such that ||G—W,||, < W,(L(W,),N(0,1))+
€. Therefore, by the union bound we have

P(W, >t) =P(W,, -G+ G >t)
<P(W,—G=>(1-p)t) +P(G > pt)

W WGl
(T
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(wp + e)p
(X =p)t)r

where to obtain (a) we have used Markov’s inequality. Now as this holds for any arbitrary
choice of € > 0 we conclude that

< O¢(pt) +

P(W, >t) < ®°(pt) + m.

xt)?
Define the function ¢g; : @ — (1 — :c)p“e_( 7~ then we can remark that g::[0,1] = [0,1]

P
is a bijection. Choose p} := g, ! (%) Moreover, we obtain that

Wy
L1 — py )P p(pit)
(a)

< ®°(t) + (1 — pp)te(pit) (1 + %)

P(W, > 1) < (1) + (i) (1 - p} )t (11.11)

1
1 p+1

1
priiwy N 1 1
<o) + =t —op(pt(1- —)) (1+ )
< @°(t) + y vz il +p

where to obtain (a) we used the fact that ®°(p;t) < @°(t) + (1 — p; )t Sup,(prs,g) P(2)-
Suppose that ¢ > 1 and satisfies 1 — Lﬁtlogt < 1. Define

V20 logt

t )

we notice that x € [0,1]. We remark that if
wp < (V2rp) 7T (1- Y228 Qﬁtlogt)t i,

1 \/ﬂpwg _1 . . .
then we have g; ' (x) > ~—=~. Therefore as g, ' (-) is a decreasing function we have that

x < p; which implies that

1 1 1--L

P(W, > 1) < (1) + ————
( ) < 2°(t) ()

Moreover, similarly we can remark that

P(G > (1+p)t) < P(Wy > t) + P(G — Wy, > pt)

(Wp + €)? '

SPWn 2+ =20

Therefore, as this holds for any arbitrary ¢ > 0 we obtain that

wP
c p
V(L4 p)t) POV, 2 1) 4

. ~ _ L8242 ~ ~ V2mpw?
Moreover, we can definite §; : z — e~ (1*2)°* zP+! then choose pf := §; ! <t:7fl”) We

similarly obtain that

1—_1

Pz 0200 - S0 ) () o
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